A note on Abundant new exact solutions for the
(3+1)-dimensional Jimbo-Miwa equation

Nikolay A. Kudryashov, Dmitry I. Sinelshchikov

Department of Applied Mathematics, National Research Nuclear University
MEPhI, 31 Kashirskoe Shosse, 115409 Moscow, Russian Federation

Abstract

We demonstrate that eight from twenty seven solutions obtained by Li
and Dai [Abundant new exact solutions for the (3+1)-dimensional Jimbo-
Miwa equation, J. Math. Anal. Appl. 361 (2010). 587-590 | are wrong
and do not satisfy the equation. The other nineteen exact solutions are
not new solutions and can be found from the well known solution.

Li and Dai [1] looked for exact solutions of the (3 + 1) Jimbo—Miwa equation
Ugzzy + 3 Uy Ugy + 3UylUzg + 2 Uy — Uy, = 0. (1)

Authors [1] used the traveling wave ansatz u(x,y,z,t) = U(&), & = kx+1ly+
mz + wt in Eq.(1). After integrating with respect to ¢ they obtained the
nonlinear ordinary differential equation in the form

BLu” +3k21U) + 2lw—-3km)U =C. (2)

Here C'is an constant of integration. Authors [1] applied the generalized Riccati
equation method to look for exact solution of Eq.(2). However we know very
well the general solution of Eq.(2).

Let us demonstrate this fact. Denoting U’ = V(§) in Eq.(2) we have the
following equation

BLv +3k1V2+ (2lw—3km)V =C (3)

Multiplying Eq. (3) on V' and integrating the equation with respect to £ we
obtain the equation

?(V’)Q—i—leV?’—i—MVZ:CV—kCl, (4)
where (7 is an arbitrary constant.
Using transformation
V=—2k (erQh;ijlkm) (5)
from Eq. (4) we obtain
() =40~ g20 — g3, (6)



where

(2lw—3km)? +12k*1C
12 k612 ’

g2 =

(7)

(21w—3km)3 f108k41201+18k210(21w73km)
220 k9 [3

g3 = :
We can see that the general solution of Eq.(6) and consequently Eq.(2) is
expressed via the Weierstrass elliptic function [2]. As for the rational, periodic
and solitary wave solutions of (2) they can be found from Eq. (6) or Eq.
(4) [3-8].
In the case of C; = C = 0 solution of Eq. (4) takes the form

2lw -3k 1 /2lw—-3k
V() = -5 <1+tan2{2m(§+02)}>, 8)

where C5 in an arbitrary constant.
Integrating solution (8) once with respect to &, we obtain the solution of Eq.

(2)

2lw -3k 1 /2lw—-3k
U(€) =Cs—k wkglmtan{2 “’k?)lm(&cg)}. 9)

Here C3 in an constant of integration.

IfCi=C=0andw= 3’;;” we have rational solution of Eq. (4)

2k

V(g) = 7@’

(10)
where Cs in an arbitrary constant.

Integrating (10) once with respect to £, we obtain the rational solution of
Eq. (2) o

Ul =0Cs+ ——. 11
€=t e (1)

Here C5 in an integration constant.

The paper [1] contains the important misprint: the value of w presented by
Li and Dai in formula (2.8) is wrong.

The right value of w is the following

4k3 1 qr+3km —p? k31
w= 57 .

(12)

We checked all solutions by Li and Dai [1] with value of w (12) and obtained
that expressions urz, u1g, 11, U12, U17 — U9, U2, U2z and us with lower sign do
not satisfy Eq. (2) Solutions U1 — Ug,Ug, U, U9, U3 — UI6, U0, U21, U224 — U6
and us with upper sign are the same and can be obtained from formula (9).

Substituting (12) in solution (9) we have

U(z) =C3 — k+/4dqr — p? tan{;\/4qr—p2(f+C’2)}. (13)



Taking into account formula
itan i = —tanh o (14)

at 4qr — p? <0 from Eq. (13) we have

U(z) = Cs+k\/pZ——4qrtanh{; M(€+Cg)}. (15)

We can see that (15) coincides with vy at C3 = ag + kp, Cy = 0.
Using the identity
tanh(€ + iw/2) = coth & (16)

in the case of C3 = ag + kp, Cy = im from (15) we obtain solution us by Li and
Dai.
Taking into account the identity

tanh & & isech = tanh(g + %) (17)

one can see that ug is equal to (15) at C5 = ag + kp, Co = :I:%r.
In the case of C3 = ag + kp, Cy = iw and using formula
& am
coth & + csché = tanh(§ + 5) (18)
we can see that (15) is equal to w4 with upper sign.
Using formula

coth ¢ — csché = tanh g (19)

and suppose that C5 = ag + kp, Co = 0 in (15) we have solution u4 with lower
sign.
Let us show that solution ug is particular case of (15). Denoting C5 =

_ s / ;) 2 _ p2—4qr
ag+ kp, Co =im+ ¢, ¢ = _\/ﬁ@ o = arccosthr

from (15) we



obtain

U(§) :ao-ﬁ-kp-i-kMCO‘ch{@g_d)} = ag+
Jzﬁ——wcosh{@f—qb} +p sinh{@g—qﬁ}

+k =
sinh {Vprfqg - ¢}

J=Aqr <cosh {\”’24‘15 - ¢} cosh ¢ + sinh {V’”Q“‘Ig - ¢} sinh ¢)
=ag+k =
sinh {W’;“qg = (;S}

\/—4qr cosh {@5}
sinh {@5 — (;5}

4kqr cosh {W{}
\/p? —4grsinh {”722_4“5} — p cosh {”022_4(”6}
(20)

In the same way one can show that wug is equal to (15). Using the same the
double angle formulas for the hyperbolic functions we can see that uio is equal
to ug and consequently to Eq. (15).

By means of formulae

=agp+k = ap—

tanhg + cothg =2 tanh(£ — %T) (21)

and in the case of C3 = ag + kp, Cy = 0 from (15) we have solution us with
upper sign.
In the case of C5 = ag + kp, C3 = —i7 from (13) we obtain solution w3
from [1].
Denoting C3 = ag + kp, Cy = 7 in (13) we have solution u14 from [1].
Using formula
E 7

tan £ £secé = tan(§ + Z) (22)

we obtain that uys is equal to (13) at C3 = ag + kp, C2 = £73.

Let us show that solution ugg is particular case of Eq. (13). Denoting

C3=a0+kp, Co=m+¢, ¢ = \/ﬁ ¢, ¢ = arccos 4q;;rp2 from Eq. (13)




we obtain

U(g):aoﬂ-kpﬁ-kmcot{@gq_(ﬁ}:a0+

\/A4gr — p? cos{Wf—i—(]ﬁ} +p sin{”4q;_p2§+¢}
+k =
sin {V 4q2T7p2£ + gb}

VAgr <cos {Wf + gb} cos ¢ + sin {”4(1;1)25 + gb} sin gb)
=ag+k =
sin {” 4q27>_p2€ + qi)}

o o=

sin {Wf + (b}

4kqr cos {“ 4q2rp25}
(23)

In the same way one can obtain that solution ws; is particular case of Eq.
(13).

Using the double angle formulas for trigonometric functions one can see that
usgq is equal to ug; and consequently to Eq. (15).

By means of following identities

:a0—|—l€

= a0—|—

+

2kpd U R
d+ cosh(pé) —sinh(pg)  ° Paioe»re ™

Ugs = ag +

1 — ¢~ PE+® —
=ag+kp (W—&—l):ao—&—kp—i—kptanh{W} (24)
2
:1 —
¢=In-

we have that uss is equal to Eq. (15) at r =0, C3 = a0 + kp, Co = —¢.
Using identity

2(coshp& +sinhp§) ton
d+coshpé +sinhpé

p&+o 1
h( > )+L ¢=In> (25)
we obtain that ugg is equal to Eq. (15) at r =0, C3 = a0 + kp, Cy = ¢.

One can see that usy coincide with Eq. (10) if we take C3 = ag and Co = %.

So Li and Dai [1] found twenty seven solutions of Eq. (2). However as we
have seen above there is the general solution of Eq. (2). We can also see that Li
and Dai in paper [1] made the second common error from the list of errors given
by Kudryashov in [9]: ”Some authors do not use the known general solutions of
ordinary differential equations”.
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