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Ïðåäèñëîâèå

Ëèíåéíûå è íåëèíåéíûå ìàòåìàòè÷åñêèå óðàâíåíèÿ âñòðå÷àþòñÿ ïðàêòè÷åñêè âî âñåõ

îáëàñòÿõ åñòåñòâåííûõ è òåõíè÷åñêèõ íàóê, à òàêæå â íåêîòîðûõ îáëàñòÿõ ýêîíîìè-

÷åñêèõ è ãóìàíèòàðíûõ íàóê. Äàííàÿ êíèãà ïîñâÿùåíà êðàòêîìó îïèñàíèþ òî÷íûõ

ðåøåíèé ìàòåìàòè÷åñêèõ óðàâíåíèé ðàçëè÷íûõ òèïîâ, îíà ñîäåðæèò òàêæå íåêîòîðûå

ïðåîáðàçîâàíèÿ è ðåäóêöèè, ïðèâîäÿùèå ê áîëåå ïðîñòûì óðàâíåíèÿì.

�åøåíèå íàçûâàåòñÿ òî÷íûì, åñëè îíî ïðè ïîäñòàíîâêå â ðàññìàòðèâàåìîå ìàòå-

ìàòè÷åñêîå óðàâíåíèå ïðåâðàùàåò åãî â òîæäåñòâî. Ïðè ýòîì íå äîïóñêàþòñÿ êàêèå-

ëèáî ïðèáëèæåíèÿ èëè óïðîùåíèÿ óðàâíåíèÿ, è íå èñïîëüçóþòñÿ íèêàêèå àïðèîðíûå

äîïóùåíèÿ. Äëÿ ðàçëè÷íûõ òèïîâ ìàòåìàòè÷åñêèõ óðàâíåíèé ïîíÿòèå òî÷íîãî ðåøå-

íèÿ äîïóñêàåò ðàçëè÷íûå óòî÷íåíèÿ è ìîäè�èêàöèè.

Òî÷íûå ðåøåíèÿ ìàòåìàòè÷åñêèõ óðàâíåíèé âñåãäà èãðàëè è ïðîäîëæàþò èãðàòü

îãðîìíóþ ðîëü â �îðìèðîâàíèè ïðàâèëüíîãî ïîíèìàíèÿ êà÷åñòâåííûõ îñîáåííîñòåé

ìíîãèõ ÿâëåíèé è ïðîöåññîâ â ðàçëè÷íûõ îáëàñòÿõ åñòåñòâîçíàíèÿ. Â ÷àñòíîñòè, òî÷-

íûå ðåøåíèÿ íåëèíåéíûõ óðàâíåíèé ìàòåìàòè÷åñêîé �èçèêè íàãëÿäíî äåìîíñòðè-

ðóþò è ïîçâîëÿþò ëó÷øå ïîíÿòü ìåõàíèçìû òàêèõ ñëîæíûõ íåëèíåéíûõ ý��åêòîâ,

êàê ïðîñòðàíñòâåííàÿ ëîêàëèçàöèÿ ïðîöåññîâ ïåðåíîñà, ìíîæåñòâåííîñòü èëè îòñóò-

ñòâèå ñòàöèîíàðíûõ ñîñòîÿíèé ïðè îïðåäåëåííûõ óñëîâèÿõ, ñóùåñòâîâàíèå ðåæè-

ìîâ ñ îáîñòðåíèåì, âîçìîæíàÿ íåãëàäêîñòü èëè ðàçðûâíîñòü èñêîìûõ âåëè÷èí è äð.

Ïðîñòûå ðåøåíèÿ ëèíåéíûõ è íåëèíåéíûõ äè��åðåíöèàëüíûõ óðàâíåíèé øèðîêî

èñïîëüçóþòñÿ äëÿ èëëþñòðàöèè òåîðåòè÷åñêîãî ìàòåðèàëà è íåêîòîðûõ ïðèëîæåíèé â

ó÷åáíûõ êóðñàõ óíèâåðñèòåòîâ è òåõíè÷åñêèõ âóçîâ (ïî ïðèêëàäíîé è âû÷èñëèòåëüíîé

ìàòåìàòèêå, àñèìïòîòè÷åñêèì ìåòîäàì, òåîðåòè÷åñêîé �èçèêå, òåîðèè òåïëî- è ìàññî-

ïåðåíîñà, ãèäðîäèíàìèêå, ãàçîâîé äèíàìèêå, òåîðèè âîëí, íåëèíåéíîé îïòèêå è äð.).

Òî÷íûå ðåøåíèÿ óðàâíåíèé èãðàþò âàæíóþ ðîëü ñòàíäàðòíûõ ¾ìàòåìàòè÷åñêèõ

ýòàëîíîâ¿, êîòîðûå ìîãóò áûòü èñïîëüçîâàíû äëÿ ïðîâåðêè êîððåêòíîñòè è îöåíêè

òî÷íîñòè ðàçëè÷íûõ ÷èñëåííûõ, àñèìïòîòè÷åñêèõ è ïðèáëèæåííûõ àíàëèòè÷åñêèõ

ìåòîäîâ. Òî÷íûå ðåøåíèÿ íåîáõîäèìû òàêæå äëÿ ðàçðàáîòêè è ñîâåðøåíñòâîâàíèÿ ñî-

îòâåòñòâóþùèõ ðàçäåëîâ êîìïüþòåðíûõ ïðîãðàìì, ïðåäíàçíà÷åííûõ äëÿ àíàëèòè÷å-

ñêèõ âû÷èñëåíèé (ñèñòåìû êîìïüþòåðíîé àëãåáðû Mathemati
a, Maple, Maxima è äð.)

Â äàííîé êíèãå ðàññìàòðèâàþòñÿ ñëåäóþùèå òèïû óðàâíåíèé:

• àëãåáðàè÷åñêèå óðàâíåíèÿ;

• òðèãîíîìåòðè÷åñêèå, ãèïåðáîëè÷åñêèå è äðóãèå òðàíñöåíäåíòíûå óðàâíåíèÿ;

• îáûêíîâåííûå äè��åðåíöèàëüíûå óðàâíåíèÿ;

• ñèñòåìû îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé;

• óðàâíåíèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè ïåðâîãî ïîðÿäêà;

• ëèíåéíûå óðàâíåíèÿ ìàòåìàòè÷åñêîé �èçèêè;

• íåëèíåéíûå óðàâíåíèÿ ìàòåìàòè÷åñêîé �èçèêè;

• ñèñòåìû óðàâíåíèé ìàòåìàòè÷åñêîé �èçèêè;

• èíòåãðàëüíûå óðàâíåíèÿ;
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• ðàçíîñòíûå, âîçâðàòíûå è äðóãèå �óíêöèîíàëüíûå óðàâíåíèÿ;

• îáûêíîâåííûå äè��åðåíöèàëüíûå óðàâíåíèÿ ñ çàïàçäûâàíèåì è äðóãèå îáûê-

íîâåííûå �óíêöèîíàëüíî-äè��åðåíöèàëüíûå óðàâíåíèÿ;

• óðàâíåíèÿ ìàòåìàòè÷åñêîé �èçèêè ñ çàïàçäûâàíèåì è äðóãèå �óíêöèîíàëüíî-

äè��åðåíöèàëüíûå óðàâíåíèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè.

Âàæíî îòìåòèòü, ÷òî ðåøåíèÿ ìàòåìàòè÷åñêèõ óðàâíåíèé ðàçíûõ òèïîâ ÷àñòî ÿâ-

íî èëè íåÿâíî ñâÿçàíû ìåæäó ñîáîé. Íàïðèìåð, ðåøåíèå ëèíåéíûõ îáûêíîâåííûõ

äè��åðåíöèàëüíûõ óðàâíåíèé ñ ïîñòîÿííûìè êîý��èöèåíòàìè ñâîäèòñÿ ê ðåøåíèþ

àëãåáðàè÷åñêèõ óðàâíåíèé, à ðåøåíèÿ àëãåáðàè÷åñêèõ óðàâíåíèé ñòàðøèõ ïîðÿäêîâ

ñòðîÿòñÿ ñ ïîìîùüþ ñîîòâåòñòâóþùèõ îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé

è âûðàæàþòñÿ â òåðìèíàõ ñïåöèàëüíûõ �óíêöèé. �åøåíèå óðàâíåíèé ñ ÷àñòíûìè ïðî-

èçâîäíûìè ïåðâîãî ïîðÿäêà ñâîäèòñÿ ê èíòåãðèðîâàíèþ ñèñòåì îáûêíîâåííûõ äè��å-

ðåíöèàëüíûõ óðàâíåíèé. �åøåíèÿ ìíîãèõ ëèíåéíûõ è íåëèíåéíûõ óðàâíåíèé ìàòåìà-

òè÷åñêîé �èçèêè èùóòñÿ ìåòîäàìè ðàçäåëåíèÿ ïåðåìåííûõ è îáîáùåííîãî ðàçäåëåíèÿ

ïåðåìåííûõ è âûðàæàþòñÿ ÷åðåç ðåøåíèÿ îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíå-

íèé (òàê íàçûâàåìûå îäíîìåðíûå ðåäóêöèè) èëè ñèñòåì òàêèõ óðàâíåíèé. �åøåíèÿ

íåêîòîðûõ íåëèíåéíûõ óðàâíåíèé ìàòåìàòè÷åñêîé �èçèêè ñâîäÿòñÿ ê �óíêöèîíàëü-

íûì èëè �óíêöèîíàëüíî-äè��åðåíöèàëüíûì óðàâíåíèÿì, à ðåøåíèÿ ðàçëè÷íûõ òèïîâ

�óíêöèîíàëüíûõ óðàâíåíèé âûðàæàþòñÿ ÷åðåç ðåøåíèÿ îáûêíîâåííûõ äè��åðåíöè-

àëüíûõ óðàâíåíèé èëè óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè. �åøåíèÿ íåêîòîðûõ

êëàññîâ èíòåãðàëüíûõ óðàâíåíèé ñòðîÿòñÿ ñ ïîìîùüþ ñîîòâåòñòâóþùèõ êëàññîâ äè�-

�åðåíöèàëüíûõ óðàâíåíèé è íàîáîðîò. �åøåíèÿ óðàâíåíèé ìàòåìàòè÷åñêîé �èçèêè ñ

ïîñòîÿííûì è ïðîïîðöèîíàëüíûì çàïàçäûâàíèåì ÷àñòî âûðàæàþòñÿ ÷åðåç ðåøåíèÿ

îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé èëè îáûêíîâåííûõ äè��åðåíöèàëüíûõ

óðàâíåíèé ñ çàïàçäûâàíèåì è ò. ä. Òåñíûå ñâÿçè ìåæäó ðåøåíèÿìè ìàòåìàòè÷åñêèõ

óðàâíåíèé ðàçíûõ òèïîâ è ïîñëóæèëè îñíîâíîé ìîòèâàöèåé íàïèñàíèÿ äàííîé êíèãè,

â êîòîðîé ðàññìàòðèâàþòñÿ íàèáîëåå ðàñïðîñòðàíåííûå è íåêîòîðûå äðóãèå òî÷íûå

ðåøåíèÿ ðàçëè÷íûõ óðàâíåíèé.

Ïðè îòáîðå ìàòåðèàëà àâòîð îòäàâàë íàèáîëüøåå ïðåäïî÷òåíèå ñëåäóþùèì òðåì

âàæíûì êëàññàì ìàòåìàòè÷åñêèõ óðàâíåíèé:

• óðàâíåíèÿì, êîòîðûå âñòðå÷àþòñÿ â ðàçëè÷íûõ îáëàñòÿõ åñòåñòâåííûõ è èíæå-

íåðíûõ íàóê (â òåîðèè òåïëî- è ìàññîïåðåíîñà, òåîðèè âîëí, ãèäðîäèíàìèêå,

ãàçîâîé äèíàìèêå, òåîðèè ãîðåíèÿ, òåîðèè óïðóãîñòè, îáùåé ìåõàíèêå, òåîðåòè-

÷åñêîé �èçèêå, íåëèíåéíîé îïòèêå, õèìè÷åñêîé òåõíîëîãèè, áèîëîãèè, ýêîëîãèè

è äð.);

• óðàâíåíèÿì äîñòàòî÷íî îáùåãî âèäà, êîòîðûå çàâèñÿò îò ñâîáîäíûõ ïàðàìåòðîâ

èëè ïðîèçâîëüíûõ �óíêöèé (òî÷íûå ðåøåíèÿ òàêèõ óðàâíåíèé ïðåäñòàâëÿþò

íàèáîëüøèé èíòåðåñ äëÿ òåñòèðîâàíèÿ ÷èñëåííûõ è ïðèáëèæåííûõ àíàëèòè÷å-

ñêèõ ìåòîäîâ);

• óðàâíåíèÿì, êîòîðûå èçó÷àþòñÿ â óíèâåðñèòåòàõ è òåõíè÷åñêèõ âóçàõ.

Â öåëîì, äàííàÿ êíèãà íå èìååò àíàëîãîâ â ìèðîâîé ëèòåðàòóðå è ñîäåðæèò ìíîãî

íîâîãî ìàòåðèàëà, êîòîðûé ðàíåå â ìîíîãðà�èÿõ íå ïóáëèêîâàëñÿ.

Äëÿ ìàêñèìàëüíîãî ðàñøèðåíèÿ êðóãà ïîòåíöèàëüíûõ ÷èòàòåëåé ñ ðàçíîé ìàòå-

ìàòè÷åñêîé ïîäãîòîâêîé àâòîð ïî âîçìîæíîñòè ñòàðàëñÿ èçáåãàòü èñïîëüçîâàíèÿ ñïå-

öèàëüíîé òåðìèíîëîãèè. Èçëîæåíèå ìàòåðèàëà âåäåòñÿ ïî ïðèíöèïó ¾îò ïðîñòîãî ê
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ñëîæíîìó¿. Ìíîãèå ðàçäåëû ìîæíî ÷èòàòü íåçàâèñèìî äðóã îò äðóãà, ÷òî îáëåã÷àåò

ðàáîòó ñ ìàòåðèàëîì. Ïîäðîáíîå îãëàâëåíèå ïîçâîëÿåò áûñòðî íàõîäèòü íåîáõîäèìóþ

èí�îðìàöèþ.

Àâòîð áëàãîäàðèò À. Â. Àêñåíîâà è À. È. Æóðîâà çà îáñóæäåíèÿ è ïîëåçíûå

çàìå÷àíèÿ.

Àâòîð íàäååòñÿ, ÷òî êíèãà áóäåò ïîëåçíîé äëÿ øèðîêîãî êðóãà íàó÷íûõ ðàáîòíè-

êîâ, ïðåïîäàâàòåëåé âóçîâ, àñïèðàíòîâ è ñòóäåíòîâ, ñïåöèàëèçèðóþùèõñÿ â îáëàñòè

ïðèêëàäíîé ìàòåìàòèêè, ìàòåìàòè÷åñêîé �èçèêè, âû÷èñëèòåëüíîé ìàòåìàòèêè, ìåõà-

íèêè, òåîðèè óïðàâëåíèÿ, áèîëîãèè, áèî�èçèêè, áèîõèìèè, ìåäèöèíû, õèìè÷åñêîé

òåõíîëîãèè è ýêîëîãèè. Îòäåëüíûå óðàâíåíèÿ è èõ ðåøåíèÿ ìîãóò áûòü èñïîëüçîâàíû

â êà÷åñòâå èëëþñòðàòèâíîãî ìàòåðèàëà íà ëåêöèÿõ è ñåìèíàðàõ ïî ïðèêëàäíîé è

âû÷èñëèòåëüíîé ìàòåìàòèêå, äè��åðåíöèàëüíûì óðàâíåíèÿì, óðàâíåíèÿì ìàòåìàòè-

÷åñêîé �èçèêè è èíòåãðàëüíûì óðàâíåíèÿì.

Âàæíî îòìåòèòü, ÷òî íåêîòîðûå àëãåáðàè÷åñêèå, òðàíñöåíäåíòíûå è �óíêöèîíàëü-

íûå óðàâíåíèÿ ìîãóò áûòü ïîëåçíû ó÷èòåëÿì ìàòåìàòèêè �èçèêî-ìàòåìàòè÷åñêèõ

êëàññîâ äëÿ ñîñòàâëåíèÿ êîíòðîëüíûõ ðàáîò è äîìàøíèõ çàäàíèé (ïóòåì �èêñàöèè â

ýòèõ óðàâíåíèÿõ ñâîáîäíûõ ïàðàìåòðîâ).

À. Ä. Ïîëÿíèí

Ôåâðàëü 2023 ã.



Íåêîòîðûå îáîçíà÷åíèÿ è çàìå÷àíèÿ

Êðàòêèå îáîçíà÷åíèÿ ïðîèçâîäíûõ

Îáûêíîâåííûå ïðîèçâîäíûå �óíêöèè y = y(x):

y′x=
dy

dx
, y′′xx=

d2y

dx2
, y′′′xxx=

d3y

dx3
, y′′′′xxxx=

d4y

dx4
, y(n)x =

dny

dxn
ïðè n> 4.

×àñòíûå ïðîèçâîäíûå �óíêöèè u = u(x, t):

ux =
∂u

∂x
, ut =

∂u

∂t
, uxx =

∂2u

∂x2
, uxt =

∂2u

∂x∂t
, utt =

∂2u

∂t2
, . . . , u(n)x =

∂nu

∂xn
.

Çàìå÷àíèÿ

1. Â êíèãå ÷àñòî èñïîëüçóþòñÿ ñîêðàùåíèÿ ÎÄÓ è Óð×Ï, êîòîðûå ñîîò-

âåòñòâåííî îáîçíà÷àþò ¾îáûêíîâåííîå äè��åðåíöèàëüíîå óðàâíåíèå¿ (èëè

¾îáûêíîâåííûå äè��åðåíöèàëüíûå óðàâíåíèÿ¿) è ¾óðàâíåíèå ñ ÷àñòíûìè ïðî-

èçâîäíûìè¿ (èëè ¾óðàâíåíèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè¿).

2. Êîý��èöèåíòû, �óíêöèè, íåçàâèñèìûå ïåðåìåííûå è èñêîìûå âåëè÷è-

íû, âõîäÿùèå â ðàññìàòðèâàåìûå óðàâíåíèÿ ñ÷èòàþòñÿ äåéñòâèòåëüíûìè (åñëè

íå îãîâàðèâàåòñÿ èíîå).

3. Åñëè �îðìóëà èëè ðåøåíèå ñîäåðæèò ïðîèçâîäíûå íåêîòîðûõ �óíêöèé,

òî ïðåäïîëàãàåòñÿ, ÷òî ýòè ïðîèçâîäíûå ñóùåñòâóþò.

4. Åñëè �îðìóëà èëè ðåøåíèå ñîäåðæèò íåîïðåäåëåííûå èëè îïðåäåëåí-

íûå èíòåãðàëû, òî ïðåäïîëàãàåòñÿ, ÷òî ýòè èíòåãðàëû ñóùåñòâóþò.

5. Â �îðìóëàõ è ðåøåíèÿõ, ñîäåðæàùèõ âûðàæåíèÿ òèïà

f(x)

a− 2
, ÷àñòî íå

îãîâàðèâàåòñÿ, ÷òî a 6= 2.

6. Íå ðàññìàòðèâàþòñÿ âûðîæäåííûå ñòàöèîíàðíûå ðåøåíèÿ ÎÄÓ âèäà

y = 
onst, ïîñêîëüêó òàêèå ïðîñòûå ðåøåíèÿ íàõîäÿòñÿ áåç èíòåãðèðîâàíèÿ

äè��åðåíöèàëüíûõ óðàâíåíèé.

7. Íå ðàññìàòðèâàþòñÿ âûðîæäåííûå ðåøåíèÿ íåëèíåéíûõ Óð×Ï è �óíê-

öèîíàëüíàëüíî-äè��åðåíöèàëüíûõ Óð×Ï, êîòîðûå çàâèñÿò òîëüêî îò îäíîé

íåçàâèñèìîé ïåðåìåííîé, âõîäÿùåé â èñõîäíîå óðàâíåíèå.

8. Â êíèãå èñïîëüçóåòñÿ ïðîñòàÿ è íàãëÿäíàÿ êëàññè�èêàöèÿ ïî âíåøíå-

ìó âèäó íàèáîëåå ðàñïðîñòðàíåííûõ ðåøåíèé Óð×Ï è �óíêöèîíàëüíàëüíî-

äè��åðåíöèàëüíûõ Óð×Ï, êîòîðàÿ íå ñâÿçàíà ñ òèïîì è âèäîì ðàññìàòðèâàå-

ìûõ óðàâíåíèé (ñì. òàáëèöó).

13
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ÒÀÁËÈÖÀ

Ñòðóêòóðà íàèáîëåå ðàñïðîñòðàíåííûõ òî÷íûõ ðåøåíèé Óð×Ï ñ äâóìÿ íåçàâèñèìûìè

ïåðåìåííûìè x è t è çàâèñèìîé ïåðåìåííîé u, ãäå F (z)�èñêîìàÿ �óíêöèÿ

� Íàçâàíèå ðåøåíèÿ Ñòðóêòóðà ðåøåíèÿ

(x è t ìîæíî ïîìåíÿòü ìåñòàìè)

1 �åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì

ïåðåìåííûõ

u = ϕ(x) + ψ(t)

2 �åøåíèå ñ ìóëüòèïëèêàòèâíûì

ðàçäåëåíèåì ïåðåìåííûõ

u = ϕ(x)ψ(t)

3 �åøåíèå òèïà áåãóùåé âîëíû

∗ u = F (z), z = αx+ βt, αβ 6= 0

4 Àâòîìîäåëüíîå ðåøåíèå u = tαF (z), z = xtβ

5 Îáîáùåííîå àâòîìîäåëüíîå ðåøåíèå u = ϕ(t)F (z), z = ψ(t)x

6 �åøåíèå òèïà îáîáùåííîé áåãóùåé âîëíû u = F (z), z = ϕ(t)x + ψ(t)

7 �åøåíèå ñ îáîáùåííûì ðàçäåëåíèåì

ïåðåìåííûõ

u = ϕ1(x)ψ1(t) + · · ·+ϕn(x)ψn(t)

8 �åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì

ïåðåìåííûõ (ñïåöèàëüíûé ñëó÷àé)

u = F (z), z = ϕ(x) + ψ(t)

9 �åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì

ïåðåìåííûõ

u = F (z),
z = ϕ1(x)ψ1(t) + · · ·+ϕn(x)ψn(t)

∗
Îáå íåçàâèñèìûå ïåðåìåííûå ìîãóò èãðàòü ðîëü ïðîñòðàíñòâåííûõ êîîðäèíàò.



1. Àëãåáðàè÷åñêèå è íåêîòîðûå

òðàíñöåíäåíòíûå óðàâíåíèÿ

◮ Ïðåäâàðèòåëüíûå çàìå÷àíèÿ. Àëãåáðàè÷åñêîå óðàâíåíèå ÿâëÿåòñÿ ìàòå-

ìàòè÷åñêèì óðàâíåíèåì âèäà P (x) = 0, ãäå P (x) � íåêîòîðûé ïîëèíîì, x �
èñêîìàÿ âåëè÷èíà. Ñòåïåíü àëãåáðàè÷åñêîãî óðàâíåíèÿ îïðåäåëÿåòñÿ ñòåïåíüþ

ïîðîæäàþùåãî ïîëèíîìà.

Â äàííîé ãëàâå ðàññìàòðèâàþòñÿ àëãåáðàè÷åñêèå óðàâíåíèÿ, ðåøåíèÿ (êîð-

íè) êîòîðûõ äîïóñêàþò ïðåäñòàâëåíèå â ðàäèêàëàõ. Ïðèâåäåíû íåêîòîðûå àë-

ãåáðàè÷åñêèå óðàâíåíèÿ ñòàðøèõ ïîðÿäêîâ, ðåøåíèÿ êîòîðûõ ìîãóò áûòü âû-

ðàæåíû â òåðìèíàõ ñïåöèàëüíûõ �óíêöèé. Óêàçàíû ïðåîáðàçîâàíèÿ, ïîçâîëÿ-

þùèå ïîëó÷àòü áîëåå ïðîñòûå óðàâíåíèÿ.

Îïèñàíû òðèãîíîìåòðè÷åñêèå, ãèïåðáîëè÷åñêèå, ëîãàðè�ìè÷åñêèå è äðó-

ãèå òðàíñöåíäåíòíûå óðàâíåíèÿ, ðåøåíèÿ êîòîðûõ ìîãóò áûòü âûðàæåíû ÷å-

ðåç ðåøåíèÿ àëãåáðàè÷åñêèõ óðàâíåíèé èëè ïîëó÷àþòñÿ ïóòåì ïîäñòàíîâêè

îïðåäåëÿþùèõ ïàðàìåòðîâ óðàâíåíèÿ â ýëåìåíòàðíûå �óíêöèè. Îáñóæäàþòñÿ

òàêæå òðàíñöåíäåíòíûå óðàâíåíèÿ, ðåøåíèÿìè êîòîðûõ ÿâëÿþòñÿ ñïåöèàëüíûå

�óíêöèè.

Â äàííîé ãëàâå ñ÷èòàåòñÿ, ÷òî êîý��èöèåíòû âñåõ ðàññìàòðèâàåìûõ óðàâ-

íåíèé ÿâëÿþòñÿ äåéñòâèòåëüíûìè ÷èñëàìè.

1.1. Àëãåáðàè÷åñêèå óðàâíåíèÿ

1.1.1. Ëèíåéíûå è êâàäðàòíûå óðàâíåíèÿ

1. ax+ b= 0 (a 6= 0).

Ëèíåéíîå àëãåáðàè÷åñêîå óðàâíåíèå (èëè àëãåáðàè÷åñêîå óðàâíåíèå ïåðâîé ñòå-

ïåíè).

�åøåíèå:

x = − b

a
.

2. ax2 + bx+ c = 0 (a 6= 0).

Êâàäðàòíîå óðàâíåíèå (èëè àëãåáðàè÷åñêîå óðàâíåíèå âòîðîé ñòåïåíè).

�åøåíèÿ (êîðíè):

x1 =
−b−

√
b2 − 4ac

2a
, x2 =

−b+
√
b2 − 4ac

2a
.

15
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×èñëî äåéñòâèòåëüíûõ êîðíåé êâàäðàòíîãî óðàâíåíèÿ îïðåäåëÿåòñÿ çíàêîì

äèñêðèìèíàíòà D = b2 − 4ac:

Ñëó÷àé D > 0. Èìåþòñÿ äâà ðàçëè÷íûõ äåéñòâèòåëüíûõ êîðíÿ.

Ñëó÷àé D = 0. Èìåþòñÿ äâà îäèíàêîâûõ äåéñòâèòåëüíûõ êîðíÿ (èìååòñÿ

îäèí êðàòíûé äåéñòâèòåëüíûé êîðåíü).

Ñëó÷àé D < 0. Èìåþòñÿ äâà ðàçëè÷íûõ êîìïëåêñíûõ êîðíÿ.

Òåîðåìà Âèåòà. Êîðíè êâàäðàòíîãî óðàâíåíèÿ óäîâëåòâîðÿþò ñëåäóþùèì

ñîîòíîøåíèÿì:

x1 + x2 = − b

a
, x1x2 =

c

a
.

1.1.2. Àëãåáðàè÷åñêèå óðàâíåíèÿ òðåòüåé ñòåïåíè

1. x3 − a= 0.

Äâó÷ëåííîå êóáè÷åñêîå óðàâíåíèå ïðîñòåéøåãî âèäà.

�åøåíèÿ (êîðíè):

x1 = a1/3, x2 = −a1/3
(
1

2
+ i

√
3

2

)
, x3 = −a1/3

(
1

2
− i

√
3

2

)
ïðè a > 0;

x1 = −|a|1/3, x2 = |a|1/3
(
1

2
+ i

√
3

2

)
, x3 = |a|1/3

(
1

2
− i

√
3

2

)
ïðè a < 0,

ãäå i2 = −1.

2. x3 + ax+ ab+ b3 = 0.

Ýòî óðàâíåíèå äëÿ ëþáûõ a è b èìååò êîðåíü x = −b. Äâà äðóãèõ êîðíÿ

îïðåäåëÿþòñÿ èç êâàäðàòíîãî óðàâíåíèÿ x2 − bx+ a+ b = 0.

3. x3 − 3a2x+ 2a3 = 0.

Ýòî óðàâíåíèå èìååò êîðíè: x1 = x2 = a è x3 = −2a.

4. x3 − (a2 + ab+ b2)x+ ab(a+ b) = 0.

Ýòî óðàâíåíèå èìååò êîðíè: x1 = a, x2 = b, x3 = −a− b.

5. y3 + py + q = 0.

Íåïîëíîå êóáè÷åñêîå óðàâíåíèå.

1◦. �åøåíèå Êàðäàíî. Êîðíè êóáè÷åñêîãî óðàâíåíèÿ îïðåäåëÿþòñÿ ïî �îð-
ìóëàì

y1 = A+B, y2,3 = − 1

2
(A+B)± i

√
3

2
(A−B),

ãäå

A=
(
− q

2
+
√
D

)1/3
, B=

(
− q

2
−
√
D

)1/3
, D=

(
p

3

)3
+
(
q

2

)2
, i2 =−1,



1.1. Àëãåáðàè÷åñêèå óðàâíåíèÿ 17

à A è B �ëþáûå çíà÷åíèÿ êóáè÷åñêèõ êîðíåé èç ñîîòâåòñòâóþùèõ êîìïëåêñ-

íûõ ÷èñåë, óäîâëåòâîðÿþùèå ñîîòíîøåíèþ AB = − 1
3 p.

×èñëî äåéñòâèòåëüíûõ êîðíåé íåïîëíîãî êóáè÷åñêîãî óðàâíåíèÿ çàâèñèò

îò çíàêà äèñêðèìèíàíòà D:

Ñëó÷àé D > 0. Èìååòñÿ îäèí äåéñòâèòåëüíûé è äâà êîìïëåêñíî-ñîïðÿæåí-

íûõ êîðíÿ.

Ñëó÷àé D < 0. Èìååòñÿ òðè äåéñòâèòåëüíûé êîðíÿ.

Ñëó÷àé D = 0. Èìååòñÿ äåéñòâèòåëüíûé êîðåíü è äðóãîé äåéñòâèòåëüíûé

êîðåíü äâîéíîé êðàòíîñòè.

2◦. Òðèãîíîìåòðè÷åñêîå ðåøåíèå. Åñëè íåïîëíîå êóáè÷åñêîå óðàâíåíèå

èìååò äåéñòâèòåëüíûå êîý��èöèåíòû p è q, òîãäà åãî ðåøåíèÿ ìîæíî íàéòè ñ

ïîìîùüþ òðèãîíîìåòðè÷åñêèõ �îðìóë, ïðèâåäåííûõ íèæå.

(a) Ïóñòü p < 0 è D < 0. Òîãäà

y1 = 2
√

− p

3
cos

α

3
, y2,3 = 2

√
− p

3
cos

(
α

3
± 2π

3

)
,

ãäå α âû÷èñëÿåòñÿ, èñõîäÿ èç ñîîòíîøåíèé

cosα = − q

2
√

−(p/3)3
, sinα =

√
−D√

−(p/3)3
> 0.

(b) Ïóñòü p > 0 è D > 0. Òîãäà

y1 = −2
√

p

3
ctg(2α), y2,3 =

√
p

3

[
ctg(2α) ± i

√
3

sin(2α)

]
,

ãäå α âû÷èñëÿåòñÿ, èñõîäÿ èç ñîîòíîøåíèé

tgα =
(
tg

β

2

)1/3
, tg β =

2

q

(
p

3

)3/2
, |α| 6 π

4
, |β| 6 π

2
.

(
) Ïóñòü p < 0 è D > 0. Òîãäà

y1 = −2
√

− p

3

1

sin(2α)
, y2,3 =

√
− p

3

[
1

sin(2α)
± i

√
3 ctg(2α)

]
,

ãäå α âû÷èñëÿåòñÿ, èñõîäÿ èç ñîîòíîøåíèé

tgα =
(
tg

β

2

)1/3
, sin β =

2

q

(
− p

3

)3/2
, |α| 6 π

4
, |β| 6 π

2
.

Âî âñåõ òðåõ ðàññìîòðåííûõ âûøå ñëó÷àåâ áåðåòñÿ äåéñòâèòåëüíûé êóáè-

÷åñêèé êîðåíü.

3◦. Ìåòîä Âèåòà. Ïîäñòàíîâêà y = t− p

3t
ïðèâîäèò íåïîëíîå êóáè÷åñêîå

óðàâíåíèå ê óðàâíåíèþ t3 + q − p3

27t3
= 0, êîòîðîå ïîñëå óìíîæåíèÿ íà t3 è

çàìåíû z = t3 ïðåîáðàçóåòñÿ ê êâàäðàòíîìó óðàâíåíèþ z2 − qz − 1
27 p

3 = 0.
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4◦. Äîïîëíèòåëüíóþ èí�îðìàöèþ îòíîñèòåëüíî íåïîëíîãî êóáè÷åñêîãî

óðàâíåíèÿ ìîæíî íàéòè â êíèãàõ Áðîíøòåéí & Ñåìåíäÿåâ (1986), Korn &

Korn (2000), Weisstein (2002) è ñòàòüÿõ Îêóíåâ (1951) è Cubi
 equation (from

Wikipedia).

6. ax3 + bx2 + bx+ a = 0 (a 6= 0).

Âîçâðàòíîå êóáè÷åñêîå óðàâíåíèå. Ýòî óðàâíåíèå èìååò êîðåíü x1 = −1, à äâà
äðóãèõ êîðíÿ îïðåäåëÿþòñÿ èç êâàäðàòíîãî óðàâíåíèÿ ax2 + (b− a)x+ a = 0.

7. ax3 + bx2 + bx+ a− b+ c = 0 (a 6= 0).

Ýòî óðàâíåíèå èìååò êîðåíü x1 = −1, à äâà äðóãèõ êîðíÿ îïðåäåëÿþòñÿ èç

êâàäðàòíîãî óðàâíåíèÿ ax2 + (b− a)x+ a− b+ c = 0.

8. ax3 + bx2 + bx− a− b− c = 0 (a 6= 0).

Ýòî óðàâíåíèå èìååò êîðåíü x1 = 1, à äâà äðóãèõ êîðíÿ îïðåäåëÿþòñÿ èç

êâàäðàòíîãî óðàâíåíèÿ ax2 + (a+ b)x+ a+ b+ c = 0.

9. ax3 + (ab+ c)x2 + (a+ bc)x+ c = 0 (a 6= 0).

1◦. Ïóñòü x = −a/c íå ÿâëÿåòñÿ êîðíåì ýòîãî óðàâíåíèÿ. Óìíîæàÿ îáå

÷àñòè óðàâíåíèÿ íà (cx+a), ïîëó÷èì âîçâðàòíîå óðàâíåíèå ÷åòâåðòîé ñòåïåíè

âèäà 1.1.3.7:

acx4 + (a2 + abc+ c2)x3 + (a2b+2ac+ bc2)x2 + (a2 + abc+ c2)x+ ac = 0. (*)

Ïîäñòàíîâêà

y = x+
1

x

ïðèâîäèò óðàâíåíèå (*) ê êâàäðàòíîìó óðàâíåíèþ. Ïîëó÷èâ ÷åòûðå êîðíÿ óðàâ-

íåíèÿ (*), ñëåäóåò îñòàâèòü òðè êîðíÿ, îòáðîñèâ ëèøíèé êîðåíü x = −a/c.
2◦. Ïóñòü x=−a/c�êîðåíü èñõîäíîãî êóáè÷åñêîãî óðàâíåíèÿ. Äâà äðóãèõ

êîðíÿ îïðåäåëÿþòñÿ èç êâàäðàòíîãî óðàâíåíèÿ

ax2 +
(
ab+ c− a2

c

)
x+ bc− a2b

c
+

a3

c2
= 0.

10. x3 + a(b+ 1)x2 + (a2b+ c)x+ ac = 0.

Ýòî óðàâíåíèå èìååò êîðåíü x = −a. Äâà äðóãèõ êîðíÿ îïðåäåëÿþòñÿ èç

êâàäðàòíîãî óðàâíåíèÿ x2 + abx+ c = 0.

11. ax3 + bx2 + cx+ d = 0 (a 6= 0).

Ïîëíîå êóáè÷åñêîå óðàâíåíèå (èëè àëãåáðàè÷åñêîå óðàâíåíèå òðåòüåé ñòåïåíè

îáùåãî âèäà).

Êîðíè ïîëíîãî êóáè÷åñêîãî óðàâíåíèÿ îïðåäåëÿþòñÿ ïî �îðìóëàì

xk = yk − b

3a
, k = 1, 2, 3,
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ãäå yk �êîðíè íåïîëíîãî êóáè÷åñêîãî óðàâíåíèÿ 1.1.2.5 ñ êîý��èöèåíòàìè

p = − 1

3

(
b

a

)2
+

c

a
, q =

2

27

(
b

a

)3
− bc

3a2
+

d

a
.

Òåîðåìà Âèåòà. Êîðíè ïîëíîãî êóáè÷åñêîãî óðàâíåíèÿ óäîâëåòâîðÿþò ñëå-

äóþùèì ñîîòíîøåíèÿì:

x1 + x2 + x3 = − b

a
, x1x2 + x1x3 + x2x3 =

c

a
, x1x2x3 = − d

a
.

1.1.3. Àëãåáðàè÷åñêèå óðàâíåíèÿ ÷åòâåðòîé ñòåïåíè

1. x4 − a= 0.

Äâó÷ëåííîå óðàâíåíèå ÷åòâåðòîé ñòåïåíè ïðîñòåéøåãî âèäà.

�åøåíèÿ (êîðíè):

x1,2 = ±a1/4, x3,4 = ±a1/4i ïðè a > 0;

x1,2 = |a|1/4
(√

2

2
± i

√
2

2

)
, x3,4 = |a|1/4

(
−

√
2

2
± i

√
2

2

)
ïðè a < 0,

ãäå i2 = −1.

2. x4 + ax+ ab− b4 = 0.

Ýòî óðàâíåíèå äëÿ ëþáûõ a è b èìååò êîðåíü x = −b.

3. x4 − 4a3x+ 3a4 = 0.

Ýòî óðàâíåíèå èìååò êðàòíûé êîðåíü x1 = x2 = a. Äâà äðóãèõ (êîìïëåêñíûõ)
êîðíÿ îïðåäåëÿþòñÿ èç êâàäðàòíîãî óðàâíåíèÿ x2 + 2ax+ 3a2 = 0.

4. x4 − (a3 + a2b+ ab2 + b3)x+ ab(a2 + ab+ b2) = 0.

Ýòî óðàâíåíèå èìååò êîðíè x1 = a è x2 = b. Äâà äðóãèõ (êîìïëåêñíûõ) êîðíÿ
îïðåäåëÿþòñÿ èç êâàäðàòíîãî óðàâíåíèÿ x2 + (a+ b)x+ a2 + ab+ b2 = 0.

5. ax4 + bx2 + c = 0 (a 6= 0).

Áèêâàäðàòíîå óðàâíåíèå.

Ýòî óðàâíåíèå ñâîäèòñÿ ê êâàäðàòíîìó óðàâíåíèþ 1.1.1.2 çàìåíîé z = x2.
Ïîýòîìó êîðíè áèêâàäðàòíîãî óðàâíåíèÿ îïðåäåëÿþòñÿ ïî �îðìóëàì

x1,2 = ±
√

−b−
√
b2 − 4ac

2a
, x3,4 = ±

√
−b+

√
b2 − 4ac

2a
.

6. x4 + 2ax3 + a2x2 − b = 0.

Âñå êîðíè ýòîãî óðàâíåíèÿ îïðåäåëÿþòñÿ ïóòåì ðåøåíèÿ äâóõ êâàäðàòíûõ

óðàâíåíèé:

x2 + ax−
√
b = 0,

x2 + ax+
√
b = 0.
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7. ax4 + bx3 + cx2 + bx+ a = 0 (a 6= 0).

Âîçâðàòíîå àëãåáðàè÷åñêîå óðàâíåíèå ÷åòâåðòîé ñòåïåíè.

Ïîäñòàíîâêà

y = x+
1

x

ïðèâîäèò ê êâàäðàòíîìó óðàâíåíèþ âèäà 1.1.1.2:

ay2 + by + c− 2a = 0.

8. ax4 + bx3 + cx2 − bx+ a = 0 (a 6= 0).

Ìîäè�èöèðîâàííîå âîçâðàòíîå àëãåáðàè÷åñêîå óðàâíåíèå ÷åòâåðòîé ñòåïåíè.

Ïîäñòàíîâêà

y = x− 1

x

ïðèâîäèò ê êâàäðàòíîìó óðàâíåíèþ âèäà 1.1.1.2:

ay2 + by + c+ 2a = 0.

9. ax4 + bx3 + cx2 + bλx+ aλ2 = 0 (a 6= 0).

Îáîáùåííîå âîçâðàòíîå àëãåáðàè÷åñêîå óðàâíåíèå ÷åòâåðòîé ñòåïåíè (îáîá-

ùàåò äâà ïðåäûäóùèõ óðàâíåíèÿ).

Ïîäñòàíîâêà

y = x+
λ

x

ïðèâîäèò ê êâàäðàòíîìó óðàâíåíèþ âèäà 1.1.1.2:

ay2 + by + c− 2aλ = 0.

10. ax4 + bx2(x+ k) + c(x+ k)2 = 0.

�àçäåëèì îáå ÷àñòè óðàâíåíèÿ íà (x+ k)2, à çàòåì ñäåëàåì çàìåíó z =
x2

x+ k
.

Â ðåçóëüòàòå ïîëó÷èì êâàäðàòíîå óðàâíåíèå

az2 + bz + c = 0.

11. (x+ a)4 + (x+ b)4 = c.

×àñòíûé ñëó÷àé óðàâíåíèÿ 1.1.5.19 ïðè n = 2.

1◦. Ñäåëàåì çàìåíó y = x+ 1
2 (a+ b). Â ðåçóëüòàòå ïîëó÷èì

(y + k)4 + (y − k)4 = c, k = 1
2 (a− b).

Èñïîëüçóÿ �îðìóëó (y + z)4 = y4 + 4y3z + 6y2z2 + 4xy3 + z4 ïðè z = ±k,
ïðèõîäèì ê áèêâàäðàòíîìó óðàâíåíèþ

y4 + 6k2y2 + k4 − 1
2 c = 0, k = 1

2 (a− b),

êîòîðîå ñâîäèòñÿ ê êâàäðàòíîìó óðàâíåíèþ ïîäñòàíîâêîé z = y2.
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2◦. Òîæäåñòâåííûå ïðåîáðàçîâàíèÿ ëåâîé ÷àñòè óðàâíåíèÿ

(x+ a)4 + (x+ b)4 = [(x+ a)2 + (x+ b)2]2 − 2[(x + a)(x+ b)]2 =

= {2[x2 + (a+ b)x] + a2 + b2}2 − 2[x2 + (a+ b)x+ ab]2,

ñ ïîñëåäóþùåé çàìåíîé ξ = x2 + (a+ b)x ïðèâîäÿò ê êâàäðàòíîìó óðàâíåíèþ

(2ξ + a2 + b2)2 − 2(ξ + ab)2 = c.

12. (x+ a)4 + (x+ b)4 + c(x+ a)(x+ b) = d.

×àñòíûé ñëó÷àé óðàâíåíèÿ 1.1.5.22.

Ñäåëàåì çàìåíó y = x+ 1
2 (a+ b). Â ðåçóëüòàòå ïîëó÷èì

(y + k)4 + (y − k)4 + c(y2 − k2) = d, k = 1
2 (a− b).

Èñïîëüçóÿ �îðìóëó (y + z)4 = y4 + 4y3z + 6y2z2 + 4xy3 + z4 ïðè z = ±k,
ïðèõîäèì ê áèêâàäðàòíîìó óðàâíåíèþ

y4 + (6k2 + 1
2 c)y

2 + k4 − 1
2 ck

2 − d = 0, k = 1
2 (a− b),

êîòîðîå ñâîäèòñÿ ê êâàäðàòíîìó óðàâíåíèþ ñ ïîìîùüþ ïîäñòàíîâêè ξ = y2.

13. (ax2 + bx+ c1)(ax
2 + bx+ c2) = d.

Ïîäñòàíîâêà z = ax2 + bx+ c1 ïðèâîäèò ê êâàäðàòíîìó óðàâíåíèþ

z2 + (c2 − c1)z − d = 0.

14. (ax2 + b1x+ c)(ax2 + b2x+ c) = dx2
.

�àçäåëèì îáå ÷àñòè óðàâíåíèÿ íà x2, à çàòåì ñäåëàåì çàìåíó z = ax+ b1 +
c

x
.

Â ðåçóëüòàòå ïðèõîäèì ê êâàäðàòíîìó óðàâíåíèþ

z2 + (b2 − b1)z − d = 0.

15. (x+ a)(x+ b)(x+ a+ c)(x+ b+ c) = d.

Ïåðåìíîæàÿ â ëåâîé ÷àñòè óðàâíåíèÿ ïåðâûé è ÷åòâåðòûé ñîìíîæèòåëè, à

òàêæå âòîðîé è òðåòèé ñîìíîæèòåëè, èìååì

[x2 + (a+ b+ c)x+ a(b+ c)][x2 + (a+ b+ c)x+ b(a+ c)] = d.

Çàìåíà z = x2 + (a + b + c)x + a(b + c) ïðèâîäèò ïîëó÷åííîå óðàâíåíèå ê

êâàäðàòíîìó óðàâíåíèþ

z[z + (b− a)c] = d.

16. (x+ a)(x+ b)(x+ ac)(x+ bc) = dx2
.

Ïåðåìíîæàÿ â ëåâîé ÷àñòè óðàâíåíèÿ ïåðâûé è ÷åòâåðòûé ñîìíîæèòåëè, à

òàêæå âòîðîé è òðåòèé ñîìíîæèòåëè, èìååì

[x2 + (a+ bc)x+ abc][x2 + (b+ ac)x+ abc] = dx2.
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�àçäåëèì îáå ÷àñòè ïîëó÷åííîãî óðàâíåíèÿ íà x2, à çàòåì ñäåëàåì ïîäñòàíîâêó

z = x+
abc

x
. Â ðåçóëüòàòå ïðèõîäèì ê êâàäðàòíîìó óðàâíåíèþ

(z + a+ bc)(z + b+ ac) = d.

17. a(x2 + p1x+ q)2 + b(x2 + p2x+ q) = dx2
.

�àçäåëèì îáå ÷àñòè óðàâíåíèÿ íà x2, à çàòåì ñäåëàåì ïîäñòàíîâêó z = x+
q

x
.

Â ðåçóëüòàòå ïðèõîäèì ê êâàäðàòíîìó óðàâíåíèþ

a(z + p1)
2 + b(z + p2)

2 = d.

18. x4 + ax3 + bx2 + cx+ d = 0.

Îáùåå àëãåáðàè÷åñêîå óðàâíåíèå ÷åòâåðòîé ñòåïåíè.

1◦. Óïðîùåíèå óðàâíåíèÿ. Ïîäñòàíîâêà

x = y − 1
4 a

ïðèâîäèò ê áîëåå ïðîñòîìó óðàâíåíèþ

y4 + py2 + qy + r = 0 (1)

ãäå

p =
8b− 3a2

8
, q =

8c− 4ab+ a3

8
, r =

256d − 64ac+ 16a2b− 3a4

256
.

Óðàâíåíèå (1) íàçûâàåòñÿ íåïîëíûì àëãåáðàè÷åñêèì óðàâíåíèåì ÷åòâåðòîé

ñòåïåíè.

2◦. �åøåíèå Äåêàðòà � Ýéëåðà. Êîðíè y1, y2, y3, y4 íåïîëíîãî óðàâíåíèÿ

÷åòâåðòîé ñòåïåíè (1) ðàâíû îäíîìó èç ñëåäóþùèõ âûðàæåíèé:

±√
z1 ±

√
z2 ±

√
z3, (2)

ãäå z1, z2, z3 �êîðíè âñïîìîãàòåëüíîãî êóáè÷åñêîãî óðàâíåíèÿ

z3 + 1
2 pz

2 + 1
16 (p

2 − 4r)z − 1
64 q

2 = 0, (3)

à ñî÷åòàíèÿ çíàêîâ â (2) âûáèðàþòñÿ òàêèì îáðàçîì, ÷òîáû âûïîëíÿëîñü ñëå-

äóþùåå ñîîòíîøåíèå:

(±√
z1 )(±

√
z2 )(±

√
z3 ) = − 1

8 q.

Îòìåòèì, ÷òî â ñîîòâåòñòâèè ñ òåîðåìîé Âèåòà, ïðîèçâåäåíèå êîðíåé z1, z2, z3
ðàâíî

1
64 q

2 > 0.
×èñëî äåéñòâèòåëüíûõ è êîìïëåêñíûõ êîðíåé íåïîëíîãî óðàâíåíèÿ ÷åòâåð-

òîé ñòåïåíè (1) îïðåäåëÿåòñÿ êîðíÿìè âñïîìîãàòåëüíîãî êóáè÷åñêîãî óðàâíå-

íèÿ (3), ñì. òàáë. 1.1.
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Òàáëèöà 1.1. Êà÷åñòâåííûå ñîîòíîøåíèÿ ìåæäó êîðíÿìè íåïîëíîãî óðàâíåíèÿ ÷åò-

âåðòîé ñòåïåíè (1) è êîðíÿìè âñïîìîãàòåëüíîãî êóáè÷åñêîãî óðàâíåíèÿ (3).

Âñïîìîãàòåëüíîå êóáè÷åñêîå óðàâíåíèå (3) Óðàâíåíèå ÷åòâåðòîé ñòåïåíè (1)

Âñå êîðíè äåéñòâèòåëüíûå è ïîëîæèòåëüíû ×åòûðå äåéñòâèòåëüíûõ êîðíÿ

Âñå êîðíè äåéñòâèòåëüíû: îäèí ïîëîæèòåëüíûé

è äâà îòðèöàòåëüíûõ

Äâå ïàðû êîìïëåêñíî-ñîïðÿæåííûõ

êîðíåé

Îäèí äåéñòâèòåëüíûé êîðåíü è ïàðà

êîìïëåêñíî-ñîïðÿæåííûõ êîðíåé

Äâà äåéñòâèòåëüíûõ êîðíÿ è ïàðà

êîìïëåêñíî-ñîïðÿæåííûõ êîðíåé

3◦. �åøåíèå Ôåððàðè. Ïóñòü u0 �ëþáîé êîðåíü âñïîìîãàòåëüíîãî êóáè÷å-

ñêîãî óðàâíåíèÿ

u3 − bu2 + (ac− 4d)u− a2d+ 4bd− c2 = 0.

Òîãäà ÷åòûðå êîðíÿ èñõîäíîãî óðàâíåíèÿ îïðåäåëÿþòñÿ ïóòåì ðåøåíèÿ ñëåäó-

þùèõ äâóõ êâàäðàòíûõ óðàâíåíèé:

x2 + 1
2 ax+ 1

2 u0 = ±
√

( 1
4 a

2 − b+ u0)x2 + ( 1
2 au0 − c)x+ 1

4 u
2
0 − d,

ãäå ïîäêîðåííîå âûðàæåíèå â ïðàâîé ÷àñòè ÿâëÿåòñÿ ïîëíûì êâàäðàòîì.

4◦. Òåîðåìà Âèåòà. Êîðíè îáùåãî óðàâíåíèÿ ÷åòâåðòîé ñòåïåíè óäîâëåòâî-
ðÿþò ñëåäóþùèì ñîîòíîøåíèÿì:

x1 + x2 + x3 + x4 = −a,
x1x2 + x1x3 + x1x4 + x2x3 + x2x4 + x3x4 = b,

x1x2x3 + x1x2x4 + x1x3x4 + x2x3x4 = −c,
x1x2x3x4 = d.

5◦. Äîïîëíèòåëüíóþ èí�îðìàöèþ îòíîñèòåëüíî îáùåãî àëãåáðàè÷åñêîãî

óðàâíåíèÿ ÷åòâåðòîé ñòåïåíè ìîæíî íàéòè â êíèãàõ Áðîíøòåéí & Ñåìåíäÿåâ

(1986), Korn & Korn (2000), Weisstein (2002) è ñòàòüÿõ Îêóíåâ (1951) è Quarti


equation (from Wikipedia).

Çàìå÷àíèå 1.1. Óðàâíåíèå ÷åòâåðòîé ñòåïåíè ÿâëÿåòñÿ àëãåáðàè÷åñêèì óðàâíåíè-

åì íàèáîëüøåé ñòåïåíè, êîðíè êîòîðîãî ìîæíî âûðàçèòü â ðàäèêàëàõ â îáùåì ñëó÷àå

(ò. å. êîãäà êîý��èöèåíòû óðàâíåíèÿ ìîãóò ïðèíèìàòü ëþáûå çíà÷åíèÿ).

1.1.4. Àëãåáðàè÷åñêèå óðàâíåíèÿ ïÿòîé ñòåïåíè

1. x5 + ax− 1 = 0.

×àñòíûé ñëó÷àé óðàâíåíèÿ 1.1.5.14 ïðè n = 5 è m = 1.

1◦. Ïðè a = b− b−4
èñõîäíîå óðàâíåíèå èìååò êîðåíü x = 1/b.
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2◦. Ïîäñòàíîâêà x = a1/4y ïðèâîäèò ê óðàâíåíèþ âèäà 1.1.4.7:

y5 + y − a−5/4 = 0.

3◦. Òðè ãëàâíûõ ÷ëåíà àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ äåéñòâèòåëüíîãî êîð-
íÿ ýòîãî óðàâíåíèÿ ïðè ìàëûõ è áîëüøèõ a èìåþò âèä

x = 1− 1
5 a− 1

25 a
2 +O(a3), a→ 0;

x = a−1 − a−6 + 5a−11 +O(a−16), a→ ∞.

2. x5 + ax+ ab+ b5 = 0.

Ýòî óðàâíåíèå äëÿ ëþáûõ a è b èìååò êîðåíü x = −b.

3. x5 − 5a4x+ 4a5 = 0.

Ýòî óðàâíåíèå èìååò êðàòíûé êîðåíü x1 = x2 = a. Òðè äðóãèõ êîðíÿ îïðåäå-

ëÿþòñÿ èç êóáè÷åñêîãî óðàâíåíèÿ x3 + 2ax2 + 3a2x+ 4a3 = 0.

4. x5 − a5 − b5

a− b
x+

ab(a4 − b4)

a− b
= 0, a 6= b.

Ýòî óðàâíåíèå èìååò êîðíè x1 = a è x2 = b.

5. x5 − (a4 − 3a2b+ b2)x+ ab(a2 − 2b) = 0.

Äâà êîðíÿ ýòîãî óðàâíåíèÿ íàõîäÿòñÿ ïóòåì ðåøåíèÿ êâàäðàòíîãî óðàâíåíèÿ

x2 − ax+ b = 0. Òðè äðóãèõ êîðíÿ îïðåäåëÿþòñÿ èç êóáè÷åñêîãî óðàâíåíèÿ

x3 + ax2 + (a2 − b)x+ a(a2 − 2b) = 0.

6. x5 +
5e4(3 − 4εc)

c2 + 1
x− 4e5(11ε+ 2c)

c2 + 1
= 0.

Ïóñòü c > 0 è e 6= 0 � ðàöèîíàëüíûå ÷èñëà è ε = ±1. Òîãäà êîðíè äàííîãî

óðàâíåíèÿ îïðåäåëÿþòñÿ ïî �îðìóëàì (ñì. Spearman & Williams, 1994 è 1996):

xk = e
(
ωku1 + ω2ku2 + ω3ku3 + ω4ku4

)
, k = 0, 1, 2, 3, 4,

ãäå ω�êîðåíü ïÿòîé ñòåïåíè èç åäèíèöû

ω = cos
(
2
5 π

)
+ i sin

(
2
5 π

)
, i2 = −1,

à îñòàëüíûå âåëè÷èíû îïðåäåëÿþòñÿ òàê:

u1=(v21v3/D
4)1/5, u2=(v23v4/D

4)1/5, u3=(v22v1/D
4)1/5, u4=(v24v2/D

4)1/5,

v1=D+(D2−εD)1/2, v2=−D−(D2+εD)1/2, v3=−D+(D2+εD)1/2,

v4=D−(D2−εD)1/2, D=(c2+1)1/2.
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7. x5 + x− a = 0.

Ýòî óðàâíåíèå èìååò êîðíè (Ritelli & Spaletta, 2021):

x1 = Y1(a),

x2 = −e3πi/4Y0(a)− 1
4 Y1(a)− 5

32 e
πi/4Y2(a)− 5i

32 Y3(a),

x3 = e3πi/4Y0(a)− 1
4 Y1(a) +

5
32 e

πi/4Y2(a)− 5i
32 Y3(a),

x4 = −eπi/4Y0(a)− 1
4 Y1(a)− 5

32 e
3πi/4Y2(a) +

5i
32 Y3(a),

x5 = eπi/4Y0(a)− 1
4 Y1(a) +

5
32 e

3πi/4Y2(a) +
5i
32 Y3(a),

ãäå i2 = −1 è

Y0(a) = 4F3

(
− 1

20 ,
3
20 ,

7
20 ,

11
20 ;

1
4 ,

2
4 ,

3
4 ;− 3125

256 a
4
)
,

Y1(a) = a 4F3

(
4
20 ,

8
20 ,

12
20 ,

16
20 ;

2
4 ,

3
4 ,

5
4 ;− 3125

256 a
4
)
,

Y2(a) = a2 4F3

(
9
20 ,

13
20 ,

17
20 ,

21
20 ;

3
4 ,

5
4 ,

6
4 ;− 3125

256 a
4
)
,

Y3(a) = a3 4F3

(
14
20 ,

18
20 ,

22
20 ,

26
20 ;

5
4 ,

6
4 ,

7
4 ;− 3125

256 a
4
)
.

Çäåñü pFq(...)� îáîáùåííàÿ ãèïåðãåîìåòðè÷åñêàÿ �óíêöèÿ, êîòîðàÿ îïðåäåëÿ-

åòñÿ òàê:

pFq(α1, α2, . . . , αp;β1, β2, . . . , βq; z) =
∞∑

k=0

(α1)k(α2)k . . . (αp)k
(β1)k(β2)k . . . (βq)k

zk

k!
,

(α)k = α(α + 1) · · · (α+ k − 1).

Â ñëó÷àå p= q+1 îáîáùåííûé ãèïåðãåîìåòðè÷åñêèé ðÿä ñõîäèòñÿ ïðè |z|< 1
è ðàñõîäèòñÿ ïðè |z| > 1.

8. x5 − 5
2
a3x2 + 3

2
a5 = 0.

Ýòî óðàâíåíèå èìååò êðàòíûé êîðåíü x1 = x2 = a. Òðè äðóãèõ êîðíÿ îïðåäå-

ëÿþòñÿ èç êóáè÷åñêîãî óðàâíåíèÿ x3 + 2ax2 + 3a2x+ 3
2 a

3 = 0.

9. x5 − a5 − b5

a2 − b2
x2 +

a5b2 − a2b5

a2 − b2
= 0, a 6= b.

Ýòî óðàâíåíèå èìååò êîðíè x1 = a è x2 = b.

10. x5 − a(a2 − 3ab+ b2)x2 + a2b2(a− b) = 0.

Äâà êîðíÿ ýòîãî óðàâíåíèÿ íàõîäÿòñÿ ïóòåì ðåøåíèÿ êâàäðàòíîãî óðàâíåíèÿ

x2− ax+ ab = 0. Òðè äðóãèõ êîðíÿ îïðåäåëÿþòñÿ èç êóáè÷åñêîãî óðàâíåíèÿ

x3 + ax2 + a(a− b)x+ ab(a− b) = 0.

11. x5 + ax3 − 1 = 0.

×àñòíûé ñëó÷àé óðàâíåíèÿ 1.1.5.14 ïðè n = 5 è m = 3.
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12. x5 + 5ax3 + 5a2x+ b = 0.

Óðàâíåíèå äå Ìóàâðà.

�åøåíèÿ:

xk = ωk(yi)
1/5 − aω−k(yi)

−1/5, k = 1, 2, 3, 4, 5,

ãäå yi�êîðíè âñïîìîãàòåëüíîãî êâàäðàòíîãî óðàâíåíèÿ

y2 + by − a5 = 0,

à ω�êîðåíü ïÿòîé ñòåïåíè èç åäèíèöû

ω = cos
(
2
5 π

)
+ i sin

(
2
5 π

)
, i2 = −1.

13. x5 + ax4 − 1 = 0.

×àñòíûé ñëó÷àé óðàâíåíèÿ 1.1.5.14 ïðè n = 5 è m = 4.

14. ax5 + bx4 + cx3 + cx2 + bx+ a = 0 (a 6= 0).

Âîçâðàòíîå àëãåáðàè÷åñêîå óðàâíåíèå ïÿòîé ñòåïåíè.

Ýòî óðàâíåíèå èìååò êîðåíü x = −1. Îñòàëüíûå êîðíè íàõîäÿòñÿ ïóòåì

ðåøåíèÿ âîçâðàòíîãî óðàâíåíèÿ ÷åòâåðòîé ñòåïåíè âèäà 1.1.3.7:

ax4 + (b− a)x3 + (a− b+ c)x2 + (b− a)x+ a = 0,

êîòîðîå ñâîäèòñÿ ê êâàäðàòíîìó óðàâíåíèþ ïîäñòàíîâêîé z = x+ 1
x .

15. ax5 + adx4 + bx3 + bdx2 + cx+ cd = 0 (a 6= 0).

Ýòî óðàâíåíèå èìååò êîðåíü x = −d. Îñòàëüíûå êîðíè íàõîäÿòñÿ ïóòåì ðåøå-

íèÿ áèêâàäðàòíîãî óðàâíåíèÿ

ax4 + bx2 + c = 0,

êîòîðîå ñâîäèòñÿ ê êâàäðàòíîìó óðàâíåíèþ ïîäñòàíîâêîé z = x2.

16. x5 + ax4 + bx3 + cx2 + dx+ e = 0.

Îáùåå óðàâíåíèå ïÿòîé ñòåïåíè.

1◦. Òåîðåìà �ó��èíè � Àáåëÿ. Îáùåå óðàâíåíèå ïÿòîé ñòåïåíè íåðàçðå-

øèìî â ðàäèêàëàõ, ò. å. ðåøåíèÿ òàêîãî óðàâíåíèÿ íå ìîãóò áûòü âûðàæåíû

÷åðåç åãî êîý��èöèåíòû ñ èñïîëüçîâàíèåì êîíå÷íîãî ÷èñëà àðè�ìåòè÷åñêèõ

îïåðàöèé è îïåðàöèè èçâëå÷åíèÿ êîðíÿ.

2◦. Ïðåîáðàçîâàíèå ×èðíõàóñà (Ts
hirnhaus), êîòîðîå îñíîâàíî íà ðåøåíèè
âñïîìîãàòåëüíîãî óðàâíåíèÿ ÷åòâåðòîé ñòåïåíè, ñâîäèò îáùåå óðàâíåíèå ïÿ-

òîé ñòåïåíè ê íîðìàëüíîé �îðìå Áðèíãà�Äæåððàðäà (Bring�Jerrard) y5+py+
+ q = 0, ãäå p = ±1. Îáùåå óðàâíåíèå ïÿòîé ñòåïåíè òàêæå ìîæåò áûòü

ïðèâåäåíî ê êàíîíè÷åñêîé �îðìå Ýéëåðà Y 5 + p1Y
2 + q1 = 0.

3◦. �åøåíèÿ óðàâíåíèÿ ïÿòîé ñòåïåíè ìîãóò áûòü âûðàæåíû â òåðìèíàõ

òåòà-�óíêöèé ßêîáè è ñâÿçàííûõ ñ íèìè ýëëèïòè÷åñêèõ ìîäóëüíûõ �óíêöèé

(Hermite, 1858; Weisstein, 2002), à òàêæå â òåðìèíàõ îáîáùåííûõ ãèïåðãåîìåò-

ðè÷åñêèõ �óíêöèé (ñì. Co
kle, 1860; Harley, 1862; Weisstein, 2002).
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1.1.5. Àëãåáðàè÷åñêèå óðàâíåíèÿ ïðîèçâîëüíîé ñòåïåíè

Â äàííîì ðàçäåëå n è m�ïîëîæèòåëüíûå öåëûå ÷èñëà.

1. xn − a = 0.

Äâó÷ëåííîå àëãåáðàè÷åñêîå óðàâíåíèå ñòåïåíè n ïðîñòåéøåãî âèäà.

�åøåíèÿ (êîðíè):

xk+1 =




a1/n

(
cos

2kπ

n
+ i sin

2kπ

n

)
ïðè a > 0,

|a|1/n
(
cos

(2k + 1)π

n
+ i sin

(2k + 1)π

n

)
ïðè a < 0,

ãäå k = 0, 1, . . . , n− 1 è i2 = −1.

2. ax2n + bxn + c = 0 (a 6= 0).

Òðåõ÷ëåííîå àëãåáðàè÷åñêîå óðàâíåíèå ñòåïåíè n ñïåöèàëüíîãî âèäà.

Ïîäñòàíîâêà y = xn ïðèâîäèò ê êâàäðàòíîìó óðàâíåíèþ âèäà 1.1.1.2.

Çàìå÷àíèå 1.2. Â óðàâíåíèÿõ 1.1.5.2, 1.1.5.5, 1.1.5.6, ïîêàçàòåëü ñòåïåíè n ìîæåò

áûòü íåöåëûì.

3. x2n + 2axn+1 + a2x2 − b = 0.

Âñå êîðíè ýòîãî àëãåáðàè÷åñêîãî óðàâíåíèÿ îïðåäåëÿþòñÿ ïóòåì ðåøåíèÿ äâóõ

áîëåå ïðîñòûõ óðàâíåíèé ñòåïåíè n:

xn + ax−
√
b = 0,

xn + ax+
√
b = 0.

4. x2n + 2axn+m + a2x2m − b = 0 (n > m).

Âñå êîðíè ýòîãî àëãåáðàè÷åñêîãî óðàâíåíèÿ îïðåäåëÿþòñÿ ïóòåì ðåøåíèÿ äâóõ

áîëåå ïðîñòûõ óðàâíåíèé ñòåïåíè n:

xn + axm −
√
b = 0,

xn + axm +
√
b = 0.

5. ax3n + bx2n + cxn + d = 0 (a 6= 0).

Ïîäñòàíîâêà y = xn ïðèâîäèò ê êóáè÷åñêîìó óðàâíåíèþ âèäà 1.1.2.11.

6. ax4n + bx3n + cx2n + dxn + e = 0 (a 6= 0).

Ïîäñòàíîâêà y = xn ïðèâîäèò ê óðàâíåíèþ ÷åòâåðòîé ñòåïåíè âèäà 1.1.3.18.

7. anx
2n+an−1x

2n−2+an−2x
2n−4+· · ·+a2x4+a1x

2+a0=0 (an 6=0).

Àëãåáðàè÷åñêîå óðàâíåíèå ñòåïåíè 2n, ñîäåðæàùåå òîëüêî ÷åòíûå ñòåïåíè.

Ïîäñòàíîâêà y = x2 ïðèâîäèò ê àëãåáðàè÷åñêîìó óðàâíåíèþ ñòåïåíè n.
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8. a0x
2n+a1x

2n−1+a2x
2n−2+ · · ·+a2x2+a1x+a0 = 0 (a0 6= 0).

Âîçâðàòíîå àëãåáðàè÷åñêîå óðàâíåíèå ÷åòíîé ñòåïåíè. Ïîäñòàíîâêà

y = x+
1

x

ïðèâîäèò èñõîäíîå óðàâíåíèå ê áîëåå ïðîñòîìó àëãåáðàè÷åñêîìó óðàâíåíèþ

ñòåïåíè n.

Îòìåòèì, ÷òî ëåâàÿ ÷àñòü èñõîäíîãî óðàâíåíèÿ íàçûâàåòñÿ âîçâðàòíûì

ìíîãî÷ëåíîì.

9. a0x
2n + a1x

2n−1 + · · · + an−1x
n+1 + anx

n +

+λan−1x
n−1+λ2an−2x

n−2+· · ·+λn−1a1x+λ
na0 =0 (a0 6=0).

Îáîáùåííîå âîçâðàòíîå àëãåáðàè÷åñêîå óðàâíåíèå ÷åòíîé ñòåïåíè.

Ïåðâûå n+1 ÷ëåíîâ ýòîãî óðàâíåíèÿ (êîòîðûå ðàñïîëîæåíû â ïåðâîé ñòðî-

êå) ñîâïàäàþò ñ ñîîòâåòñòâóþùèìè ÷ëåíàìè âîçâðàòíîãî óðàâíåíèÿ 1.1.5.8, à

îñòàëüíûå ÷ëåíû (êîòîðûå ðàñïîëîæåíû âî âòîðîé ñòðîêå) îòëè÷àþòñÿ ìíîæè-

òåëÿìè âèäà λm îò ñîîòâåòñòâóþùèõ ÷ëåíîâ óêàçàííîãî âîçâðàòíîãî óðàâíå-

íèÿ. Ïîäñòàíîâêà

y = x+
λ

x

ïðèâîäèò èñõîäíîå óðàâíåíèå ê áîëåå ïðîñòîìó àëãåáðàè÷åñêîìó óðàâíåíèþ

ñòåïåíè n.

10. a0x
2n+1+a1x

2n+a2x
2n−1+ · · ·+a2x2+a1x+a0 = 0 (a0 6= 0).

Âîçâðàòíîå àëãåáðàè÷åñêîå óðàâíåíèå íå÷åòíîé ñòåïåíè.

Ýòî óðàâíåíèå èìååò êîðåíü x = −1, à åãî ëåâàÿ ÷àñòü äîïóñêàåò ïðåäñòàâ-
ëåíèå

[ëåâàÿ ÷àñòü óðàâíåíèÿ℄ = (x+ 1)P2n(x),

ãäå P2n(x) � âîçâðàòíûé ìíîãî÷ëåí ñòåïåíè 2n. Ïîýòîìó ðåøåíèå èñõîäíîãî

óðàâíåíèÿ ñâîäèòñÿ ê ðåøåíèþ âîçâðàòíîãî àëãåáðàè÷åñêîãî óðàâíåíèÿ ÷åòíîé

ñòåïåíè P2n(x) = 0.

11. xn − nan−1x+ (n− 1)an = 0.

Ýòî óðàâíåíèå èìååò êðàòíûé êîðåíü x1 = x2 = a.

12. xn − an − bn

a− b
x+

anb− abn

a− b
= 0, a 6= b.

Ýòî óðàâíåíèå èìååò êîðíè x1 = a è x2 = b.

13. xn + x− a = 0.

Òðåõ÷ëåííîå àëãåáðàè÷åñêîå óðàâíåíèå ñòåïåíè n ñïåöèàëüíîãî âèäà.



1.1. Àëãåáðàè÷åñêèå óðàâíåíèÿ 29

1◦. Ýòî óðàâíåíèå èìååò äåéñòâèòåëüíûé êîðåíü (Ritelli & Spaletta, 2021):

x(a)=a n−1Fn−2

(
1

n
,
2

n
, . . . ,

n− 1

n
;

2

n− 1
,

3

n− 1
, . . . ,

n− 2

n− 1
,

n

n− 1
;− nnan−1

(n− 1)n−1

)
,

ãäå pFq(. . . )�îáîáùåííàÿ ãèïåðãåîìåòðè÷åñêàÿ �óíêöèÿ, êîòîðàÿ îïðåäåëÿåò-

ñÿ òàê:

pFq(α1, α2, . . . , αp;β1, β2, . . . , βq; z) =

∞∑

k=0

(α1)k(α2)k . . . (αp)k
(β1)k(β2)k . . . (βq)k

zk

k!
,

(α)k = α(α + 1) · · · (α+ k − 1).

Â ñëó÷àå p= q+1 îáîáùåííûé ãèïåðãåîìåòðè÷åñêèé ðÿä ñõîäèòñÿ ïðè |z|< 1
è ðàñõîäèòñÿ ïðè |z| > 1.

Ñì. òàêæå Ìèõàëêèí (2006, 2012), Botta & Silva (2019), Glasser (2000), Kato

& Noumi (2003), Passare & Tsikh (2004).

2◦. Èñõîäíîå óðàâíåíèå íå èçìåíèòñÿ, åñëè îäíîâðåìåííî ñäåëàòü ïðåîá-

ðàçîâàíèå èñêîìîé âåëè÷èíû x è ïàðàìåòðà a ïî �îðìóëàì

x = x̄εj , a = āεj , ε = e2πi/(n−1), i2 = −1,

ãäå j�öåëîå ÷èñëî. Ïîýòîìó èñõîäíîå óðàâíåíèå èìååò êîðíè, êîòîðûå ìîæíî

âûðàçèòü ÷åðåç ðåøåíèå, óêàçàííîå ï. 1◦, ïî �îðìóëàì

xj(a) = εjx(ε−ja), ε = e2πi/(n−1), i2 = −1, j = 1, . . . , n− 2.

14. xn + axm − 1 = 0, n > m.

Òðåõ÷ëåííîå àëãåáðàè÷åñêîå óðàâíåíèå, ñîäåðæàùåå äâå ïðîèçâîëüíûå ñòåïå-

íè.

1◦. Ïðè a = bm − bm−n
èñõîäíîå óðàâíåíèå èìååò êîðåíü x = 1/b.

2◦. Â îáùåì ñëó÷àå ðàññìàòðèâàåìîå óðàâíåíèå èìååò äåéñòâèòåëüíûé êî-

ðåíü (Mellin, 1921):

x(a) =
1

n

∞∑

k=0

(−1)kΓ
(

1
n
+ mk

n

)

Γ
(

1
n
− (n−m)k

n
+ 1

)
ak

k!
,

ãäå Γ(z) � ãàììà-�óíêöèÿ. Ýòî ðåøåíèå óäîâëåòâîðÿåò óñëîâèþ íîðìèðîâêè

x(0) = 1, à ïðèâåäåííûé âûøå ðÿä ñõîäèòñÿ äëÿ äîñòàòî÷íî ìàëûõ a (ïîäðîá-
íîñòè ñì. íèæå â ï. 4◦).

3◦. Èñõîäíîå óðàâíåíèå íå èçìåíèòñÿ, åñëè îäíîâðåìåííî ñäåëàòü ïðåîá-

ðàçîâàíèå èñêîìîé âåëè÷èíû x è ïàðàìåòðà a ïî �îðìóëàì

x = x̄εj , a = āε−mj , ε = e2πi/n, i2 = −1,

ãäå j �öåëîå ÷èñëî. Ïîýòîìó âñå êîðíè èñõîäíîãî óðàâíåíèÿ ìîæíî âûðàçèòü

÷åðåç ðåøåíèå, óêàçàííîå ï. 2◦, ïî �îðìóëàì (Mellin, 1921):

xj(a) = εjx(εjma), ε = e2πi/n, i2 = −1, j = 0, 1, . . . , n− 1.

Çäåñü çíà÷åíèþ j = 0 ñîîòâåòñòâóåò ðåøåíèå èç ï. 2◦.
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4◦. �åøåíèå èç ï. 2◦ ìîæåò áûòü âûðàæåíî ÷åðåç îáîáùåííûå ãèïåðãåî-

ìåòðè÷åñêèå �óíêöèè ïî �îðìóëàì (Ìèõàëêèí, 2012):

x(a) = − 1

n

n−1∑

s=0

Γ
(
s− 1+ms

n

)

Γ
(
1− 1+ms

n

) a
s

s!
×

× nFn−1

(
αs, . . . , αs +

m−1
m , βs, . . . , βs +

n−m+1
n−m ; γs, . . . , 1̂, . . . , γs +

n−1
n ; z

)
,

αs =
s
n + 1

mn , βs =
s
n − 1

n(n−m) , γs =
s
n + 1

n , z = mm(n−m)n−m

nn an.

Çäåñü èñïîëüçîâàëèñü êðàòêèå îáîçíà÷åíèÿ:

çàïèñü αs, . . . , αs +
m−1
m îáîçíà÷àåò ñåðèþ ÷èñåë αs, αs +

1
m , . . . , αs +

m−1
m ;

çàïèñü γs, . . . , 1̂, . . . , γs+
n−1
n îáîçíà÷àåò ñåðèþ γs, γs+

1
n , . . . , γs+

n−1
n , â êî-

òîðîé îïóùåíî ÷èñëî 1. �ÿäû äëÿ îáîáùåííûõ ãèïåðãåîìåòðè÷åñêèõ �óíêöèé

(îïðåäåëåíèå ýòèõ �óíêöèé äàíî ïîñëå ðåøåíèÿ óðàâíåíèÿ 1.1.5.13 â ï. 1◦)
ñõîäÿòñÿ â îáëàñòè |a| < nm−m/n(n−m)−(n−m)/n

.

5◦. Òðè ãëàâíûõ ÷ëåíà àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ äåéñòâèòåëüíîãî êîð-
íÿ ýòîãî óðàâíåíèÿ ïðè ìàëûõ è áîëüøèõ a èìåþò âèä

x = 1− 1

n
a+

2m − n+ 1

2n2
a2 +O(a3), a→ 0;

x = a−
1
m

(
1− 1

m
a−

n
m +

2n−m+ 1

2m2
a−

2n
m

)
+O

(
a−

3n+1
m

)
, a→ ∞.

6◦. Ïðè a > 0 ðàññìàòðèâàåìîå óðàâíåíèå èìååò åäèíñòâåííûé ïîëîæè-

òåëüíûé êîðåíü x(a), ãäå 0 < x(a) < 1. Ýòîò êîðåíü ìîæíî íàéòè ÷èñëåííî

ïóòåì ðåøåíèÿ ñëåäóþùåé çàäà÷è Êîøè äëÿ ÎÄÓ ïåðâîãî ïîðÿäêà:

y′t = − y

nyn−m +mt
, y(0) = 1.

Èñêîìûé êîðåíü îïðåäåëÿåòñÿ çíà÷åíèåì x(a) = y(t = a).

7◦. Èíòåãðàëüíûå ïðåäñòàâëåíèÿ ðåøåíèé è äîïîëíèòåëüíóþ èí�îðìàöèþ

î äàííîì óðàâíåíèè è ðîäñòâåííûõ óðàâíåíèÿõ ìîæíî íàéòè â ñòàòüÿõ Ìè-

õàëêèí (2006, 2012), Botta & Silva (2019), Glasser (2000), Kato & Noumi (2003),

Passare & Tsikh (2004).

15. xn − n

m
an−mxm +

n−m

m
an = 0, n > m.

Ýòî óðàâíåíèå èìååò êðàòíûé êîðåíü x1 = x2 = a.

16. xn − an − bn

am − bm
xm +

anbm − ambn

am − bm
= 0, a 6= b, n > m.

Ýòî óðàâíåíèå èìååò êîðíè x1 = a è x2 = b.

17. ax2n + bxn(x+ k) + c(x+ k)2 = 0.

�àçäåëèì îáå ÷àñòè óðàâíåíèÿ íà (x + k)2, à çàòåì ñäåëàåì ïîäñòàíîâêó z =
= xn/(x+ k). Â ðåçóëüòàòå ïðèõîäèì ê êâàäðàòíîìó óðàâíåíèþ

az2 + bz + c = 0.
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�åøèâ ýòî óðàâíåíèå, äëÿ x ïîëó÷èì äâà àëãåáðàè÷åñêèõ óðàâíåíèÿ ñòåïåíè n.

18. ax2n + bxn(x+ k)m + c(x+ k)2m = 0.

�àçäåëèì îáå ÷àñòè óðàâíåíèÿ íà (x+ k)2m, à çàòåì ñäåëàåì ïîäñòàíîâêó z =
= xn/(x+ k)m. Â ðåçóëüòàòå ïðèõîäèì ê êâàäðàòíîìó óðàâíåíèþ

az2 + bz + c = 0.

19. (x+ a)2n + (x+ b)2n = c.

×àñòíûé ñëó÷àé óðàâíåíèÿ 1.1.5.22.

1◦. Ýòî óðàâíåíèå íå èçìåíèòñÿ, åñëè x çàìåíèòü íà λ− x, ãäå λ = −a− b.
Ïîýòîìó èñõîäíîå óðàâíåíèå ïîñëå âîçâåäåíèÿ â ñòåïåíü 2n âûðàæåíèé â åãî

ëåâîé ÷àñòè è çàìåíû z = [x+ 1
2 (a+ b)]2 ñâîäèòñÿ ê óðàâíåíèþ ñòåïåíè n.

2◦. Ïðè a 6= b è c = (a− b)2n, èñõîäíîå óðàâíåíèå èìååò ñðåäè ïðî÷èõ äâà

êîðíÿ: x1 = −a è x2 = −b.

20. (x+ a)2n + (x+ b)2n + c(x+ a)(x+ b) = d.

×àñòíûé ñëó÷àé óðàâíåíèÿ 1.1.5.22. Ýòî óðàâíåíèå íå èçìåíèòñÿ, åñëè x çàìå-

íèòü íà λ − x, ãäå λ = −a− b. Ïîýòîìó èñõîäíîå óðàâíåíèå ïîñëå ðàñêðûòèÿ
ñêîáîê â åãî ëåâîé ÷àñòè è çàìåíû z = [x + 1

2 (a + b)]2 ñâîäèòñÿ ê óðàâíåíèþ
ñòåïåíè n.

21. (x+ a)(x+ b)[(x+ a)2n + (x+ b)2n] = c.

×àñòíûé ñëó÷àé óðàâíåíèÿ 1.1.5.22. Ýòî óðàâíåíèå íå èçìåíèòñÿ, åñëè x çàìå-

íèòü íà λ − x, ãäå λ = −a− b. Ïîýòîìó èñõîäíîå óðàâíåíèå ïîñëå ðàñêðûòèÿ
ñêîáîê â åãî ëåâîé ÷àñòè è çàìåíû z = [x + 1

2 (a + b)]2 ñâîäèòñÿ ê óðàâíåíèþ
ñòåïåíè n+ 1.

22. P2n(x) = 0.

Ïóñòü P2n(x) � ìíîãî÷ëåí ÷åòíîé ñòåïåíè 2n, êîòîðûé äëÿ íåêîòîðîãî λ è

ëþáîãî x òîæäåñòâåííî óäîâëåòâîðÿåò ñîîòíîøåíèþ P2n(x)=P2n(λ−x). Òîãäà
èñõîäíîå óðàâíåíèå ñ ïîìîùüþ ïîäñòàíîâêè z = (x − 1

2 λ)
2
ñâîäèòñÿ ê áîëåå

ïðîñòîìó àëãåáðàè÷åñêîìó óðàâíåíèþ ñòåïåíè n.

23. xn + a1x
n1 + · · · + apx

np − 1 = 0, n > n1 > · · · > np > 0.

1◦. Ýòî óðàâíåíèå èìååò äåéñòâèòåëüíûé êîðåíü (ñì. Mellin, 1921 è Passare

& Tsikh, 2004):

x(a1, . . . , ap) =
1

n

∞∑

|k|>0

(−1)|k|Γ
(

1
n
+ n1

n
k1 + · · ·+ np

n
kp

)

k1! . . . kp!Γ
(

1
n
− n′

1

n
k1 − · · · − n′

p

n
kp + 1

) a
k1
1 . . . a

kp
p ,

|k| = k1 + · · ·+ kp, km > 0, n′m = n− nm, m = 1, . . . , p,

ãäå Γ(z) � ãàììà-�óíêöèÿ. Ýòî ðåøåíèå óäîâëåòâîðÿåò óñëîâèþ íîðìèðîâêè

x(0, . . . , 0) = 1, à ïðèâåäåííûé âûøå ðÿä ñõîäèòñÿ äëÿ äîñòàòî÷íî ìàëûõ

êîý��èöèåíòîâ a1, . . . , ap.
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2◦. Èñõîäíîå óðàâíåíèå íå èçìåíèòñÿ, åñëè îäíîâðåìåííî ñäåëàòü ïðåîá-

ðàçîâàíèå èñêîìîé âåëè÷èíû x è ïàðàìåòðîâ as ïî �îðìóëàì

x = x̄εj , as = āsε
−nsj, ε = e2πi/n, i2 = −1, s = 1, . . . , p,

ãäå j�öåëîå ÷èñëî. Ïîýòîìó âñå êîðíè èñõîäíîãî óðàâíåíèÿ âûðàæàþòñÿ ÷åðåç
ðåøåíèå, óêàçàííîå ï. 1◦, ïî �îðìóëàì

xj(a1, . . . , ap) = εjx(εjn1a1, . . . , ε
jnpap), ε = e2πi/n,

i2 = −1, j = 0, 1, . . . , n− 1.

Çäåñü çíà÷åíèþ j = 0 ñîîòâåòñòâóåò ðåøåíèå èç ï. 1◦.

23. anx
n+an−1x

n−1+an−2x
n−2+· · ·+a2x2+a1x+a0=0 (an 6=0).

Îáùåå àëãåáðàè÷åñêîå óðàâíåíèå ñòåïåíè n.

Èìåþò ìåñòî ñëåäóþùèå óòâåðæäåíèÿ î êîðíÿõ îáùåãî àëãåáðàè÷åñêîãî

óðàâíåíèÿ ñ äåéñòâèòåëüíûìè êîý��èöèåíòàìè:

1. Ëþáîå àëãåáðàè÷åñêîå óðàâíåíèå ñòåïåíè n èìååò ðîâíî n êîðíåé (äåé-

ñòâèòåëüíûõ èëè êîìïëåêñíûõ) ñ ó÷åòîì èõ êðàòíîñòè. Ýòî óòâåðæäåíèå ñïðà-

âåäëèâî òàêæå äëÿ ëþáûõ àëãåáðàè÷åñêèõ óðàâíåíèé ñ êîìïëåêñíûìè êîý��è-

öèåíòàìè.

2. Ëþáîå àëãåáðàè÷åñêîå óðàâíåíèå íå÷åòíîé ñòåïåíè èìååò ïî êðàéíåé

ìåðå îäèí äåéñòâèòåëüíûé êîðåíü.

3. ×èñëî êîìïëåêñíûõ êîðíåé àëãåáðàè÷åñêîãî óðàâíåíèÿ ëþáîé ñòåïåíè

âñåãäà ÷åòíî. Åñëè x1 =α+iβ (i2 =−1)�êîìïëåêñíûé êîðåíü àëãåáðàè÷åñêîãî

óðàâíåíèÿ, òî x2 = α − iβ òàêæå ÿâëÿåòñÿ êîðíåì (êîìïëåêñíî-ñîïðÿæåííûì)

ýòîãî óðàâíåíèÿ.

4. Ëåâàÿ ÷àñòü ëþáîãî àëãåáðàè÷åñêîãî óðàâíåíèÿ ìîæåò áûòü ïðåäñòàâëåíà

â âèäå ïðîèçâåäåíèÿ ëèíåéíûõ è êâàäðàòè÷íûõ ìíîãî÷ëåíîâ ñ äåéñòâèòåëüíû-

ìè êîý��èöèåíòàìè.

5. Îáùåå àëãåáðàè÷åñêîå óðàâíåíèå ñòåïåíè n > 4 ñ ïðîèçâîëüíûìè êî-

ý��èöèåíòàìè íåðàçðåøèìî â ðàäèêàëàõ, ò. å. ðåøåíèÿ òàêîãî óðàâíåíèÿ íå

ìîãóò áûòü âûðàæåíû ÷åðåç åãî êîý��èöèåíòû ñ èñïîëüçîâàíèåì êîíå÷íîãî

÷èñëà àðè�ìåòè÷åñêèõ îïåðàöèé (ñëîæåíèå, âû÷èòàíèå, óìíîæåíèå è äåëåíèå)

è îïåðàöèé èçâëå÷åíèÿ êîðíÿ (òåîðåìà Àáåëÿ).

6. Åñëè α � êîðåíü àëãåáðàè÷åñêîãî óðàâíåíèÿ Pn(x) = 0 ñòåïåíè n, òî
ëåâàÿ ÷àñòü ýòîãî óðàâíåíèÿ ìîæåò áûòü ïðåäñòàâëåíà â âèäå ïðîèçâåäåíèÿ

Pn(x) ≡ (x− α)Qn−1(x), ãäå Qn−1(x)�ìíîãî÷ëåí ñòåïåíè (n− 1).

7. Ëþáîé öåëî÷èñëåííûé êîðåíü àëãåáðàè÷åñêîãî óðàâíåíèÿ ñ öåëî÷èñëåí-

íûìè êîý��èöèåíòàìè ÿâëÿåòñÿ äåëèòåëåì ñâîáîäíîãî ÷ëåíà a0.

8. Åñëè êîý��èöèåíò ïðè ñòàðøåì ÷ëåíå àëãåáðàè÷åñêîãî óðàâíåíèÿ ñ öå-

ëî÷èñëåííûìè êîý��èöèåíòàìè ðàâåí åäèíèöå (an = 1), òî âñå ðàöèîíàëüíûå
êîðíè ýòîãî óðàâíåíèÿ (åñëè îíè ñóùåñòâóþò) ÿâëÿþòñÿ öåëûìè ÷èñëàìè.



1.1. Àëãåáðàè÷åñêèå óðàâíåíèÿ 33

9. �åøåíèÿ àëãåáðàè÷åñêîãî óðàâíåíèÿ ëþáîé ñòåïåíè ñ ïðîèçâîëüíûìè

êîý��èöèåíòàìè ìîãóò áûòü âûðàæåíû â òåðìèíàõ îáîáùåííûõ òåòà-�óíêöèé

(Umemura, 1984). �åøåíèÿ àëãåáðàè÷åñêèõ óðàâíåíèé ëþáîé ñòåïåíè òàêæå

ìîãóò áûòü ïðåäñòàâëåíû â òåðìèíàõ îáîáùåííûõ ãèïåðãåîìåòðè÷åñêèõ �óí-

êöèé (Mellin, 1921).

10. Òåîðåìà Âèåòà. Êîðíè îáùåãî àëãåáðàè÷åñêîãî óðàâíåíèÿ ñòåïåíè n
óäîâëåòâîðÿþò ñëåäóþùèì ñîîòíîøåíèÿì:

x1 + x2 + · · ·+ xn = − an−1

an
,

x1x2 + x1x3 + · · ·+ x1xn + x2x3 + · · · + xn−1xn =
an−2

an
,

x1x2x3 + x1x2x4 + · · ·+ xn−2xn−1xn = − an−3

an
,

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
x1x2x3 . . . xn = (−1)n

a0
an
.

24. (x− a)p(x) + (x− b)q(x) =

=
a− b

r(a) − r(b)

{{
[p(b) + q(a)]r(x)− p(b)r(a)− q(a)r(b)]

}}
.

Çäåñü p(x), q(x), r(x)�íåêîòîðûå ìíîãî÷ëåíû, a 6= b è r(a) 6= r(b).

Ýòî óðàâíåíèå èìååò êîðíè: x1 = a è x2 = b.

25. anp
n(x)+an−1p

n−1(x)q(x)+ · · ·+a1p(x)qn−1(x)+a0q
n(x) = 0.

Îäíîðîäíîå àëãåáðàè÷åñêîå óðàâíåíèå. Çäåñü p(x) è q(x) � íåêîòîðûå ìíîãî-

÷ëåíû.

Ïóñòü êîðíè ìíîãî÷ëåíà q(x) íå ÿâëÿþòñÿ êîðíÿìè ìíîãî÷ëåíà p(x). �àç-
äåëèâ âñå ÷ëåíû óðàâíåíèÿ íà qn(x) è ñäåëàâ ïîäñòàíîâêó z = p(x)/q(x),
ïîëó÷èì àëãåáðàè÷åñêîå óðàâíåíèå

anz
n + an−1z

n−1 + · · · + a1z + a0 = 0.

Çàìå÷àíèå 1.3. Â óðàâíåíèè 1.1.5.25 âìåñòî ìíîãî÷ëåíîâ p(x) è q(x) ìîãóò ñòîÿòü
ëþáûå òðàíñöåíäåíòíûå �óíêöèè.

1.1.6. Ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

1. a1x+ b1y = c1, a2x+ b2y = c2.

Ñèñòåìà äâóõ ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ñ äâóìÿ íåèçâåñòíûìè.

Â çàâèñèìîñòè îò êîý��èöèåíòîâ ñèñòåìû ak, bk, ck âîçìîæíû ñëåäóþùèå

òðè ñëó÷àÿ:

1◦. Åñëè ∆ = a1b2 − a2b1 6= 0, òî èñõîäíàÿ ñèñòåìà èìååò åäèíñòâåííîå

ðåøåíèå

x =
c1b2 − c2b1
a1b2 − a2b1

, y =
a1c2 − a2c1
a1b2 − a2b1

.
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2◦. Åñëè ∆ = a1b2 − a2b1 = 0 è b1c2 − b2c1 = 0 (ñëó÷àé ïðîïîðöèîíàëüíûõ

êîý��èöèåíòîâ), òî èñõîäíàÿ ñèñòåìà èìååò áåñêîíå÷íîå ìíîæåñòâî ðåøåíèé,

êîòîðûå îïèñûâàþòñÿ �îðìóëàìè

x = t, y =
c1 − a1t

b1
(b1 6= 0),

ãäå t�ïðîèçâîëüíûé ïàðàìåòð.

3◦. Åñëè ∆ = a1b2 − a2b1 = 0 è b1c2 − b2c1 6= 0, òî èñõîäíàÿ ñèñòåìà íå

èìååò ðåøåíèé.

2. a11x1 + a12x2 + · · · + a1kxk + · · · + a1nxn = b1,

a21x1 + a22x2 + · · · + a2kxk + · · · + a2nxn = b2,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ,

an1x1 + an2x2 + · · · + ankxk + · · · + annxn = bn.

Ñèñòåìà n ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ñ n íåèçâåñòíûìè.

Îáîçíà÷èì ÷åðåç A = [aij ] ìàòðèöó êîý��èöèåíòîâ ëåâîé ÷àñòè ðàññìàòðè-

âàåìîé ñèñòåìû ëèíåéíûõ óðàâíåíèé. Áóäåì ñ÷èòàòü, ÷òî îïðåäåëèòåëü ýòîé

ìàòðèöû

∆ ≡ detA ≡

∣∣∣∣∣∣∣∣∣

a11 a12 . . . a1k . . . a1n
a21 a22 . . . a2k . . . a2n
.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

an1 an2 . . . ank . . . ann

∣∣∣∣∣∣∣∣∣

îòëè÷åí îò íóëÿ. Òîãäà ñèñòåìà èìååò åäèíñòâåííîå ðåøåíèå, êîòîðîå âûðàæà-

åòñÿ ïî �îðìóëàì (ïðàâèëî Êðàìåðà):

x1 =
∆1

∆
, x2 =

∆2

∆
, . . . , xn =

∆n

∆
,

ãäå ∆k (k = 1, 2, . . . , n) ÿâëÿåòñÿ îïðåäåëèòåëåì ìàòðèöû, ïîëó÷åííîé èç A

ïóòåì çàìåíû åå k-ãî ñòîëáöà ñòîëáöîì ñâîáîäíûõ ÷ëåíîâ:

∆k =

∣∣∣∣∣∣∣∣∣

a11 a12 . . . b1 . . . a1n
a21 a22 . . . b2 . . . a2n
.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

an1 an2 . . . bn . . . ann

∣∣∣∣∣∣∣∣∣

.

1.2. Òðèãîíîìåòðè÷åñêèå óðàâíåíèÿ

1.2.1. Äâó÷ëåííûå òðèãîíîìåòðè÷åñêèå óðàâíåíèÿ

1. sinx= a.

�åøåíèÿ ïðè |a| 6 1:

x = (−1)n arcsin a+ πn, n = 0, ±1, ±2, . . .
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Ïðè |a| > 1 ðåøåíèé íåò.

2. cos x = a.

�åøåíèÿ ïðè |a| 6 1:

x = ± arccos a+ 2πn, n = 0, ±1, ±2, . . .

Ïðè |a| > 1 ðåøåíèé íåò.

3. tg x = a.

�åøåíèÿ:

x = arctg a+ πn, n = 0, ±1, ±2, . . .

4. ctg x = a.

�åøåíèÿ:

x = arcctg a+ πn, n = 0, ±1, ±2, . . .

5. cos(a1x+ b1) = cos(a2x+ b2).

Èñïîëüçóÿ �îðìóëó ïðåîáðàçîâàíèÿ ðàçíîñòè òðèãîíîìåòðè÷åñêèõ �óíêöèé

â ïðîèçâåäåíèå cosX − cos Y = −2 sin
(
X+Y

2

)
sin

(
X−Y

2

)
, ìîæíî ïîëó÷èòü

ïðèâåäåííûå íèæå ðåøåíèÿ.

1◦. Äâå ãðóïïû ðåøåíèé ïðè a1 6= ±a2:

xn = − b1 + b2
a1 + a2

+
2πn

a1 + a2
, n = 0, ±1, ±2, . . . ;

xm = − b1 − b2
a1 − a2

+
2πm

a1 − a2
, m = 0, ±1, ±2, . . .

2◦. �åøåíèÿ ïðè a1 = a2:

xn = − b1 + b2
2a1

+
πn

a1
, n = 0, ±1, ±2, . . .

3◦. �åøåíèÿ ïðè a1 = −a2:

xm = − b1 − b2
2a1

+
πm

a1
, m = 0, ±1, ±2, . . .

6. cos(a1x+ b1) = − cos(a2x+ b2).

Ýòî óðàâíåíèå ýêâèâàëåíòíî óðàâíåíèþ 1.2.1.5, â êîòîðîì b2 ñëåäóåò çàìåíèòü
íà b2 + π,

cos(a1x+ b1) = cos(a2x+ b2 + π).

7. sin(a1x+ b1) = sin(a2x+ b2).

Èñïîëüçóÿ �îðìóëó ïðåîáðàçîâàíèÿ ðàçíîñòè òðèãîíîìåòðè÷åñêèõ �óíêöèé â

ïðîèçâåäåíèå sinX − sinY = 2cos
(
X+Y

2

)
sin

(
X−Y

2

)
, ìîæíî ïîëó÷èòü ïðèâå-

äåííûå íèæå ðåøåíèÿ.
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1◦. Äâå ãðóïïû ðåøåíèé ïðè a1 6= ±a2:

xn = − b1 + b2
a1 + a2

+
2

a1 + a2

(
± π

2
+ 2πn

)
, n = 0, ±1, ±2, . . . ;

xm = − b1 − b2
a1 − a2

+
2πm

a1 − a2
, m = 0, ±1, ±2, . . .

2◦. �åøåíèÿ ïðè a1 = a2:

xn = − b1 + b2
2a1

+
1

a1

(
± π

2
+ 2πn

)
, n = 0, ±1, ±2, . . .

3◦. �åøåíèÿ ïðè a1 = −a2:

xm = − b1 − b2
2a1

+
πm

a1
, m = 0, ±1, ±2, . . .

8. sin(a1x+ b1) = − sin(a2x+ b2).

Ýòî óðàâíåíèå ýêâèâàëåíòíî óðàâíåíèþ 1.2.1.7, â êîòîðîì b2 ñëåäóåò çàìåíèòü
íà b2 + π,

sin(a1x+ b1) = sin(a2x+ b2 + π).

9. cos(a1x+ b1) = sin(a2x+ b2).

Ýòî óðàâíåíèå ýêâèâàëåíòíî óðàâíåíèþ 1.2.1.7, â êîòîðîì b1 ñëåäóåò çàìåíèòü
íà b1 +

1
2 π,

sin(a1x+ b1 +
1
2 π) = sin(a2x+ b2).

10. cos(a1x+ b1) = − sin(a2x+ b2).

Ýòî óðàâíåíèå ýêâèâàëåíòíî óðàâíåíèþ 1.2.1.5, â êîòîðîì b2 ñëåäóåò çàìåíèòü
íà b2 +

1
2 π,

cos(a1x+ b1) = cos(a2x+ b2 +
1
2 π).

11. tg(a1x+ b1) = tg(a2x+ b2).

�åøåíèå ïðè a1 6= a2:

xn = − b1 − b2
a1 − a2

+
πn

a1 − a2
, n = 0, ±1, ±2, . . .

12. tg(a1x+ b1) = − tg(a2x+ b2).

Ýòî óðàâíåíèå ìîæíî çàïèñàòü â âèäå óðàâíåíèÿ 1.2.1.11,

tg(a1x+ b1) = tg(−a2x− b2).
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1.2.2. Òðèãîíîìåòðè÷åñêèå óðàâíåíèÿ, ñîäåðæàùèå íåñêîëüêî

÷ëåíîâ

◮ Óðàâíåíèÿ, ëèíåéíûå îòíîñèòåëüíî òðèãîíîìåòðè÷åñêèõ �óíêöèé.

1. a sinx+ b cosx= c.

Ýòî óðàâíåíèå ýêâèâàëåíòíî óðàâíåíèþ

cos(x− ϕ) =
c√

a2 + b2
, (*)

ãäå âñïîìîãàòåëüíûé óãîë ϕ îïðåäåëÿåòñÿ ñîîòíîøåíèÿìè

cosϕ =
b√

a2 + b2
, sinϕ =

a√
a2 + b2

.

Óðàâíåíèå (*) çàìåíîé y = x− ϕ ñâîäèòñÿ ê óðàâíåíèþ âèäà 1.2.1.2.

2. a sin x+ b sin(2x) + c sin(3x) = 0.

Èñïîëüçóÿ òðèãîíîìåòðè÷åñêèå �îðìóëû sin(2x) = 2 sinx cos x, sin(3x) =
= 3 sinx− 4 sin3 x, sin2 x= 1− cos2 x, ìîæíî ïîêàçàòü, ÷òî ðåøåíèå èñõîäíîãî
óðàâíåíèÿ ñâîäèòñÿ ê ðåøåíèþ äâóõ áîëåå ïðîñòûõ óðàâíåíèé:

sinx = 0, 4c cos2 x+ 2b cos x+ a− c = 0.

Âòîðîå óðàâíåíèå çàìåíîé z=cosx ñâîäèòñÿ ê êâàäðàòíîìó óðàâíåíèþ (èùóò-

ñÿ äåéñòâèòåëüíûå ðåøåíèÿ ýòîãî óðàâíåíèÿ, óäîâëåòâîðÿþùèå íåðàâåíñòâó

|z| 6 1).

3. a cos x+ b cos(2x) + c cos(3x) = 0.

Èñïîëüçóÿ �îðìóëû cos(2x)=2 cos2 x−1 è cos(3x)=−3 cos x+4cos3 x, ìîæíî
ïîêàçàòü, ÷òî ðåøåíèå èñõîäíîãî óðàâíåíèÿ ñâîäèòñÿ ê ðåøåíèþ êóáè÷åñêîãî

óðàâíåíèÿ äëÿ z = cos x (èùóòñÿ äåéñòâèòåëüíûå ðåøåíèÿ ïîëó÷åííîãî óðàâ-

íåíèÿ, óäîâëåòâîðÿþùèå íåðàâåíñòâó |z| 6 1).

4. a sin(px)+b cos(px)+c sin(qx)+d cos(qx)= 0, a2+b2 = c2+d2.

Ïåðåíåñåì ïîñëåäíèå äâà ÷ëåíà â ïðàâóþ ÷àñòü óðàâíåíèÿ, à çàòåì ðàçäå-

ëèì âñå ÷ëåíû íà ρ =
√
a2 + b2 =

√
c2 + d2. Èñïîëüçóÿ òðèãîíîìåòðè÷åñêóþ

�îðìóëó a sinX + b cosX = ρ sin(X + ϕ), ïîëó÷èì ýêâèâàëåíòíîå óðàâíåíèå

âèäà 1.2.1.7:

sin(px+ ϕ1) = sin(qr + ϕ2),

ãäå óãëû ϕ1 è ϕ2 îïðåäåëÿþòñÿ ñîîòíîøåíèÿìè

cosϕ1 = a/ρ, sinϕ1 = b/ρ, cosϕ2 = −c/ρ, sinϕ2 = −d/ρ.
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5. cos(ax) + cos(bx) + k{cos(cx) + cos[(a+ b− c)x]} = 0.

Èñïîëüçóÿ �îðìóëó ïðåîáðàçîâàíèÿ ñóììû òðèãîíîìåòðè÷åñêèõ �óíêöèé â

ïðîèçâåäåíèå cosX+cos Y = 2cos
(
X+Y

2

)
cos

(
X−Y

2

)
, ïðèõîäèì ê ýêâèâàëåíò-

íîìó óðàâíåíèþ

2 cos[ 12 (a+ b)x]
{
cos[ 12 (a− b)x] + k cos[ 12 (2c− a− b)x]

}
= 0.

Â ðåçóëüòàòå ïîëó÷èì äâå ãðóïïû ðåøåíèé, êîòîðûå îïðåäåëÿþòñÿ èç áîëåå

ïðîñòûõ óðàâíåíèé

cos[ 12 (a+ b)x] = 0,

cos[ 12 (a− b)x] + k cos[ 12 (2c − a− b)x] = 0.

Î ðåøåíèÿõ âòîðîãî óðàâíåíèÿ ïðè k = ∓1 ñì. óðàâíåíèÿ 1.2.1.5 è 1.2.1.6.

6. cos(ax)− cos(bx) + k{cos(cx)− cos[(a+ b− c)x]} = 0.

Èñïîëüçóÿ �îðìóëó ïðåîáðàçîâàíèÿ ðàçíîñòè òðèãîíîìåòðè÷åñêèõ �óíêöèé â

ïðîèçâåäåíèå cosX − cos Y = −2 sin
(
X+Y

2

)
sin

(
X−Y

2

)
, ïðèõîäèì ê ýêâèâà-

ëåíòíîìó óðàâíåíèþ

−2 sin[ 12 (a+ b)x]
{
sin[ 12 (a− b)x] + k sin[ 12 (2c− a− b)x]

}
= 0.

Â ðåçóëüòàòå ïîëó÷èì äâå ãðóïïû ðåøåíèé, êîòîðûå îïðåäåëÿþòñÿ èç áîëåå

ïðîñòûõ óðàâíåíèé

sin[ 12 (a+ b)x] = 0,

sin[ 12 (a− b)x] + k sin[ 12 (2c− a− b)x] = 0.

Î ðåøåíèÿõ âòîðîãî óðàâíåíèÿ ïðè k = ∓1 ñì. óðàâíåíèÿ 1.2.1.7 è 1.2.1.8.

7. sin(ax) + sin(bx) + k{sin(cx) + sin[(a+ b− c)x]} = 0.

Èñïîëüçóÿ �îðìóëó ïðåîáðàçîâàíèÿ ñóììû òðèãîíîìåòðè÷åñêèõ �óíêöèé â

ïðîèçâåäåíèå sinX + sinY = 2 sin
(
X+Y

2

)
cos

(
X−Y

2

)
, ïðèõîäèì ê ýêâèâàëåíò-

íîìó óðàâíåíèþ

2 sin[ 12 (a+ b)x]
{
cos[ 12 (a− b)x] + k cos[ 12 (2c− a− b)x]

}
= 0.

Â ðåçóëüòàòå ïîëó÷èì äâå ãðóïïû ðåøåíèé, êîòîðûå îïðåäåëÿþòñÿ èç áîëåå

ïðîñòûõ óðàâíåíèé

sin[ 12 (a+ b)x] = 0,

cos[ 12 (a− b)x] + k cos[ 12 (2c − a− b)x] = 0.

Î ðåøåíèÿõ âòîðîãî óðàâíåíèÿ ïðè k = ∓1 ñì. óðàâíåíèÿ 1.2.1.5 è 1.2.1.6.
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8. sin(ax)− sin(bx) + k{sin(cx)− sin[(a+ b− c)x]} = 0.

Èñïîëüçóÿ �îðìóëó ïðåîáðàçîâàíèÿ ðàçíîñòè òðèãîíîìåòðè÷åñêèõ �óíêöèé â

ïðîèçâåäåíèå sinX − sinY = 2 sin
(
X−Y

2

)
cos

(
X+Y

2

)
, ïðèõîäèì ê ýêâèâàëåíò-

íîìó óðàâíåíèþ

2 cos[ 12 (a+ b)x]
{
sin[ 12 (a− b)x] + k sin[ 12 (2c− a− b)x]

}
= 0.

Â ðåçóëüòàòå ïîëó÷èì äâå ãðóïïû ðåøåíèé, êîòîðûå îïðåäåëÿþòñÿ èç áîëåå

ïðîñòûõ óðàâíåíèé

cos[ 12 (a+ b)x] = 0,

sin[ 12 (a− b)x] + k sin[ 12 (2c− a− b)x] = 0.

Î ðåøåíèÿõ âòîðîãî óðàâíåíèÿ ïðè k = ∓1 ñì. óðàâíåíèÿ 1.2.1.7 è 1.2.1.8.

9.

n∑

k=1

sin(2kx) = 0.

Î÷åâèäíî, ÷òî ýòî óðàâíåíèå èìååò òðèâèàëüíîå ðåøåíèå x = 0. ×òîáû íàéòè

äðóãèå êîðíè, ïðåîáðàçóåì ñóììó òðèãîíîìåòðè÷åñêèõ �óíêöèé â ëåâîé ÷àñòè

óðàâíåíèÿ â ïðîèçâåäåíèå ïî �îðìóëå (�ðàäøòåéí & �ûæèê, 1971):

n∑

k=1

sin(2kx) = sin[(n+ 1)x] sin(nx) cosec x.

Ñëåäîâàòåëüíî, îñòàëüíûå êîðíè îïðåäåëÿþòñÿ ïóòåì ðåøåíèÿ äâóõ ïðîñòûõ

óðàâíåíèé âèäà 1.2.1.1: sin[(n + 1)x] = 0 è sin(nx) = 0.

10.

n∑

k=0

cos(2kx) = 0.

Ïðåîáðàçóåì ñóììó òðèãîíîìåòðè÷åñêèõ �óíêöèé â ëåâîé ÷àñòè óðàâíåíèÿ â

ïðîèçâåäåíèå ïî �îðìóëå (�ðàäøòåéí & �ûæèê, 1971):

n∑

k=0

cos(2kx) = sin[(n+ 1)x] cos(nx) cosec x.

Ïîýòîìó êîðíè èñõîäíîãî óðàâíåíèÿ îïðåäåëÿþòñÿ ïóòåì ðåøåíèÿ äâóõ ïðî-

ñòûõ óðàâíåíèé âèäà 1.2.1.1 è 1.2.1.2: sin[(n+ 1)x] = 0 (x 6= 0) è cos(nx) = 0.

11.

n∑

k=1

sin[(2k − 1)x] = 0.

Î÷åâèäíî, ÷òî ýòî óðàâíåíèå èìååò òðèâèàëüíîå ðåøåíèå x = 0. ×òîáû íàéòè

äðóãèå êîðíè, ïðåîáðàçóåì ñóììó òðèãîíîìåòðè÷åñêèõ �óíêöèé â ëåâîé ÷àñòè

óðàâíåíèÿ â ïðîèçâåäåíèå ïî �îðìóëå (�ðàäøòåéí & �ûæèê, 1971):

n∑

k=1

sin[(2k − 1)x] = sin2(nx) cosec x.
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Ïîýòîìó äðóãèå êîðíè îïðåäåëÿþòñÿ ïóòåì ðåøåíèÿ ïðîñòîãî óðàâíåíèÿ âèäà

1.2.1.1: sin(nx) = 0 (x 6= 0).

12.

n∑

k=1

cos[(2k− 1)x] = 0.

Ïðåîáðàçóåì ñóììó òðèãîíîìåòðè÷åñêèõ �óíêöèé â ëåâîé ÷àñòè óðàâíåíèÿ â

ïðîèçâåäåíèå ïî �îðìóëå (�ðàäøòåéí & �ûæèê, 1971):

n∑

k=1

cos[(2k − 1)x] =
1

2
sin(2nx) cosec x.

Ïîýòîìó êîðíè èñõîäíîãî óðàâíåíèÿ îïðåäåëÿþòñÿ ïóòåì ðåøåíèÿ ïðîñòîãî

óðàâíåíèÿ âèäà 1.2.1.1: sin(2nx) = 0 (x 6= 0).

13.

n−1∑

k=0

sin(kx+ a) = 0.

Ïðåîáðàçóåì ñóììó òðèãîíîìåòðè÷åñêèõ �óíêöèé â ëåâîé ÷àñòè óðàâíåíèÿ â

ïðîèçâåäåíèå ïî �îðìóëå (�ðàäøòåéí & �ûæèê, 1971):

n−1∑

k=0

sin(kx+ a) = sin
(
n− 1

2
x+ a

)
sin

nx

2
cosec

x

2
.

Ïîýòîìó êîðíè èñõîäíîãî óðàâíåíèÿ îïðåäåëÿþòñÿ ïóòåì ðåøåíèÿ äâóõ ïðî-

ñòûõ óðàâíåíèÿ âèäà 1.2.1.1: sin( n−1
2 x+ a) = 0 è sin nx

2 = 0 (x 6= 0).

14.

n−1∑

k=0

cos(kx+ a) = 0.

Ïðåîáðàçóåì ñóììó òðèãîíîìåòðè÷åñêèõ �óíêöèé â ëåâîé ÷àñòè óðàâíåíèÿ â

ïðîèçâåäåíèå ïî �îðìóëå (�ðàäøòåéí & �ûæèê, 1971):

n−1∑

k=0

cos(kx+ a) = cos
(
n− 1

2
x+ a

)
sin

nx

2
cosec

x

2
.

Ïîýòîìó êîðíè èñõîäíîãî óðàâíåíèÿ îïðåäåëÿþòñÿ ïóòåì ðåøåíèÿ äâóõ ïðî-

ñòûõ óðàâíåíèé âèäà 1.2.1.1 è 1.2.1.2: sin nx
2 = 0 (x 6= 0) è cos( n−1

2 x+ a) = 0.

15.

2n−1∑

k=0

(−1)k cos(kx+ a) = 0.

Ïðåîáðàçóåì ñóììó òðèãîíîìåòðè÷åñêèõ �óíêöèé â ëåâîé ÷àñòè óðàâíåíèÿ â

ïðîèçâåäåíèå ïî �îðìóëå (�ðàäøòåéí & �ûæèê, 1971):

2n−1∑

k=0

(−1)k cos(kx+ a) = sin
(
2n− 1

2
x+ a

)
sin(nx) sec

x

2
.
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Ïîýòîìó êîðíè èñõîäíîãî óðàâíåíèÿ îïðåäåëÿþòñÿ ïóòåì ðåøåíèÿ äâóõ ïðî-

ñòûõ óðàâíåíèÿ âèäà 1.2.1.1: sin(nx) = 0 è sin( 2n−1
2 x+ a) = 0.

16.

n∑

k=1

(−1)k+1 sin[(2k − 1)x] = 0.

Ïðåîáðàçóåì ñóììó òðèãîíîìåòðè÷åñêèõ �óíêöèé â ëåâîé ÷àñòè óðàâíåíèÿ â

ïðîèçâåäåíèå ïî �îðìóëå (�ðàäøòåéí & �ûæèê, 1971):

n∑

k=1

(−1)k+1 sin[(2k − 1)x] = (−1)n+1 sin(2nx)

2 cos x
.

Ïîýòîìó êîðíè èñõîäíîãî óðàâíåíèÿ îïðåäåëÿþòñÿ ïóòåì ðåøåíèÿ ïðîñòîãî

óðàâíåíèÿ âèäà 1.2.1.1: sin(2nx) = 0.

17. a tgx+ b ctg x+ c = 0 (ab 6= 0).

Ïîäñòàíîâêà z = tg x ïðèâîäèò ê êâàäðàòíîìó óðàâíåíèþ âèäà 1.1.1.2:

az2 + cz + b = 0.

◮ Äðóãèå óðàâíåíèÿ.

18. a sin2 x+ b sinx cosx+ c cos2 x= 0.

1◦. Ïðè a = 0 ðåøåíèå äàííîãî óðàâíåíèÿ ñâîäèòñÿ ê ðåøåíèþ äâóõ áîëåå

ïðîñòûõ óðàâíåíèé cos x = 0 è b sinx + c cos x = 0, êîòîðûå ðàññìàòðèâàëèñü
ðàíåå (ñì. óðàâíåíèÿ 1.2.1.2 è 1.2.2.1).

2◦. Ïðè a 6= 0 ðàññìàòðèâàåìîå óðàâíåíèå ïîñëå ïî÷ëåííîãî äåëåíèÿ íà

cos2 x 6= 0 ñ ïîñëåäóþùåé ïîäñòàíîâêîé z = tg x ñâîäèòñÿ ê êâàäðàòíîìó

óðàâíåíèþ âèäà 1.1.1.2:

az2 + bz + c = 0.

19. a1 sin
2 x+a2 sin x cos x+a3 cos

2 x+b1 sin(2x)+b2 cos(2x)+c=0.

Èñïîëüçóÿ òðèãîíîìåòðè÷åñêèå �îðìóëû sin(2x) = 2 sinx cos x, cos(2x) =
= cos2 x − sin2 x, c = c(sin2 x + cos2 x), ðàññìàòðèâàåìîå óðàâíåíèå ìîæíî

ñâåñòè ê óðàâíåíèþ âèäà 1.2.2.18:

(a1 − b2 + c) sin2 x+ (a2 + 2b1) sinx cos x+ (a3 + b2 + c) cos2 x = 0.

20. sin(ax) sin(bx) = sin(cx) sin[(a+ b− c)x].

Èñïîëüçóÿ �îðìóëó ïðåîáðàçîâàíèÿ ïðîèçâåäåíèÿ òðèãîíîìåòðè÷åñêèõ �óíê-

öèé â ðàçíîñòü sinX sinY = 1
2 [cos(X − Y ) − cos(X + Y )], ïîëó÷èì ýêâèâà-

ëåíòíîå óðàâíåíèå

cos[(a− b)x] = cos[(2c − a− b)x],
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êîòîðîå ñîâïàäàåò ñ óðàâíåíèåì 1.2.1.5 ïðè a1=a−b, a2=2c−a−b, b1= b2=0.

21. sin(ax) sin(bx) = − sin(cx) sin[(a+ b+ c)x].

Ïåðåîáîçíà÷èâ a = −a1 è b = −b1, ïîëó÷èì óðàâíåíèå âèäà 1.2.2.20:

sin(a1x) sin(b1x) = sin(cx) sin[(a1 + b1 − c)x].

22. cos(ax) cos(bx) = cos(cx) cos[(a+ b− c)x].

Èñïîëüçóÿ �îðìóëó ïðåîáðàçîâàíèÿ ïðîèçâåäåíèÿ òðèãîíîìåòðè÷åñêèõ �óíê-

öèé â ñóììó cosX cosY = 1
2 [cos(X−Y )+cos(X+Y )], ïîëó÷èì ýêâèâàëåíòíîå

óðàâíåíèå

cos[(a− b)x] = cos[(2c − a− b)x],

êîòîðîå ñîâïàäàåò ñ óðàâíåíèåì 1.2.1.5 ïðè a1=a−b, a2=2c−a−b, b1= b2=0.

23. sin(ax) cos(bx) = sin(cx) cos[(a+ b− c)x].

Èñïîëüçóÿ �îðìóëó ïðåîáðàçîâàíèÿ ïðîèçâåäåíèÿ òðèãîíîìåòðè÷åñêèõ �óíê-

öèé â ñóììó sinX cos Y = 1
2 [sin(X−Y )+sin(X+Y )], ïîëó÷èì ýêâèâàëåíòíîå

óðàâíåíèå

sin[(a− b)x] = sin[(2c − a− b)x],

êîòîðîå ñîâïàäàåò ñ óðàâíåíèåì 1.2.1.7 ïðè a1=a−b, a2=2c−a−b, b1= b2=0.

24. sin(ax) cos(bx) = − sin(cx) cos[(a− b+ c)x].

Èñïîëüçóÿ �îðìóëó ïðåîáðàçîâàíèÿ ïðîèçâåäåíèÿ òðèãîíîìåòðè÷åñêèõ �óíê-

öèé â ñóììó sinX cos Y = 1
2 [sin(X−Y )+sin(X+Y )], ïîëó÷èì ýêâèâàëåíòíîå

óðàâíåíèå

sin[(a+ b)x] = sin[(b− a− 2c)x],

êîòîðîå ñîâïàäàåò ñ óðàâíåíèåì 1.2.1.7 ïðè a1=a+b, a2= b−a−2c, b1= b2=0.

25. a sinx+ b sin2 x+ c cos2 x+ d cos(2x) + k = 0.

Âûðàæàÿ �óíêöèè cos2 x è cos(2x) ÷åðåç ñèíóñ, ïîëó÷èì êâàäðàòíîå óðàâíåíèå

îòíîñèòåëüíî z = sinx:

(b− c− 2d)z2 + az + c+ d+ k = 0.

Áåðóòñÿ òîëüêî êîðíè, óäîâëåòâîðÿþùèå íåðàâåíñòâó |z| 6 1.

26. a cosx+ b cos2 x+ c sin2 x+ d cos(2x) + k = 0.

Âûðàæàÿ �óíêöèè sin2 x è cos(2x) ÷åðåç êîñèíóñ, ïîëó÷èì êâàäðàòíîå óðàâíå-

íèå îòíîñèòåëüíî z = cos x:

(b− c+ 2d)z2 + az + c− d+ k = 0.

Áåðóòñÿ òîëüêî êîðíè, óäîâëåòâîðÿþùèå íåðàâåíñòâó |z| 6 1.
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27. a cos(2x) + b cos2(2x) + c cos(4x) + d cos4 x+ k = 0.

Èñïîëüçóÿ òðèãîíîìåòðè÷åñêèå �îðìóëû

cos(4x) = 2 cos2(2x) − 1,

cos4 x = (cos2 x)2 =
[
1
2 + 1

2 cos(2x)
]2

= 1
4 + 1

2 cos(2x) + 1
4 cos2(2x),

ïðåîáðàçóåì èñõîäíîå óðàâíåíèå ê êâàäðàòíîìó óðàâíåíèþ äëÿ z = cos(2x):

(b+ 2c+ 1
4 d)z

2 + (a+ 1
2 d)z + k − c+ 1

4 d = 0.

Áåðóòñÿ òîëüêî êîðíè, óäîâëåòâîðÿþùèå íåðàâåíñòâó |z| 6 1.

28. a tg2 x+ b ctg2 x+ c = 0 (ab 6= 0).

Ïîäñòàíîâêà z = tg2 x ïðèâîäèò ê êâàäðàòíîìó óðàâíåíèþ âèäà 1.1.1.2:

az2 + cz + b = 0.

1.2.3. Òðèãîíîìåòðè÷åñêèå óðàâíåíèÿ îáùåãî âèäà

1.

n∑

k=1

ak sin(kx) = 0.

Èñïîëüçóÿ òðèãîíîìåòðè÷åñêóþ �îðìóëó k-êðàòíîãî àðãóìåíòà (ñì., íàïðèìåð,
Weisstein, 2002):

sin(kx) = sinx

[
[(k−1)/2]∑

j=0

(−1)j2k−2j−1(k − j − 1)!

j!(k − 2j − 1)!
cosk−2j−1

]
,

ãäå [A] � öåëàÿ ÷àñòü ÷èñëà A, ðàññìàòðèâàåìîå óðàâíåíèå ìîæíî ñâåñòè ê

ïðîñòåéøåìó òðèãîíîìåòðè÷åñêîìó óðàâíåíèþ sinx = 0 è àëãåáðàè÷åñêîìó

óðàâíåíèþ ñòåïåíè n − 1 äëÿ z = cos x (èùóòñÿ äåéñòâèòåëüíûå ðåøåíèÿ ïî-

ëó÷åííîãî àëãåáðàè÷åñêîãî óðàâíåíèÿ, óäîâëåòâîðÿþùèå íåðàâåíñòâó |z| 6 1).

2.

2n+1∑

k=0

ak sin[(2k + 1)x] = b.

Èñïîëüçóÿ òðèãîíîìåòðè÷åñêóþ �îðìóëó (�ðàäøòåéí & �ûæèê, 1971):

sin[(2k + 1)x] = (2k + 1)

{
sinx+

k∑

j=1

(−1)j ×

× [(2k + 1)2 − 1][(2k + 1)2 − 32] . . . [(2k + 1)2 − (2j − 1)2]

(2j + 1)!
sin2j+1 x

}
,

ðàññìàòðèâàåìîå óðàâíåíèå ìîæíî ñâåñòè ê àëãåáðàè÷åñêîìó óðàâíåíèþ ñòå-

ïåíè 2n + 1 äëÿ z = cos x (èùóòñÿ äåéñòâèòåëüíûå ðåøåíèÿ ïîëó÷åííîãî

óðàâíåíèÿ, óäîâëåòâîðÿþùèå íåðàâåíñòâó |z| 6 1).
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3.

n∑

k=1

ak cos(kx) = b.

Èñïîëüçóÿ òðèãîíîìåòðè÷åñêóþ �îðìóëó k-êðàòíîãî àðãóìåíòà (ñì., íàïðèìåð,
Weisstein, 2002):

cos(kx) = k

[k/2]∑

j=0

(−1)j2k−2j−1(k − j − 1)!

j!(k − 2j)!
cosk−2j x,

ãäå [A] � öåëàÿ ÷àñòü ÷èñëà A, ðàññìàòðèâàåìîå óðàâíåíèå ìîæíî ñâåñòè ê

àëãåáðàè÷åñêîìó óðàâíåíèþ ñòåïåíè n äëÿ z = cos x (èùóòñÿ äåéñòâèòåëüíûå

ðåøåíèÿ ïîëó÷åííîãî óðàâíåíèÿ, óäîâëåòâîðÿþùèå íåðàâåíñòâó |z| 6 1).

4.

n∑

k=0

ak sin
k x cosn−k x = 0.

1◦. Ïðè a0 6= 0 óðàâíåíèå ïîñëå äåëåíèÿ íà cosn x 6= 0 ñ ïîñëåäóþùåé

çàìåíîé z = tg x ñâîäèòñÿ ê àëãåáðàè÷åñêîìó óðàâíåíèþ

n∑

k=0

akz
k = 0 (z = tg x). (*)

2◦. Ïðè a0=0 ê ðåøåíèÿì, ïîëó÷åííûì èç óðàâíåíèÿ (*), ñëåäóåò äîáàâèòü

ðåøåíèÿ óðàâíåíèÿ cos x = 0.

5. P (sinx+ cosx, sin x cos x) = 0.

Çäåñü P (y, z) � ìíîãî÷ëåí îò äâóõ ïåðåìåííûõ. Ïîëàãàÿ y = sinx + cos x è

ó÷èòûâàÿ ñîîòíîøåíèÿ

y2 = (sinx+ cosx)2 = sin2 x+ cos2 x+ 2 sinx cos x = 1 + 2z,

ïðèõîäèì ê àëãåáðàè÷åñêîìó óðàâíåíèþ äëÿ y:

P
(
y,

y2 − 1

2

)
= 0.

6. P (sinx− cosx, sin x cos x) = 0.

Çäåñü P (y, z) � ìíîãî÷ëåí îò äâóõ ïåðåìåííûõ. Ïîëàãàÿ y = sinx − cos x è

ó÷èòûâàÿ ñîîòíîøåíèÿ

y2 = (sinx− cosx)2 = sin2 x+ cos2 x− 2 sinx cos x = 1− 2z,

ïðèõîäèì ê àëãåáðàè÷åñêîìó óðàâíåíèþ äëÿ y:

P
(
y,

1− y2

2

)
= 0.
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7. P (sinx, cos x) = 0.

Çäåñü P (y, z)�ìíîãî÷ëåí îò äâóõ ïåðåìåííûõ. Èñïîëüçóÿ òðèãîíîìåòðè÷åñêèå
�îðìóëû

sinx =
2ξ

1 + ξ2
, cos x =

1− ξ2

1 + ξ2
, ξ = tg

x

2
,

ïîëó÷èì óðàâíåíèå

P
(

2ξ

1 + ξ2
,
1− ξ2

1 + ξ2

)
= 0,

êîòîðîå ïîñëå óìíîæåíèÿ íà (1 + z2)m, ãäå m � ïîäõîäÿùåå ïîëîæèòåëüíîå

öåëîå ÷èñëî, ñâîäèòñÿ ê àëãåáðàè÷åñêîìó óðàâíåíèþ.

Îòìåòèì, ÷òî òî÷êè x = π + 2πn, ãäå n = 0, ±1, ±2, . . . , äîëæíû áûòü

ðàññìîòðåíû îòäåëüíî.

8. P (tgx, ctg x) = 0.

Çäåñü P (y, z)�ìíîãî÷ëåí îò äâóõ ïåðåìåííûõ, èìåþùèé ìàêñèìàëüíóþ ñòå-

ïåíü m ïî z. Ïîäñòàíîâêà y = tg x ïðèâîäèò ê àëãåáðàè÷åñêîìó óðàâíåíèþ

äëÿ y:
ymP

(
y, 1/y

)
= 0.

1.3. Óðàâíåíèÿ, ñîäåðæàùèå ýêñïîíåíöèàëüíûå,

ãèïåðáîëè÷åñêèå è äðóãèå �óíêöèè

1.3.1. Óðàâíåíèÿ, ñîäåðæàùèå ýêñïîíåíöèàëüíûå �óíêöèè

1. akx+m = bpx+q (a, b > 0).

�åøåíèå:

x =
q ln b−m ln a

k ln a− p ln b
=

q logc b−m logc a

k logc a− p logc b
,

ãäå c�ëþáîå ïîëîæèòåëüíîå ÷èñëî, îòëè÷íîå îò åäèíèöû. Â ÷àñòíîñòè, ìîæíî

ïîëîæèòü c = a (åñëè a 6= 1) èëè c = b (åñëè b 6= 1).

2. ap2βx + bpβx + c = 0 (p > 0, p 6= 1).

Ïîäñòàíîâêà z = pβx ïðèâîäèò ê êâàäðàòíîìó óðàâíåíèþ az2 + bz + c = 0.

3. ap2βx + bq2βx + c(pq)βx = 0 (p, q > 0).

�àçäåëèì âñå ÷ëåíû óðàâíåíèÿ íà q2βx. Â ðåçóëüòàòå ïðèõîäèì ê êâàäðàòíîìó

óðàâíåíèþ äëÿ z = (p/q)βx:

az2 + cz + b = 0.

4.

n∑

k=0

ake
kβx = 0.

Ïîäñòàíîâêà z = eβx ïðèâîäèò ê àëãåáðàè÷åñêîìó óðàâíåíèþ

∑n
k=0 akz

k = 0.
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5. ax+ b = e−cx
.

�åøåíèå:

x = − b

a
+

1

c
W

(
cebc/a

a

)
,

ãäå W (z) � �óíêöèÿ Ëàìáåðòà, êîòîðàÿ îïðåäåëÿåòñÿ íåÿâíî ñ ïîìîùüþ ñî-

îòíîøåíèÿ WeW = z. Äëÿ äåéñòâèòåëüíûõ z = t �óíêöèÿ W (t) ÿâëÿåòñÿ

îäíîçíà÷íîé ïðè t > −1/e è W > −1 (ïîäðîáíîñòè î �óíêöèè Ëàìáåðòà

èìåþòñÿ â îïèñàíèè ðåøåíèÿ óðàâíåíèÿ 10.1.1.2 èç ðàçä. 10.1.1).

6. xkex = a.

Çäåñü a > 0 è x > 0. �åøåíèå:

x = kW
(
a1/k/k

)
,

ãäå W (z)��óíêöèÿ Ëàìáåðòà.

7. (ax)bx = c.

Çäåñü a > 0, c > 0 è x > 0. �åøåíèå:

x =
1

a
exp

[
W

(
a

b
ln c

)]
,

ãäå W (z)��óíêöèÿ Ëàìáåðòà.

1.3.2. Óðàâíåíèÿ, ñîäåðæàùèå ãèïåðáîëè÷åñêèå �óíêöèè

◮ Äâó÷ëåííûå ãèïåðáîëè÷åñêèå óðàâíåíèÿ.

1. shx= a.

�åøåíèå äëÿ ëþáîãî a:

x = ln
(
a+

√
a2 + 1

)
≡ arsh a.

2. ch x = a.

�åøåíèå ïðè a > 1:

x = ln
(
a+

√
a2 − 1

)
≡ arch a.

Ïðè a < 1 íåò äåéñòâèòåëüíûõ ðåøåíèé.

3. thx = a.

�åøåíèå ïðè |a| < 1:

x =
1

2
ln

1 + a

1− a
≡ arth a.

4. cth x = a.

�åøåíèå ïðè |a| > 1:

x =
1

2
ln

a+ 1

a− 1
≡ arcth a.
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5. ch(a1x+ b1) = ch(a2x+ b2).

Èñïîëüçóÿ �îðìóëó ïðåîáðàçîâàíèÿ ðàçíîñòè ãèïåðáîëè÷åñêèõ �óíêöèé â ïðî-

èçâåäåíèå chX − chY = 2 sh
(
X+Y

2

)
sh
(
X−Y

2

)
, ìîæíî ïîëó÷èòü ïðèâåäåííûå

íèæå ðåøåíèÿ.

1◦. Äâà ðåøåíèÿ ïðè a1 6= ±a2:

x1 = − b1 + b2
a1 + a2

, x2 = − b1 − b2
a1 − a2

.

2◦. �åøåíèå ïðè a1 = a2:

x = − b1 + b2
2a1

.

3◦. �åøåíèå ïðè a1 = −a2:

x = − b1 − b2
2a1

.

6. sh(a1x+ b1) = sh(a2x+ b2).

�åøåíèå ïðè a1 6= a2:

x = − b1 − b2
a1 − a2

.

Ïðè a1 = a2 è b1 6= b2 ðåøåíèé íåò.

◮ �èïåðáîëè÷åñêèå óðàâíåíèÿ, ñîäåðæàùèå íåñêîëüêî ÷ëåíîâ.

7. a shx+ b chx= c.

1◦. Ïðè c = 0 è |b/a| < 1, ðåøåíèå èìååò âèä

x =
1

2
ln

1− (b/a)

1 + (b/a)
.

Ïðè c = 0 è |b/a| > 1 ðåøåíèé íåò.

2◦. Ïðè c 6= 0 ðàññìàòðèâàåìîå óðàâíåíèå ñâîäèòñÿ ê êâàäðàòíîìó óðàâíå-
íèþ

(a+ b)z2 − 2cz + b− a = 0, z = ex.

Èùóòñÿ äåéñòâèòåëüíûå êîðíè ýòîãî óðàâíåíèÿ, óäîâëåòâîðÿþùèå óñëîâèþ

z > 0.

8. a sh x+ b sh(2x) + c sh(3x) = 0.

Èñïîëüçóÿ ãèïåðáîëè÷åñêèå �îðìóëû sh(2x) = 2 shx chx, sh(3x) = 3 shx +
+4 sh3 x, sh2 x = ch2 x− 1, ìîæíî ïîêàçàòü, ÷òî ðåøåíèå èñõîäíîãî óðàâíåíèÿ
ñâîäèòñÿ ê ðåøåíèþ äâóõ áîëåå ïðîñòûõ óðàâíåíèé:

shx = 0, 4c ch2 x+ 2b ch x+ a− c = 0.
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Ïåðâîå óðàâíåíèå èìååò òðèâèàëüíîå ðåøåíèå x = 0. Âòîðîå óðàâíåíèå çà-

ìåíîé z = chx ñâîäèòñÿ ê êâàäðàòíîìó óðàâíåíèþ (èùóòñÿ äåéñòâèòåëüíûå

êîðíè ýòîãî óðàâíåíèÿ, óäîâëåòâîðÿþùèå óñëîâèþ z > 1).

9. a ch x+ b ch(2x) + c ch(3x) = 0.

Èñïîëüçóÿ ãèïåðáîëè÷åñêèå �îðìóëû ch(2x) = 2 ch2 x−1 è ch(3x) =−3 ch x+
+4ch3 x, ìîæíî ïîêàçàòü, ÷òî ðåøåíèå èñõîäíîãî óðàâíåíèÿ ñâîäèòñÿ ê ðåøå-
íèþ êóáè÷åñêîãî óðàâíåíèÿ äëÿ z = ch x (èùóòñÿ äåéñòâèòåëüíûå êîðíè ýòîãî

óðàâíåíèÿ, óäîâëåòâîðÿþùèå óñëîâèþ z > 1).

10.

n−1∑

k=0

sh(kx+ a) = 0.

Ïðåîáðàçóåì ñóììó â ëåâîé ÷àñòè óðàâíåíèÿ â ïðîèçâåäåíèå ãèïåðáîëè÷åñêèõ

�óíêöèé ïî �îðìóëå (�ðàäøòåéí & �ûæèê, 1971):

n−1∑

k=0

sh(kx+ a) = sh
(
n− 1

2
x+ a

)
sh(nx/2)

sh(x/2)
.

Ïîýòîìó èñõîäíîå óðàâíåíèå èìååò åäèíñòâåííûé êîðåíü x = − 2a
n−1 .

11. a sh2 x+ b shx ch x+ c ch2 x = 0.

1◦. Ïðè a = 0, ïîñêîëüêó ch x > 0, ðåøåíèå ðàññìàòðèâàåìîãî óðàâíåíèÿ

ñâîäèòñÿ ê ðåøåíèþ áîëåå ïðîñòîãî óðàâíåíèÿ b shx + c ch x = 0, êîòîðîå
ðàññìàòðèâàëîñü ðàíåå (ñì. óðàâíåíèå 1.3.2.7).

2◦. Ïðè a 6=0 óðàâíåíèå ïîñëå ïî÷ëåííîãî äåëåíèÿ íà ch2 x ñ ïîñëåäóþùåé
çàìåíîé z = thx ñâîäèòñÿ ê êâàäðàòíîìó óðàâíåíèþ âèäà 1.1.1.2:

az2 + bz + c = 0.

�àññìàòðèâàþòñÿ òîëüêî äåéñòâèòåëüíûå êîðíè, óäîâëåòâîðÿþùèå íåðàâåíñòâó

|z| < 1.

12. a1 sh
2 x+ a2 sh x ch x+ a3 ch

2 x+ b1 sh(2x) + b2 ch(2x) = c.

Èñïîëüçóÿ ãèïåðáîëè÷åñêèå �îðìóëû sh(2x) = 2 shx ch x, ch(2x) = ch2 x +
+sh2 x, c= c(ch2 x− sh2 x), äàííîå óðàâíåíèå ìîæíî ñâåñòè ê óðàâíåíèþ âèäà

1.3.2.11:

(a1 + b2 + c) sh2 x+ (a2 + 2b1) shx ch x+ (a3 + b2 − c) ch2 x = 0.

13. a shx+ b sh2 x+ c ch2 x+ d ch(2x) + k = 0.

Âûðàçèâ ch2 x è ch(2x) ÷åðåç ãèïåðáîëè÷åñêèé ñèíóñ, ïðèõîäèì ê êâàäðàòíîìó

óðàâíåíèþ äëÿ z = shx,

(b+ c+ 2d)z2 + az + c+ d+ k = 0.
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14. a ch x+ b ch2 x+ c sh2 x+ d ch(2x) + k = 0.

Âûðàçèâ sh2 x è ch(2x) ÷åðåç ãèïåðáîëè÷åñêèé êîñèíóñ, ïðèõîäèì ê êâàäðàò-

íîìó óðàâíåíèþ äëÿ z = chx,

(b+ c+ 2d)z2 + az − c− d+ k = 0.

�àññìàòðèâàþòñÿ òîëüêî äåéñòâèòåëüíûå êîðíè, óäîâëåòâîðÿþùèå íåðàâåíñòâó

z > 1.

15. a ch(2x) + b ch2(2x) + c ch(4x) + d ch4 x+ k = 0.

Èñïîëüçóÿ ãèïåðáîëè÷åñêèå �îðìóëû

ch(4x) = 2 ch2(2x)− 1,

ch4 x = (ch2 x)2 =
[
1
2 + 1

2 ch(2x)
]2

= 1
4 + 1

2 ch(2x) + 1
4 ch2(2x),

ïðåîáðàçóåì èñõîäíîå óðàâíåíèå ê êâàäðàòíîìó óðàâíåíèþ äëÿ z = ch(2x):

(b+ 2c+ 1
4 d)z

2 + (a+ 1
2 d)z + k − c+ 1

4 d = 0.

�àññìàòðèâàþòñÿ òîëüêî äåéñòâèòåëüíûå êîðíè, óäîâëåòâîðÿþùèå íåðàâåíñòâó

z > 1.

◮ �èïåðáîëè÷åñêèå óðàâíåíèÿ îáùåãî âèäà.

16.

n∑

k=1

ak sh(kx) = 0.

Èñïîëüçóÿ ãèïåðáîëè÷åñêóþ �îðìóëó k-êðàòíîãî àðãóìåíòà

sh(kx) = shx

[
[(k−1)/2]∑

j=0

(−1)j2k−2j−1(k − j − 1)!

j!(k − 2j − 1)!
chk−2j−1 x

]
,

ãäå [A] � öåëàÿ ÷àñòü ÷èñëà A, ìîæíî ñâåñòè ðàññìàòðèâàåìîå óðàâíåíèå ê

ïðîñòåéøåìó ãèïåðáîëè÷åñêîìó óðàâíåíèþ shx=0, êîòîðîå äàåò òðèâèàëüíîå
ðåøåíèå x = 0, è àëãåáðàè÷åñêîìó óðàâíåíèþ ñòåïåíè n − 1 äëÿ z = ch x
(èùóòñÿ òîëüêî äåéñòâèòåëüíûå êîðíè àëãåáðàè÷åñêîãî óðàâíåíèÿ, óäîâëåòâî-

ðÿþùèå íåðàâåíñòâó z > 1).

17.

n∑

k=0

ak ch(kx) = 0.

Èñïîëüçóÿ ãèïåðáîëè÷åñêóþ �îðìóëó k-êðàòíîãî àðãóìåíòà

ch(kx) = k

[k/2]∑

j=0

(−1)j2k−2j−1(k − j − 1)!

j!(k − 2j)!
chk−2j x,
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ãäå [A]�öåëàÿ ÷àñòü ÷èñëà A, ìîæíî ñâåñòè ðàññìàòðèâàåìîå óðàâíåíèå ê àë-

ãåáðàè÷åñêîìó óðàâíåíèþ ñòåïåíè n äëÿ z = ch x (èùóòñÿ òîëüêî äåéñòâèòåëü-
íûå êîðíè àëãåáðàè÷åñêîãî óðàâíåíèÿ, óäîâëåòâîðÿþùèå íåðàâåíñòâó z > 1).

18.

n∑

k=0

ak sh
k x chn−k x = 0.

Ýòî óðàâíåíèå ïîñëå ïî÷ëåííîãî äåëåíèÿ íà chn x 6= 0 ñ ïîñëåäóþùåé çàìåíîé
z = thx ñâîäèòñÿ ê àëãåáðàè÷åñêîìó óðàâíåíèþ âèäà

n∑

k=0

akz
k = 0 (z = thx).

�àññìàòðèâàþòñÿ òîëüêî äåéñòâèòåëüíûå êîðíè ïîëó÷åííîãî óðàâíåíèÿ, óäî-

âëåòâîðÿþùèå íåðàâåíñòâó |z| < 1.

19. P (shx, ch x) = 0.

Çäåñü P (y1, y2)�ìíîãî÷ëåí îò äâóõ ïåðåìåííûõ ñ ìàêñèìàëüíîé ñòåïåíüþ m
ïî y1 è y2. Ïîäñòàíîâêà z = ex ïðèâîäèò ê àëãåáðàè÷åñêîìó óðàâíåíèþ äëÿ z:

zmP
(
z2 − 1

2z
,
z2 + 1

2z

)
= 0.

Èùóòñÿ òîëüêî äåéñòâèòåëüíûå êîðíè, óäîâëåòâîðÿþùèå óñëîâèþ z > 0.

20. P (thx, cth x) = 0.

Çäåñü P (y, z)�ìíîãî÷ëåí îò äâóõ ïåðåìåííûõ ñ ìàêñèìàëüíîé ñòåïåíüþ m ïî

z. Ïîäñòàíîâêà y = thx ïðèâîäèò ê àëãåáðàè÷åñêîìó óðàâíåíèþ äëÿ y:

ymP
(
y, 1/y

)
= 0.

Èùóòñÿ òîëüêî äåéñòâèòåëüíûå êîðíè, óäîâëåòâîðÿþùèå óñëîâèþ |y| < 1.

1.3.3. Óðàâíåíèÿ, ñîäåðæàùèå ëîãàðè�ìè÷åñêèå �óíêöèè

1. loga(bx+ c) = d.

�åøåíèå: x =
ad − c

b
.

2. loga(b1x+c1)+loga(b2x+c2) = loga(b3x+c3)+loga(b4x+c4)+d.

Äåéñòâèòåëüíûå êîðíè ýòîãî óðàâíåíèÿ îïðåäåëÿþòñÿ èç êâàäðàòíîãî óðàâíå-

íèÿ

(b1x+ c1)(b2x+ c2) = ad(b3x+ c3)(b4x+ c4)

ñ ó÷åòîì îãðàíè÷åíèé bkx+ ck > 0 ïðè k = 1, 2, 3, 4.

3. a log2
c(βx) + b logc(βx) + c = 0.

Ïîäñòàíîâêà z = logc(βx) ïðèâîäèò ê êâàäðàòíîìó óðàâíåíèþ az2+bz+c= 0.
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4. b1 loga x+ b2 loga2 x+ · · · + bn logan x = c.

Èñïîëüçóÿ �îðìóëó logak x = 1
k loga x, ïîëó÷èì ðåøåíèå

x = ac/S , S = b1 +
1

2
b2 + · · ·+ 1

n
bn.

5. b1 loga1
x+ b2 loga2

x+ · · · + bn logan
x = c.

Èñïîëüçóÿ �îðìóëó loga x = logk x/ logk a (k > 0 è k 6= 1), ïîëó÷èì ðåøåíèå

x = kc/S , S =
b1

logk a1
+

b2
logk a2

+ · · ·+ bn
logk an

.

Â êà÷åñòâå k ìîæíî âçÿòü, íàïðèìåð, ÷èñëî Ýéëåðà e.

6.

n∑

k=0

ak log
k
c(βx) = 0.

Çàìåíà z = logc(βx) ïðèâîäèò ê àëãåáðàè÷åñêîìó óðàâíåíèþ

∑n
k=0 akz

k = 0.

7. x loga(bx) = c.

Çäåñü a > 0 è bx > 0. �åøåíèå:

x =
1

b
exp

[
W (bc ln a)

]
,

ãäå W (z) � �óíêöèÿ Ëàìáåðòà, êîòîðàÿ îïðåäåëÿåòñÿ íåÿâíî ñ ïîìîùüþ ñî-

îòíîøåíèÿ WeW = z. Äëÿ äåéñòâèòåëüíûõ z = t �óíêöèÿ W (t) ÿâëÿåòñÿ

îäíîçíà÷íîé ïðè t > −1/e è W > −1 (ïîäðîáíîñòè î �óíêöèè Ëàìáåðòà

èìåþòñÿ â îïèñàíèè ðåøåíèÿ óðàâíåíèÿ 10.1.1.2 èç ðàçä. 10.1.1).

8. loga x+ bxk + c = 0.

�åøåíèå:

x = a−c exp
[
− 1

k
W (bka−ck ln a)

]
,

ãäå W (z)��óíêöèÿ Ëàìáåðòà.

9. loga(ba
x + c) = px+ q.

Èñïîëüçóÿ ñâîéñòâà ëîãàðè�ìè÷åñêîé �óíêöèè, ïîëó÷èì óðàâíåíèå bax + c =
= apx+b, èëè

bz + c = abzp, z = ax.

Ïðè p = 1 èìååì ëèíåéíîå óðàâíåíèå, ïðè p = 2 èëè p = −1 ïîëó÷åííîå óðàâ-
íåíèå ñâîäèòñÿ ê êâàäðàòíîìó óðàâíåíèþ, à åñëè p�öåëîå ÷èñëî, òî ïðèõîäèì

ê àëãåáðàè÷åñêîìó óðàâíåíèþ (êîðíè äîëæíû óäîâëåòâîðÿòü óñëîâèÿì z > 0 è
bz + c > 0).
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2. Îáûêíîâåííûå

äè��åðåíöèàëüíûå óðàâíåíèÿ

◮ Ïðåäâàðèòåëüíûå çàìå÷àíèÿ. Îáûêíîâåííûå äè��åðåíöèàëüíûå óðàâíå-

íèÿ (ÎÄÓ) ÿâëÿþòñÿ ìàòåìàòè÷åñêèìè óðàâíåíèÿìè, ñîäåðæàùèìè íåèçâåñò-

íóþ �óíêöèþ îäíîãî àðãóìåíòà è åå ïðîèçâîäíûå ïî ýòîìó àðãóìåíòó. Ïîðÿ-

äîê îáûêíîâåííîãî äè��åðåíöèàëüíîãî óðàâíåíèÿ îïðåäåëÿåòñÿ ìàêñèìàëü-

íûì ïîðÿäêîì ïðîèçâîäíîé èñêîìîé �óíêöèè, âõîäÿùåé â ðàññìàòðèâàåìîå

óðàâíåíèå.

Èíòåãðèðîâàíèå îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé â çàìêíóòîé

�îðìå�ýòî ïðåäñòàâëåíèå ðåøåíèé ýòèõ óðàâíåíèé àíàëèòè÷åñêèìè �îðìóëà-

ìè, ïðè çàïèñè êîòîðûõ èñïîëüçóþòñÿ óêàçàííûé àïðèîðè íàáîð äîïóñòèìûõ

�óíêöèé è ïåðå÷èñëåííûé çàðàíåå íàáîð ìàòåìàòè÷åñêèõ îïåðàöèé. �åøåíèå

âûðàæàåòñÿ â âèäå êâàäðàòóð, åñëè â êà÷åñòâå äîïóñòèìûõ �óíêöèé èñïîëü-

çóþòñÿ ýëåìåíòàðíûå �óíêöèè è �óíêöèè, âõîäÿùèå â óðàâíåíèå (ýòî íåîá-

õîäèìî, êîãäà ðàññìàòðèâàåìîå óðàâíåíèå çàâèñèò îò ïðîèçâîëüíûõ �óíêöèé),

à ïîä äîïóñòèìûìè îïåðàöèÿìè ïîíèìàåòñÿ êîíå÷íîå ìíîæåñòâî àðè�ìåòè-

÷åñêèõ îïåðàöèé, îïåðàöèé ñóïåðïîçèöèè (îáðàçîâàíèÿ ñëîæíîé �óíêöèè),

îïåðàöèé äè��åðåíöèðîâàíèÿ è âçÿòèÿ íåîïðåäåëåííîãî èíòåãðàëà. �åøåíèå

ìîæåò áûòü çàïèñàíî â ÿâíîé, íåÿâíîé èëè ïàðàìåòðè÷åñêîé �îðìå.

Â äàííîé ãëàâå äàåòñÿ êðàòêîå îïèñàíèå ðåøåíèé â çàìêíóòîé �îðìå (îáû÷-

íî â âèäå êâàäðàòóð) ðàçëè÷íûõ îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé,

óêàçàíû òàêæå íåêîòîðûå ïðåîáðàçîâàíèÿ, èíòåãðàëû è ðåäóêöèè, ïðèâîäÿùèå

ê áîëåå ïðîñòûì ÎÄÓ. Ñòàöèîíàðíûå ðåøåíèÿ âèäà y= 
onst, êîòîðûå íàõîäÿò-

ñÿ áåç èíòåãðèðîâàíèÿ äè��åðåíöèàëüíûõ óðàâíåíèé, çäåñü íå îáñóæäàþòñÿ.

Â ðåøåíèÿõ ïîñòîÿííûå èíòåãðèðîâàíèÿ (ïðîèçâîëüíûå êîíñòàíòû, íå âõî-

äÿùèå â ðàññìàòðèâàåìîå ÎÄÓ) îáîçíà÷àþòñÿ C , C0, C1, . . . , Cn.

2.1. Îáûêíîâåííûå äè��åðåíöèàëüíûå óðàâíåíèÿ

ïåðâîãî ïîðÿäêà

2.1.1. Ïðîñòåéøèå ÎÄÓ ïåðâîãî ïîðÿäêà

1. y′x = f(y).

Àâòîíîìíîå ÎÄÓ ïåðâîãî ïîðÿäêà, êîòîðîå ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì ÎÄÓ ñ

ðàçäåëÿþùèìèñÿ ïåðåìåííûìè 2.1.1.2.

Îáùåå ðåøåíèå: x =
∫

dy
f(y) + C .

54
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2. y′x = f(x)g(y).

ÎÄÓ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè.

Îáùåå ðåøåíèå:

∫
dy

g(y)
=

∫
f(x) dx+C .

3. g(x)y′x = f1(x)y + f0(x).

Ëèíåéíîå ÎÄÓ ïåðâîãî ïîðÿäêà.

Îáùåå ðåøåíèå:

y = CeF + eF
∫
e−F f0(x)

g(x)
dx, ãäå F (x) =

∫
f1(x)

g(x)
dx.

4. g(x)y′x = f1(x)y + f0(x)y
k
.

Óðàâíåíèå Áåðíóëëè. Çäåñü k � ïðîèçâîëüíîå ÷èñëî. Ïðè k 6= 1 ïîäñòàíîâêà

w(x)= y1−k ïðèâîäèò ê ëèíåéíîìó ÎÄÓ: g(x)w′
x=(1−k)f1(x)w+(1−k)f0(x).

Îáùåå ðåøåíèå:

y =
[
CeF + (1− k)eF

∫
e−F f0(x)

g(x)
dx

] 1
1−k

, ãäå F (x) = (1− k)
∫
f1(x)

g(x)
dx.

5. y′x = f(y/x).

Îäíîðîäíîå ÎÄÓ ïåðâîãî ïîðÿäêà. Ïîäñòàíîâêà u(x) = y/x ïðèâîäèò ê ÎÄÓ ñ

ðàçäåëÿþùèìèñÿ ïåðåìåííûìè: xu′x = f(u)− u.

Îáùåå ðåøåíèå:

∫
du

f(u)−u = ln |x|+ C, u = y
x .

×àñòíûå ðåøåíèÿ: y = Akx, ãäå Ak �êîðíè àëãåáðàè÷åñêîãî (òðàíñöåíäåíòíî-

ãî) óðàâíåíèÿ Ak − f(Ak) = 0.

2.1.2. Óðàâíåíèÿ �èêêàòè

1. y′x = ay2 + bxk
.

Ñïåöèàëüíîå óðàâíåíèå �èêêàòè, k�ïðîèçâîëüíîå ÷èñëî.

1◦. Ïîäñòàíîâêà y=−u′x/(au) ïðèâîäèò ê ëèíåéíîìó ÎÄÓ âòîðîãî ïîðÿäêà

âèäà 2.2.2.2: u′′xx + abxku = 0.

2◦. �åøåíèå ïðè k 6= −2:

y =− u′
x

au
, u(x) =





√
x
[
C1J 1

2σ

(
1

σ

√
abxσ

)
+C2Y 1

2σ

(
1

σ

√
abxσ

)]
, ab > 0;

√
x
[
C1I 1

2σ

(
1

σ

√
|ab|xσ

)
+C2K 1

2σ

(
1

σ

√
|ab|xσ

)]
, ab < 0,

ãäå σ = 1
2 (k + 2); Jm(z) è Ym(z) � �óíêöèè Áåññåëÿ, à Im(z) è Km(z) �

ìîäè�èöèðîâàííûå �óíêöèè Áåññåëÿ (ñì. óðàâíåíèÿ 2.2.2.13 è 2.2.2.14).
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3◦. �åøåíèå ïðè k = −2:

y =
λ

x
− x2aλ

(
ax

2aλ+ 1
x2aλ + C

)−1
,

ãäå λ�êîðåíü êâàäðàòíîãî óðàâíåíèÿ aλ2 + λ+ b = 0.

2. y′x = ay2 + beλx.

Ïîäñòàíîâêà y = −u′x/(au) ïðèâîäèò ê ëèíåéíîìó ÎÄÓ âòîðîãî ïîðÿäêà âèäà

2.2.3.1: u′′xx + abeλxu = 0.

3. y′x = y2 + f(x)y − a2 − af(x).

×àñòíîå ðåøåíèå: y0 = a. Îáùåå ðåøåíèå ìîæåò áûòü ïîëó÷åíî ïî �îðìóëàì,
ïðèâåäåííûì â ï. 1◦ óðàâíåíèÿ 2.1.2.19.

4. y′x = f(x)y2 + ay − ab− b2f(x).

×àñòíîå ðåøåíèå: y0 = b. Îáùåå ðåøåíèå ìîæåò áûòü ïîëó÷åíî ïî �îðìóëàì,
ïðèâåäåííûì â ï. 1◦ óðàâíåíèÿ 2.1.2.19.

5. y′x = y2 + xf(x)y + f(x).

×àñòíîå ðåøåíèå: y0 = −1/x. Îáùåå ðåøåíèå ìîæåò áûòü ïîëó÷åíî ïî

�îðìóëàì, ïðèâåäåííûì â ï. 1◦ óðàâíåíèÿ 2.1.2.19.

6. y′x = f(x)y2 − axkf(x)y + akxk−1
.

×àñòíîå ðåøåíèå: y0 = axk. Îáùåå ðåøåíèå ìîæåò áûòü ïîëó÷åíî ïî �îðìó-
ëàì, ïðèâåäåííûì â ï. 1◦ óðàâíåíèÿ 2.1.2.19.

7. y′x = f(x)y2 + akxk−1 − a2x2kf(x).

×àñòíîå ðåøåíèå: y0 = axk. Îáùåå ðåøåíèå ìîæåò áûòü ïîëó÷åíî ïî �îðìó-
ëàì, ïðèâåäåííûì â ï. 1◦ óðàâíåíèÿ 2.1.2.19.

8. y′x = −(k + 1)xky2 + xk+1f(x)y − f(x).

×àñòíîå ðåøåíèå: y0 = x−k−1
. Îáùåå ðåøåíèå ìîæåò áûòü ïîëó÷åíî ïî

�îðìóëàì, ïðèâåäåííûì â ï. 1◦ óðàâíåíèÿ 2.1.2.19.

9. xy′x = f(x)y2 + ky + ax2kf(x).

Îáùåå ðåøåíèå: y =





√
a xk tg

[√
a
∫
xk−1f(x) dx+ C

]
ïðè a > 0,

√
|a|xk th

[
−
√

|a|
∫
xk−1f(x) dx+ C

]
ïðè a < 0.

10. xy′x = x2kf(x)y2 + [axkf(x)− k]y + bf(x).

Ïîäñòàíîâêà z = xky ïðèâîäèò ê ÎÄÓ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè: z′x =
= xk−1f(x)(z2 + az + b).
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11. y′x = f(x)y2 + g(x)y − a2f(x)− ag(x).

×àñòíîå ðåøåíèå: y0 = a. Îáùåå ðåøåíèå ìîæåò áûòü ïîëó÷åíî ïî �îðìóëàì,
ïðèâåäåííûì â ï. 1◦ óðàâíåíèÿ 2.1.2.19.

12. y′x = f(x)y2 + g(x)y + akxk−1 − a2x2kf(x)− axkg(x).

×àñòíîå ðåøåíèå: y0 = axk. Îáùåå ðåøåíèå ìîæåò áûòü ïîëó÷åíî ïî �îðìó-
ëàì, ïðèâåäåííûì â ï. 1◦ óðàâíåíèÿ 2.1.2.19.

13. y′x = aeλxy2 + aeλxf(x)y + λf(x).

×àñòíîå ðåøåíèå: y0 = − λ

a
e−λx. Îáùåå ðåøåíèå ìîæåò áûòü ïîëó÷åíî ïî

�îðìóëàì, ïðèâåäåííûì â ï. 1◦ óðàâíåíèÿ 2.1.2.19.

14. y′x = f(x)y2 − aeλxf(x)y + aλeλx.

×àñòíîå ðåøåíèå: y0 = aeλx. Îáùåå ðåøåíèå ìîæåò áûòü ïîëó÷åíî ïî �îð-

ìóëàì, ïðèâåäåííûì â ï. 1◦ óðàâíåíèÿ 2.1.2.19.

15. y′x = f(x)y2 + aλeλx − a2e2λxf(x).

×àñòíîå ðåøåíèå: y0 = aeλx. Îáùåå ðåøåíèå ìîæåò áûòü ïîëó÷åíî ïî �îð-

ìóëàì, ïðèâåäåííûì â ï. 1◦ óðàâíåíèÿ 2.1.2.19.

16. y′x = f(x)y2 + λy + ae2λxf(x).

Îáùåå ðåøåíèå: y =





√
a eλx tg

[√
a
∫
eλxf(x) dx+ C

]
ïðè a > 0,

√
|a| eλx th

[
−
√
|a|

∫
eλxf(x) dx+ C

]
ïðè a < 0.

17. y′x = y2 − f2(x) + f ′
x(x).

×àñòíîå ðåøåíèå: y0 = f(x). Îáùåå ðåøåíèå ìîæåò áûòü ïîëó÷åíî ïî �îð-

ìóëàì, ïðèâåäåííûì â ï. 1◦ óðàâíåíèÿ 2.1.2.19.

18. y′x = f(x)y2 − f(x)g(x)y+ g′x(x).

×àñòíîå ðåøåíèå: y0 = g(x). Îáùåå ðåøåíèå ìîæåò áûòü ïîëó÷åíî ïî �îðìó-
ëàì, ïðèâåäåííûì â ï. 1◦ óðàâíåíèÿ 2.1.2.19.

19. y′x = f2(x)y
2 + f1(x)y + f0(x).

Îáùåå óðàâíåíèå �èêêàòè.

1◦. Åñëè èçâåñòíî ÷àñòíîå ðåøåíèå y0 = y0(x) äàííîãî óðàâíåíèÿ, òî åãî

îáùåå ðåøåíèå îïðåäåëÿåòñÿ ïî �îðìóëå

y = y0(x) + Φ(x)
[
C −

∫
Φ(x)f2(x) dx

]−1
,

ãäå

Φ(x) = exp
{∫ [

2f2(x)y0(x) + f1(x)
]
dx

}
.

×àñòíîå ðåøåíèå y0(x) ñîîòâåòñòâóåò C = ∞.
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2◦. Ïîäñòàíîâêà

u(x) = exp
(
−

∫
f2y dx

)

ïðèâîäèò îáùåå óðàâíåíèå �èêêàòè ê ëèíåéíîìó ÎÄÓ âòîðîãî ïîðÿäêà

f2u
′′
xx −

[
(f2)

′
x + f1f2

]
u′x + f0f

2
2u = 0,

êîòîðîå ÷àñòî ìîæíî ðåøèòü ïðîùå, ÷åì èñõîäíîå óðàâíåíèå �èêêàòè.

3◦. Î äðóãèõ ðàçðåøèìûõ óðàâíåíèÿõ �èêêàòè ñì. ñïðàâî÷íèêè Êàìêå

(1976), Çàéöåâ & Ïîëÿíèí (2001), Polyanin & Zaitsev (2003, 2018).

2.1.3. Óðàâíåíèÿ Àáåëÿ

1. y′x = f3(x)y
3 + f2(x)y

2 + f1(x)y+ f0(x), f3(x) 6≡ 0.

Óðàâíåíèå Àáåëÿ ïåðâîãî ðîäà îáùåãî âèäà. Óðàâíåíèå Àáåëÿ ïåðâîãî ðîäà íå

èíòåãðèðóåòñÿ â çàìêíóòîì âèäå ïðè ïðîèçâîëüíûõ �óíêöèîíàëüíûõ êîý��è-

öèåíòàõ fn(x).

Íèæå îïèñàíû íåêîòîðûå ÷àñòíûå ñëó÷àè, êîãäà óðàâíåíèå Àáåëÿ ïåðâîãî

ðîäà èíòåãðèðóåòñÿ â êâàäðàòóðàõ.

1◦. Â âûðîæäåííîì ñëó÷àå f2(x) = f0(x) = 0 ðàññìàòðèâàåìîå ÎÄÓ ÿâëÿ-

åòñÿ óðàâíåíèåì Áåðíóëëè 2.1.1.4 ïðè k = 3.

2◦. Åñëè �óíêöèè fn(x) (n = 0, 1, 2, 3) ïðîïîðöèîíàëüíû, ò. å. fn(x) =
= ang(x), òî èñõîäíîå ÎÄÓ ÿâëÿåòñÿ óðàâíåíèåì ñ ðàçäåëÿþùèìèñÿ ïåðåìåí-

íûìè âèäà 2.1.1.2.

3◦. Îäíîðîäíîå óðàâíåíèå Àáåëÿ:

y′x = a
y3

x3
+ b

y2

x2
+ c

y

x
+ d

ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì ÎÄÓ 2.1.1.5 ïðè f(u) = au3 + bu2 + cu+ d.

4◦. Îáîáùåííî-îäíîðîäíîå óðàâíåíèå Àáåëÿ:

y′x = ax2n+1y3 + bxny2 +
c

x
y + dx−n−2

ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì óðàâíåíèÿ 2.1.4.4 ïðè k = n + 1. Ïîäñòàíîâêà w =
= xn+1y ïðèâîäèò ê åãî ÎÄÓ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè: xw′

x = aw3 +
+ bw2 + (c+ n+ 1)w + d.

5◦. Óðàâíåíèå Àáåëÿ

y′x = ax3k−my3 + bx2ky2 +
m− k

x
y + dx2m

ñ ïîìîùüþ ïîäñòàíîâêè y = xm−kz ïðèâîäèòñÿ ê ÎÄÓ ñ ðàçäåëÿþùèìèñÿ

ïåðåìåííûìè âèäà 2.1.1.2: z′x = xk+m(az3 + bz2 + c).
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6◦. Ïóñòü f0≡ 0, f1≡ 0 è (f3/f2)
′
x= af2, ãäå a�íåêîòîðàÿ êîíñòàíòà. Òîãäà

ïîäñòàíîâêà y = f2f
−1
3 u ïðèâîäèò ê ÎÄÓ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè:

u′x = f22 f
−1
3 (u3 + u2 + au).

7◦. Åñëè

f0 =
f1f2
3f3

− 2f3
2

27f2
3

− 1

3

d

dx

f2
f3
, fn = fn(x),

òî îáùåå ðåøåíèå óðàâíåíèÿ Àáåëÿ èìååò âèä

y(x) = E
(
C − 2

∫
f3E

2 dx
)−1/2

− f2
3f3

, ãäå E = exp
[ ∫ (

f1 − f2
2

3f3

)
dx

]
.

2. yy′x − y = f(x).

Óðàâíåíèå Àáåëÿ âòîðîãî ðîäà â êàíîíè÷åñêîé �îðìå. Ýòî óðàâíåíèå íå èíòå-

ãðèðóåòñÿ â çàìêíóòîì âèäå ïðè ïðîèçâîëüíîé �óíêöèè f(x). Â ñïðàâî÷íèêàõ

Çàéöåâ & Ïîëÿíèí (2001), Polyanin & Zaitsev (2003, 2018) îïèñàíû îáùèå

ðåøåíèÿ ýòîãî óðàâíåíèÿ ñ ïðàâîé ÷àñòüþ ñëåäóþùåãî âèäà:

f(x) = kx+Axm,

f(x) = kx+Aαxp +A2βxq,

f(x) = kx+Aαx1/2 +A2β +A3γx−1/2,

f(x) = Ax2 − 9
625A

−1,

f(x) = kx+Aαx1/3 +A2βx−1/3 +A4γx−5/3,

f(x) = kx+ αx1/3 + β + γx−1/3 + δx−2/3,

f(x) = kx+A2αx−1/7 +A3βx−5/7 +A4δx−9/7,

f(x) = ± 1√
Ax2 +Bx+ C

,

f(x) = kx+
αx2 + β√
x2 + γ

,

f(x) = A+B exp(−2x/A),

ãäå A, B, C � ïðîèçâîëüíûå ïàðàìåòðû, äëÿ êîòîðûõ ïðèâåäåííûå �óíêöèè

èìåþò ñìûñë, à k, m, p, q, α, β, γ, δ�íåêîòîðûå çàäàííûå ÷èñëà.

Çàìå÷àíèå 2.1. Ëèíåéíîå ïðåîáðàçîâàíèå y = aŷ, x = ax̂+ b ïðèâîäèò èñõîäíîå
ÎÄÓ ê àíàëîãè÷íîìó óðàâíåíèþ ŷŷ′x̂ − ŷ = a−1f(ax̂ + b). Ïîýòîìó �óíêöèþ f(x) â
ïðàâîé ÷àñòè ðàññìàòðèâàåìîãî óðàâíåíèÿ Àáåëÿ âòîðîãî ðîäà ìîæíî îòîæäåñòâèòü ñ

äâóõïàðàìåòðè÷åñêèì ñåìåéñòâîì �óíêöèé a−1f(ax+ b).

3. yy′x = f(x)y + g(x).

Óðàâíåíèå Àáåëÿ âòîðîãî ðîäà. Ïîäñòàíîâêà z =
∫
f(x) dx ïðèâîäèò ýòî ÎÄÓ

ê êàíîíè÷åñêîé �îðìå 2.1.3.2:

yy′z − y = Φ(z).
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Çäåñü �óíêöèÿ Φ(z) îïðåäåëÿåòñÿ ïàðàìåòðè÷åñêè ñ ïîìîùüþ ñîîòíîøåíèé

(x�ïàðàìåòð):

Φ =
g(x)

f(x)
, z =

∫
f(x) dx.

Íèæå ïðèâåäåíû íåêîòîðûå ÷àñòíûå ñëó÷àè, êîãäà èñõîäíîå ÎÄÓ èíòåãðè-

ðóåòñÿ â êâàäðàòóðàõ èëè äîïóñêàåò óïðîùåíèå.

1◦. Óðàâíåíèå Àáåëÿ

yy′x = xk−1[(1 + 2k)x+ ak]y − kx2k(x+ a)

ïðåîáðàçîâàíèåì x = w
z , y = − 1

zk
+ xk+1 + axk ïðèâîäèòñÿ ê ÎÄÓ ñ

ðàçäåëÿþùèìèñÿ ïåðåìåííûìè: w′
z = w−k − a.

2◦. Óðàâíåíèå Àáåëÿ

yy′x = [a(2n + k)xk + b]xn−1y + (−a2nx2k − abxk + c)x2n−1

ïîäñòàíîâêîé y = xn(z+axk) ïðèâîäèòñÿ ê óðàâíåíèþ Áåðíóëëè îòíîñèòåëü-

íî x = x(z): (nz2 − bz − c)x′z = −zx− axk+1
.

3◦. Óðàâíåíèå Àáåëÿ

yy′x = [(3 −m)x− 1]y + (m− 1)(x3 − x2 − ax)

ïðåîáðàçîâàíèåì x = w/z, y = −zm−1 + x2 − x− a ïðèâîäèòñÿ ê óðàâíåíèþ

Àáåëÿ âòîðîãî ðîäà â êàíîíè÷åñêîé �îðìå 2.1.3.2: ww′
z − w = az + zm.

Î äðóãèõ ðàçðåøèìûõ óðàâíåíèÿõ Àáåëÿ ýòîãî âèäà ñì. ñïðàâî÷íèêè Çàé-

öåâ & Ïîëÿíèí (2001), Polyanin & Zaitsev (2003, 2018).

4. [y + g(x)]y′x = f2(x)y
2 + f1(x)y + f0(x).

Óðàâíåíèå Àáåëÿ âòîðîãî ðîäà îáùåãî âèäà.

Íåêîòîðûå ñëó÷àè, êîãäà óðàâíåíèå Àáåëÿ èíòåãðèðóåòñÿ â êâàäðàòóðàõ.

Íèæå îïèñàíû íåêîòîðûå ñïåöèàëüíûå ÷àñòíûå ñëó÷àè, êîãäà ýòî ÎÄÓ èíòå-

ãðèðóåòñÿ â êâàäðàòóðàõ.

1◦. Åñëè g(x) = const è �óíêöèè fn(x) (n= 0, 1, 2) ïðîïîðöèîíàëüíû, ò. å.
fn(x) = anf(x), òî ðàññìàòðèâàåìîå ÎÄÓ ÿâëÿåòñÿ óðàâíåíèåì ñ ðàçäåëÿþùè-

ìèñÿ ïåðåìåííûìè âèäà 2.1.1.2.

2◦. Îäíîðîäíîå óðàâíåíèå Àáåëÿ:

(y + sx)y′x =
a

x
y2 + by + cx

ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì óðàâíåíèÿ 2.1.1.5. Ïîäñòàíîâêà u = y/x ïðèâîäèò

äàííîå ÎÄÓ ê óðàâíåíèþ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè.

3◦. Îáîáùåííî-îäíîðîäíîå óðàâíåíèå Àáåëÿ:

(y + sxn)y′x =
a

x
y2 + bxn−1y + cx2n−1

ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì ÎÄÓ 2.1.4.4 ïðè k = −n. Ïîäñòàíîâêà w = yx−n

ïðèâîäèò åãî ê óðàâíåíèþ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè: x(w + s)w′
x =

= (a− n)w2 + (b− ns)w + c.
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4◦. Óðàâíåíèå Àáåëÿ

(y + a2x+ c2)y
′
x = b1y + a1x+ c1

ïóòåì äåëåíèÿ íà (y + a2x+ c2) ñâîäèòñÿ ê ÷àñòíîìó ñëó÷àþ ÎÄÓ 2.1.4.3 ïðè

f(u) = u è b2 = 1.

5◦. Íåíîðìèðîâàííîå óðàâíåíèå Àáåëÿ

[(a1x+ a2x
k)y + b1x+ b2x

k]y′x = c2y
2 + c1y + c0

ïðèâîäèòñÿ ê ÎÄÓ 2.1.3.4 ïóòåì äåëåíèÿ íà (a1x + a2x
k). Ïðèíèìàÿ y çà

íåçàâèñèìóþ ïåðåìåííóþ, à x = x(y) � çà çàâèñèìóþ ïåðåìåííóþ, ïîëó÷èì

óðàâíåíèå Áåðíóëëè

(c2y
2 + c1y + c0)x

′
y = (a1y + b1)x+ (a2y + b2)x

k.

Ñì. ÎÄÓ 2.1.1.4.

6◦. Óðàâíåíèå Àáåëÿ

(y +Axn + a)y′x +Anxn−1y + kxm + b = 0

èìååò îáùåå ðåøåíèå

y2 +
2k

m+ 1
xm+1 + 2(Axny + ay + bx) = C.

7◦. Óðàâíåíèå Àáåëÿ

(y + axk+1 + bxk)y′x = (akxk + cxk−1)y

ïîäñòàíîâêîé y = xk(z − b) ïðèâîäèòñÿ ê óðàâíåíèþ Áåðíóëëè îòíîñèòåëüíî

x = x(z): [−kz2 + (bk + c)z − bc]x′z = zx+ ax2.

8◦. Óðàâíåíèå Àáåëÿ

(y + g)y′x = f2y
2 + f1y + f1g − f2g

2, fn = fn(x), g = g(x),

èìååò îáùåå ðåøåíèå

y = −g + CE + E
∫
(f1 + g′x − 2f2g)E

−1 dx, ãäå E = exp
(∫

f2 dx
)
.

9◦. Óðàâíåíèå Àáåëÿ

(y + g)y′x = f2y
2 + (2f2g − g′x)y + f0, fn = fn(x), g = g(x),

èìååò îáùåå ðåøåíèå

y = −g ± E
[
2
∫
(f0 + gg′x − f2g

2)E−2 dx+C
]1/2

, ãäå E = exp
(∫

f2 dx
)
.

Çàìå÷àíèå 2.2. Î äðóãèõ ðàçðåøèìûõ óðàâíåíèÿõ Àáåëÿ ýòîãî âèäà ñì. ñïðàâî÷-

íèêè Çàéöåâ & Ïîëÿíèí (2001), Polyanin & Zaitsev (2003, 2018).
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Íåêîòîðûå ïðåîáðàçîâàíèÿ óðàâíåíèÿ Àáåëÿ âòîðîãî ðîäà.

1◦. Ïîäñòàíîâêà

w = (y + g)E, ãäå E = exp
(
−

∫
f2 dx

)
, (1)

ïðèâîäèò èñõîäíîå óðàâíåíèå ê áîëåå ïðîñòîìó âèäó 2.1.3.3:

ww′
x = F1(x)w + F0(x), (2)

ãäå

F1 = (f1 − 2f2g + g′x)E, F0 = (f0 − f1g + f2g
2)E2.

2◦. Â ñâîþ î÷åðåäü, ÎÄÓ (2) ñ ïîìîùüþ ïîäñòàíîâêè

z =
∫
F1(x) dx, (3)

ïðèâîäèòñÿ ê êàíîíè÷åñêîé �îðìå 2.1.3.2:

ww′
z − w = Φ(z). (4)

Çäåñü �óíêöèÿ Φ(z) îïðåäåëÿåòñÿ ïàðàìåòðè÷åñêè ñ ïîìîùüþ ñîîòíîøåíèé

(x�ïàðàìåòð):

Φ =
F0(x)

F1(x)
, z =

∫
F1(x) dx.

Ïîäñòàíîâêè (1) è (3), êîòîðûå ïðèâîäÿò óðàâíåíèå Àáåëÿ ê êàíîíè÷åñêîé

�îðìå, íàçûâàþòñÿ êàíîíè÷åñêèìè.

Çàìå÷àíèå 2.3. Ëþáûå óðàâíåíèÿ Àáåëÿ âòîðîãî ðîäà, ñâÿçàííûå ëèíåéíûìè

(ïî y) ïðåîáðàçîâàíèÿìè âèäà

x̃ = ψ1(x), ỹ = ψ2(x)y + ψ3(x),

èìåþò îäèíàêîâûå êàíîíè÷åñêèå �îðìû ñ òî÷íîñòüþ äî äâóõïàðàìåòðè÷åñêîãî ñåìåé-

ñòâà �óíêöèé, óêàçàííûõ â çàìå÷àíèè 2.1.

3◦. Ïîäñòàíîâêà y + g = 1/u ïðèâîäèò óðàâíåíèå Àáåëÿ âòîðîãî ðîäà ê

óðàâíåíèþ Àáåëÿ ïåðâîãî ðîäà ñïåöèàëüíîãî âèäà:

u′x + (f0 − f1g + f2g
2)u3 + (f1 − 2f2g + g′x)u

2 + f2u = 0.

2.1.4. Äðóãèå ÎÄÓ ïåðâîãî ïîðÿäêà, ðàçðåøåííûå îòíîñèòåëüíî

ïðîèçâîäíîé

◮ Óðàâíåíèÿ 2.1.4.1�2.1.4.29 ñîäåðæàò ïðîèçâîëüíûå �óíêöèè f , g, h, àðãó-
ìåíòû êîòîðûõ ìîãóò çàâèñåòü îò x è y.

1. y′x = f(ax+ by).

Ïðè b 6= 0 ïîäñòàíîâêà u(x) = ax + by ïðèâîäèò ê àâòîíîìíîìó ÎÄÓ âè-

äà 2.1.1.1: u′x = bf(u) + a.
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2. y′x = f(y + axk + b) − akxk−1
.

Ïîäñòàíîâêà u = y + axk + b ïðèâîäèò ê àâòîíîìíîìó ÎÄÓ âèäà 2.1.1.1:

u′x = f(u).

3. y′x = f
((
a1x+ b1y + c1

a2x+ b2y + c2

))
.

Ýòî óðàâíåíèå ìîæíî ñâåñòè ê îäíîðîäíîìó ÎÄÓ âèäà 2.1.1.5. Äëÿ ýòîãî ïðè

a1x+ b1y 6= k(a2x+ b2y) ñëåäóåò ñäåëàòü ëèíåéíîå ïðåîáðàçîâàíèå ξ = x−x0,
η = y − y0, ãäå ïîñòîÿííûå x0 è y0 îïðåäåëÿþòñÿ ïóòåì ðåøåíèÿ ëèíåéíîé

àëãåáðàè÷åñêîé ñèñòåìû

a1x0 + b1y0 + c1 = 0,

a2x0 + b2y0 + c2 = 0.

Â ðåçóëüòàòå ïîëó÷èì ñëåäóþùåå óðàâíåíèå äëÿ η = η(ξ):

η′ξ = f
(
a1ξ + b1η

a2ξ + b2η

)
.

�àçäåëèâ ÷èñëèòåëü è çíàìåíàòåëü äðîáè àðãóìåíòà �óíêöèè f íà ξ, ïðèõîäèì
ê îäíîðîäíîìó ÎÄÓ, ïðàâàÿ ÷àñòü êîòîðîãî çàâèñèò òîëüêî îò îòíîøåíèÿ η/ξ:

η′ξ = f
(
a1 + b1η/ξ

a2 + b2η/ξ

)
.

Ïðè a1x+ b1y = k(a2x+ b2y) ðàññìàòðèâàåìîå ÎÄÓ ÿâëÿåòñÿ óðàâíåíèåì

âèäà 2.1.4.1.

4. y′x = x−k−1f(xky).

Îáîáùåííî-îäíîðîäíîå ÎÄÓ. Ïîäñòàíîâêà z = xky ïðèâîäèò ê ÎÄÓ ñ ðàçäå-

ëÿþùèìèñÿ ïåðåìåííûìè: xz′x = kz + f(z).

5. y′x =
y

x
f(xnym).

Îáîáùåííî-îäíîðîäíîå ÎÄÓ. Ïîäñòàíîâêà z = xnym ïðèâîäèò ê ÎÄÓ ñ ðàç-

äåëÿþùèìèñÿ ïåðåìåííûìè: xz′x = nz +mzf(z).

6. y′x = − n

m

y

x
+ ykf(x)g(xnym).

Ïîäñòàíîâêà z = xnym ïðèâîäèò ê ÎÄÓ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè:

z′x = mx
n−nk
m f(x)z

k+m−1
m g(z).

7. y′x = xn−1y1−mf(axn + bym).

Ïîäñòàíîâêà w=axn+bym ïðèâîäèò ê ÎÄÓ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè:

w′
x = xn−1[an+ bmf(w)].
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8. [xkf(y) + xg(y)]y′x = h(y).

Ýòî óðàâíåíèå Áåðíóëëè îòíîñèòåëüíî x = x(y) (ñì. óðàâíåíèå 2.1.1.4).

9. x[f(xnym) +mxkg(xnym)]y′x = y[h(xnym) − nxkg(xnym)].

Ïðåîáðàçîâàíèå t = xnym, z = x−k ïðèâîäèò ê ëèíåéíîìó ÎÄÓ äëÿ z = z(t):
t[nf(t) +mh(t)]z′t = −kf(t)z − kmg(t).

10. x[f(xnym) +mykg(xnym)]y′x = y[h(xnym) − nykg(xnym)].

Ïðåîáðàçîâàíèå t = xnym, z = y−k ïðèâîäèò ê ëèíåéíîìó ÎÄÓ äëÿ z = z(t):
t[nf(t) +mh(t)]z′t = −kh(t)z + kng(t).

11. x[sf(xnym) −mg(xkys)]y′x = y[ng(xkys) − kf(xnym)].

Ïðåîáðàçîâàíèå t = xnym, w = xkys ïðèâîäèò ê ÎÄÓ ñ ðàçäåëÿþùèìèñÿ

ïåðåìåííûìè: tf(t)w′
t = wg(w).

12. [f(y) + amxnym−1]y′x + g(x) + anxn−1ym = 0.

Îáùåå ðåøåíèå:

∫
f(y) dy +

∫
g(x) dx + axnym = C .

13. y′x = f(x)eλy + g(x).

Ïîäñòàíîâêà u = e−λy ïðèâîäèò ê ëèíåéíîìó ÎÄÓ: u′x = −λg(x)u− λf(x).

14. y′x = f(x)eλy + g(x) + h(x)e−λy
.

Ïîäñòàíîâêà u = e−λy ïðèâîäèò ê îáùåìó óðàâíåíèþ �èêêàòè âèäà 2.1.2.19:

u′x = −λh(x)u2 − λg(x)u− λf(x).

15. y′x = e−λxf(eλxy).

Ïîäñòàíîâêà u = eλxy ïðèâîäèò ê ÎÄÓ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè:

u′x = f(u) + λu.

16. y′x = eλyf(eλyx).

Ïîäñòàíîâêà u = eλyx ïðèâîäèò ê ÎÄÓ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè:

xu′x = λu2f(u) + u.

17. y′x = yf(eαxym).

Ïîäñòàíîâêà z = eαxym ïðèâîäèò ê ÎÄÓ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè:

z′x = αz +mzf(z).

18. y′x =
1

x
f(xneαy).

Ïîäñòàíîâêà z = xneαy ïðèâîäèò ê ÎÄÓ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè:

xz′x = nz + αzf(z).
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19. y′x = − n

x
+ f(x)g(xney).

Ïîäñòàíîâêà z = xney ïðèâîäèò ê ÎÄÓ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè:

z′x = f(x)zg(z).

20. y′x = − α

m
y + ykf(x)g(eαxym).

Ïîäñòàíîâêà z = eαxym ïðèâîäèò ê ÎÄÓ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè:

z′x = m exp
[
α

m
(1− k)x

]
f(x)z

k+m−1
m g(z).

21. y′x = eαx−βyf(aeαx + beβy).

Ïîäñòàíîâêà w = aeαx + beβy ïðèâîäèò ê ÎÄÓ ñ ðàçäåëÿþùèìèñÿ ïåðåìåí-

íûìè: w′
x = eαx[aα+ bβf(w)].

22. [eαxf(y) + aβ]y′x + eβyg(x) + aα = 0.

Îáùåå ðåøåíèå:

∫
e−βyf(y) dy +

∫
e−αxg(x) dx − ae−αx−βy = C .

23. x[f(xneαy) + αyg(xneαy)]y′x = h(xneαy)− nyg(xneαy).

Ïîäñòàíîâêà t = xneαy ïðèâîäèò ê ëèíåéíîìó ÎÄÓ îòíîñèòåëüíî y = y(t):
t[nf(t) + αh(t)]y′t = −ng(t)y + h(t).

24. [f(eαxym) +mxg(eαxym)]y′x = y[h(eαxym) − αxg(eαxym)].

Ïîäñòàíîâêà t = eαxym ïðèâîäèò ê ëèíåéíîìó ÎÄÓ îòíîñèòåëüíî x = x(t):
t[αf(t) +mh(t)]x′t = mg(t)x + f(t).

25. y′x = f(x) ch(λy) + g(x) sh(λy) + h(x).

Ïîäñòàíîâêà w = eλy ïðèâîäèò ê îáùåìó óðàâíåíèþ �èêêàòè:

w′
x = 1

2 λ[f(x) + g(x)]w2 + λh(x)w + 1
2 λ[f(x)− g(x)].

26. y′x = f(x)y ln y + g(x)y.

Ïîäñòàíîâêà y = eu ïðèâîäèò ê ëèíåéíîìó ÎÄÓ: u′x = f(x)u+ g(x).

27. y′x = f(x)y ln2 y + g(x)y ln y + h(x)y.

Ïîäñòàíîâêà y = eu ïðèâîäèò ê îáùåìó óðàâíåíèþ �èêêàòè: u′x = f(x)u2 +
+ g(x)u + h(x).

28. y′x = f(x) cos(ay) + g(x) sin(ay) + h(x).

Ïîäñòàíîâêà u = tg
(
1
2 ay

)
ïðèâîäèò ê îáùåìó óðàâíåíèþ �èêêàòè:

u′x = 1
2 a[h(x) − f(x)]u2 + ag(x)u + 1

2 a[f(x) + h(x)].

29. y′x = f(y + a tg x) − a tg2 x.

Ïîäñòàíîâêà u = y+ a tg x ïðèâîäèò ê ÎÄÓ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè:

u′x = a+ f(u).
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2.1.5. ÎÄÓ ïåðâîãî ïîðÿäêà, íå ðàçðåøåííûå îòíîñèòåëüíî

ïðîèçâîäíîé èëè çàäàííûå ïàðàìåòðè÷åñêè

1. x= f(y′x).

Îáùåå ðåøåíèå â ïàðàìåòðè÷åñêîì âèäå:

x = f(t), y =
∫
tf ′t(t) dt+ C.

2. y = f(y′x).

Îáùåå ðåøåíèå â ïàðàìåòðè÷åñêîì âèäå:

x =
∫
f ′t(t)

dt

t
+ C, y = f(t).

3. f(y′x) + ax+ by + s = 0.

�åøåíèå â ïàðàìåòðè÷åñêîì âèäå:

x = C −
∫
f ′
t(t) dt

a+ bt
, by = −ax− s− f(t).

Êðîìå òîãî, èìååòñÿ ÷àñòíîå ðåøåíèå y = αx + β, ãäå êîý��èöèåíòû α è β
îïðåäåëÿþòñÿ èç ñèñòåìû àëãåáðàè÷åñêèõ (òðàíñöåíäåíòíûõ) óðàâíåíèé:

a+ bα = 0, f(α) + bβ + s = 0.

4. y = xy′x + f(y′x).

Óðàâíåíèå Êëåðî. Îáùåå ðåøåíèå: y = Cx+ f(C).

Êðîìå òîãî, èìååòñÿ îñîáîå ðåøåíèå, êîòîðîå çàïèñûâàåòñÿ â ïàðàìåòðè÷å-

ñêîé �îðìå (Êàìêå, 1976):

x = −f ′t(t), y = −tf ′t(t) + f(t).

5. y = xf(y′x) + g(y′x).

Óðàâíåíèå Ëàãðàíæà�Äàëàìáåðà. Ïðè f(t) = t ñì. óðàâíåíèå 2.1.5.4.

Ïîëîæèì t = y′x, à çàòåì ïðîäè��åðåíöèðóåì ðàññìàòðèâàåìîå ÎÄÓ ïî x.
Ó÷èòûâàÿ ðàâåíñòâà y′′xx = t′x = 1/x′t, ïðèõîäèì ê ëèíåéíîìó óðàâíåíèþ äëÿ

�óíêöèè x = x(t) (Êàìêå, 1976):

[t− f(t)]x′t = f ′t(t)x+ g′t(t).

6. xf(y′x) + yg(y′x) + h(y′x) = 0.

Ïðåîáðàçîâàíèå Ëåæàíäðà X=y′x, Y =xy′x−y, Y ′
X=x ïðèâîäèò ê ëèíåéíîìó

ÎÄÓ: [f(X) +Xg(X)]Y ′
X − g(X)Y + h(X) = 0.

Îáðàòíîå ïðåîáðàçîâàíèå: x = Y ′
X , y = XY ′

X − Y , y′x = X.



2.2. Ëèíåéíûå îáûêíîâåííûå äè��åðåíöèàëüíûå óðàâíåíèÿ âòîðîãî ïîðÿäêà 67

7. y = xkf(y′x) + xy′x.

Ïîëîæèì t = y′x, à çàòåì ïðîäè��åðåíöèðóåì ðàññìàòðèâàåìîå ÎÄÓ ïî x.
Ó÷èòûâàÿ ðàâåíñòâà y′′xx = t′x = 1/x′t, ïðèõîäèì ê óðàâíåíèþ Áåðíóëëè äëÿ

�óíêöèè x = x(t) (Êàìêå, 1976):

kf(t)x′t − f ′t(t)x− x2−k = 0.

8. (xy′x − y)kf(y′x) + yg(y′x) + xh(y′x) = 0.

Ïðåîáðàçîâàíèå Ëåæàíäðà x = u′t, y = tu′t− u (y′x = t) ïðèâîäèò ê óðàâíåíèþ
Áåðíóëëè (Êàìêå, 1976):

[tg(t) + h(t)]u′t = g(t)u− f(t)uk.

9. x = f(t), y′x = g(t).

ÎÄÓ, çàäàííîå ïàðàìåòðè÷åñêè äâóìÿ óðàâíåíèÿìè (t�ïàðàìåòð).

Îáùåå ðåøåíèå â ïàðàìåòðè÷åñêîì âèäå (Polyanin & Zhurov, 2016):

x = f(t), y =
∫
f ′t(t)g(t) dt + C.

10. x = f(t)y + g(t), y′x = h(t).

ÎÄÓ, çàäàííîå ïàðàìåòðè÷åñêè äâóìÿ óðàâíåíèÿìè (t�ïàðàìåòð).

Îáùåå ðåøåíèå â ïàðàìåòðè÷åñêîì âèäå (Polyanin & Zhurov, 2017):

x = fy + g, y = CE + E
∫

hg′t dt

(1− fh)E
,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ, E = exp
(∫

hf ′t dt
1−fh

)
.

2.2. Ëèíåéíûå îáûêíîâåííûå äè��åðåíöèàëüíûå

óðàâíåíèÿ âòîðîãî ïîðÿäêà

2.2.1. Ïðåäâàðèòåëüíûå çàìå÷àíèÿ

◮ Ëèíåéíûå îäíîðîäíûå ÎÄÓ âòîðîãî ïîðÿäêà.

Îáùåå ëèíåéíîå îäíîðîäíîå îáûêíîâåííîå äè��åðåíöèàëüíîå óðàâíåíèå âòî-

ðîãî ïîðÿäêà èìååò âèä

f2(x)y
′′
xx + f1(x)y

′
x + f0(x)y = 0. (1)

1◦. ×àñòíûì ðåøåíèåì ëþáîãî ëèíåéíîãî îäíîðîäíîãî ÎÄÓ ÿâëÿåòñÿ òðè-

âèàëüíîå ðåøåíèå y = 0.
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2◦. Ïóñòü y1(x), y2(x)��óíäàìåíòàëüíàÿ ñèñòåìà ðåøåíèé (äâà íåòðèâè-

àëüíûõ ëèíåéíî íåçàâèñèìûõ ÷àñòíûõ ðåøåíèÿ) óðàâíåíèÿ (1). Òîãäà îáùåå

ðåøåíèå ýòîãî óðàâíåíèÿ èìååò âèä

y = C1y1(x) + C2y2(x),

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

3◦. Ïóñòü y1 = y1(x) � ëþáîå íåòðèâèàëüíîå ÷àñòíîå ðåøåíèå óðàâíå-

íèÿ (1). Òîãäà îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ îïðåäåëÿåòñÿ �îðìóëîé

y = y1

(
C1 + C2

∫
e−F

y21
dx

)
, ãäå F =

∫
f1(x)

f2(x)
dx. (2)

4◦. Ïîäñòàíîâêà u= y′x/y ïðèâîäèò ëèíåéíîå îäíîðîäíîå ÎÄÓ âòîðîãî ïî-

ðÿäêà (1) ê ÎÄÓ ïåðâîãî ïîðÿäêà ñ êâàäðàòè÷íîé íåëèíåéíîñòüþ (óðàâíåíèþ

�èêêàòè) âèäà 2.1.2.19:

f2(x)u
′
x + f2(x)u

2 + f1(x)u+ f0(x) = 0.

◮ Ëèíåéíûå íåîäíîðîäíûå ÎÄÓ âòîðîãî ïîðÿäêà.

Îáùåå ëèíåéíîå íåîäíîðîäíîå îáûêíîâåííîå äè��åðåíöèàëüíîå óðàâíåíèå

âòîðîãî ïîðÿäêà èìååò âèä

f2(x)y
′′
xx + f1(x)y

′
x + f0(x)y = g(x). (3)

1◦. Îáùåå ðåøåíèå íåîäíîðîäíîãî ëèíåéíîãî ÎÄÓ (3) ïðåäñòàâëÿåò ñîáîé

ñóììó îáùåãî ðåøåíèÿ ñîîòâåòñòâóþùåãî îäíîðîäíîãî ÎÄÓ (1) è ëþáîãî

÷àñòíîãî ðåøåíèÿ íåîäíîðîäíîãî ÎÄÓ (3).

2◦. Ïóñòü y1 = y1(x), y2 = y2(x) � �óíäàìåíòàëüíàÿ ñèñòåìà ðåøåíèé

ñîîòâåòñòâóþùåãî ëèíåéíîãî îäíîðîäíîãî ÎÄÓ (1). Òîãäà îáùåå ðåøåíèå ëè-

íåéíîãî íåîäíîðîäíîãî óðàâíåíèÿ (3) ìîæíî ïðåäñòàâèòü â âèäå

y = C1y1 + C2y2 + y2

∫
y1

g(x)

f2(x)

dx

W (x)
− y1

∫
y2

g(x)

f2(x)

dx

W (x)
, (4)

ãäå W (x) = y1(y2)
′
x − y2(y1)

′
x � îïðåäåëèòåëü Âðîíñêîãî.

Ñïðàâåäëèâà �îðìóëà Ëèóâèëëÿ:

W (x) =W (x0) exp
[
−

∫ x

x0

f1(t)

f2(t)
dt
]
.

3◦. Åñëè èçâåñòíî îäíî íåòðèâèàëüíîå ÷àñòíîå ðåøåíèå y1 = y1(x) ëèíåé-
íîãî îäíîðîäíîãî ÎÄÓ (1), òî åãî âòîðîå ÷àñòíîå ðåøåíèå y2 = y2(x) ìîæíî
íàéòè ïî �îðìóëå

y2 = y1

∫
e−F

y21
dx, ãäå F =

∫
f1(x)

f2(x)
dx.

Â ýòîì ñëó÷àå îáùåå ðåøåíèå ëèíåéíîãî íåîäíîðîäíîãî ÎÄÓ (3) îïðåäåëÿåòñÿ

ïî �îðìóëå (4) ïðè W (x) = e−F .



2.2. Ëèíåéíûå îáûêíîâåííûå äè��åðåíöèàëüíûå óðàâíåíèÿ âòîðîãî ïîðÿäêà 69

2.2.2. Óðàâíåíèÿ, ñîäåðæàùèå ñòåïåííûå �óíêöèè

1. y′′xx + ay = 0.

Óðàâíåíèå ñâîáîäíûõ êîëåáàíèé.

Îáùåå ðåøåíèå: y =




C1 sh(x

√
|a| ) + C2 ch(x

√
|a| ) ïðè a < 0,

C1 + C2x ïðè a = 0,
C1 sin(x

√
a ) + C2 cos(x

√
a ) ïðè a > 0.

2. y′′xx − axky = 0.

1◦. Ïðè k = −2 ýòî óðàâíåíèå Ýéëåðà 2.2.2.12, îáùåå ðåøåíèå êîòîðîãî

âûðàæàåòñÿ â ýëåìåíòàðíûõ �óíêöèÿõ.

2◦. Ïóñòü 2/(k + 2) = 2m+ 1, ãäå m�öåëîå ÷èñëî. Òîãäà îáùåå ðåøåíèå

ðàññìàòðèâàåìîãî ÎÄÓ îïðåäåëÿåòñÿ �îðìóëàìè

y =





x(x1−2qD)m+1
[
C1 exp

(√
a
q xq

)
+ C2 exp

(
−
√
a
q xq

)]
ïðè m > 0,

(x1−2qD)−m
[
C1 exp

(√
a
q xq

)
+ C2 exp

(
−
√
a
q xq

)]
ïðè m < 0,

ãäå D = d
dx , q =

k+2
2 = 1

2m+1 .

3◦. Äëÿ ëþáîãî k îáùåå ðåøåíèå ðàññìàòðèâàåìîãî ÎÄÓ âûðàæàåòñÿ ÷åðåç

�óíêöèè Áåññåëÿ è ìîäè�èöèðîâàííûå �óíêöèè Áåññåëÿ:

y =





C1
√
xJ 1

2q

(√
−a
q xq

)
+ C2

√
xY 1

2q

(√
−a
q xq

)
ïðè a < 0,

C1
√
x I 1

2q

( √
a
q x

q
)
+ C2

√
xK 1

2q

( √
a
q x

q
)

ïðè a > 0,

ãäå q= 1
2 (k+2). Î �óíêöèÿõ Jν(z), Yν(z) è Iν(z),Kν(z) ñì. óðàâíåíèÿ 2.2.2.13

è 2.2.2.14.

3. y′′xx + ay′x + by = 0.

Ëèíåéíîå îäíîðîäíîå ÎÄÓ âòîðîãî ïîðÿäêà ñ ïîñòîÿííûìè êîý��èöèåíòàìè.

Â �èçèêå ýòî óðàâíåíèå íàçûâàþò óðàâíåíèåì çàòóõàþùèõ êîëåáàíèé.

Îáùåå ðåøåíèå:

y =





exp
(
− 1

2 ax
)[
C1 exp

(
1
2 λx

)
+ C2 exp

(
− 1

2 λx
)]

ïðè λ2 = a2 − 4b > 0,

exp
(
− 1

2 ax
)[
C1 sin

(
1
2 λx

)
+ C2 cos

(
1
2 λx

)]
ïðè λ2 = 4b− a2 > 0,

exp
(
− 1

2 ax
)(
C1x+ C2

)
ïðè a2 = 4b.

4. y′′xx + ay′x + (bx+ c)y = 0.

1◦. Îáùåå ðåøåíèå ïðè b > 0:

y= exp
(
− 1

2 ax
)√

ξ
[
C1J1/3

(
2
3

√
b ξ3/2

)
+C2Y1/3

(
2
3

√
b ξ3/2

)]
, ξ = x+

4c− a2

4b
,

ãäå J1/3(z) è Y1/3(z)��óíêöèè Áåññåëÿ.
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2◦. Îáùåå ðåøåíèå ïðè b < 0:

y=exp
(
− 1

2ax
)√

ξ
[
C1J1/3

(
2
3

√
|b| ξ3/2

)
+C2Y1/3

(
2
3

√
|b| ξ3/2

)]
, ξ=x+

4c−a2
4b

,

ãäå I1/3(z) è K1/3(z)�ìîäè�èöèðîâàííûå �óíêöèè Áåññåëÿ.

3◦. Ïðè b = 0 ñì. óðàâíåíèå 2.2.2.3.

5. y′′xx + (ax+ b)y′x + (αx2 + βx+ γ)y = 0.

Ïîäñòàíîâêà y = u exp(sx2), ãäå s�êîðåíü êâàäðàòíîãî óðàâíåíèÿ 4s2+2as+
+ α = 0, ïðèâîäèò ê ÎÄÓ âèäà 2.2.2.11:

u′′xx + [(a+ 4s)x+ b]u′x + [(β + 2bs)x+ γ + 2s]u = 0.

6. xy′′xx + ay′x + by = 0.

1◦. Îáùåå ðåøåíèå äàííîãî ÎÄÓ âûðàæàåòñÿ ÷åðåç �óíêöèè Áåññåëÿ è

ìîäè�èöèðîâàííûå �óíêöèè Áåññåëÿ:

y =




x

1−a
2

[
C1Jν

(
2
√
bx

)
+ C2Yν

(
2
√
bx

)]
ïðè bx > 0,

x
1−a
2

[
C1Iν

(
2
√

|bx|
)
+ C2Kν

(
2
√

|bx|
)]

ïðè bx < 0,

ãäå ν = |1− a|. Î �óíêöèÿõ Jν(z), Yν(z) è Iν(z), Kν(z) ñì. óðàâíåíèÿ 2.2.2.13
è 2.2.2.14.

2◦. Ïðè a = 1
2 (2n+1), ãäå n = 0, 1, . . . , îáùåå ðåøåíèå âûðàæàåòñÿ ÷åðåç

ýëåìåíòàðíûå �óíêöèè:

y =

{
C1

dn

dxn cos
√
4bx+ C2

dn

dxn sin
√
4bx ïðè bx > 0,

C1
dn

dxn ch
√
4|bx| +C2

dn

dxn sh
√

4|bx| ïðè bx < 0.

7. xy′′xx + ay′x + bxy = 0.

1◦. Îáùåå ðåøåíèå äàííîãî ÎÄÓ âûðàæàåòñÿ ÷åðåç �óíêöèè Áåññåëÿ è

ìîäè�èöèðîâàííûå �óíêöèè Áåññåëÿ:

y =




x

1−a
2

[
C1Jν

(√
b x

)
+ C2Yν

(√
b x

)]
ïðè b > 0,

x
1−a
2

[
C1Iν

(√
|b| x

)
+ C2Kν

(√
|b|x

)]
ïðè b < 0,

ãäå ν = 1
2 |1− a|.

2◦. Ïðè a = 2n, ãäå n = 1, 2, . . . , îáùåå ðåøåíèå âûðàæàåòñÿ ÷åðåç

ýëåìåíòàðíûå �óíêöèè:

y =




C1

(
1
x

d
dx

)n
cos

(
x
√
b
)
+ C2

(
1
x

d
dx

)n
sin

(
x
√
b
)

ïðè b > 0,

C1

(
1
x

d
dx

)n
ch
(
x
√
−b

)
+ C2

(
1
x

d
dx

)n
sh
(
x
√
−b

)
ïðè b < 0.
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8. xy′′xx + ky′x + bx1−2ky = 0.

Ïðè k = 1 ýòî óðàâíåíèå Ýéëåðà 2.2.2.12. Ïðè k 6= 1 îáùåå ðåøåíèå îïðåäåëÿ-
åòñÿ �îðìóëàìè

y =





C1 sin
( √

b

k − 1
x1−k

)
+ C2 cos

( √
b

k − 1
x1−k

)
ïðè b > 0,

C1 exp
( √

−b
k − 1

x1−k
)
+ C2 exp

( −
√
−b

k − 1
x1−k

)
ïðè b < 0.

9. xy′′xx + ay′x + bxky = 0.

Ïðè k = −1 èëè b = 0 ýòî óðàâíåíèå Ýéëåðà 2.2.2.12.

1◦. Ïðè b > 0 è k 6= −1 îáùåå ðåøåíèå äàííîãî ÎÄÓ âûðàæàåòñÿ ÷åðåç

�óíêöèè Áåññåëÿ:

y = x
1−a
2

[
C1Jν

(
2
√
b

k + 1
x
k+1
2

)
+ C2Yν

(
2
√
b

k + 1
x
k+1
2

)]
, ãäå ν =

|1− a|
k + 1

.

2◦. Ïðè b < 0 è k 6= −1 îáùåå ðåøåíèå âûðàæàåòñÿ ÷åðåç ìîäè�èöèðîâàí-
íûå �óíêöèè Áåññåëÿ:

y = x
1−a
2

[
C1Iν

(
2
√
−b

k + 1
x
k+1
2

)
+ C2Kν

(
2
√
−b

k + 1
x
k+1
2

)]
, ãäå ν =

|1− a|
k + 1

.

10. xy′′xx + (b− x)y′x − ay = 0.

Âûðîæäåííîå ãèïåðãåîìåòðè÷åñêîå óðàâíåíèå.

1◦. Ïðè b 6= 0, −1, −2, −3, . . . ÷àñòíûì ðåøåíèåì äàííîãî ÎÄÓ ÿâëÿåòñÿ

�óíêöèÿ Êóììåðà, êîòîðóþ ìîæíî ïðåäñòàâèòü â âèäå ðÿäà:

Φ(a, b;x) = 1 +

∞∑

k=1

(a)k
(b)k

xk

k!
,

ãäå (a)k = a(a+ 1) . . . (a+ k − 1), (a)0 = 1. Ïðè b > a > 0 ýòî ðåøåíèå ìîæåò
áûòü çàïèñàíî â âèäå îïðåäåëåííîãî èíòåãðàëà:

Φ(a, b;x) =
Γ(b)

Γ(a) Γ(b− a)

∫ 1

0
extta−1(1 − t)b−a−1 dt,

ãäå Γ(z) =
∫ ∞

0
e−ttz−1 dt�ãàììà-�óíêöèÿ.

Â òàáë. 2.1 óêàçàíû íåêîòîðûå ÷àñòíûå ñëó÷àè, êîãäà �óíêöèÿ Φ(a, b; z)
âûðàæàåòñÿ ÷åðåç áîëåå ïðîñòûå �óíêöèè.

Åñëè b íå ÿâëÿåòñÿ öåëûì ÷èñëîì, òî îáùåå ðåøåíèå âûðîæäåííîãî ãèïåð-

ãåîìåòðè÷åñêîãî óðàâíåíèÿ èìååò âèä

y = C1Φ(a, b;x) + C2x
1−bΦ(a− b+ 1, 2− b; x).

2◦. Ñëåäóþùàÿ �óíêöèÿ ÿâëÿåòñÿ ðåøåíèåì âûðîæäåííîãî ãèïåðãåîìåòðè-

÷åñêîãî óðàâíåíèÿ:

Ψ(a, b;x) =
Γ(1− b)

Γ(a− b+ 1)
Φ(a, b;x) +

Γ(b− 1)

Γ(a)
x1−bΦ(a− b+ 1, 2− b; x).
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Òàáëèöà 2.1. ×àñòíûå ñëó÷àè �óíêöèè Êóììåðà Φ = Φ(a, b; z).

a b z Φ Ïðèíÿòûå îáîçíà÷åíèÿ

a a x ex �

1 2 2x
1

x
ex shx �

a a+1 −x ax−aγ(a, x)

íåïîëíàÿ ãàììà �óíêöèÿ

γ(a, x) =

∫ x

0

e−tta−1 dt

1

2

3

2
−x2

√
π

2
erf x

èíòåãðàë âåðîÿòíîñòåé

erf x =
2√
π

∫ x

0

exp(−t2) dt

−n 1

2
x2

2

n!

(2n)!

(
− 1

2

)−n

H2n(x) ìíîãî÷ëåíû Ýðìèòà

Hn(x) = (−1)nex
2 dn

dxn

(
e−x2)

,

n = 0, 1, 2, . . .−n 3

2
x2

2

n!

(2n+1)!

(
− 1

2

)−n

H2n+1(x)

−n b x
n!

(b)n
L(b−1)

n (x)

ìíîãî÷ëåíû Ëàããåðà

L(α)
n (x) =

exx−α

n!

dn

dxn

(
e−xxn+α),

α = b− 1,

(b)n = b(b+1) . . . (b+n− 1)

ν+
1

2
2ν +1 2x Γ(1+ ν)ex

( x
2

)−ν

Iν(x)
ìîäè�èöèðîâàííûå �óíêöèè Áåññåëÿ

Iν(x)
n+1 2n+2 2x Γ

(
n+

3

2

)
ex

( x
2

)−n− 1

2

In+ 1

2

(x)

Ïåðåõîäÿ ê ïðåäåëó ïðè b→ n (n�öåëîå), ìîæíî ïîëó÷èòü

Ψ(a, n+ 1;x) =
(−1)n−1

n! Γ(a− n)

{
Φ(a, n+1;x) ln x+

+

∞∑

r=0

(a)r
(n+ 1)r

[
ψ(a+ r)− ψ(1 + r)− ψ(1 + n+ r)

] xr

r!

}
+

+
(n− 1)!

Γ(a)

n−1∑

r=0

(a− n)r
(1− n)r

xr−n

r!
,

ãäå n= 0, 1, 2, . . . (ïîñëåäíÿÿ ñóììà îïóñêàåòñÿ ïðè n= 0), ψ(z) = [ln Γ(z)]′z �
ëîãàðè�ìè÷åñêàÿ ïðîèçâîäíàÿ ãàììà-�óíêöèè:

ψ(1) = −γ, ψ(n) = −γ +
n−1∑

k=1

k−1, γ = 0.5772 . . . � ïîñòîÿííàÿ Ýéëåðà.

Åñëè b� îòðèöàòåëüíîå ÷èñëî, òî �óíêöèÿ Ψ ìîæåò áûòü âûðàæåíà ÷åðåç

àíàëîãè÷íóþ �óíêöèþ ñ ïîëîæèòåëüíûì âòîðûì àðãóìåíòîì ñ ïîìîùüþ ñî-

îòíîøåíèÿ

Ψ(a, b;x) = x1−bΨ(a− b+ 1, 2− b; x),

êîòîðîå âûïîëíÿåòñÿ äëÿ ëþáûõ x.
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3◦. Ïðè b 6= 0, −1, −2, −3, . . . îáùåå ðåøåíèå âûðîæäåííîãî ãèïåðãåîìåò-
ðè÷åñêîãî óðàâíåíèÿ ìîæíî ïðåäñòàâèòü â âèäå

y = C1Φ(a, b;x) + C2Ψ(a, b;x),

à ïðè b = 0, −1, −2, −3, . . . îáùåå ðåøåíèå ìîæíî îïðåäåëÿòü ïî �îðìóëå

y = x1−b
[
C1Φ(a− b+ 1, 2− b; x) + C2Ψ(a− b+ 1, 2− b; x)

]
.

4◦. Ñâîéñòâà âûðîæäåííûõ ãèïåðãåîìåòðè÷åñêèõ �óíêöèé Φ(a, b;x)
è Ψ(a, b;x) ïîäðîáíî îáñóæäàþòñÿ â êíèãàõ Àáðàìîâèö & Ñòèãàí (1979), Áåéò-

ìåí & Ýðäåéè (1973), Olver et al. (2010).

11. (a2x+ b2)y
′′
xx + (a1x+ b1)y

′
x + (a0x+ b0)y = 0.

Ïóñòü J (a, b;x)�ïðîèçâîëüíîå ðåøåíèå âûðîæäåííîãî ãèïåðãåîìåòðè÷åñêîãî

óðàâíåíèÿ xy′′xx + (b − x)y′x − ay = 0 (ñì. ÎÄÓ 2.2.2.10), à �óíêöèÿ Zν(x)�
ïðîèçâîëüíîå ðåøåíèå óðàâíåíèÿ Áåññåëÿ x2y′′xx + xy′x + (x2 − ν2)y = 0 (ñì.

ÎÄÓ 2.2.2.13). �åçóëüòàòû ðåøåíèÿ ðàññìàòðèâàåìîãî óðàâíåíèÿ ïðåäñòàâëåíû

â òàáë. 2.2.

Òàáëèöà 2.2. �åøåíèÿ óðàâíåíèÿ 2.2.2.11 äëÿ ðàçëè÷íûõ çíà÷åíèé îïðåäåëÿþùèõ

ïàðàìåòðîâ.

�åøåíèå: y = ekxw(z), ãäå z =
x−µ
λ

Óñëîâèÿ k λ µ w
Ïàðàìåòðû

a2 6= 0,

a21 6= 4a0a2

√
D−a1
2a2

− a2
2a2k+a1

− b2
a2

J (a, b; z)
a=B(k)/(2a2k+a1),

b= (a2b1−a1b2)a−2
2

a2 = 0,

a1 6= 0
− a0
a1

1 − 2b2k+b1
a1

J
(
a, 1

2
;βz2

) a=B(k)/(2a1),

β =−a1/(2b2)

a2 6= 0,

a21 = 4a0a2
− a1

2a2
a2 − b2

a2
zν/2Zν

(
β
√
z
) ν = 1− (2b2k+b1)a

−1
2 ,

β = 2
√
B(k)

a2 = a1 = 0,

a0 6= 0
− b1

2b2
1

b21−4b0b2
4a0b2

z1/2Z1/3

(
βz3/2

)
;

ñì. òàêæå 2.2.2.4

β =
2

3

( a0
b2

)1/2

Îáîçíà÷åíèÿ: D = a21−4a0a2, B(k) = b2k
2+b1k+b0

12. x2y′′xx + axy′x + by = 0.

Óðàâíåíèå Ýéëåðà. Îáùåå ðåøåíèå:

y =





|x|
1−a
2

(
C1|x|µ + C2|x|−µ

)
ïðè (1− a)2 > 4b,

|x|
1−a
2 (C1 +C2 ln |x|) ïðè (1− a)2 = 4b,

|x|
1−a
2

[
C1 sin(µ ln |x|) + C2 cos(µ ln |x|)

]
ïðè (1− a)2 < 4b,

ãäå µ = 1
2 |(1− a)2 − 4b|1/2.
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13. x2y′′xx + xy′x + (x2 − ν2)y = 0.

Óðàâíåíèå Áåññåëÿ.

1◦. Ïóñòü ν � ëþáîå íåöåëîå ÷èñëî. Òîãäà îáùåå ðåøåíèå óðàâíåíèÿ Áåñ-

ñåëÿ ìîæíî ïðåäñòàâèòü â âèäå

y = C1Jν(x) + C2Yν(x), (1)

ãäå Jν(x) è Yν(x)��óíêöèè Áåññåëÿ ïåðâîãî è âòîðîãî ðîäà:

Jν(x) =

∞∑

k=0

(−1)k(x/2)ν+2k

k! Γ(ν + k + 1)
, Yν(x) =

Jν(x) cosπν − J−ν(x)

sin πν
. (2)

�åøåíèå (1) òàêæå îáîçíà÷àþò y = Zν(x) è íàçûâàþò öèëèíäðè÷åñêîé �óíê-

öèåé.

2◦. Èíòåãðàëüíûå ïðåäñòàâëåíèÿ ïðè x > 0:

Jν(x) =
1

π

∫ π

0
cos(x sin θ − νθ) dθ − 1

π
sin(πν)

∫ ∞

0
exp(−x sh t− νt) dt,

Yν(x) =
1

π

∫ π

0
sin(x sin θ − νθ) dθ − 1

π

∫ ∞

0
[eνt + e−νt cos(πν)]e−x sh t dt.

3◦. Ïðè ν = n+ 1
2 , ãäå n= 0, 1, 2, . . . , �óíêöèè Áåññåëÿ âûðàæàþòñÿ ÷åðåç

ýëåìåíòàðíûå �óíêöèè:

Jn+ 1
2
(x) =

√
2

π
xn+

1
2

(
− 1

x

d

dx

)n sin x

x
, J−n− 1

2
(x) =

√
2

π
xn+

1
2

(
1

x

d

dx

)n cos x

x
,

Yn+ 1
2
(x) = (−1)n+1J−n− 1

2
(x).

4◦. Ïóñòü ν = n�öåëîå ÷èñëî. Òîãäà ñïðàâåäëèâû ðàâåíñòâà:

J−n(x) = (−1)nJn(x), Y−n(x) = (−1)nYn(x).

Îáùåå ðåøåíèå îïèñûâàåòñÿ �îðìóëîé (1), ãäå �óíêöèÿ Jn(x) ïîëó÷àåòñÿ

ïîäñòàíîâêîé çíà÷åíèÿ ν = n â �îðìóëó (2), à �óíêöèÿ Yn(x) íàõîäèòñÿ â

ðåçóëüòàòå ïðåäåëüíîãî ïåðåõîäà ïðè ν → n è äëÿ íåîòðèöàòåëüíûõ n ìîæåò

áûòü ïðåäñòàâëåíà â âèäå

Yn(x) =
2

π
Jn(x) ln

x

2
− 1

π

n−1∑

k=0

(n− k − 1)!

k!

(
2

x

)n−2k
−

− 1

π

∞∑

k=0

(−1)k
(
x

2

)n+2k ψ(k + 1) + ψ(n+ k + 1)

k! (n+ k)!
,

ãäå ψ(1) = −C, ψ(n) = −C +
n−1∑
k=1

k−1
, C = 0.5772 . . . � ïîñòîÿííàÿ Ýéëåðà,

ψ(x) = [ln Γ(x)]′x �ëîãàðè�ìè÷åñêàÿ ïðîèçâîäíàÿ ãàììà-�óíêöèè.
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5◦. Ôóíêöèè Áåññåëÿ äåòàëüíî îáñóæäàþòñÿ â êíèãàõ Àáðàìîâèö & Ñòèãàí

(1979), Áåéòìåí & Ýðäåéè (1974), M
La
hlan (1955), Olver et al. (2010).

14. x2y′′xx + xy′x − (x2 + ν2)y = 0.

Ìîäè�èöèðîâàííîå óðàâíåíèå Áåññåëÿ. Ýòî óðàâíåíèå çàìåíîé x= ix̄ (i2=−1)
ñâîäèòñÿ ê óðàâíåíèþ Áåññåëÿ 2.2.2.13.

1◦. �åøåíèå:
y = C1Iν(x) + C2Kν(x),

ãäå Iν(x) è Kν(x) � ìîäè�èöèðîâàííûå �óíêöèè Áåññåëÿ ïåðâîãî è âòîðîãî

ðîäà:

Iν(x) =

∞∑

k=0

(x/2)2k+ν

k! Γ(ν + k + 1)
, Kν(x) =

π

2

I−ν(x)− Iν(x)

sin πν
.

Ìîäè�èöèðîâàííàÿ �óíêöèÿ Áåññåëÿ Iν(x) ñëåäóþùèì îáðàçîì ñâÿçàíà ñ

�óíêöèåé Áåññåëÿ:

Iν(x) = e−πνi/2Jν(xe
πi/2), i2 = −1.

2◦. Èíòåãðàëüíûå ïðåäñòàâëåíèÿ ïðè x > 0:

Iν(x) =
xν

π1/22νΓ(ν + 1
2
)

∫ 1

−1
exp(−xt)(1− t2)ν−1/2 dt (ν > − 1

2 ),

Kν(x) =
∫ ∞

0
exp(−x ch t) ch(νt) dt.

Äëÿ öåëûõ ν = n èìååì

In(x) =
1

π

∫ π

0
exp(x cos t) cos(nt) dt (n = 0, 1, 2, . . . ),

K0(x) =
∫ ∞

0
cos(x sh t) dt =

∫ ∞

0

cos(xt)√
t2 + 1

dt (x > 0).

3◦. Ïðè ν = ±n ± 1
2 , ãäå n = 0, 1, 2, . . . , ìîäè�èöèðîâàííûå �óíêöèè

Áåññåëÿ âûðàæàþòñÿ ÷åðåç ýëåìåíòàðíûå �óíêöèè:

In+1/2(x) =
1√
2πx

[
ex

n∑

k=0

(−1)k(n+ k)!

k! (n− k)! (2x)k
− (−1)ne−x

n∑

k=0

(n+ k)!

k! (n− k)! (2x)k

]
,

I−n−1/2(x) =
1√
2πx

[
ex

n∑

k=0

(−1)k(n+ k)!

k! (n− k)! (2x)k
+ (−1)ne−x

n∑

k=0

(n+ k)!

k! (n− k)! (2x)k

]
,

Kn+1/2(x) = K−n−1/2(x) =
√

π

2x
e−x

n∑

k=0

(n+ k)!

k! (n− k)! (2x)k
.

4◦. Åñëè ν = n�íåîòðèöàòåëüíîå öåëîå ÷èñòî, òî

Kn(x) = (−1)n+1In(x) ln
x

2
+

1

2

n−1∑

m=0

(−1)m
(
x

2

)2m−n (n−m− 1)!

m!
+

+
1

2
(−1)n

∞∑

m=0

(
x

2

)n+2m ψ(n+m+ 1) + ψ(m+ 1)

m! (n+m)!
,



76 2. ÎÁÛÊÍÎÂÅÍÍÛÅ ÄÈÔÔÅ�ÅÍÖÈÀËÜÍÛÅ Ó�ÀÂÍÅÍÈß

ãäå ψ(z) � ëîãàðè�ìè÷åñêàÿ ïðîèçâîäíàÿ ãàììà-�óíêöèè; ïðè n = 0 ïåðâàÿ

ñóììà îïóñêàåòñÿ.

5◦. Ìîäè�èöèðîâàííûå �óíêöèè Áåññåëÿ äåòàëüíî îáñóæäàþòñÿ â êíèãàõ

Àáðàìîâèö & Ñòèãàí (1979), Áåéòìåí & Ýðäåéè (1974), M
La
hlan (1955),

Olver et al. (2010).

15. x2y′′xx + axy′x + (bxk + c)y = 0, k 6= 0.

Ïðè b = 0 èìååì óðàâíåíèå Ýéëåðà 2.2.2.12.

1◦. Îáùåå ðåøåíèå ïðè b > 0:

y = x
1−a
2

[
C1Jν

(
2

k

√
b x

k
2

)
+ C2Yν

(
2

k

√
b x

k
2

)]
,

ãäå ν = 1
k

√
(1− a)2 − 4c; Jν(z) è Yν(z)��óíêöèè Áåññåëÿ ïåðâîãî è âòîðîãî

ðîäà.

2◦. Îáùåå ðåøåíèå ïðè b < 0:

y = x
1−a
2

[
C1Iν

(
2

k

√
|b|x

k
2

)
+ C2Kν

(
2

k

√
|b| x

k
2

)]
,

ãäå ν = 1
k

√
(1− a)2 − 4c; Iν(z) è Kν(z)�ìîäè�èöèðîâàííûå �óíêöèè Áåñ-

ñåëÿ ïåðâîãî è âòîðîãî ðîäà.

16. x2y′′xx + axy′x + xk(bxk + c)y = 0.

Ïîäñòàíîâêà ξ = xk ïðèâîäèò ê ÎÄÓ âèäà 2.2.2.11:

k2ξy′′ξξ + k(k − 1 + a)y′ξ + (bξ + c)y = 0.

17. x2y′′xx + (ax+ b)y′x + cy = 0.

Ïðåîáðàçîâàíèå x = z−1
, y = zkezw, ãäå k � êîðåíü êâàäðàòíîãî óðàâíåíèÿ

k2 + (1− a)k + c = 0, ïðèâîäèò ê ÎÄÓ âèäà 2.2.2.11:

zw′′
zz + [(2− b)z + 2k + 2− a]w′

z + [(1 − b)z + 2k + 2− a− bk]w = 0.

18. (1− x2)y′′xx − 2xy′x + n(n+ 1)y = 0, n = 0, 1, 2, . . .

Óðàâíåíèå Ëåæàíäðà (ñïåöèàëüíûé ñëó÷àé).

Îáùåå ðåøåíèå èìååò âèä

y = C1Pn(x) + C2Qn(x),

ãäå ìíîãî÷ëåíû Ëåæàíäðà Pn(x) è �óíêöèè Ëåæàíäðà âòîðîãî ðîäà Qn(x)
íàõîäÿòñÿ ïî �îðìóëàì

Pn(x)=
1

n! 2n
dn

dxn
(x2−1)n, Qn(x)=

1

2
Pn(x) ln

1+x

1−x −
n∑

m=1

1

m
Pm−1(x)Pn−m(x).
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Äëÿ îïðåäåëåíèÿ ìíîãî÷ëåíîâ Pn = Pn(x) óäîáíî èñïîëüçîâàòü ðåêóððåíòíûå
ñîîòíîøåíèÿ

P0(x) = 1, P1(x) = x, P2(x) =
1

2
(3x2 − 1),

Pn+1(x) =
2n+ 1

n+ 1
xPn(x)− n

n+ 1
Pn−1(x), n = 2, 3, . . .

Ïåðâûå òðè �óíêöèè Qn = Qn(x) èìåþò âèä

Q0(x) =
1

2
ln

1 + x

1− x
, Q1(x) =

x

2
ln

1 + x

1− x
−1, Q2(x) =

3x2 − 1

4
ln

1 + x

1− x
− 3

2
x.

19. (1− x2)y′′xx − 2xy′x + ν(ν + 1)y = 0.

Óðàâíåíèå Ëåæàíäðà, ãäå ν �ïðîèçâîëüíîå ÷èñëî. Ïðè ν = n, ãäå n�íåîòðè-

öàòåëüíîå öåëîå ÷èñëî, ñì. óðàâíåíèå 2.2.2.18.

Ïîäñòàíîâêà z = x2 ïðèâîäèò ê ãèïåðãåîìåòðè÷åñêîìó óðàâíåíèþ 2.2.2.22

ñ ïàðàìåòðàìè α = − 1
2 ν, β = 1

2 + 1
2 ν, γ = 1

2 . Ïîýòîìó, ïðè |x| < 1 îáùåå

ðåøåíèå ðàññìàòðèâàåìîãî ÎÄÓ ìîæíî ïðåäñòàâèòü â âèäå

y = C1F
(
− ν

2
,

1 + ν

2
,

1

2
; x2

)
+ C2xF

(
1− ν

2
, 1 +

ν

2
,

3

2
; x2

)
,

ãäå F (α, β, γ;x)�ãèïåðãåîìåòðè÷åñêèé ðÿä.

20. (ax2 + b)y′′xx + axy′x + cy = 0.

Ïîäñòàíîâêà z =
∫

dx√
ax2+b

ïðèâîäèò ê ëèíåéíîìó ÎÄÓ ñ ïîñòîÿííûìè êîý�-

�èöèåíòàìè: y′′zz + cy = 0.

21. (1− x2)y′′xx + (ax+ b)y′x + cy = 0.

Ïîäñòàíîâêà 2z=1+x ïðèâîäèò ê ãèïåðãåîìåòðè÷åñêîìó óðàâíåíèþ 2.2.2.22:

z(1− z)y′′zz + [az + 1
2 (b− a)]y′z + cy = 0.

22. x(x− 1)y′′xx + [(α+ β + 1)x− γ]y′x + αβy = 0.

�èïåðãåîìåòðè÷åñêîå óðàâíåíèå �àóññà.

1◦. Ïðè γ 6= 0, −1, −2, −3, . . . , îäíî èç ðåøåíèé ïðåäñòàâëÿåòñÿ ãèïåð-

ãåîìåòðè÷åñêèì ðÿäîì:

F (α, β, γ;x) = 1 +
∞∑

k=1

(α)k(β)k
(γ)k

xk

k!
, (α)k = α(α + 1) . . . (α+ k − 1),

êîòîðîé çàâåäîìî ñõîäèòñÿ ïðè |x| < 1.

2◦. Ïðè γ > β > 0 ðåøåíèå èç ï. 1◦ ìîæíî çàïèñàòü â âèäå îïðåäåëåííîãî
èíòåãðàëà:

F (α, β, γ;x) =
Γ(γ)

Γ(β) Γ(γ − β)

∫ 1

0
tβ−1(1− t)γ−β−1(1− tx)−α dt,

ãäå Γ(β)�ãàììà-�óíêöèÿ.
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3◦. Åñëè γ�íåöåëîå ÷èñëî, òî îáùåå ðåøåíèå ãèïåðãåîìåòðè÷åñêîãî óðàâ-

íåíèÿ èìååò âèä

y = C1F (α, β, γ;x) + C2x
1−γF (α− γ + 1, β − γ + 1, 2− γ; x).

Â âûðîæäåííûõ ñëó÷àÿõ γ = 0, −1, −2, −3, . . . îäíî èç ðåøåíèé ãèïåð-

ãåîìåòðè÷åñêîãî óðàâíåíèÿ ñîîòâåòñòâóåò çíà÷åíèÿì C1 = 0, C2 = 1, à ïðè

γ = 1, 2, 3, . . . � çíà÷åíèÿì C1 = 1, C2 = 0. Â ýòèõ ñëó÷àÿõ îáùåå ðåøåíèå

ìîæíî ïîñòðîèòü ñ ïîìîùüþ �îðìóëû (2), ïðèâåäåííîé â ðàçä. 2.2.1.

Â òàáë. 2.3 óêàçàíû íåêîòîðûå ÷àñòíûå ñëó÷àè, êîãäà ãèïåðãåîìåòðè÷åñêàÿ

�óíêöèÿ F âûðàæàåòñÿ ÷åðåç ýëåìåíòàðíûå �óíêöèè.

Â òàáë. 2.4 ïðèâåäåíû îáùèå ðåøåíèÿ ãèïåðãåîìåòðè÷åñêîãî óðàâíåíèÿ

ïðè íåêîòîðûõ çíà÷åíèÿõ îïðåäåëÿþùèõ ïàðàìåòðîâ.

4◦. �èïåðãåîìåòðè÷åñêèå �óíêöèè äåòàëüíî îáñóæäàþòñÿ â êíèãàõ Àáðà-

ìîâèö & Ñòèãàí (1979), Áåéòìåí & Ýðäåéè (1973), Olver et al. (2010).

23. (1− x2)2y′′xx − 2x(1− x2)y′x + [ν(ν + 1)(1 − x2)− µ2]y = 0.

Óðàâíåíèå Ëåæàíäðà, ν è µ�ïðîèçâîëüíûå ÷èñëà.

Ïðåîáðàçîâàíèå x = 1 − 2ξ, y = |x2 − 1|µ/2w ïðèâîäèò ê ãèïåðãåîìåòðè-

÷åñêîìó óðàâíåíèþ 2.2.2.22:

ξ(ξ − 1)w′′
ξξ + (µ+ 1)(1 − 2ξ)w′

ξ + (ν − µ)(ν + µ+ 1)w = 0

ñ ïàðàìåòðàìè α = µ− ν, β = µ+ ν + 1, γ = µ+ 1.
Â ÷àñòíîñòè, èñõîäíîå óðàâíåíèå èíòåãðèðóåòñÿ â êâàäðàòóðàõ, åñëè ν = µ

èëè ν = −µ− 1.

24. (x− a)2(x− b)2y′′xx − cy = 0, a 6= b.

Ïðåîáðàçîâàíèå ξ = ln
∣∣∣ x− a

x− b

∣∣∣, y = (x − b)η ïðèâîäèò ê ëèíåéíîìó ÎÄÓ ñ

ïîñòîÿííûìè êîý��èöèåíòàìè: (a − b)2(η′′ξξ − η′ξ − cη = 0. Ïîýòîìó îáùåå

ðåøåíèå èñõîäíîãî óðàâíåíèÿ èìååò âèä

y = C1|x− a|(1+λ)/2|x− b|(1−λ)/2 + C2|x− a|(1−λ)/2|x− b|(1+λ)/2,

ãäå λ2 = 4c(a− b)−2 + 1 6= 0.

25. (ax2 + bx+ c)2y′′xx + Ay = 0.

Ïðåîáðàçîâàíèå ξ =
∫

dx

ax2 + bx+ c
, w = y√

|ax2+bx+c|
ïðèâîäèò ê ëèíåéíîìó

ÎÄÓ ñ ïîñòîÿííûìè êîý��èöèåíòàìè âèäà 2.2.2.1: w′′
ξξ+(A+ac− 1

4 b
2)w = 0.

26. x2(axn − 1)y′′xx + x(apxn + q)y′x + (arxn + s)y = 0.

Íàéäåì êîðíè A1, A2 è B1, B2 êâàäðàòíûõ óðàâíåíèé

A2 − (q + 1)A− s = 0, B2 − (p − 1)B + r = 0



2.2. Ëèíåéíûå îáûêíîâåííûå äè��åðåíöèàëüíûå óðàâíåíèÿ âòîðîãî ïîðÿäêà 79

Òàáëèöà 2.3. Íåêîòîðûå ÷àñòíûå ñëó÷àè, êîãäà ãèïåðãåîìåòðè÷åñêàÿ �óíêöèÿ

F (α, β, γ; z) âûðàæàåòñÿ ÷åðåç ýëåìåíòàðíûå �óíêöèè.

α β γ z F

−n β γ x

n∑

k=0

(−n)k(β)k
(γ)k

xk

k!
, ãäå n = 1, 2, . . .

−n β −n−m x

n∑

k=0

(−n)k(β)k
(−n−m)k

xk

k!
, ãäå n = 1, 2, . . .

α β β x (1−x)−α

α
1

2
α+1

1

2
α x (1+ x)(1− x)−α−1

α α+
1

2
2α+1 x

(
1+

√
1− x

2

)−2α

α α+
1

2
2α x

1√
1−x

(
1+

√
1− x

2

)1−2α

α α+
1

2

3

2
x2

(1+x)1−2α − (1− x)1−2α

2x(1− 2α)

α α+
1

2

1

2
− tg2 x cos2α x cos(2αx)

α α+
1

2

1

2
x2 1

2

[
(1+ x)−2α +(1− x)−2α

]

α α− 1

2
2α x 22α−1(1+

√
1−x

)1−2α

α 2−α
3

2
sin2 x

sin[(2α− 2)x]

(α− 1) sin(2x)

α 1−α
1

2
−x2

(√
1+x2 + x

)2α−1
+
(√

1+ x2 −x
)2α−1

2
√
1+x2

α 1−α
3

2
sin2 x

sin[(2α− 1)x]

(α− 1) sin(2x)

α 1−α
1

2
sin2 x

cos[(2α− 1)x]

cosx

α −α 1

2
−x2 1

2

[(√
1+x2 + x

)2α
+
(√

1+ x2 −x
)2α]

α −α 1

2
sin2 x cos(2αx)

1 1 2 −x 1

x
ln(x+1)

1

2
1

3

2
x2

1

2x
ln

1+ x

1− x

1

2
1

3

2
−x2 1

x
arctg x

1

2

1

2

3

2
x2 1

x
arcsin x

1

2

1

2

3

2
−x2 1

x
arsh x
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Òàáëèöà 2.4. Îáùåå ðåøåíèå ãèïåðãåîìåòðè÷åñêîãî óðàâíåíèÿ 2.2.2.22 äëÿ íåêîòîðûõ

çíà÷åíèé îïðåäåëÿþùèõ ïàðàìåòðîâ.

α β γ
�åøåíèå: y = y(x)

0 β γ C1+C2

∫
|x|−γ |x−1|γ−β−1 dx

α α+ 1
2 2α+1 C1

(
1+

√
1−x

)−2α
+C2x

−2α(1+
√
1−x

)2α

α α− 1
2

1
2 C1

(
1+

√
x
)1−2α

+C2

(
1−

√
x
)1−2α

α α+ 1
2

3
2

1√
x

[
C1

(
1+

√
x
)1−2α

+C2

(
1−

√
x
)1−2α

]

1 β γ |x|1−γ |x−1|γ−β−1
(
C1+C2

∫
|x|γ−2|x−1|β−γ dx

)

α β α |x−1|−β
(
C1+C2

∫
|x|−α|x−1|β−1 dx

)

α β α+1 |x|−α
(
C1+C2

∫
|x|α−1|x−1|−β dx

)

è îïðåäåëèì ïàðàìåòðû c, α, β, γ ñëåäóþùèì îáðàçîì:

c = A1, α = (A1 +B1)n
−1, β = (A1 +B2)n

−1, γ = 1 + (A1 −A2)n
−1.

Òîãäà ðåøåíèå èñõîäíîãî óðàâíåíèÿ èìååò âèä

y = xcu(axn),

ãäå u=u(z)�îáùåå ðåøåíèå ãèïåðãåîìåòðè÷åñêîãî óðàâíåíèÿ �àóññà 2.2.2.22:

z(z − 1)u′′zz + [(α + β + 1)z − γ]u′z + αβu = 0.

2.2.3. Óðàâíåíèÿ, ñîäåðæàùèå ýêñïîíåíöèàëüíûå è äðóãèå

�óíêöèè

1. y′′xx + aeλxy = 0, λ 6= 0.

Îáùåå ðåøåíèå:

y =

{
C1J0

(
2λ−1√a eλx/2

)
+ C2Y0

(
2λ−1√a eλx/2

)
ïðè a > 0,

C1I0
(
2λ−1

√
|a| eλx/2

)
+ C2K0

(
2λ−1

√
|a| eλx/2

)
ïðè a < 0,

ãäå J0(z) è Y0(z) � �óíêöèè Áåññåëÿ, à I0(z) è K0(z) � ìîäè�èöèðîâàííûå

�óíêöèè Áåññåëÿ.

2. y′′xx + (aex − b)y = 0.

Îáùåå ðåøåíèå:

y = C1J2
√
b

(
2
√
a ex/2

)
+ C2Y2

√
b

(
2
√
a ex/2

)
,
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ãäå Jν(z) è Yν(z)��óíêöèè Áåññåëÿ.

3. y′′xx − (ae2λx + beλx + c)y = 0.

Ïðåîáðàçîâàíèå z = eλx, w = z−ky, ãäå k =
√
c/λ, ïðèâîäèò ê ÎÄÓ âèäà

2.2.2.11: λ2zw′′
zz + λ2(2k + 1)w′

z − (az + b)w = 0.

4. y′′xx + ay′x + be2axy = 0.

Ïðåîáðàçîâàíèå ξ = eax, u= yeax ïðèâîäèò ê ëèíåéíîìó ÎÄÓ ñ ïîñòîÿííûìè

êîý��èöèåíòàìè âèäà 2.2.2.1: u′′ξξ + ba−2u = 0.

5. y′′xx − ay′x + be2axy = 0.

Ïîäñòàíîâêà ξ = eax ïðèâîäèò ê ëèíåéíîìó ÎÄÓ ñ ïîñòîÿííûìè êîý��èöè-

åíòàìè âèäà 2.2.2.1: y′′ξξ + ba−2y = 0.

6. y′′xx + ay′x + (beλx + c)y = 0.

Îáùåå ðåøåíèå:

y =

{
e−ax/2

[
C1Jν

(
2λ−1

√
b eλx/2

)
+ C2Yν

(
2λ−1

√
b eλx/2

)]
ïðè b > 0,

e−ax/2
[
C1Iν

(
2λ−1

√
|b| eλx/2

)
+ C2Kν

(
2λ−1

√
|b| eλx/2

)]
ïðè b < 0,

ãäå ν= 1
λ

√
a2 − 4c; Jν(z) è Yν(z)��óíêöèè Áåññåëÿ, Iν(z) èKν(z)��óíêöèè

Áåññåëÿ.

7. y′′xx − (a− 2q ch 2x)y = 0.

Ìîäè�èöèðîâàííîå óðàâíåíèå Ìàòüå. Ïîäñòàíîâêà x = iξ ïðèâîäèò ê óðàâíå-
íèþ Ìàòüå 2.2.3.8:

y′′ξξ + (a− 2q cos 2ξ)y = 0.

Äëÿ ñîáñòâåííûõ çíà÷åíèé óðàâíåíèÿ Ìàòüå a = an(q) è a = bn(q), ñîîòâåò-
ñòâóþùèå ðåøåíèÿ ìîäè�èöèðîâàííîãî óðàâíåíèÿ Ìàòüå èìåþò âèä

Ce2n+p(x, q) = ce2n+p(ix, q) =

∞∑

k=0

A2n+p
2k+p ch[(2k + p)x],

Se2n+p(x, q) = −i se2n+p(ix, q) =
∞∑

k=0

B2n+p
2k+p sh[(2k + p)x],

ãäå p ìîæåò ïðèíèìàòü çíà÷åíèÿ 0 èëè 1, à êîý��èöèåíòû A2n+p
2k+p è B2n+p

2k+p
ïðèâåäåíû â ï. 2◦ óðàâíåíèÿ 2.2.3.8.

8. y′′xx + (a− 2q cos 2x)y = 0.

Óðàâíåíèå Ìàòüå.
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1◦. Äëÿ çàäàííûõ ÷èñåë a è q ñóùåñòâóåò ðåøåíèå y(x) è õàðàêòåðèñòè÷å-

ñêèé ïîêàçàòåëü µ, òàêèå, ÷òî

y(x+ π) = e2πµy(x).

Äëÿ ìàëûõ q ïðèáëèæåííîå çíà÷åíèå ïîêàçàòåëÿ µ ìîæíî íàéòè èç òðàíñöåí-

äåíòíîãî óðàâíåíèÿ

ch(πµ) = 1 + 2 sin2
(
1
2 π

√
a
)
+

πq2

(1− a)
√
a
sin

(
π
√
a
)
+O(q4).

Åñëè y1(x)�ðåøåíèå óðàâíåíèÿ Ìàòüå, óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâè-

ÿì y1(0) = 1 è y′1(0) = 0, òî õàðàêòåðèñòè÷åñêèé ïîêàçàòåëü îïðåäåëÿåòñÿ èç

óñëîâèÿ

ch(2πµ) = y1(π).

�åøåíèå y1(x), à ñëåäîâàòåëüíî è ïîêàçàòåëü µ, ñ ëþáîé ñòåïåíü òî÷íîñòè

ìîæåò áûòü íàéäåíî ñ ïîìîùüþ ÷èñëåííûõ è ïðèáëèæåííûõ àíàëèòè÷åñêèõ

ìåòîäîâ.

Îáùåå ðåøåíèå óðàâíåíèÿ Ìàòüå èìååò ðàçëè÷íóþ ñòðóêòóðó â çàâèñèìî-

ñòè îò âåëè÷èíû y1(π) è ìîæåò áûòü ïðåäñòàâëåíî ñ ïîìîùüþ äâóõ âñïîìîãà-

òåëüíûõ ïåðèîäè÷åñêèõ �óíêöèé ϕ1(x) è ϕ2(x) (ñì. òàáë. 2.5).

Òàáëèöà 2.5. Îáùåå ðåøåíèå óðàâíåíèÿ Ìàòüå, ïðåäñòàâëåííîå ñ ïîìîùüþ ïåðèîäè-

÷åñêèõ �óíêöèé ϕ1(x) è ϕ2(x).

Óñëîâèå

Îáùåå ðåøåíèå y = y(x)
Ïåðèîä �óíêöèé

ϕ1(x) è ϕ2(x)
Ïîêàçàòåëü

y1(π)> 1 C1e
2µxϕ1(x)+C2e

−2µxϕ2(x) π µ�äåéñòâèòåëüíîå ÷èñëî

y1(π)<−1 C1e
2ρxϕ1(x)+C2e

−2ρxϕ2(x) 2π
µ= ρ+ 1

2
i, i2 =−1,

ρ�äåéñòâèòåëüíàÿ ÷àñòü µ

|y1(π)|< 1
(C1 cos νx+C2 sin νx)ϕ1(x)+
+(C1 cos νx−C2 sin νx)ϕ2(x)

π
µ= iν �÷èñòî ìíèìîå ÷èñëî,

cos(2πν) = y1(π)

y1(π) =±1 C1ϕ1(x)+C2xϕ2(x) π µ= 0

2◦. Â ïðèëîæåíèÿõ îñíîâíîé èíòåðåñ ïðåäñòàâëÿþò ñîáîé ïåðèîäè÷åñêèå

ðåøåíèÿ óðàâíåíèÿ Ìàòüå, ïîëó÷àþùèåñÿ ïðè îïðåäåëåííûõ çíà÷åíèÿõ ïà-

ðàìåòðîâ a è q (òàêèå çíà÷åíèÿ a íàçûâàþòñÿ ñîáñòâåííûìè çíà÷åíèÿìè).

Íàèáîëåå âàæíûå ïåðèîäè÷åñêèå ðåøåíèÿ íàçûâàþòñÿ �óíêöèÿìè Ìàòüå è

îáîçíà÷àþòñÿ cen(x, q) è sen(x, q). Ôóíêöèè Ìàòüå îïèñàíû â òàáë. 2.6.

3◦. Íèæå ïðèâåäåíû äâà ãëàâíûõ ÷ëåíà àñèìïòîòè÷åñêèõ ðàçëîæåíèé �óí-

êöèé Ìàòüå cen(x, q) è sen(x, q), è ñîîòâåòñòâóþùèõ èì ñîáñòâåííûõ çíà÷åíèé
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Òàáëèöà 2.6. Ôóíêöèè Ìàòüå cen = cen(x, q) è sen = sen(x, q) (äëÿ íå÷åòíûõ n
�óíêöèè cen è sen ÿâëÿþòñÿ 2π-ïåðèîäè÷åñêèìè, è äëÿ ÷åòíûõ n îíè ÿâëÿþòñÿ π-
ïåðèîäè÷åñêèìè); êàæäîìó çíà÷åíèþ ïàðàìåòðà q ñîîòâåòñòâóþò îïðåäåëåííûå ñîá-

ñòâåííûå çíà÷åíèÿ a = an(q) è a = bn(q).

Ôóíêöèè Ìàòüå

�åêóððåíòíûå ñîîòíîøåíèÿ

äëÿ êîý��èöèåíòîâ

Óñëîâèÿ

íîðìèðîâêè

ce2n =

∞∑

k=0

A2n
2k cos(2kx)

qA2n
2 = a2nA

2n
0 ;

qA2n
4 =(a2n−4)A2n

2 −2qA2n
0 ;

qA2n
2k+2 =(a2n−4k2)A2n

2k−
−qA2n

2k−2, k> 2

(A2n
0 )2+

∞∑

k=0

(A2n
2k )

2 =

=
{2 ïðè n=0,

1 ïðè n> 1

ce2n+1 =

∞∑

k=0

A2n+1
2k+1 cos[(2k+1)x]

qA2n+1
3 =(a2n+1−1−q)A2n+1

1 ;

qA2n+1
2k+3 = [a2n+1−(2k+1)2]A2n+1

2k+1−
−qA2n+1

2k−1 , k> 1

∞∑

k=0

(A2n+1
2k+1)

2 =1

se2n =

∞∑

k=0

B2n
2k sin(2kx),

se0 =0

qB2n
4 =(b2n−4)B2n

2 ;

qB2n
2k+2 =(b2n−4k2)B2n

2k −
−qB2n

2k−2, k> 2

∞∑

k=0

(B2n
2k )

2 =1

se2n+1 =

∞∑

k=0

B2n+1
2k+1 sin[(2k+1)x]

qB2n+1
3 =(b2n+1−1−q)B2n+1

1 ;

qB2n+1
2k+3 = [b2n+1−(2k+1)2]B2n+1

2k+1 −
−qB2n+1

2k−1 , k> 1

∞∑

k=0

(B2n+1
2k+1 )

2 =1

an(q) è bn(q), ïðè q → 0:

ce0(x, q)=
1√
2

(
1− q

2
cos2x

)
, a0(q)=− q2

2
+

7q4

128
;

ce1(x, q)= cosx− q

8
cos3x, a1(q)= 1+q;

ce2(x, q)= cos2x+
q

4

(
1− cos 4x

3

)
, a2(q)= 4+

5q2

12
;

cen(x, q)= cosnx+
q

4

[
cos(n+2)x

n+1
− cos(n−2)x

n−1

]
, an(q)=n2+

q2

2(n2−1)
(n> 3);

se1(x, q)= sinx− q

8
sin 3x, b1(q)= 1−q;

se2(x, q)= sin2x−q sin 4x
12

, b2(q)= 4− q2

12
;

sen(x, q)= sinnx− q

4

[
sin(n+2)x

n+1
− sin(n−2)x

n−1

]
, bn(q)=n2+

q2

2(n2−1)
(n> 3).

Ôóíêöèè Ìàòüå äåòàëüíî îáñóæäàþòñÿ â êíèãàõ Àáðàìîâèö & Ñòèãàí (1979),

Áåéòìåí & Ýðäåéè (1967), M
La
hlan (1947), Whittaker & Watson (1952).

9. y′′xx + a tgx y′x + by = 0.

1◦. Ïîäñòàíîâêà ξ = sinx ïðèâîäèò ê ëèíåéíîìó ÎÄÓ âèäà 2.2.2.21:

(ξ2 − 1)y′′ξξ + (1− a)ξy′ξ − by = 0.
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2◦. Îáùåå ðåøåíèå ïðè a = −2:

y cos x =

{
C1 sin(kx) + C2 cos(kx) ïðè b+ 1 = k2 > 0,

C1 sh(kx) + C2 ch(kx) ïðè b+ 1 = −k2 < 0.

3◦. Îáùåå ðåøåíèå ïðè a = 2 è b = 3:

y = C1 cos
3 x+ C2 sinx (1 + 2 cos2 x).

2.2.4. Óðàâíåíèÿ, ñîäåðæàùèå ïðîèçâîëüíûå �óíêöèè

◮ Îáîçíà÷åíèÿ: f = f(x) è g = g(x) � ïðîèçâîëüíûå �óíêöèè; a, b, λ �

ñâîáîäíûå ïàðàìåòðû.

1. y′′xx + fy′x + a(f − a)y = 0.

×àñòíîå ðåøåíèå: y0 = e−ax.

2. y′′xx + xfy′x − fy = 0.

×àñòíîå ðåøåíèå: y0 = x.

3. xy′′xx + (xf + a)y′x + (a− 1)fy = 0.

×àñòíîå ðåøåíèå: y0 = x1−a.

4. xy′′xx + [(ax+ 1)f + ax− 1]y′x + a2xfy = 0.

×àñòíîå ðåøåíèå: y0 = (ax+ 1)e−ax.

5. xy′′xx + [(ax2 + bx)f + 2]y′x + bfy = 0.

×àñòíîå ðåøåíèå: y0 = a+ b/x.

6. x2y′′xx + xfy′x + a(f − a− 1)y = 0.

×àñòíîå ðåøåíèå: y0 = x−a.

7. y′′xx + (f + aeλx)y′x + aeλx(f + λ)y = 0.

×àñòíîå ðåøåíèå: y0 = exp
(
− a

λ
eλx

)
.

8. y′′xx − (f2 + f ′
x)y = 0.

×àñòíîå ðåøåíèå: y0 = exp
(∫

f dx
)
.

9. y′′xx + 2fy′x + (f2 + f ′
x)y = 0.

Îáùåå ðåøåíèå: y = (C2x+ C1) exp
(
−

∫
f dx

)
.
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10. y′′xx + (1− a)fy′x − a(f2 + f ′
x)y = 0.

×àñòíîå ðåøåíèå: y0 = exp
(
a
∫
f dx

)
.

11. y′′xx + fy′x + (fg − g2 + g′x)y = 0.

×àñòíîå ðåøåíèå: y0 = exp
(
−

∫
g dx

)
.

12. fy′′xx − af ′
xy

′
x − bf2a+1y = 0.

Îáùåå ðåøåíèå: y = C1e
u + C2e

−u
, ãäå u =

√
b
∫
fa dx.

13. f2y′′xx + f(f ′
x + a)y′x + by = 0.

Ïîäñòàíîâêà ξ =
∫
f−1dx ïðèâîäèò ê ëèíåéíîìó ÎÄÓ ñ ïîñòîÿííûìè êîý�-

�èöèåíòàìè: y′′ξξ + ay′ξ + by = 0.

14. y′′xx − f ′
xy

′
x + a2e2fy = 0.

Îáùåå ðåøåíèå: y = C1 sin
(
a
∫
ef dx

)
+ C2 cos

(
a
∫
ef dx

)
.

15. y′′xx − f ′
xy

′
x − a2e2fy = 0.

Îáùåå ðåøåíèå: y = C1 exp
(
a
∫
ef dx

)
+ C2 exp

(
−a

∫
ef dx

)
.

2.3. Íåëèíåéíûå îáûêíîâåííûå äè��åðåíöèàëüíûå

óðàâíåíèÿ âòîðîãî ïîðÿäêà

2.3.1. Óðàâíåíèÿ âèäà y′′
xx = f(x, y)

1. y′′xx = f(y).

Äâó÷ëåííîå àâòîíîìíîå ÎÄÓ âòîðîãî ïîðÿäêà. Ïîäñòàíîâêà u(y) = y′x ïðèâî-
äèò ê ÎÄÓ ïåðâîãî ïîðÿäêà ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè: uu′y = f(y).

Îáùåå ðåøåíèå:

∫ [
C1 + 2

∫
f(y) dy

]−1/2
dy = C2 ± x.

2. y′′xx = Axnym.

Óðàâíåíèå Ýìäåíà�Ôàóëåðà.

1◦. Ïðåîáðàçîâàíèå z = xn+2ym−1
, w = xy′x/y ïðèâîäèò ê ÎÄÓ ïåðâîãî

ïîðÿäêà (óðàâíåíèþ Àáåëÿ âòîðîãî ðîäà): z[(m−1)w+n+2]w′
z=−w2+w+Az.

2◦. Ïðåîáðàçîâàíèå y = w/t, x = 1/t ïðèâîäèò ê àíàëîãè÷íîìó ÎÄÓ ñ

íåçàâèñèìîé ïåðåìåííîé â äðóãîé ñòåïåíè: w′′
tt = At−n−m−3wm.
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3◦. Ïðè m 6= 1 óðàâíåíèå Ýìäåíà�Ôàóëåðà äîïóñêàåò ÷àñòíîå ðåøåíèå

y = λx
n+2
1−m , ãäå λ =

[
(n+ 2)(n+m+ 1)

A(m− 1)2

] 1
m−1

.

4◦. Â òàáë. 2.7 ïðåäñòàâëåíû âñå ðàçðåøèìûå óðàâíåíèÿ Ýìäåíà�Ôàóëåðà,

îáùèå ðåøåíèÿ êîòîðûõ ïðèâåäåíû â ñïðàâî÷íèêàõ Çàéöåâ & Ïîëÿíèí (2001),

Polyanin & Zaitsev (2003 è 2018). Ñíà÷àëà èäóò îäíîïàðàìåòðè÷åñêèå ñåìåé-

ñòâà (â ïðîñòðàíñòâå ïàðàìåòðîâ n èm), à çàòåì èçîëèðîâàííûå òî÷êè. Óðàâíå-

íèÿ ðàñïîëîæåíû â ïîðÿäêå óâåëè÷åíèÿm è óâåëè÷åíèÿ n (äëÿ îäèíàêîâûõ m).

Òàáëèöà 2.7. �àçðåøèìûå óðàâíåíèÿ Ýìäåíà�Ôàóëåðà y′′xx = Axnym.

� m n

Îäíîïàðàìåòðè÷åñêèå ñåìåéñòâà

1 ëþáîå 0
2 ëþáîå −m− 3
3 ëþáîå − 1

2
(m+ 3)

4 0 ëþáîå

5 1 ëþáîå

Èçîëèðîâàííûå òî÷êè

6 −7 1
7 −7 3
8 −5/2 −1/2
9 −2 −2
10 −2 1
11 −5/3 −10/3
12 −5/3 −7/3

�

m n

13 −5/3 −5/6
14 −5/3 −1/2
15 −5/3 1
16 −5/3 2
17 −7/5 −13/5
18 −7/5 1
19 −1/2 −7/2
20 −1/2 −5/2
21 −1/2 −2
22 −1/2 −4/3
23 −1/2 −7/6
24 −1/2 −1/2
25 −1/2 1
26 2 −5
27 2 −20/7
28 2 −15/7

3. y′′xx + f(x)y = ay−3
.

Óðàâíåíèå Åðìàêîâà. Ïóñòü w = w(x) ÿâëÿåòñÿ íåòðèâèàëüíûì ðåøåíèåì

ëèíåéíîãî ÎÄÓ âòîðîãî ïîðÿäêà: w′′
xx+f(x)w = 0. Ïðåîáðàçîâàíèå ξ =

∫
dx

w2
,

z= y
w ïðèâîäèò èñõîäíîå óðàâíåíèå ê áîëåå ïðîñòîìó àâòîíîìíîìó ÎÄÓ âèäà

2.3.1.1: z′′ξξ = az−3
.

Îáùåå ðåøåíèå: C1y
2 = aw2 + w2

(
C2 +C1

∫
dx
w2

)2
.

◮ Äàëåå f , g, h, ψ�ïðîèçâîëüíûå �óíêöèè ðàçëè÷íûõ àðãóìåíòîâ, óêàçàííûõ

â êðóãëûõ ñêîáêàõ ïîñëå çíàêà �óíêöèè (àðãóìåíò ýòèõ �óíêöèé ìîæåò çàâè-

ñåòü îò x è y).

4. y′′xx = f(ay + bx+ c).

Ïîäñòàíîâêà w = ay + bx + c ïðèâîäèò ê àâòîíîìíîìó ÎÄÓ âèäà 2.3.1.1:

w′′
xx = af(w).
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5. y′′xx = f(y + ax2 + bx+ c).

Ïîäñòàíîâêà w = y + ax2 + bx+ c ïðèâîäèò ê àâòîíîìíîìó ÎÄÓ âèäà 2.3.1.1:

w′′
xx = f(w) + 2a.

6. y′′xx = x−1f(yx−1).

Îäíîðîäíîå ÎÄÓ âòîðîãî ïîðÿäêà. Ïðåîáðàçîâàíèå t = − ln |x|, z = y/x
ïðèâîäèò ê àâòîíîìíîìó ÎÄÓ âèäà 2.3.2.1: z′′tt − z′t = f(z).

7. y′′xx = x−3f(yx−1).

Ïðåîáðàçîâàíèå ξ = 1/x, w = y/x ïðèâîäèò ê àâòîíîìíîìó ÎÄÓ âèäà 2.3.1.1:

w′′
ξξ = f(w).

8. y′′xx = x−3/2f(yx−1/2).

Ïîëàãàÿ w = yx−1/2
, èìååì

d
dx (xw

′
x)

2 = 1
2ww

′
x + 2f(w)w′

x. Èíòåãðèðóÿ

ïîëó÷åííîå óðàâíåíèå, ïðèõîäèì ê ÎÄÓ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè.

Îáùåå ðåøåíèå:

∫ [
C1 +

1
4w

2 + 2
∫
f(w) dw

]−1/2
dw = C2 ± lnx.

9. y′′xx = xk−2f(x−ky).

Îáîáùåííî-îäíîðîäíîå ÎÄÓ âòîðîãî ïîðÿäêà. Ïðåîáðàçîâàíèå z=x−ky, w=
= xy′x/y ïðèâîäèò ê ÎÄÓ ïåðâîãî ïîðÿäêà: z(w − k)w′

z = z−1f(z) + w − w2
.

10. y′′xx = yx−2f(xnym).

Îáîáùåííî-îäíîðîäíîå ÎÄÓ âòîðîãî ïîðÿäêà. Ïðåîáðàçîâàíèå z=xnym, w=
= xy′x/y ïðèâîäèò ê ÎÄÓ ïåðâîãî ïîðÿäêà: z(mw + n)w′

z = f(z) + w − w2
.

11. y′′xx = y−3f

((
y√

ax2 + bx+ c

))
.

Ïîëàãàÿ u(x) = y(ax2 + bx + c)−1/2
è èíòåãðèðóÿ ïîëó÷åííîå óðàâíåíèå,

ïðèõîäèì ê ÎÄÓ ïåðâîãî ïîðÿäêà ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè:

(ax2 + bx+ c)2(u′x)
2 = ( 1

4 b
2 − ac)u2 + 2

∫
u−3f(u) du+ C1.

12. y′′xx = e−axf(eaxy).

Ïðåîáðàçîâàíèå z = eaxy, w = y′x/y ïðèâîäèò ê ÎÄÓ ïåðâîãî ïîðÿäêà:

z(w + a)w′
z = z−1f(z)− w2.

13. y′′xx = yf(eaxym).

Ïðåîáðàçîâàíèå z = eaxym, w = y′x/y ïðèâîäèò ê ÎÄÓ ïåðâîãî ïîðÿäêà:

z(mw + a)w′
z = f(z)− w2

.
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14. y′′xx = x−2f(xneay).

Ïðåîáðàçîâàíèå z = xneay , w = xy′x ïðèâîäèò ê ÎÄÓ ïåðâîãî ïîðÿäêà:

z(aw + n)w′
z = f(z) + w.

15. y′′xx =
ψ′′

xx

ψ
y + ψ−3f

((
y

ψ

))
, ψ = ψ(x).

Ïðåîáðàçîâàíèå ξ =
∫
dx

ψ2
, w = y

ψ ïðèâîäèò ê àâòîíîìíîìó ÎÄÓ âèäà 2.3.1.1:

w′′
ξξ = f(w).

Îáùåå ðåøåíèå:

∫ [
C1 + 2

∫
f(w) dw

]−1/2
dw = C2 ±

∫
dx

ψ2(x)
.

2.3.2. Óðàâíåíèÿ âèäà f(x, y)y′′
xx = g(x, y, y′

x)

1. y′′xx − y′x = f(y).

Àâòîíîìíîå ÎÄÓ âòîðîãî ïîðÿäêà. Ïîäñòàíîâêà w(y) = y′x ïðèâîäèò ýòî ÎÄÓ
ê óðàâíåíèþ Àáåëÿ âèäà 2.1.3.2: ww′

y − w = f(y). Î ðàçðåøèìûõ ñëó÷àÿõ

èñõîäíîãî óðàâíåíèÿ ñì. ñïðàâî÷íèêè Çàéöåâ & Ïîëÿíèí (2001), Polyanin &

Zaitsev (2003, 2018).

2. y′′xx + f(y)y′x + g(y) = 0.

Óðàâíåíèå Ëèåíàðà. Ïîäñòàíîâêà w(y) = y′x ïðèâîäèò ýòî ÎÄÓ ê óðàâíåíèþ

Àáåëÿ âèäà 2.1.3.3: ww′
y+ f(y)w+ g(y) = 0. Î ðàçðåøèìûõ ñëó÷àÿõ èñõîäíîãî

óðàâíåíèÿ ñì. ñïðàâî÷íèêè Polyanin & Zaitsev (2003, 2018).

3. y′′xx + [ay + f(x)]y′x + f ′
x(x)y = 0.

Èíòåãðèðóÿ, ïîëó÷èì ÎÄÓ ïåðâîãî ïîðÿäêà ñ êâàäðàòè÷íîé íåëèíåéíîñòüþ

(óðàâíåíèå �èêêàòè): y′x + f(x)y + 1
2 ay

2 = C .

4. y′′xx + [2ay + f(x)]y′x + af(x)y2 = g(x).

Ïîëàãàÿ u= y′x+ay
2
, ïîëó÷èì ëèíåéíîå ÎÄÓ ïåðâîãî ïîðÿäêà: u′x+ f(x)u=

= g(x).

5. y′′xx = ay′x + e2axf(y).

Ïðè a = 0 ýòî ÎÄÓ âèäà 2.3.1.1.

Îáùåå ðåøåíèå ïðè a 6= 0:
∫ [

C1 + 2
∫
f(y) dy

]−1/2
dy = C2 ± 1

a
eax.

6. y′′xx = f(y)y′x.

Îáùåå ðåøåíèå:

∫
dy

F (y)+C1
= C2 + x, ãäå F (y) =

∫
f(y) dy.
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7. y′′xx =
[[
eαxf(y) + α

]]
y′x.

Ïîäñòàíîâêà w(y) = e−αxy′x ïðèâîäèò ê ÎÄÓ ïåðâîãî ïîðÿäêà ñ ðàçäåëÿþùè-

ìèñÿ ïåðåìåííûìè: w′
y = f(y).

Îáùåå ðåøåíèå:

∫
dy

F (y) + C1
= C2 +

1

α
eαx, ãäå F (y) =

∫
f(y) dy.

8. xy′′xx = ky′x + x2k+1f(y).

1◦. Îáùåå ðåøåíèå ïðè k 6= −1:

∫ [
C1 + 2

∫
f(y) dy

]−1/2
dy = ± xk+1

k + 1
+ C2.

2◦. Îáùåå ðåøåíèå ïðè k = −1:

∫ [
C1 + 2

∫
f(y) dy

]−1/2
dy = ± ln |x|+ C2.

9. xy′′xx = f(y)y′x.

Ïîäñòàíîâêà w(y) = xy′x/y ïðèâîäèò ê ëèíåéíîìó ÎÄÓ ïåðâîãî ïîðÿäêà:

yw′
y = −w + 1 + f(y).

10. xy′′xx =
[[
xkf(y) + k − 1

]]
y′x.

Îáùåå ðåøåíèå:

∫
dy

F (y)+C1
= C2 +

1
k x

k
, ãäå F (y) =

∫
f(y) dy.

11. x2y′′xx + xy′x = f(y).

Ïîäñòàíîâêà x = ±et ïðèâîäèò ê àâòîíîìíîìó ÎÄÓ âèäà 2.3.1.1: y′′tt = f(y).

12. (ax2 + b)y′′xx + axy′x + f(y) = 0.

Ïîäñòàíîâêà ξ =
∫

dx√
ax2 + b

ïðèâîäèò ê àâòîíîìíîìó ÎÄÓ âèäà 2.3.1.1:

y′′ξξ + f(y) = 0.

13. y′′xx = f(y)y′x + g(x).

Èíòåãðèðóÿ, ïîëó÷èì ÎÄÓ ïåðâîãî ïîðÿäêà: y′x =
∫
f(y) dy +

∫
g(x) dx + C .

14. xy′′xx + (k+ 1)y′x = xk−1f(yxk).

Ïðåîáðàçîâàíèå ξ = xk, w = yxk ïðèâîäèò ê àâòîíîìíîìó ÎÄÓ âèäà 2.3.1.1:

w′′
ξξ = k−2f(w).

15. gy′′xx + 1
2
g′xy

′
x = f(y), g = g(x).

Èíòåãðèðóÿ, ïîëó÷èì ÎÄÓ ïåðâîãî ïîðÿäêà ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè:

g(x)(y′x)
2 = 2

∫
f(y) dy + C1.



90 2. ÎÁÛÊÍÎÂÅÍÍÛÅ ÄÈÔÔÅ�ÅÍÖÈÀËÜÍÛÅ Ó�ÀÂÍÅÍÈß

Îáùåå ðåøåíèå ïðè g(x) > 0:
∫ [

C1 + 2
∫
f(y) dy

]−1/2
dy = C2 ±

∫
dx√
g(x)

.

16. y′′xx = −ay′x + eaxf(yeax).

Ïðåîáðàçîâàíèå ξ = eax, w = yeax ïðèâîäèò ê àâòîíîìíîìó ÎÄÓ âèäà 2.3.1.1:

w′′
ξξ = a−2f(w).

17. xy′′xx = f(xkeay)y′x.

Ïðåîáðàçîâàíèå z = xkeay , w = xy′x ïðèâîäèò ê ÎÄÓ ïåðâîãî ïîðÿäêà ñ

ðàçäåëÿþùèìèñÿ ïåðåìåííûìè: z(aw + k)w′
z = [f(z) + 1]w.

18. x2y′′xx + xy′x = f(xkeay).

Ïðåîáðàçîâàíèå z = xkeay , w = xy′x ïðèâîäèò ê ÎÄÓ ïåðâîãî ïîðÿäêà ñ

ðàçäåëÿþùèìèñÿ ïåðåìåííûìè: z(aw + k)w′
z = f(z).

19. yy′′xx + (y′x)
2 = f(x).

Îáùåå ðåøåíèå:

y2 = C1x+ C2 + 2
∫ x

0
(x− t)f(t) dt,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

20. yy′′xx + (y′x)
2 + f(x)yy′x + g(x) = 0.

Ïîäñòàíîâêà u = y2 ïðèâîäèò ê ëèíåéíîìó ÎÄÓ âòîðîãî ïîðÿäêà u′′xx +
+ f(x)u′x + 2g(x) = 0, êîòîðîå çàìåíîé w(x) = u′x ñâîäèòñÿ ê ëèíåéíîìó ÎÄÓ
ïåðâîãî ïîðÿäêà.

21. yy′′xx − (y′x)
2 + f(x)yy′x + g(x)y2 = 0.

Ïîäñòàíîâêà u = y′x/y ïðèâîäèò ê ëèíåéíîìó ÎÄÓ ïåðâîãî ïîðÿäêà: u′x +
+ f(x)u+ g(x) = 0.

22. yy′′xx + a(y′x)
2 + f(x)yy′x + g(x)y2 = 0.

Ïîäñòàíîâêà w = ya+1
ïðèâîäèò ê ëèíåéíîìó ÎÄÓ âòîðîãî ïîðÿäêà: w′′

xx +
+ f(x)w′

x + (a+ 1)g(x)w = 0.

23. yy′′xx + (1− k)(y′x)
2 = f(x)yk.

Ïðè k = 2 ýòî ÎÄÓ âèäà 2.3.2.21.

Îáùåå ðåøåíèå ïðè k 6= 2:

y2−k = C1x+ C2 + (2− k)
∫ x

0
(x− t)f(t) dt,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

24. yy′′xx − k(y′x)
2 + f(x)y2 + ay4k−2 = 0.

1◦. Ïðè k = 1 ýòî ÎÄÓ âèäà 2.3.2.22.



2.3. Íåëèíåéíûå îáûêíîâåííûå äè��åðåíöèàëüíûå óðàâíåíèÿ âòîðîãî ïîðÿäêà 91

2◦. Ïðè k 6= 1 ïîäñòàíîâêà w = y1−k ïðèâîäèò ê óðàâíåíèþ Åðìàêî-

âà 2.3.1.3: w′′
xx + (1− k)f(x)w + a(1− k)w−3 = 0.

25. yy′′xx − k(y′x)
2 + f(x)y2 + g(x)yk+1 = 0.

Ïîäñòàíîâêà w = y1−k ïðèâîäèò ê íåîäíîðîäíîìó ëèíåéíîìó ÎÄÓ âòîðîãî

ïîðÿäêà: w′′
xx + (1− k)f(x)w + (1− k)g(x) = 0.

26. yy′′xx = f(x)(y′x)
2
.

Ïîäñòàíîâêà w(x) = xy′x/y ïðèâîäèò ê óðàâíåíèþ Áåðíóëëè 2.1.1.4: xw′
x =

= w + [f(x)− 1]w2
.

27. y′′xx − a(y′x)
2 = f(x)eay.

Îáùåå ðåøåíèå ïðè a 6= 0:

e−ay = C1x+ C2 − a
∫ x

0
(x− t)f(t) dt,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

28. y′′xx − a(y′x)
2 + f(x)eay + g(x) = 0.

Ïîäñòàíîâêà w = e−ay ïðèâîäèò ê ëèíåéíîìó íåîäíîðîäíîìó ÎÄÓ âòîðîãî

ïîðÿäêà: w′′
xx − ag(x)w = af(x).

29. y′′xx − a(y′x)
2 + be4ay + f(x) = 0.

Ïîäñòàíîâêà w= e−ay ïðèâîäèò óðàâíåíèþ Åðìàêîâà 2.3.1.3: w′′
xx−af(x)w=

= abw−3
.

30. y′′xx + a(y′x)
2 − 1

2
y′x = exf(y).

Ïîäñòàíîâêà w(y) = e−x(y′x)
2
ïðèâîäèò ê ëèíåéíîìó ÎÄÓ ïåðâîãî ïîðÿäêà:

w′
y + 2aw = 2f(y).

31. y′′xx + α(y′x)
2 =

[[
eβxf(y) + β

]]
y′x.

Îáùåå ðåøåíèå:

∫
eαy dy

F (y) + C1
= C2 +

1

β
eβx, ãäå F (y) =

∫
eαyf(y) dy.

32. y′′xx + f(y)(y′x)
2 + g(y) = 0.

Ïîäñòàíîâêà z(y) = (y′x)
2
ïðèâîäèò ê ëèíåéíîìó ÎÄÓ ïåðâîãî ïîðÿäêà: z′y +

+ 2f(y)z + 2g(y) = 0.

33. y′′xx + f(y)(y′x)
2 − 1

2
y′x = exg(y).

Ïîäñòàíîâêà w(y) = e−x(y′x)
2
ïðèâîäèò ê ëèíåéíîìó ÎÄÓ ïåðâîãî ïîðÿäêà:

w′
y + 2f(y)w = 2g(y).
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34. y′′xx = f(y)(y′x)
2 + g(x)y′x.

�àçäåëèâ îáå ÷àñòè óðàâíåíèÿ íà y′x, ïðèõîäèì ê óðàâíåíèþ â ïîëíûõ äè��å-

ðåíöèàëàõ. Èíòåãðèðóÿ åãî, ïîëó÷èì ïåðâûé èíòåãðàë â âèäå:

ln |y′x| =
∫
f(y) dy +

∫
g(x) dx + C.

�àçðåøèâ ýòî ÎÄÓ îòíîñèòåëüíî y′x, èìååì ÎÄÓ ñ ðàçäåëÿþùèìèñÿ ïåðå-

ìåííûìè. Êðîìå òîãî, èñõîäíîå óðàâíåíèå èìååò ÷àñòíîå ðåøåíèå y = C1,
çàâèñÿùåå îò îäíîé ïðîèçâîëüíîé ïîñòîÿííîé C1.

35. y′′xx = xf(y)(y′x)
3
.

Ïðèíèìàÿ y çà íåçàâèñèìóþ ïåðåìåííóþ, ïîëó÷èì ëèíåéíîå ÎÄÓ äëÿ �óíê-

öèè x = x(y): x′′yy = −f(y)x.

36. y′′xx =
y

x2
f
((
xy′

x

y

))
.

Ïîäñòàíîâêà w(x) = xy′x/y ïðèâîäèò ê ÎÄÓ ïåðâîãî ïîðÿäêà ñ ðàçäåëÿþùè-

ìèñÿ ïåðåìåííûìè: xw′
x = f(w) + w − w2

.

37. gy′′xx + 1
2
g′xy

′
x = f(y)h

((
y′x

√
g
))
, g = g(x).

Ïîäñòàíîâêà w(y) = y′x
√
g ïðèâîäèò ê ÎÄÓ ïåðâîãî ïîðÿäêà ñ ðàçäåëÿþùè-

ìèñÿ ïåðåìåííûìè: ww′
y = f(y)h(w).

38. y′′xx = f
((
y′2x + ay

))
.

Ïîäñòàíîâêà w(y) = (y′x)
2 + ay ïðèâîäèò ê ÎÄÓ ïåðâîãî ïîðÿäêà ñ ðàçäåëÿþ-

ùèìèñÿ ïåðåìåííûìè: w′
y = 2f(w) + a.

2.3.3. ÎÄÓ îáùåãî âèäà, ñîäåðæàùèå ïðîèçâîëüíûå �óíêöèè

äâóõ àðãóìåíòîâ

1. y′′xx = F (x, y′x).

Ïðàâàÿ ÷àñòü ýòîãî ÎÄÓ íå çàâèñèò ÿâíî îò èñêîìîé �óíêöèè y.
Ïîäñòàíîâêà u(x) = y′x ïðèâîäèò ê ÎÄÓ ïåðâîãî ïîðÿäêà: u′x = F (x, u).

2. y′′xx = F (y, y′x).

Àâòîíîìíîå ÎÄÓ âòîðîãî ïîðÿäêà îáùåãî âèäà. Ïðàâàÿ ÷àñòü ýòîãî ÎÄÓ íå

çàâèñèò ÿâíî îò íåçàâèñèìîé ïåðåìåííîé x.
Ïîäñòàíîâêà u(y) = y′x ïðèâîäèò ê ÎÄÓ ïåðâîãî ïîðÿäêà: uu′y = F (y, u).

3. y′′xx = F (ax+ by, y′x).

Ïîäñòàíîâêà bw = ax+ by ïðèâîäèò ê àâòîíîìíîìó ÎÄÓ âèäà 2.3.3.2:

w′′
xx = F

(
bw, w′

x − a/b
)
.



2.3. Íåëèíåéíûå îáûêíîâåííûå äè��åðåíöèàëüíûå óðàâíåíèÿ âòîðîãî ïîðÿäêà 93

4. y′′xx = yF
((
x, y′x/y

))
.

ÎÄÓ, îäíîðîäíîå îòíîñèòåëüíî èñêîìîé �óíêöèè y. Ýòî ÎÄÓ ñîõðàíÿåò âèä

ïðè ëèíåéíîì ìàñøòàáèðîâàíèè èñêîìîé ïåðåìåííîé ïî ïðàâèëó y ⇒ cy, ãäå
c�ïðîèçâîëüíàÿ íåíóëåâàÿ êîíñòàíòà.

Ïîäñòàíîâêà u(x) = y′x/y ïðèâîäèò ðàññìàòðèâàåìîå óðàâíåíèå ê ÎÄÓ

ïåðâîãî ïîðÿäêà: u′x + u2 = F (x, u).

5. y′′xx = x−2F
((
y, xy′x

))
.

ÎÄÓ, îäíîðîäíîå ïî íåçàâèñèìîé ïåðåìåííîé x. Ýòî ÎÄÓ ñîõðàíÿåò âèä ïðè

ëèíåéíîì ìàñøòàáèðîâàíèè íåçàâèñèìîé ïåðåìåííîé ïî ïðàâèëó x⇒ cx, ãäå
c�ïðîèçâîëüíàÿ íåíóëåâàÿ êîíñòàíòà.

Ïîäñòàíîâêà t=ln |x| ïðèâîäèò ðàññìàòðèâàåìîå óðàâíåíèå ê àâòîíîìíîìó
ÎÄÓ âèäà 2.3.3.2, à ïîäñòàíîâêà u(y) = xy′x ïðèâîäèò ê ÎÄÓ ïåðâîãî ïîðÿäêà:

uu′y − u = F (y, u).

6. y′′xx =
1

x
F
((
y

x
, y′x

))
.

ÎÄÓ, îäíîðîäíîå ïî äâóì ïåðåìåííûì. Ýòî ÎÄÓ íå ìåíÿåòñÿ ïðè îäèíàêîâîì

ìàñøòàáèðîâàíèè íåçàâèñèìîé è çàâèñèìîé ïåðåìåííûõ ïî ïðàâèëó x⇒ cx è

y ⇒ cy, ãäå c�ïðîèçâîëüíàÿ íåíóëåâàÿ êîíñòàíòà.

Ïðåîáðàçîâàíèå

z = y/x, w = y′x

ïðèâîäèò ê ÎÄÓ ïåðâîãî ïîðÿäêà (w − z)w′
z = F (z, w).

7. y′′xx =
1

ax+ by + c
F
((
ax+ by + c

αx+ βy + γ
, y′x

))
.

1◦. Ïðè aβ − bα 6= 0 ïðåîáðàçîâàíèå

z = x− x0, w = y − y0,

ãäå x0 è y0 � ïîñòîÿííûå, êîòîðûå îïðåäåëÿþòñÿ èç ëèíåéíîé àëãåáðàè÷åñêîé

ñèñòåìû óðàâíåíèé

ax0 + by0 + c = 0, αx0 + βy0 + γ = 0,

ïðèâîäèò ê àâòîíîìíîìó ÎÄÓ âèäà 2.3.3.6:

w′′
zz =

1

z
Φ
(
w

z
, w′

z

)
, ãäå Φ(ξ, u) =

1

a+ bξ
F
(
a+ bξ

α+ βξ
, u

)
.

2◦. Ïðè aβ−bα=0 ïîäñòàíîâêà bw= ax+by+c ïðèâîäèò ê àâòîíîìíîìó

ÎÄÓ âèäà 2.3.3.2.

8. y′′xx = x−k−2F (xky, xk+1y′x).

Îáîáùåííî-îäíîðîäíîå ÎÄÓ. Ýòî ÎÄÓ íå ìåíÿåòñÿ ïðè îäíîâðåìåííîì ìàñ-

øòàáèðîâàíèè íåçàâèñèìîé è çàâèñèìîé ïåðåìåííûõ ïî ïðàâèëó x ⇒ cx è

y ⇒ c−ky, ãäå c�ïðîèçâîëüíàÿ ïîëîæèòåëüíàÿ êîíñòàíòà.
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1◦. Ïðåîáðàçîâàíèå t = lnx, z = xky ïðèâîäèò ê óðàâíåíèþ âèäà 2.3.3.2:

z′′tt − (2k + 1)z′t + k(k + 1)z = F (z, z′t − kz).

2◦. Ïðåîáðàçîâàíèå z=xky, u=xk+1y′x ïðèâîäèò ê ÎÄÓ ïåðâîãî ïîðÿäêà:

(u+ kz)u′z = (k + 1)u+ F (z, u).

3◦. �àññìàòðèâàåìîå ÎÄÓ äîïóñêàåò ÷àñòíîå ðåøåíèå ñòåïåííîãî âèäà

y = ax−k,

ãäå a�êîðåíü àëãåáðàè÷åñêîãî (èëè òðàíñöåíäåíòíîãî) óðàâíåíèÿ ak(k+1)−
− F (a,−ak) = 0.

9. y′′xx =
y

x2
F
((
xpyq,

x

y
y′x

))
.

Îáîáùåííî-îäíîðîäíîå ÎÄÓ. Ïðè q 6= 0 ýòî ÎÄÓ ÿâëÿåòñÿ àëüòåðíàòèâíîé

�îðìîé ïðåäñòàâëåíèÿ óðàâíåíèÿ 2.3.3.8 ïðè k = p/q.

1◦. Ïðåîáðàçîâàíèå z = xpyq, w = xy′x/y ïðèâîäèò ê ÎÄÓ ïåðâîãî ïîðÿä-

êà:

z(qw + p)w′
z = F (z, w) + w − w2.

2◦. �àññìàòðèâàåìîå ÎÄÓ äîïóñêàåò ÷àñòíîå ðåøåíèå ñòåïåííîãî âèäà

y = axk, k = −p/q,

ãäå a� êîðåíü àëãåáðàè÷åñêîãî (èëè òðàíñöåíäåíòíîãî) óðàâíåíèÿ k(k − 1) −
− F (aq, k) = 0.

10. y′′xx = a2y + F (x, y′x + ay).

1◦. Ïîäñòàíîâêà w = y′x + ay ïðèâîäèò ê ÎÄÓ ïåðâîãî ïîðÿäêà: w′
x =

= aw + F (x,w).

2◦. Ïðè F (x,w) = f(w) ðàññìàòðèâàåìîå ÎÄÓ äîïóñêàåò ÷àñòíîå ðåøåíèå

ýêñïîíåíöèàëüíîãî âèäà

y = Ce−ax + k,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ è k�êîðåíü àëãåáðàè÷åñêîãî (òðàíñöåíäåíò-

íîãî) óðàâíåíèÿ a2k + f(ak) = 0.

11. y′′xx = (a2x2 + a)y + F (x, y′x − axy).

Ïîäñòàíîâêà w = y′x − axy ïðèâîäèò ê ÎÄÓ ïåðâîãî ïîðÿäêà: w′
x = −axw +

+ F (x,w).

12. y′′xx = F
((
x, y′x − y

x

))
.

Ïîäñòàíîâêà w(x) = y′x − y
x ïðèâîäèò ê ÎÄÓ ïåðâîãî ïîðÿäêà: xw′

x = −w +
+ xF (x,w).
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13. y′′xx = F (x, xy′x − y).

Ïîäñòàíîâêà w(x)=xy′x−y ïðèâîäèò ê ÎÄÓ ïåðâîãî ïîðÿäêà: w′
x=xF (x,w).

14. y′′xx = x−2F (y, xy′x − y).

Ïîäñòàíîâêà w(y) = xy′x − y ïðèâîäèò ê ÎÄÓ ïåðâîãî ïîðÿäêà: (y + w)w′
y =

= F (y,w).

15. xy′′xx + (a+ 1)y′x = F (x, xy′x + ay).

Ïîäñòàíîâêà w(x)=xy′x+ay ïðèâîäèò ê ÎÄÓ ïåðâîãî ïîðÿäêà: w′
x=F (x,w).

16. x2y′′xx = 2y + F (x, xy′x + y).

Ïîäñòàíîâêà w(x) = xy′x + y ïðèâîäèò ê ÎÄÓ ïåðâîãî ïîðÿäêà: xw′
x = 2w +

+ F (x,w).

17. x2y′′xx = a(a+ 1)y + F (x, xy′x + ay).

Ïîäñòàíîâêà u(x) = xy′x + ay ïðèâîäèò ê ÎÄÓ ïåðâîãî ïîðÿäêà: xu′x =
= (a+ 1)u+ F (x, u).

18. y′′xx = 2ayy′x + F (x, y′x − ay2).

Ïîäñòàíîâêà w(x) = y′x−ay2 ïðèâîäèò ê ÎÄÓ ïåðâîãî ïîðÿäêà: w′
x=F (x,w).

19. y′′xx = e−αxF (eαxy, eαxy′x).

ÎÄÓ, èíâàðèàíòíîå îòíîñèòåëüíî ïðåîáðàçîâàíèÿ ñäâèãà-ìàñøòàáèðîâàíèÿ.

Ýòî ÎÄÓ íå ìåíÿåòñÿ ïðè îäíîâðåìåííîì ñäâèãå ïî íåçàâèñèìîé ïåðåìåííîé

è ìàñøòàáèðîâàíèè çàâèñèìîé ïåðåìåííîé ïî ïðàâèëó x ⇒ x + b è y ⇒ cy,
ãäå c = e−αb, b�ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

1◦. Ïîäñòàíîâêà z(x) = eαxy ïðèâîäèò ê àâòîíîìíîìó ÎÄÓ âòîðîãî ïî-

ðÿäêà âèäà 2.3.3.2: z′′xx − 2αz′x + α2z = F (z, z′x − αz).

2◦. Ïðåîáðàçîâàíèå z = eαxy, u= eαxy′x ïðèâîäèò ê ÎÄÓ ïåðâîãî ïîðÿäêà:

(u+ αz)u′z = αu+ F (z, u).

3◦. �àññìàòðèâàåìîå ÎÄÓ èìååò ÷àñòíîå ðåøåíèå ýêñïîíåíöèàëüíîãî âèäà

y = Ae−αx, ãäå A � êîðåíü àëãåáðàè÷åñêîãî (òðàíñöåíäåíòíîãî) óðàâíåíèÿ

Aα2 − F (A,−Aα) = 0.

20. y′′xx = yF (eβxym, y′x/y).

ÎÄÓ, èíâàðèàíòíîå îòíîñèòåëüíî ïðåîáðàçîâàíèÿ ñäâèãà-ìàñøòàáèðîâàíèÿ.

Ïðè m 6= 0 ýòî ÎÄÓ ÿâëÿåòñÿ àëüòåðíàòèâíîé �îðìîé ïðåäñòàâëåíèÿ óðàâíå-

íèÿ 2.3.3.19 ïðè α = β/m.

1◦. Ïðåîáðàçîâàíèå z=eβxym, w=y′x/y ïðèâîäèò ê ÎÄÓ ïåðâîãî ïîðÿäêà:

z(mw + β)w′
z = F (z, w) − w2

.
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2◦. �àññìàòðèâàåìîå ÎÄÓ äîïóñêàåò ÷àñòíîå ðåøåíèå ýêñïîíåíöèàëüíîãî

âèäà y = Ae−βx/m, ãäå A� êîðåíü àëãåáðàè÷åñêîãî (òðàíñöåíäåíòíîãî) óðàâ-

íåíèÿ (β/m)2 − F (Am,−β/m) = 0.

21. y′′xx = x−2F (xmeαy, xy′x).

ÎÄÓ, èíâàðèàíòíîå îòíîñèòåëüíî ïðåîáðàçîâàíèÿ ìàñøòàáèðîâàíèÿ-ñäâèãà.

Ýòî ÎÄÓ íå ìåíÿåòñÿ ïðè îäíîâðåìåííîì ìàñøòàáèðîâàíèè íåçàâèñèìîé ïå-

ðåìåííîé è ñäâèãå ïî çàâèñèìîé ïåðåìåííîé ïî ïðàâèëó x⇒ bx è y ⇒ y + c,
ãäå b = e−cα/m, c�ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

1◦. Ïðåîáðàçîâàíèå z = xmeαy , w= xy′x ïðèâîäèò ê ÎÄÓ ïåðâîãî ïîðÿäêà:

z(αw +m)w′
z = F (z, w) + w.

2◦. �àññìàòðèâàåìîå ÎÄÓ äîïóñêàåò ÷àñòíîå ðåøåíèå ëîãàðè�ìè÷åñêîãî

âèäà y = −(m/α) ln(Ax), ãäå A�êîíñòàíòà, ïîäëåæàùàÿ îïðåäåëåíèþ.

22. y′′xx = e2ayF (xeay, e−ayy′x).

Ïðåîáðàçîâàíèå z = xeay , w = e−ayy′x ïðèâîäèò ê ÎÄÓ ïåðâîãî ïîðÿäêà:

(azw + 1)w′
z = F (z, w) − aw2

.

23. y′′xx = aeyy′x + F (x, y′x − aey).

Ïîäñòàíîâêà w(x) = y′x−aey ïðèâîäèò ê ÎÄÓ ïåðâîãî ïîðÿäêà: w′
x=F (x,w).

24. y′′xx = (e2x + ex)y + F
((
x, y′x − exy

))
.

Ïîäñòàíîâêà w(x) = y′x−exy ïðèâîäèò ê ÎÄÓ ïåðâîãî ïîðÿäêà: w′
x =−exw+

+ F (x,w).

25. y′′xx = F (x, y′x shx− y ch x) + y.

Ïîäñòàíîâêà w(x) = y′x shx− y chx ïðèâîäèò ê ÎÄÓ ïåðâîãî ïîðÿäêà: w′
x =

= F (x,w) sh x.

26. y′′xx = F (x, y′x ch x− y shx) + y.

Ïîäñòàíîâêà w(x) = y′x ch x− y shx ïðèâîäèò ê ÎÄÓ ïåðâîãî ïîðÿäêà: w′
x =

= F (x,w) ch x.

27. y′′xx = x−2F (ay+ b lnx, xy′x).

Ïðåîáðàçîâàíèå z = ay + b lnx, w = xy′x ïðèâîäèò ê ÎÄÓ ïåðâîãî ïîðÿäêà:

(aw + b)w′
z = F (z, w) + w.

28. y′′xx = yF (ax+ b ln y, y′x/y).

Ïðåîáðàçîâàíèå z = ax+ b ln y, w = y′x/y ïðèâîäèò ê ÎÄÓ ïåðâîãî ïîðÿäêà:

(bw + a)w′
z = F (z, w) − w2

.
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29. y′′xx = F (x, y′x sinx− y cos x) − y.

Ïîäñòàíîâêà w(x) = y′x sinx−y cosx ïðèâîäèò ê ÎÄÓ ïåðâîãî ïîðÿäêà: w′
x =

F (x,w) sin x.

30. y′′xx = F (x, y′x cosx+ y sin x) − y.

Ïîäñòàíîâêà w(x) = y′x cosx+y sinx ïðèâîäèò ê ÎÄÓ ïåðâîãî ïîðÿäêà: w′
x =

= F (x,w) cos x.

31. y′′xx = (ϕ2 + ϕ′
x)y + F (x, y′x − ϕy), ϕ = ϕ(x).

Ïîäñòàíîâêà w(x) = y′x−ϕy ïðèâîäèò ê ÎÄÓ ïåðâîãî ïîðÿäêà: w′
x = −ϕw+

+ F (x,w).

32. y′′xx =
ϕ′′

xx

ϕ
y + F

((
x, y′x − ϕ′

x

ϕ
y
))
, ϕ = ϕ(x).

Ïîäñòàíîâêà w(x) = y′x − ϕ′
x
ϕ y ïðèâîäèò ê ÎÄÓ ïåðâîãî ïîðÿäêà: w′

x =

= − ϕ′
x
ϕ w + F (x,w).

33. f2y′′xx + ff ′
xy

′
x = Φ(y, fy′x), f = f(x).

Ïîäñòàíîâêà w(y) = fy′x ïðèâîäèò ê ÎÄÓ ïåðâîãî ïîðÿäêà: ww′
y = Φ(y,w).

2.4. Îáûêíîâåííûå äè��åðåíöèàëüíûå óðàâíåíèÿ

ñòàðøèõ ïîðÿäêîâ

2.4.1. Ëèíåéíûå îáûêíîâåííûå äè��åðåíöèàëüíûå óðàâíåíèÿ

ñòàðøèõ ïîðÿäêîâ

◮ Ïðåäâàðèòåëüíûå çàìå÷àíèÿ.

Â ýòîì ðàçäåëå ñòàðøèå ïðîèçâîäíûå âèäà dny/dxn îáîçíà÷àåì y
(n)
x .

1◦. ×àñòíûì ðåøåíèåì ëþáîãî ëèíåéíîãî îäíîðîäíîãî ÎÄÓ ÿâëÿåòñÿ òðè-

âèàëüíîå ðåøåíèå y = 0.

2◦. Îáùåå ðåøåíèå ëèíåéíîãî îäíîðîäíîãî ÎÄÓ n-ãî ïîðÿäêà

fn(x)y
(n)
x + fn−1(x)y

(n−1)
x + · · · + f1(x)y

′
x + f0(x)y = 0 (1)

èìååò âèä

y = C1y1(x) + C2y2(x) + · · ·+ Cnyn(x), (2)

ãäå y1(x), y2(x), . . . , yn(x) ��óíäàìåíòàëüíàÿ ñèñòåìà ðåøåíèé (íåòðèâèàëü-

íûå ëèíåéíî íåçàâèñèìûå ÷àñòíûå ðåøåíèÿ) óðàâíåíèÿ (1); C1, C2, . . . , Cn �
ïðîèçâîëüíûå ïîñòîÿííûå.
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3◦. Ïóñòü y0 = y0(x) � íåòðèâèàëüíîå ÷àñòíîå ðåøåíèå óðàâíåíèÿ (1).

Òîãäà ïîäñòàíîâêà

y = y0(x)
∫
z(x) dx (3)

ïðèâîäèò ê ëèíåéíîìó ÎÄÓ (n − 1)-ãî ïîðÿäêà äëÿ �óíêöèè z = z(x).
Âìåñòî (3), ìîæíî èñïîëüçîâàòü ïîäñòàíîâêó

z(x) = ϕ(x)
[
y0(x)y

′
x − y′0(x)y

]
,

ãäå ϕ(x)�ëþáàÿ çàäàííàÿ �óíêöèÿ.

4◦. Ïóñòü y1 = y1(x) è y2 = y2(x) � äâà íåòðèâèàëüíûõ ëèíåéíî íåçàâè-

ñèìûõ ÷àñòíûõ ðåøåíèÿ óðàâíåíèÿ (1). Òîãäà ïîäñòàíîâêà

y = y1

∫
y2w dx− y2

∫
y1w dx (4)

ïðèâîäèò ê ëèíåéíîìó ÎÄÓ (n − 2)-ãî ïîðÿäêà äëÿ �óíêöèè w = w(x).

◮ Ëèíåéíûå óðàâíåíèÿ ñ ïîñòîÿííûìè êîý��èöèåíòàìè.

1. y′′′xxx +ay = 0.

1◦. Îáùåå ðåøåíèå ïðè a = 0:

y = C1 +C2x+ C3x
2.

2◦. Îáùåå ðåøåíèå ïðè a 6= 0:

y = C1 exp(−kx) + C2 exp
(
1
2 kx

)
cos

( √
3
2 kx

)
+ C3 exp

(
1
2 kx

)
sin

( √
3
2 kx

)
,

ãäå k = a1/3.

2. y′′′xxx + a2y
′′
xx + a1y

′
x + a0y = 0.

Ëèíåéíîå îäíîðîäíîå ÎÄÓ òðåòüåãî ïîðÿäêà ñ ïîñòîÿííûìè êîý��èöèåíòà-

ìè.

Îáîçíà÷èì P (λ) = λ3 + a2λ
2 + a1λ+ a0.

1◦. Ïóñòü õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí P (λ) ìîæíî ðàçëîæèòü íà ìíî-

æèòåëè:

P (λ) = (λ− λ1)(λ− λ2)(λ− λ3), ãäå λ1, λ2, λ3�äåéñòâèòåëüíûå ÷èñëà.

Îáùåå ðåøåíèå:

y =





C1e
λ1x + C2e

λ2x + C3e
λ3x, åñëè âñå êîðíè λk ðàçëè÷íû;

(C1 + C2x)e
λ1x + C3e

λ3x, åñëè λ1 = λ2 6= λ3;

(C1 + C2x+ C3x
2)eλ1x åñëè λ1 = λ2 = λ3.

2◦. Ïóñòü P (λ) = (λ− λ1)(λ
2 + 2b1λ+ b0), ãäå b

2
1 < b0.
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Îáùåå ðåøåíèå:

y = C1e
λ1x + e−b1x(C2 cosµx+C3 sinµx), ãäå µ =

√
b0 − b21.

3. y′′′′xxxx + ay = 0.

1◦. Îáùåå ðåøåíèå ïðè a = 0:

y = C1 + C2x+C3x
2 + C4x

3.

2◦. Îáùåå ðåøåíèå ïðè a = 4k4 > 0:

y = C1 ch kx cos kx+ C2 ch kx sin kx+ C3 sh kx cos kx+C4 sh kx sin kx.

3◦. Îáùåå ðåøåíèå ïðè a = −k4 < 0:

y = C1 cos kx+ C2 sin kx+ C3 ch kx+ C4 sh kx.

4. y′′′′xxxx + (a+ b)y′′xx + aby = 0.

1◦. Îáùåå ðåøåíèå ïðè a = b:

y =

{
(C1 + C2x) cos

(√
a x

)
+ (C3 + C4x) sin

(√
a x

)
ïðè a > 0,

(C1 + C2x) exp
(√

|a| x
)
+ (C3 + C4x) exp

(
−
√

|a|x
)

ïðè a < 0.

2◦. Îáùåå ðåøåíèå ïðè a > 0, b > 0, a 6= b:

y = C1 cos
(√
a x

)
+ C2 sin

(√
a x

)
+ C3 cos

(√
b x

)
+ C4 sin

(√
b x

)
.

3◦. Îáùåå ðåøåíèå ïðè a > 0, b < 0, a 6= b:

y = C1 cos
(√
a x

)
+ C2 sin

(√
a x

)
+ C3 exp

(√
|b|x

)
+ C4 exp

(
−
√

|b| x
)
.

4◦. Îáùåå ðåøåíèå ïðè a < 0, b > 0, a 6= b:

y = C1 exp
(√

|a|x
)
+ C2 exp

(
−
√

|a|x
)
+ C3 cos

(√
b x

)
+ C4 sin

(√
b x

)
.

5◦. Îáùåå ðåøåíèå ïðè a < 0, b < 0, a 6= b:

y = C1 exp
(√

|a| x
)
+ C2 exp

(
−
√
|a| x

)
+ C3 exp

(√
|b| x

)
+ C4 exp

(
−
√

|b| x
)
.

5. y′′′′xxxx + a3y
′′′
xxx + a2y

′′
xx + a1y

′
x + a0y = 0.

Ëèíåéíîå îäíîðîäíîå ÎÄÓ ÷åòâåðòîãî ïîðÿäêà ñ ïîñòîÿííûìè êîý��èöèåí-

òàìè. Ïðè a0 =0 ïîäñòàíîâêà w(x) = y′x ïðèâîäèò ê ëèíåéíîìó ÎÄÓ òðåòüåãî

ïîðÿäêà.

Äàëåå ñ÷èòàåì, ÷òî a0 6=0 è îáîçíà÷èì P (λ) = λ4+a3λ
3+a2λ

2+a1λ+a0.
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1◦. Ïóñòü õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí P (λ) ìîæíî ðàçëîæèòü íà ìíî-

æèòåëè: P (λ) = (λ − λ1)(λ − λ2)(λ − λ3)(λ − λ4), ãäå λ1, λ2, λ3, λ4 �
äåéñòâèòåëüíûå ÷èñëà. Âîçìîæíû ñëåäóþùèå ñëó÷àè:

a) åñëè âñå λi ðàçëè÷íû, òî

y = C1e
λ1x +C2e

λ2x + C3e
λ3x + C4e

λ4x;

b) åñëè λ1 = λ2, à λ3 è λ4 ðàçëè÷íû è íå ðàâíû λ1, òî

y = (C1 +C2x)e
λ1x + C3e

λ3x + C4e
λ4x;


) åñëè λ1 = λ2 = λ3 6= λ4, òî

y = (C1 + C2x+ C3x
2)eλ1x +C4e

λ4x;

d) åñëè λ1 = λ2 = λ3 = λ4, òî

y = (C1 + C2x+ C3x
2 +C4x

3)eλ1x.

2◦. Ïóñòü P (λ) = (λ − λ1)(λ − λ2)(λ
2 + 2b1λ + b0), ãäå λ1 è λ2 �

äåéñòâèòåëüíûå ÷èñëà, à b21 − b0 < 0. Âîçìîæíû ñëåäóþùèå ñëó÷àè:

a) åñëè λ1 6= λ2, òî

y = C1e
λ1x + C2e

λ2x + e−b1x[C3 cos(µx) + C4 sin(µx)], µ =
√
b0 − b21;

b) åñëè λ1 = λ2, òî

y = (C1 + C2x)e
λ1x + e−b1x[C3 cos(µx) + C4 sin(µx)], µ =

√
b0 − b21.

3◦. Ïóñòü P (λ) = (λ2 + 2b1λ + b0)(λ
2 + 2β1λ + β0), ãäå b21 − b0 < 0 è

β21 − β0 < 0. Âîçìîæíû ñëåäóþùèå ñëó÷àè:

a) åñëè (b1 − β1)
2 + (b0 − β0)

2 6= 0, òî

y = e−b1x[C1 cos(µx) + C2 sin(µx)] + e−β1x[C3 cos(νx) + C4 sin(νx)],

ãäå µ =
√
b0 − b21, ν =

√
β0 − β21 ;

b) åñëè b1 = β1, b0 = β0, òî

y = e−b1x[(C1 + C2x) cos(µx) + (C3 + C4x) sin(µx)], µ =
√
b0 − b21.

6. y(n)
x = f(x).

Ïðîñòåéøåå ëèíåéíîå íåîäíîðîäíîå ÎÄÓ n-ãî ïîðÿäêà.

Îáùåå ðåøåíèå: y =
∑n−1

k=0 Ckx
k +

∫ x

x0

(x−t)n−1

(n−1)! f(t) dt, ãäå Ck � ïðîèç-

âîëüíûå ïîñòîÿííûå, x0 �ëþáîå ÷èñëî, äëÿ êîòîðîãî èíòåãðàë â ïðàâîé ÷àñòè

èìååò ñìûñë.

7. y(n)
x = ay.

1◦. Îáùåå ðåøåíèå ïðè a = 0:

y =

n∑

k=1

Ck−1x
k−1,

ãäå Ck−1 (k = 1, 2, . . . , n) �ïðîèçâîëüíûå ïîñòîÿííûå.
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2◦. Îáùåå ðåøåíèå ïðè a > 0:

y =

k6 1
2
(n+2)∑

k=1

exp(αkx)
[
Ak cos(βkx) +Bk sin(βkx)

]
,

αk = a1/n cos
2(k − 1)π

n
, βk = a1/n sin

2(k − 1)π

n
,

ãäå Ak, Bk �ïðîèçâîëüíûå ïîñòîÿííûå.

3◦. Îáùåå ðåøåíèå ïðè a < 0:

y =

k6 1
2
(n+1)∑

k=1

exp(αkx)
[
Ak cos(βkx) +Bk sin(βkx)

]
,

αk = |a|1/n cos (2k − 1)π

n
, βk = |a|1/n sin (2k − 1)π

n
,

ãäå Ak, Bk �ïðîèçâîëüíûå ïîñòîÿííûå.

8. y(n)
x + an−1y

(n−1)
x + · · · + a1y

′
x + a0y = 0.

Ëèíåéíîå îäíîðîäíîå ÎÄÓ n-ãî ïîðÿäêà îáùåãî âèäà ñ ïîñòîÿííûìè êîý��è-

öèåíòàìè. Îáùåå ðåøåíèå ýòîãî ÎÄÓ îïðåäåëÿåòñÿ êîðíÿìè õàðàêòåðèñòè÷å-

ñêîãî óðàâíåíèÿ

P (λ) = 0, ãäå P (λ) = λn + an−1λ
n−1 + · · · + a1λ+ a0. (1)

Âîçìîæíû ñëåäóþùèå ñëó÷àè:

1◦. Âñå êîðíè λ1, λ2, . . . , λn õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ äåéñòâèòåëü-

íû è ðàçëè÷íû. Òîãäà îáùåå ðåøåíèå ëèíåéíîãî îäíîðîäíîãî ÎÄÓ èìååò âèä

y = C1 exp(λ1x) +C2 exp(λ2x) + · · ·+ Cn exp(λnx). (2)

2◦. Èìåþòñÿ m ðàâíûõ äåéñòâèòåëüíûõ êîðíåé õàðàêòåðèñòè÷åñêîãî óðàâ-

íåíèÿ λ1 = λ2 = · · · = λm (m 6 n), à îñòàëüíûå êîðíè äåéñòâèòåëüíû è

ðàçëè÷íû. Â ýòîì ñëó÷àå îáùåå ðåøåíèå ëèíåéíîãî îäíîðîäíîãî ÎÄÓ äàåòñÿ

�îðìóëîé

y = exp(λ1x)(C1 + C2x+ · · · + Cmx
m−1) +

+ Cm+1 exp(λm+1x) + Cm+2 exp(λm+2x) + · · ·+ Cn exp(λnx).

3◦. Èìåþòñÿ m ðàâíûõ êîìïëåêñíî ñîïðÿæåííûõ êîðíåé λ = α ± iβ (ïðè

2m 6 n), à îñòàëüíûå êîðíè äåéñòâèòåëüíû è ðàçëè÷íû. Â ýòîì ñëó÷àå îáùåå

ðåøåíèå ëèíåéíîãî îäíîðîäíîãî ÎÄÓ èìååò âèä

y = exp(αx) cos(βx)(A1 +A2x+ · · ·+Amx
m−1) +

+ exp(αx) sin(βx)(B1 +B2x+ · · · +Bmx
m−1) +

+ C2m+1 exp(λ2m+1x) + C2m+2 exp(λ2m+2x) + · · ·+ Cn exp(λnx),

ãäå A1, . . . , Am, B1, . . . , Bm, C2m+1, . . . , Cn �ïðîèçâîëüíûå ïîñòîÿííûå.
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4◦. Â îáùåì ñëó÷àå, êîãäà èìååòñÿ r ðàçëè÷íûõ êîðíåé λ1, λ2, . . . , λr ñ

êðàòíîñòÿìè m1, m2, . . . , mr ñîîòâåòñòâåííî, ëåâóþ ÷àñòü õàðàêòåðèñòè÷åñêî-

ãî óðàâíåíèÿ (1) ìîæíî ïðåäñòàâèòü â âèäå ïðîèçâåäåíèÿ

P (λ) = (λ− λ1)
m1(λ− λ2)

m2 . . . (λ− λr)
mr ,

ãäå m1+m2+ · · ·+mr = n. Òîãäà îáùåå ðåøåíèå ëèíåéíîãî îäíîðîäíîãî ÎÄÓ
äàåòñÿ �îðìóëîé

y =

r∑

k=1

exp(λkx)(Ck,0 + Ck,1x+ · · ·+ Ck,mk−1x
mk−1),

ãäå Ck,l�ïðîèçâîëüíûå ïîñòîÿííûå.

Åñëè èìåþòñÿ êîìïëåêñíî ñîïðÿæåííûå êîðíè õàðàêòåðèñòè÷åñêîãî óðàâ-

íåíèÿ (1), òî â ïðèâåäåííîì âûøå ðåøåíèè ñëåäóåò âûäåëèòü äåéñòâèòåëüíóþ

÷àñòü ñ ó÷åòîì �îðìóëû exp(α± iβ) = eα(cos β ± i sin β).

9. y(n)
x + an−1y

(n−1)
x + · · · + a1y

′
x + a0y = f(x).

Ëèíåéíîå íåîäíîðîäíîå ÎÄÓ n-ãî ïîðÿäêà îáùåãî âèäà ñ ïîñòîÿííûìè êîý�-

�èöèåíòàìè.

1◦. Îáùåå ðåøåíèå äàííîãî óðàâíåíèÿ ÿâëÿåòñÿ ñóììîé îáùåãî ðåøåíèÿ

ñîîòâåòñòâóþùåãî ëèíåéíîãî îäíîðîäíîãî ÎÄÓ ïðè f(x)≡ 0 (ñì. ïðåäûäóùåå
óðàâíåíèå) è ëþáîãî ÷àñòíîãî ðåøåíèÿ èñõîäíîãî ëèíåéíîãî íåîäíîðîäíîãî

ÎÄÓ.

Åñëè âñå êîðíè λ1, λ2, . . . , λn õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

P (λ) = 0, ãäå P (λ) = λn + an−1λ
n−1 + · · ·+ a1λ+ a0 = 0

ðàçëè÷íû, òî îáùåå ðåøåíèå ðàññìàòðèâàåìîãî ÎÄÓ èìååò âèä

y =

n∑

ν=1

Cνe
λνx +

n∑

ν=1

eλνx

P ′
λ(λν)

∫
f(x)e−λνx dx, (1)

ãäå P ′
λ(λ) = nλn−1 + an−1(n − 1)λn−2 + · · · + a1. Ïðè íàëè÷èè êîìïëåêñíûõ

êîðíåé â ðåøåíèè (1) ñëåäóåò âûäåëèòü äåéñòâèòåëüíóþ ÷àñòü.

2◦. Âèä ÷àñòíûõ ðåøåíèé äëÿ íåêîòîðûõ �óíêöèé â ïðàâîé ÷àñòè ëèíåé-

íîãî íåîäíîðîäíîãî ÎÄÓ óêàçàí â òàáë. 2.8.

3◦. �àññìîòðèì çàäà÷ó Êîøè äëÿ èñõîäíîãî ÎÄÓ ñ îäíîðîäíûìè íà÷àëü-

íûìè óñëîâèÿìè

y(0) = y′x(0) = · · · = y(n−1)
x (0) = 0. (2)

Ïóñòü y(x)�ðåøåíèå èñõîäíîãî ÎÄÓ ñ ïðîèçâîëüíîé ïðàâîé ÷àñòüþ f(x), óäî-
âëåòâîðÿþùåå óñëîâèÿì (2), à u(x)�ðåøåíèå âñïîìîãàòåëüíîé, áîëåå ïðîñòîé

çàäà÷è Êîøè ñ f(x)≡ 1, òàê ÷òî u(x) = y(x)|f(x)≡1. Òîãäà ñïðàâåäëèâà �îðìóëà

y(x) =
∫ x

0
f(t)u′x(x− t) dt,

êîòîðóþ íàçûâàþò èíòåãðàëîì Äþàìåëÿ.
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Òàáëèöà 2.8. Âèä ÷àñòíûõ ðåøåíèé ëèíåéíîãî íåîäíîðîäíîãî ÎÄÓ ñ ïîñòîÿííûìè

êîý��èöèåíòàìè y
(n)
x + an−1y

(n−1)
x + · · · + a1y

′

x + a0y = f(x) ñ ïðàâîé ÷àñòüþ

ñïåöèàëüíîãî âèäà.

Âèä �óíêöèè

f(x)
Êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

λn + an−1λ
n−1 + · · ·+ a1λ+ a0 = 0

Âèä ÷àñòíîãî

ðåøåíèÿ y = ỹ(x)

×èñëî 0 íå ÿâëÿåòñÿ êîðíåì

õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (ò. å. a0 6= 0) P̃m(x)

Pm(x)
×èñëî 0 ÿâëÿåòñÿ êîðíåì

õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ êðàòíîñòè r xrP̃m(x)

×èñëî α íå ÿâëÿåòñÿ êîðíåì

õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

P̃m(x)eαx

Pm(x)eαx

×èñëî α ÿâëÿåòñÿ êîðíåì

õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ êðàòíîñòè r xrP̃m(x)eαx

×èñëî iβ íå ÿâëÿåòñÿ êîðíåì

õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

P̃ν(x) cos βx+

+ Q̃ν(x) sin βxPm(x) cos βx+

+Qn(x) sin βx
×èñëî iβ ÿâëÿåòñÿ êîðíåì

õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ êðàòíîñòè r
xr[P̃ν(x) cosβx+

+ Q̃ν(x) sin βx]

×èñëî α+ iβ íå ÿâëÿåòñÿ êîðíåì

õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

[P̃ν(x) cosβx+

+ Q̃ν(x) sin βx]e
αx

[Pm(x) cos βx+

+Qn(x) sin βx]e
αx

×èñëî α+ iβ ÿâëÿåòñÿ êîðíåì

õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ êðàòíîñòè r
xr[P̃ν(x) cosβx+

+ Q̃ν(x) sin βx]e
αx

Îáîçíà÷åíèÿ: Pm(x) è Qn(x)�ìíîãî÷ëåíû ñòåïåíè m è n ñ çàäàííûìè êîý��èöèåíòàìè;

P̃m(x), P̃ν(x), Q̃ν(x)�ìíîãî÷ëåíû ñòåïåíè m è ν, êîý��èöèåíòû êîòîðûõ îïðåäåëÿþòñÿ

ïóòåì ïîäñòàíîâêè äàííîãî ÷àñòíîãî ðåøåíèÿ â èñõîäíîå ÎÄÓ; ν = max(m, n); α è β �
äåéñòâèòåëüíûå ÷èñëà, i2 = −1.

◮ Ëèíåéíûå óðàâíåíèÿ, ñîäåðæàùèå ñòåïåííûå �óíêöèè.

10. y′′′′xxxx − 2a2y′′xx + a4y−λ(ax− b)(y′′xx − a2y) = 0.

Ýòî óðàâíåíèå âñòðå÷àåòñÿ â òåîðèè òóðáóëåíòíîñòè. Ïîëàãàÿ z(x) = y′′xx−a2y,
ïîëó÷èì ëèíåéíîå ÎÄÓ âòîðîãî ïîðÿäêà âèäà 2.2.2.4:

z′′xx − a2z − λ(ax− b)z = 0. (1)

Ïóñòü äàíû ãðàíè÷íûå óñëîâèÿ

y(0) = y′x(0) = 0, y(1) = y′x(1) = 0. (2)

�åøåíèå èñõîäíîãî ÎÄÓ, óäîâëåòâîðÿþùåå ïåðâûì äâóì óñëîâèÿì â (2), ìîæ-

íî ïðåäñòàâèòü â âèäå

2ay = eax
∫ x

0
e−axz dx− e−ax

∫ x

0
eaxz dx.
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×òîáû óäîâëåòâîðèòü äâóì ïîñëåäíèì ãðàíè÷íûì óñëîâèÿì â (2), ñëåäóåò âçÿòü

ðåøåíèå ëèíåéíîãî ÎÄÓ (1), êîòîðîå óäîâëåòâîðÿåò èíòåãðàëüíûì ñîîòíîøå-

íèÿì

∫ 1

0
e−axz dx =

∫ 1

0
eaxz dx = 0.

11. x2y′′′′xxxx + 6xy′′′xxx + 6y′′xx − a2y = 0.

Óðàâíåíèå ïîïåðå÷íûõ êîëåáàíèé ñòåðæíÿ.

Îáùåå ðåøåíèå:

y =
1√
x

[
C1J1

(
2
√
ax

)
+ C2Y1

(
2
√
ax

)
+ C3I1

(
2
√
ax

)
+ C4K1

(
2
√
ax

)]
,

ãäå J1(z) è Y1(z) � �óíêöèè Áåññåëÿ, à I1(z) è K1(z) � ìîäè�èöèðîâàííûå

�óíêöèè Áåññåëÿ.

12. y(n)
x = axy + b, a > 0.

Îáùåå ðåøåíèå:

y =

n∑

ν=0

Cνεν

∫ ∞

0
exp

[
ενxt− tn+1

a(n+ 1)

]
dt, εν = exp

(
2πνi

n+ 1

)
,

ãäå

n∑

ν=0

Cν =
b

a
è i2 = −1.

13. x2ny(n)
x = ay.

Ïðåîáðàçîâàíèå x = t−1
, y = wt1−n ïðèâîäèò ê ëèíåéíîìó ÎÄÓ ñ ïîñòîÿí-

íûìè êîý��èöèåíòàìè âèäà 2.4.1.7: w
(n)
t = (−1)naw.

14. xny(2n)
x = ay.

Îáùåå ðåøåíèå:

y = xn/2
n∑

k=1

[
Ck1In

(
2βk

√
x
)
+ Ck2Kn

(
2βk

√
x
)]
,

ãäå In(z) è Kn(z) � ìîäè�èöèðîâàííûå �óíêöèè Áåññåëÿ; β1, β2, . . . , βn �

êîðíè óðàâíåíèÿ βn =
√
a.

15. x3ny(2n)
x = ay.

Ïðåîáðàçîâàíèå x = t−1
, y = wt1−2n

ïðèâîäèò ê óðàâíåíèþ âèäà 2.4.1.14:

tnw
(2n)
t = aw.

16. xn+1/2y(2n+1)
x = ay.

Îáùåå ðåøåíèå:

y = x(2n+1)/4
2n∑

k=0

Ck
[
J−n−1/2

(
2βk

√
x
)
+ iJn+1/2

(
2βk

√
x
)]
,
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ãäå Jm(z)��óíêöèè Áåññåëÿ; β0, β1, . . . , β2n�êîðíè óðàâíåíèÿ β2n+1 =−ai;
i2 = −1.

17. x3n+3/2y(2n+1)
x = ay.

Ïðåîáðàçîâàíèå x= t−1
, y=wt−2n

ïðèâîäèò ê ëèíåéíîìó ÎÄÓ âèäà 2.4.1.16:

tn+1/2w
(2n+1)
t = −aw.

18. y(n)
x = axβy.

Äëÿ íåêîòîðûõ çíà÷åíèé ïîêàçàòåëÿ ñòåïåíè β ñì. óðàâíåíèÿ 2.4.1.7, 2.4.1.12

(ïðè b = 0), 2.4.1.13�2.4.1.17, 2.4.1.19 (ïðè b = 0), 2.4.1.45 (ïðè a1 = · · · =
= an−1 = 0).

1◦. Ïóñòü n> 2, β >−n è (n+β)(s+1) 6= 1, 2, . . . , n−1, ãäå s= 0, 1, . . .
Òîãäà ðàññìàòðèâàåìîå ÎÄÓ èìååò n ðåøåíèé, êîòîðûå ìîæíî ïðåäñòàâèòü â

âèäå

yj(x) = xj−1En,1+β/n,(β+j−1)/n

(
axβ+n

)
, j = 1, 2, . . . , n. (1)

Çäåñü En,m,l(z)� ñïåöèàëüíàÿ �óíêöèÿ òèïà Ìèòòàã-Ëå��ëåðà, êîòîðàÿ îïðå-

äåëÿåòñÿ òàê:

En,m,l(z) = 1 +
∞∑

k=1

bkz
k,

bk =

k−1∏

s=0

Γ
(
n(ms+ l) + 1

)

Γ
(
n(ms+ l + 1) + 1

) =

k−1∏

s=0

1

[n(ms+ l) + 1] . . . [n(ms+ l) + n]
,

(2)

ãäå Γ(ξ) �ãàììà-�óíêöèÿ, l�ïðîèçâîëüíîå ÷èñëî, m > 0.
Ïðè β > 0 ðåøåíèÿ (1) ÿâëÿþòñÿ ëèíåéíî íåçàâèñèìûìè. �àçëîæåíèÿ â

ðÿä (2) óäîáíî èñïîëüçîâàòü äëÿ ìàëûõ x.

2◦. Ïóñòü n > 2, β < −n è (n + β)(s + 1) 6= −1, −2, . . . , −(n − 1), ãäå
s = 0, 1, . . . Òîãäà ðàññìàòðèâàåìîå ÎÄÓ èìååò n ðåøåíèé, êîòîðûå ìîæíî

ïðåäñòàâèòü â âèäå

yj(x) = xj−1En,−1−β/n,−1−(β+j)/n

(
a(−1)nxβ+n

)
, j = 1, 2, . . . , n, (3)

ãäå En,m,l(z) � ñïåöèàëüíàÿ �óíêöèÿ òèïà Ìèòòàãà-Ëå��ëåðà, îïðåäåëåííàÿ

â (2). Ïðè β 6 −2n ðåøåíèÿ (3) ÿâëÿþòñÿ ëèíåéíî íåçàâèñèìûìè. �àçëîæåíèÿ

â ðÿä (3) óäîáíî èñïîëüçîâàòü ïðè áîëüøèõ x.

3◦. Ïðåîáðàçîâàíèå x = t−1
, y = wt1−n ïðèâîäèò ðàññìàòðèâàåìîå ÎÄÓ ê

àíàëîãè÷íîìó âèäó ñ äðóãèì ïîêàçàòåëåì ñòåïåíè:

w
(n)
t = a(−1)n+1t−2n−βw.

Áîëåå ïîäðîáíóþ èí�îðìàöèþ î ðåøåíèÿõ, ïðèâåäåííûõ â ïï. 1◦ è 2◦, ñì.
â ñòàòüå Ñàéãî & Êèëáàñ (2000).
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19. x2n+1y(n)
x = ay + bxn

.

Ïðåîáðàçîâàíèå x= t−1
, y=wt1−n ïðèâîäèò ê ëèíåéíîìó ÎÄÓ âèäà 2.4.1.12:

w
(n)
t = (−1)n(atw + b).

20. (ax+ b)2n+1y(n)
x = (cx+ d)y.

Ïðåîáðàçîâàíèå ξ =
cx+ d

ax+ b
, w = y

(ax+b)n−1 ïðèâîäèò ê ÎÄÓ âèäà 2.4.1.12:

w
(n)
ξ = ∆−nξw, ãäå ∆ = bc− ad.

21. (ax+ b)n(cx+ d)ny(n)
x = ky.

1◦. Ïðåîáðàçîâàíèå ξ = ln
ax+ b

cx+ d
, w = y

(cx+d)n−1 ïðèâîäèò ê ëèíåéíîìó

ÎÄÓ ñ ïîñòîÿííûìè êîý��èöèåíòàìè.

2◦. Ïðåîáðàçîâàíèå ζ =
ax+ b

cx+ d
, w = y

(cx+d)n−1 ïðèâîäèò ê óðàâíåíèþ

Ýéëåðà 2.4.1.45: ζnw
(n)
ζ = k∆−nw, ãäå ∆ = ad− bc.

22. (ax2 + bx+ c)ny(n)
x = ky.

Ïðåîáðàçîâàíèå ξ =
∫

dx

ax2 + bx+ c
, w = y(ax2 + bx + c)

1−n
2

ïðèâîäèò ê

ëèíåéíîìó ÎÄÓ ñ ïîñòîÿííûìè êîý��èöèåíòàìè.

23. (ax+ b)n(cx+ d)3ny(2n)
x = ky.

Ïðåîáðàçîâàíèå ξ =
ax+ b

cx+ d
, w = y

(cx+d)2n−1 ïðèâîäèò ê ÎÄÓ âèäà 2.4.1.14:

ξnw
(2n)
ξ = k∆−2nw, ãäå ∆ = ad− bc.

24. (ax+ b)n+1/2(cx+ d)3n+3/2y(2n+1)
x = ky.

Ïðåîáðàçîâàíèå ξ =
ax+ b

cx+ d
, w = y

(cx+d)2n
ïðèâîäèò ê ÎÄÓ âèäà 2.4.1.16:

ξn+1/2w
(2n+1)
ξ = k∆−2n−1w, ãäå ∆ = ad− bc.

25. y(n)
x + axky′x + akxk−1y = 0.

Èíòåãðèðîâàíèå ïðèâîäèò ê ëèíåéíîìó ÎÄÓ (n − 1)-ãî ïîðÿäêà: y
(n−1)
x +

+ axky = C .

26. y(n)
x + axk+1y′x − a(n− 1)xky = 0.

Ïîäñòàíîâêà z=xy′x−(n−1)y ïðèâîäèò ê ëèíåéíîìó ÎÄÓ (n−1)-ãî ïîðÿäêà:

z
(n−1)
x + axk+1z = 0.

27. y(n)
x + axk+1y′x + a(k+ n)xky = 0.

Ïðåîáðàçîâàíèå x= t−1
, y=wt1−n ïðèâîäèò ê ëèíåéíîìó ÎÄÓ âèäà 2.4.1.25:

w
(n)
t + btνw′

t + bνtν−1w = 0, ãäå b = a(−1)n+1
, ν = 1− k − 2n.
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28. y(n)
x + (ax+ b)xky′x − axky = 0.

×àñòíîå ðåøåíèå: y0 = ax+ b.

29. y(n)
x + (ax+ b)xky′x − 2axky = 0.

×àñòíîå ðåøåíèå: y0 = (ax+ b)2.

30. y(n)
x + (ax+ b)xky′x − 3axky = 0.

×àñòíîå ðåøåíèå: y0 = (ax+ b)3.

31. y(n)
x + (ax+ b)xky′x − a(n− 1)xky = 0.

×àñòíîå ðåøåíèå: y0 = (ax+ b)n−1
. Ïîäñòàíîâêà z = (ax+ b)y′x − a(n− 1)y

ïðèâîäèò ê ëèíåéíîìó ÎÄÓ (n − 1)-ãî ïîðÿäêà: z
(n−1)
x + (ax+ b)xkz = 0.

32. y(n)
x + axk+1y′x − amxky = 0, m = 1, 2, . . . , n− 1.

×àñòíîå ðåøåíèå: y0 = xm . Ïîäñòàíîâêà z= xy′x−my ïðèâîäèò ê ëèíåéíîìó

ÎÄÓ (n− 1)-ãî ïîðÿäêà:

Dn−m−1
(
z
(m)
x

x

)
+ axkz = 0, ãäå D =

d

dx
.

33. y(2n)
x = any + bxk(y′′xx − ay).

×àñòíûé ñëó÷àé óðàâíåíèÿ 2.4.1.64 ïðè f(x) = bxk. Ïîäñòàíîâêà w= y′′xx−ay
ïðèâîäèò ê ëèíåéíîìó ÎÄÓ (2n − 2)-ãî ïîðÿäêà: w

(2n−2)
x + aw

(2n−4)
x + · · · +

+ an−1w = bxkw.

34. y(n)
x + axky(m)

x − (abmxk + bn)y = 0.

×àñòíîå ðåøåíèå: y0 = ebx.

35. y(n)
x + (axk − bn−m)y(m)

x − abmxky = 0.

×àñòíîå ðåøåíèå: y0 = ebx.

36. y(n)
x + ay(n−1)

x + bxmy′x + abxmy = 0.

×àñòíîå ðåøåíèå: y0 = e−ax.

37. xy(n)
x −nmy(n−1)

x +axy=0, n=2, 3, 4, . . . , m=1, 2, 3, . . .

Îáùåå ðåøåíèå:

y = x(m+1)n−1
(
x1−n d

dx

)m
(x1−nw),

ãäå w�îáùåå ðåøåíèå ëèíåéíîãî ÎÄÓ ñ ïîñòîÿííûìè êîý��èöèåíòàìè âèäà

2.4.1.7: w
(n)
x + aw = 0.
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38. xy(n)
x + ny(n−1)

x = axy + b.

Ïîäñòàíîâêà w = xy ïðèâîäèò ê ëèíåéíîìó ÎÄÓ ñ ïîñòîÿííûìè êîý��èöè-

åíòàìè: w
(n)
x = aw + b.

39. xy(n)
x + ny(n−1)

x = ax2y + b.

Ïîäñòàíîâêà w = xy ïðèâîäèò ê ÎÄÓ âèäà 2.4.1.12: w
(n)
x = axw + b.

40. xy(n)
x + (n−m− 1)y(n−1)

x + axky′x − amxk−1y = 0.

×àñòíîå ðåøåíèå: y0 = xm.

41. xy(n)
x + axky(m)

x − (axk + amxk−1 + x+ n)y = 0.

×àñòíîå ðåøåíèå: y0 = xex.

42. xy(n)
x =

n−1∑
k=0

[(aAk+1 −Ak)x+Ak+1]y
(k)
x .

Çäåñü An = 1, A0 = 0; a è Ak �ïðîèçâîëüíûå ÷èñëà (k = 1, 2, . . . , n− 1).

Îáîçíà÷èì P (λ) =
n−1∑
k=0

Ak+1λ
k. Ïóñòü âñå êîðíè λ1, λ2, . . . , λn−1 àëãåá-

ðàè÷åñêîãî óðàâíåíèÿ P (λ) = 0 ðàçëè÷íû è P (a) 6= 0. Òîãäà îáùåå ðåøåíèå
ðàññìàòðèâàåìîãî ÎÄÓ èìååò âèä

y = C1e
λ1x + C2e

λ2x + · · ·+ Cn−1e
λn−1x + Cne

ax
[
x− P ′

λ(a)

P (a)

]
.

43. x2y(n)
x + 2nxy(n−1)

x + n(n− 1)y(n−2)
x = ax2y + b.

Ïîäñòàíîâêà w = x2y ïðèâîäèò ê ëèíåéíîìó ÎÄÓ ñ ïîñòîÿííûìè êîý��èöè-

åíòàìè: w
(n)
x = aw + b.

44. x2y(n)
x + 2nxy(n−1)

x + n(n− 1)y(n−2)
x = ax3y + b.

Ïîäñòàíîâêà w = x2y ïðèâîäèò ê ÎÄÓ âèäà 2.4.1.12: w
(n)
x = axw + b.

45. anx
ny(n)

x + an−1x
n−1y(n−1)

x + · · · + a1xy
′
x + a0y = 0.

Óðàâíåíèå Ýéëåðà. Åñëè âñå êîðíè λk (k = 1, 2, . . . , n) àëãåáðàè÷åñêîãî
óðàâíåíèÿ

n∑

ν=1

aνλ(λ− 1) . . . (λ− ν + 1) = −a0

ðàçëè÷íû, òî îáùåå ðåøåíèå äàííîãî ÎÄÓ èìååò âèä

y = C1|x|λ1 + C2|x|λ2 + · · ·+ Cn|x|λn .

Â îáùåì ñëó÷àå ïîäñòàíîâêà t = ln |x| ïðèâîäèò ê ëèíåéíîìó ÎÄÓ ñ

ïîñòîÿííûìè êîý��èöèåíòàìè âèäà 2.4.1.8.
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46. x2n+1y(n)
x + nx2ny(n−1)

x = axy.

Ïîäñòàíîâêà w = xy ïðèâîäèò ê ÎÄÓ âèäà 2.4.1.13: x2nw
(n)
x = aw.

47. x2n+1y(n)
x + nx2ny(n−1)

x = ay.

Ïîäñòàíîâêà w = xy ïðèâîäèò ê ÎÄÓ âèäà 2.4.1.19 (ïðè b = 0): x2n+1w
(n)
x =

= aw.

48. xny(2n)
x + 2nxn−1y(2n−1)

x = ay.

Ïîäñòàíîâêà w = xy ïðèâîäèò ê ÎÄÓ âèäà 2.4.1.14: xnw
(2n)
x = aw.

49. x3ny(2n)
x + 2nx3n−1y(2n−1)

x = ay.

Ïîäñòàíîâêà w = xy ïðèâîäèò ê ÎÄÓ âèäà 2.4.1.15: x3nw
(2n)
x = aw.

50. xn+1y(2n+1)
x + (2n+ 1)xny(2n)

x = a
√
x y.

Ïîäñòàíîâêà w = xy ïðèâîäèò ê ÎÄÓ âèäà 2.4.1.16: xn+1/2w
(2n+1)
x = aw.

51. x3n+3/2y(2n+1)
x + (2n+ 1)x3n+1/2y(2n)

x = ay.

Ïîäñòàíîâêà w = xy ïðèâîäèò ê ÎÄÓ âèäà 2.4.1.17: x3n+3/2w
(2n+1)
x = aw.

◮ Óðàâíåíèÿ, ñîäåðæàùèå ïðîèçâîëüíûå �óíêöèè.

52. fy(n)
x − f (n)

x y = 0, f = f(x).

×àñòíîå ðåøåíèå: y0 = f(x).

53. fy(2n+1)
x + f (2n+1)

x y = g(x), f = f(x).

Ïåðâûé èíòåãðàë:

∑2n
k=0(−1)kf

(2n−k)
x y

(k)
x =

∫
g(x) dx + C .

54. y(n)
x + (ax+ b)f(x)y′x − af(x)y = 0.

×àñòíîå ðåøåíèå: y0 = ax+ b.

55. y(n)
x + (ax+ b)f(x)y′x − 2af(x)y = 0.

×àñòíîå ðåøåíèå: y0 = (ax+ b)2.

56. y(n)
x + (ax+ b)f(x)y′x − (n− 1)af(x)y = 0.

×àñòíîå ðåøåíèå: y0 = (ax+ b)n−1
. Ïîäñòàíîâêà z = (ax+ b)y′x − a(n− 1)y

ïðèâîäèò ê ëèíåéíîìó ÎÄÓ (n − 1)-ãî ïîðÿäêà: z
(n−1)
x + (ax+ b)f(x)z = 0.
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57. y(n)
x + xf(x)y′x −mf(x)y = 0, m = 1, 2, . . . , n− 1.

×àñòíîå ðåøåíèå: y0 = xm. Ïîäñòàíîâêà z = xy′x−my ïðèâîäèò ê ëèíåéíîìó

ÎÄÓ (n− 1)-ãî ïîðÿäêà:

Dn−m−1
(
z
(m)
x

x

)
+ f(x)z = 0, ãäå D =

d

dx
.

58. y(n)
x + f(x)y′x + f ′

x(x)y = g(x).

Èíòåãðèðóÿ, ïîëó÷èì ëèíåéíîå ÎÄÓ (n− 1)-ãî ïîðÿäêà:

y(n−1)
x + f(x)y =

∫
g(x) dx +C.

59. y(2n)
x = y + f(x)(y′x ch x− y sh x).

Ïîäñòàíîâêà w = y′x chx − y shx ïðèâîäèò ê ëèíåéíîìó ÎÄÓ (2n − 1)-ãî
ïîðÿäêà.

60. y(2n)
x = y + f(x)(y′x sh x− y ch x).

Ïîäñòàíîâêà w = y′x shx − y ch x ïðèâîäèò ê ëèíåéíîìó ÎÄÓ (2n − 1)-ãî
ïîðÿäêà.

61. y(2n)
x = (−1)ny + f(x)(y′x sin x− y cos x).

Ïîäñòàíîâêà w = y′x sinx − y cos x ïðèâîäèò ê ëèíåéíîìó ÎÄÓ (2n − 1)-ãî
ïîðÿäêà.

62. y(2n)
x = (−1)ny + f(x)(y′x cos x+ y sin x).

Ïîäñòàíîâêà w = y′x cos x + y sinx ïðèâîäèò ê ëèíåéíîìó ÎÄÓ (2n − 1)-ãî
ïîðÿäêà.

63. y(n)
x =

ϕ
(n)
x

ϕ
y + f(x)

((
y′x − ϕ′

x

ϕ
y
))
, ϕ = ϕ(x).

×àñòíîå ðåøåíèå: y0=ϕ(x). Ïîäñòàíîâêà w=y′x− ϕ′
x
ϕ y ïðèâîäèò ê ëèíåéíîìó

ÎÄÓ (n− 1)-ãî ïîðÿäêà.

64. y(2n)
x = any + f(x)(y′′xx − ay).

Ïîäñòàíîâêà w = y′′xx − ay ïðèâîäèò ê ëèíåéíîìó ÎÄÓ (2n− 2)-ãî ïîðÿäêà:

w(2n−2)
x + aw(2n−4)

x + · · ·+ an−1w = f(x)w.

65. y(2n)
x = a2y + f(x)[y(n)

x + ay].

Ïîäñòàíîâêà w = y
(n)
x + ay ïðèâîäèò ê ëèíåéíîìó ÎÄÓ n-ãî ïîðÿäêà: w

(n)
x =

= [f(x) + a]w.
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66. y(n)
x + f(x)y(m)

x − [an + amf(x)]y = 0.

×àñòíîå ðåøåíèå: y0 = eax.

67. y(n)
x + (f − an−m)y(m)

x − amfy = 0, f = f(x).

×àñòíîå ðåøåíèå: y0 = eax.

68. y(n)
x + ay(n−1)

x + fy′x + afy = 0, f = f(x).

×àñòíîå ðåøåíèå: y0 = e−ax.

69. y(n)
x =

n−1∑
k=0

(ak+1f − ak)y
(k)
x , f = f(x).

Çäåñü an = 1, a0 = 0; ak �ïðîèçâîëüíûå ÷èñëà (k = 1, 2, . . . , n− 1).

1◦. ×àñòíûå ðåøåíèÿ: yk = eλkx (k = 1, 2, . . . , n − 1), ãäå λk � êîðíè

àëãåáðàè÷åñêîãî óðàâíåíèÿ

n−1∑
k=0

ak+1λ
k = 0.

2◦. �àññìàòðèâàåìîå óðàâíåíèå äîïóñêàåò ïåðâûé èíòåãðàë

n−1∑
k=0

ak+1y
(k)
x = C exp

( ∫
f dx

)
,

êîòîðûé ÿâëÿåòñÿ ëèíåéíûì íåîäíîðîäíûì ÎÄÓ (n − 1)-ãî ïîðÿäêà ñ ïîñòî-

ÿííûìè êîý��èöèåíòàìè âèäà 2.4.1.9.

70. xy(n)
x + (a+ n− 1)y(n−1)

x = f(x)(xy′x + ay).

Ïîäñòàíîâêà w = xy′x + ay ïðèâîäèò ê ëèíåéíîìó ÎÄÓ (n − 1)-ãî ïîðÿäêà:

w
(n−1)
x = f(x)w.

71. xny(n)
x + bn−1x

n−1y(n−1)
x + · · · + b1xy

′
x + b0y = f(x).

Íåîäíîðîäíîå óðàâíåíèå Ýéëåðà. Ïîäñòàíîâêà x = aet (a 6= 0) ïðèâîäèò ê

ëèíåéíîìó íåîäíîðîäíîìó ÎÄÓ ñ ïîñòîÿííûìè êîý��èöèåíòàìè âèäà 2.4.1.9.

72. xmy(n)
x =

n−1∑
k=0

[xm(ak+1f − ak) + ak+1]y
(k)
x , f = f(x).

Çäåñü an = 1, a0 = 0; m è ak �ïðîèçâîëüíûå ÷èñëà (k = 1, 2, . . . , n− 1).
×àñòíûå ðåøåíèÿ: yk = eλkx (k = 1, 2, . . . , n− 1), ãäå λk �êîðíè àëãåáðà-

è÷åñêîãî óðàâíåíèÿ

n−1∑
k=0

ak+1λ
k = 0.

73.

n∑
k=2

fk(x)y
(k)
x = g(x)(xy′x − y).

×àñòíîå ðåøåíèå: y0 = x. Ïîäñòàíîâêà w(x) =xy′x−y ïðèâîäèò ê ëèíåéíîìó

ÎÄÓ (n− 1)-ãî ïîðÿäêà.
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74.

n∑
k=m+1

fk(x)y
(k)
x = g(x)(xy′x −my), m = 1, 2, . . . , n− 1.

×àñòíîå ðåøåíèå: y0 = xm. Ïîäñòàíîâêà w(x) = xy′x − my ïðèâîäèò ê

ëèíåéíîìó ÎÄÓ (n− 1)-ãî ïîðÿäêà.

75.

n∑
k=0

(fk − afk+1)y
(k)
x = 0.

Çäåñü fk = fk(x) (k = 1, 2, . . . , n); fn+1 ≡ f0 ≡ 0.

×àñòíîå ðåøåíèå: y0 = eax.

76.

n∑
k=0

xk[fk + (k −m)fk+1]y
(k)
x = 0.

Çäåñü fk = fk(x) (k = 1, 2, . . . , n); fn+1 ≡ f0 ≡ 0.

×àñòíîå ðåøåíèå: y0 = xm.

2.4.2. Íåëèíåéíûå îáûêíîâåííûå äè��åðåíöèàëüíûå

óðàâíåíèÿ òðåòüåãî è ÷åòâåðòîãî ïîðÿäêà

1. y′′′xxx = f(y).

Äâó÷ëåííîå àâòîíîìíîå ÎÄÓ òðåòüåãî ïîðÿäêà. Ïîäñòàíîâêà z(y) = (y′x)
2

ïðèâîäèò ê ÎÄÓ âòîðîãî ïîðÿäêà: z′′yy=±2f(y)z−1/2
. Â ÷àñòíîñòè, ïîëó÷åííîå

ÎÄÓ ïðè f(y) = ayn ÿâëÿåòñÿ óðàâíåíèå Ýìäåíà �Ôàóëåðà âèäà 2.3.1.2 ïðè

m = −1/2.

2. yy′′′xxx = f(x).

1◦. Èíòåãðèðóÿ, ïðèõîäèì ê óðàâíåíèþ âòîðîãî ïîðÿäêà yy′′xx − 1
2 (y

′
x)

2 =

=
∫
f(x) dx + C. Ïîäñòàíîâêà y = w2

ïðèâîäèò ïîëó÷åííîå ÎÄÓ ê âèäó

w′′
xx = 1

2

[ ∫
f(x) dx+ C

]
w−3

.

2◦. Ïðåîáðàçîâàíèå x=1/t, y= u/t2 ïðèâîäèò èñõîäíîå ÎÄÓ ê óðàâíåíèþ

àíàëîãè÷íîãî âèäà: uu′′′ttt = −t−2f(1/t).

3. (y′x)
2 − yy′′xx − ay′′′xxx = 0.

Ýòî àâòîíîìíîå óðàâíåíèå âñòðå÷àåòñÿ â òåîðèè ãèäðîäèíàìè÷åñêîãî ïîãðà-

íè÷íîãî ñëîÿ.

×àñòíûå ðåøåíèÿ:

y =
6a

x+ C
,

y = Ceλx − aλ,

ãäå C è λ�ïðîèçâîëüíûå ïîñòîÿííûå.
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4. yy′′′xxx + 3y′xy
′′
xx = f(x).

�åøåíèå:

y2 = C1x
2 + C2x+ C3 +

∫ x

0
(x− t)2f(t) dt,

ãäå C1, C2, C3�ïðîèçâîëüíûå ïîñòîÿííûå.

5. y′′′xxx = (f − a)y′′xx + (af − b)y′x + bfy, f = f(u).

×àñòíîå ðåøåíèå:

y = C1e
λ1x + C2e

λ2x,

ãäå λ1 è λ2 �êîðíè êâàäðàòíîãî óðàâíåíèÿ λ2 + aλ+ b = 0.

6. y′′′′xxxx = ay−5/3
.

Óìíîæèì îáå ÷àñòè óðàâíåíèÿ íà y5/3 , à çàòåì ïðîäè��åðåíöèðóåì ïî x.
Â ðåçóëüòàòå ïîëó÷èì ÎÄÓ ïÿòîãî ïîðÿäêà

3yy(5)x + 5y′xy
′′′′
xxxx = 0.

Èíòåãðèðóÿ òðèæäû ýòî óðàâíåíèå, èìååì

3yy′′′′xxxx + 2y′xy
′′′
xxx − (y′′xx)

2 = 2C2, (1)

3yy′′′xxx − y′xy
′′
xx = 2C2x+ C1, (2)

3yy′′xx − 2(y′x)
2 = C2x

2 + C1x+ C0, (3)

ãäå C0, C1, C2 � ïðîèçâîëüíûå ïîñòîÿííûå. Èñêëþ÷àÿ èç (1)�(3) ñ ïîìîùüþ

èñõîäíîãî ÎÄÓ ñòàðøèå ïðîèçâîäíûå, ïðèõîäèì ê óðàâíåíèþ ïåðâîãî ïîðÿäêà

(2Py′x − 3P ′
xy)

2 = 9(C2
1 − 4C0C2)y

2 − 2P 3 + 54aPy4/3,

ãäå P = C2x
2 + C1x + C0. Ïîäñòàíîâêà y = (P/w)3/2 ïðèâîäèò ê ÎÄÓ ñ

ðàçäåëÿþùèìèñÿ ïåðåìåííûìè, èíòåãðèðóÿ êîòîðîå ïîëó÷èì îáùåå ðåøåíèå

èñõîäíîãî óðàâíåíèÿ

∫ [
9(C2

1 − 4C0C2) + 54aw − 2w3
]−1/2 dw

w
±

∫
dx

3P
= C3.

7. y′′′′xxxx = aym.

×àñòíûé ñëó÷àé ÎÄÓ 2.4.2.9 ïðè f(w) = aym.

1◦. Èíòåãðèðóÿ, ïîëó÷èì ÎÄÓ òðåòüåãî ïîðÿäêà

2y′xy
′′′
xxx − (y′′xx)

2 =
2a

m+ 1
ym+1 +

4

3
C,

ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ è m 6= −1. Ïîäñòàíîâêà w(y) = (y′x)
3/2

ïðèâîäèò åãî ê ÎÄÓ âòîðîãî ïîðÿäêà

w′′
yy =

(
3a

2m+ 2
ym+1 + C

)
w−5/3,

êîòîðîå ïðè C = 0 ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì óðàâíåíèÿ Ýìäåíà � Ôàóëåðà

âèäà 2.3.1.2.
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2◦. ×àñòíîå ðåøåíèå: y =
[
8(m+1)(m+3)(3m+1)

a(m−1)4

] 1
m−1 (

x+ C
) 4
1−m

.

8. y′′′′xxxx = ax−3m−5ym.

Ïðåîáðàçîâàíèå x = t−1
, y = t−3w(t) ïðèâîäèò ê ÎÄÓ âèäà 2.4.2.7: w′′′′

tttt =
= awm.

9. y′′′′xxxx = f(y).

Àâòîíîìíîå óðàâíåíèå ÷åòâåðòîãî ïîðÿäêà ñïåöèàëüíîãî âèäà. Èíòåãðèðóÿ,

ïîëó÷èì ÎÄÓ òðåòüåãî ïîðÿäêà y′′xx)
2 =2

∫
f(y) dy+2C . Ïîäñòàíîâêà w(y) =

|y′x|3/2 ïðèâîäèò åãî ê ÎÄÓ âòîðîãî ïîðÿäêà

w′′
yy =

3
2

[ ∫
f(y) dy + C

]
w−5/3.

10. y′′′′xxxx + ay′′xx = f(y).

Èíòåãðèðóÿ, ïîëó÷èì ÎÄÓ òðåòüåãî ïîðÿäêà 2y′xy
′′′
xxx − (y′′xx)

2 + a(y′x)
2 =

= 2
∫
f(y) dy + 2C, ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Ïîäñòàíîâêà w(y) =

= |y′x|3/2 ïðèâîäèò åãî ê ÎÄÓ âòîðîãî ïîðÿäêà

w′′
yy = − 3

4 aw
−1/3 + 3

2

[ ∫
f(y) dy +C

]
w−5/3.

2.4.3. Íåëèíåéíûå îáûêíîâåííûå äè��åðåíöèàëüíûå

óðàâíåíèÿ ñòàðøèõ ïîðÿäêîâ

1. y(2n)
x = ay

1+2n
1−2n

.

Óìíîæèì îáå ÷àñòè íà y
2n+1
2n−1

, à çàòåì ïðîäè��åðåíöèðóåì ïî x. Â ðåçóëüòàòå

ïîëó÷èì ÎÄÓ (2n+ 1)-ãî ïîðÿäêà

(2n − 1)yy(2n+1)
x + (2n+ 1)y′xy

(2n)
x = 0.

Òðè èíòåãðàëà ýòîãî óðàâíåíèÿ, ñîäåðæàùèå ïðîèçâîëüíûå ïîñòîÿííûå C0,

C1, C2 âûïèñàíû â 2.4.3.23, ãäå ñëåäóåò ïîëîæèòü f ≡ 0. Èñêëþ÷àÿ èç ýòèõ

èíòåãðàëîâ è èñõîäíîãî óðàâíåíèÿ ïðîèçâîäíûå ñòàðøèõ ïîðÿäêîâ, ìîæíî

ïîëó÷èòü ÎÄÓ (2n− 3)-ãî ïîðÿäêà. Ýòî óðàâíåíèå ñ ïîìîùüþ ïðåîáðàçîâàíèÿ

t =
∫
dx

P
, w = yP

1−2n
2 , ãäå P = C2x

2 + C1x+ C0,

ñâîäèòñÿ ê ÎÄÓ àâòîíîìíîãî âèäà. Ïîñëåäóþùàÿ ïîäñòàíîâêà z(w) = w′
t

ïðèâîäèò â èòîãå ê ÎÄÓ (2n− 4)-ãî ïîðÿäêà äëÿ �óíêöèè z = z(w).

2. y(n)
x = f(y).

Äâó÷ëåííîå àâòîíîìíîå ÎÄÓ n-ãî ïîðÿäêà. ×àñòíûé ñëó÷àé ÎÄÓ 2.4.3.31.
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1◦. Ïîäñòàíîâêà w(y) = y′x ïðèâîäèò ê ÎÄÓ (n− 1)-ãî ïîðÿäêà.

2◦. Äëÿ óðàâíåíèÿ ÷åòíîãî ïîðÿäêà n= 2m, ïåðâûé èíòåãðàë ðàññìàòðèâà-

åìîãî ÎÄÓ èìååò âèä

m−1∑

k=1

(−1)ky(k)x y(2m−k)
x + 1

2 (−1)m
[
y(m)
x

]2
+

∫
f(y) dy = C.

Ïîðÿäîê ïîëó÷åííîãî ÎÄÓ äàëåå ìîæíî ïîíèçèòü ñ ïîìîùüþ ïîäñòàíîâêè

w(y) = y′x.

3. y(n)
x = x−nf(y).

Ïîäñòàíîâêà t = ln |x| ïðèâîäèò ê àâòîíîìíîìó ÎÄÓ âèäà 2.4.3.31.

4. y(n)
x = x1−nf(y/x).

Îäíîðîäíîå ÎÄÓ ñïåöèàëüíîãî âèäà, ÷àñòíûé ñëó÷àé óðàâíåíèÿ 2.4.3.36. Ïðå-

îáðàçîâàíèå t = lnx, w = y/x ïðèâîäèò ê àâòîíîìíîìó ÎÄÓ âèäà 2.4.3.31.

5. y(n)
x = x−n−1f(x1−ny).

Ïðåîáðàçîâàíèå x= t−1
, y= t1−nw ïðèâîäèò ê àâòîíîìíîìó ÎÄÓ âèäà 2.4.3.2:

w
(n)
t = (−1)nf(w).

6. y(2n)
x = x−

2n+1
2 f

((
x

1−2n
2 y

))
.

Ïðåîáðàçîâàíèå x = et, y = x
2n−1
2 w(t) ïðèâîäèò ê àâòîíîìíîìó óðàâíåíèþ

âèäà 2.4.3.26, êîòîðîå ìîæíî ñâåñòè ê ÎÄÓ (2n − 2)-ãî ïîðÿäêà.

7. y(n)
x = x−n−kf(yxk).

×àñòíûé ñëó÷àé ÎÄÓ 2.4.3.37.

1◦. Ïðåîáðàçîâàíèå t = lnx, z = yxk ïðèâîäèò ê àâòîíîìíîìó ÎÄÓ âèäà

2.4.3.31.

2◦. Ïðåîáðàçîâàíèå z=yxk, w=xy′x/y ïðèâîäèò ê ÎÄÓ (n−1)-ãî ïîðÿäêà.

8. y(n)
x = yx−nf(xpyq).

×àñòíûé ñëó÷àé ÎÄÓ 2.4.3.38. Ïðåîáðàçîâàíèå t= xpyq, w = xy′x/y ïðèâîäèò

ê ÎÄÓ (n − 1)-ãî ïîðÿäêà.

9. yy(2n+1)
x = f(x).

Èíòåãðèðóÿ, ïîëó÷èì ÎÄÓ 2n-ãî ïîðÿäêà:

2

n−1∑

m=0

(−1)my(m)
x y(2n−m)

x + (−1)n
[
y(n)x

]2
= 2

∫
f(x) dx+ C,
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ãäå y
(0)
x ≡ y.

10. y(n)
x = (ax+ by + c)1−nf

((
ax+ by + c

αx+ βy + γ

))
.

1◦. Ïðè aβ−bα=0 ïîäñòàíîâêà bw= ax+by+c ïðèâîäèò ê àâòîíîìíîìó
ÎÄÓ âèäà 2.4.3.31.

2◦. Ïðè aβ − bα 6= 0 ïðåîáðàçîâàíèå

z = x− x0, w = y − y0,

ãäå x0 è y0 � êîíñòàíòû, êîòîðûå îïðåäåëÿþòñÿ èç ëèíåéíîé àëãåáðàè÷åñêîé

ñèñòåìû

ax0 + by0 + c = 0,

αx0 + βy0 + γ = 0,

ïðèâîäèò ê îäíîðîäíîìó ÎÄÓ âèäà 2.4.3.36:

w(n)
z = z1−nF

(
w

z

)
, ãäå F (ξ) = (a+ bξ)1−nf

(
a+ bξ

α+ βξ

)
.

11. (ax+ b)n(cx+ d)y(n)
x = f

((
y

(cx+ d)n−1

))
.

Ïðåîáðàçîâàíèå ξ = ln
∣∣∣ ax+ b

cx+ d

∣∣∣, w =
y

(cx+ d)n−1
ïðèâîäèò ê àâòîíîìíîìó

ÎÄÓ âèäà 2.4.3.31.

12. y(n)
x = (ax2 + bx+ c)

−
1+n
2 f

((
y(ax2 + bx+ c)

1−n
2

))
.

1◦. Ïðåîáðàçîâàíèå

t =
∫

dx

ax2 + bx+ c
, w = y(ax2 + bx+ c)

1−n
2 (1)

ïðèâîäèò ê àâòîíîìíîìó ÎÄÓ äëÿ �óíêöèè w=w(t), ïîðÿäîê êîòîðîãî ìîæíî
ïîíèçèòü ñ ïîìîùüþ ïîäñòàíîâêè z(w) = w′

t.

2◦. Ïóñòü n = 2m � ÷åòíîå ÷èñëî (m = 1, 2, 3, . . . ). Â ýòîì ñëó÷àå

ïðåîáðàçîâàíèå (1) ïðèâîäèò ê ÎÄÓ âèäà 2.4.3.26, ïîðÿäîê êîòîðîãî ìîæíî

ïîíèçèòü íà äâå åäèíèöû.

Ïîëàãàÿ P = ax2 + bx+ c, y = wP
2m−1

2
è óìíîæàÿ îáå ÷àñòè óðàâíåíèÿ

íà w′
x = P− 1+2m

2

(
Py′x +

1− 2m

2
P ′
xy

)
, ïîëó÷èì

(
Py′x +

1− 2m

2
P ′
xy

)
y(2m)
x = f(w)w′

x.

Èíòåãðèðóÿ îáå ÷àñòè ýòîãî âûðàæåíèÿ ïî x (ëåâàÿ ÷àñòü èíòåãðèðóåòñÿ ïî

÷àñòÿì), èìååì

m−2∑

k=0

(−1)kψ(k)
x y(2m−1−k)

x + (−1)m−1
∫
ψ(m−1)
x y(m+1)

x dx =
∫
f(w) dw +C, (2)
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ãäå

ψ(k)
x =

dk

dxk

(
Py′x+

1− 2m

2
P ′
xy

)
=Py(k+1)

x +
(
k−m+

1

2

)
P ′
xy

(k)
x +ak(k−2m)y(k−1)

x

(íàïîìíèì, ÷òî n = 2m). Ìîæíî ïîêàçàòü, ÷òî ïîäûíòåãðàëüíîå âûðàæåíèå

â ëåâîé ÷àñòè (2) ÿâëÿåòñÿ ïîëíûì äè��åðåíöèàëîì. Â ðåçóëüòàòå ïîëó÷èì

ïåðâûé èíòåãðàë

m−2∑

k=0

(−1)k
[
Py(k+1)

x +
(
k −m+ 1

2

)
P ′
xy

(k)
x + ak(k − 2m)y(k−1)

x

]
y(2m−1−k)
x +

+ (−1)m−1
{

1
2 P

[
y(m)
x

]2 − 1
2 P

′
xy

(m−1)
x y(m)

x + a(1−m2)y(m−2)
x y(m)

x +

+ 1
2 am

2
[
y(m−1)
x

]2}
=

∫
f(w) dw + C.

13. y(n)
x = eαxf(ye−αx).

Ïîäñòàíîâêà w(x) = ye−αx ïðèâîäèò ê àâòîíîìíîìó ÎÄÓ âèäà 2.4.3.31.

14. y(n)
x = yf(eαxym).

Ïðåîáðàçîâàíèå z = eαxym, w(z) = y′x/y ïðèâîäèò ê ÎÄÓ (n− 1)-ãî ïîðÿäêà.

15. y(n)
x = x−nf(xmeαy).

Ïðåîáðàçîâàíèå z = xmeαy , w(z) = xy′x ïðèâîäèò ê ÎÄÓ (n− 1)-ãî ïîðÿäêà.

16. y(n)
x = any + F (x, y′x − ay).

1◦. Ïîäñòàíîâêà u = y′x − ay ïðèâîäèò ê ÎÄÓ (n− 1)-ãî ïîðÿäêà:

u(n−1)
x + au(n−2)

x + · · ·+ an−1u = F (x, u).

2◦. Ïðè F (x, u) = f(u) ðàññìàòðèâàåìîå óðàâíåíèå äîïóñêàåò ÷àñòíîå

ðåøåíèå ýêñïîíåíöèàëüíîãî âèäà

y = Ceax + k,

ãäå C�ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à k�êîðåíü àëãåáðàè÷åñêîãî (òðàíñöåíäåíò-

íîãî) óðàâíåíèÿ ank + f(−ak) = 0.

17. y(n)
x = F (x, xy′x − y).

Ïîäñòàíîâêà u = xy′x − y ïðèâîäèò ê ÎÄÓ (n− 1)-ãî ïîðÿäêà:
dn−2

dxn−2

(
u′
x

x

)
=

= F (x, u).

18. y(n)
x = F

((
x, xy′x −my

))
.

Çäåñü m�ïîëîæèòåëüíîå öåëîå ÷èñëî è n>m+1. Ïîäñòàíîâêà u= xy′x−my
ïðèâîäèò ê ÎÄÓ (n− 1)-ãî ïîðÿäêà: ζ

(n−m−1)
x = F (x, u), ãäå ζ = u

(m)
x /x.
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19. y(2n)
x = any + F

((
x, y′′xx − ay

))
.

1◦. Ïîäñòàíîâêà u(x) = y′′xx − ay ïðèâîäèò ê ÎÄÓ (2n − 2)-ãî ïîðÿäêà:

u(2n−2)
x + au(2n−4)

x + · · · + an−1u = F (x, u).

Â ÷àñòíîñòè, ïðè n = 2 èìååì

u′′xx + au = F (x, u).

2◦. Ïðè F (x, u) = f(u) èñõîäíîå ÎÄÓ äîïóñêàåò ÷àñòíîå ðåøåíèå âèäà

y =

{
C1 exp

(
−x√a

)
+ C2 exp

(
x
√
a
)
+ k ïðè a > 0,

C1 cos
(
x
√−a

)
+C2 sin

(
x
√−a

)
+ k ïðè a < 0,

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à k�êîðåíü àëãåáðàè÷åñêîãî (òðàíñ-

öåíäåíòíîãî) óðàâíåíèÿ ank + f(−ak) = 0.

20. y(2n)
x = a2y + F

((
x, y(n)

x + ay
))
.

Ïîäñòàíîâêà u= y
(n)
x +ay ïðèâîäèò ê ÎÄÓ n-ãî ïîðÿäêà: u

(n)
x = au+F (x, u).

21. xy(n)
x + (a+ n− 1)y(n−1)

x = F (x, xy′x + ay).

Ïîäñòàíîâêà u=xy′x+ay ïðèâîäèò ê ÎÄÓ (n−1)-ãî ïîðÿäêà: u
(n−1)
x =F (x, u).

22. y(n)
x =

ϕ
(n)
x

ϕ
y + F

((
x, y′x − ϕ′

x

ϕ
y
))
, ϕ = ϕ(x).

Ïîäñòàíîâêà w = y′x −
ϕ′

x

ϕ
y ïðèâîäèò ê ÎÄÓ (n− 1)-ãî ïîðÿäêà.

23. (2n− 1)yy(2n+1)
x + (2n+ 1)y′xy

(2n)
x = f(x).

Ïîñëå îäíîêðàòíîãî èíòåãðèðîâàíèÿ èìååì

(2n − 1)yy(2n)x + 2

n−1∑

k=1

(−1)k+1y(k)x y(2n−k)x + (−1)n+1
[
y(n)x

]2
=

∫
f(x) dx+ 2C2.

Èíòåãðèðóÿ äàëåå, ïîëó÷èì ÎÄÓ (2n− 1)-ãî ïîðÿäêà:

n−1∑

k=0

(2n− 1− 2k)(−1)ky(k)x y(2n−1−k)
x = 2C2x+ C1 +

∫ x

x0
(x− t)f(t) dt.

Èíòåãðèðóÿ òðåòèé ðàç, ïðèõîäèì ê ÎÄÓ (2n− 2)-ãî ïîðÿäêà:

n−2∑

k=0

(k + 1)(2n − k − 1)(−1)ky(k)x y(2n−2−k)
x +

1

2
(−1)n−1n2

[
y(n−1)
x

]2
=

= C2x
2 + C1x+ C0 +

1

2

∫ x

x0
(x− t)2f(t) dt.
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24. yy(n)
x − y′xy

(n−1)
x = f(x)y2.

Èíòåãðèðóÿ, ïîëó÷èì ëèíåéíîå îäíîðîäíîå ÎÄÓ (n− 1)-ãî ïîðÿäêà:

y(n−1)
x =

[ ∫
f(x) dx+ C

]
y.

25. yy(n)
x = y′xy

(n−1)
x + f(x)yy(n−1)

x .

Èíòåãðèðóÿ, ïîëó÷èì ëèíåéíîå ÎÄÓ (n− 1)-ãî ïîðÿäêà:

y(n−1)
x = C exp

[ ∫
f(x) dx

]
y.

26.

n∑

m=1

amy
(2m)
x = f(y).

Ýòî ÎÄÓ äîïóñêàåò ïåðâûé èíòåãðàë:

n∑

m=1

am

{m−1∑

ν=1

(−1)νy(ν)x y(2m−ν)
x +

1

2
(−1)m

[
y(m)
x

]2}
+

∫
f(y) dy = C,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Ïîðÿäîê ïîëó÷åííîãî óðàâíåíèÿ ìîæíî ïî-

íèçèòü ñ ïîìîùüþ ïîäñòàíîâêè w(y) = y′x.

27.

n∑

m=1

amx
my(m)

x = f(y).

Ïîäñòàíîâêà t = ln |x| ïðèâîäèò ê àâòîíîìíîìó ÎÄÓ âèäà 2.4.3.31.

28. y

n∑

m=0

amy
(2m+1)
x = f(x).

Èíòåãðèðóÿ, ïîëó÷èì ÎÄÓ 2n-ãî ïîðÿäêà:

n∑

m=0

am

{
2

m−1∑

ν=0

(−1)νy(ν)x y(2m−ν)
x + (−1)m

[
y(m)
x

]2}
= 2

∫
f(x) dx+ C,

ãäå y
(0)
x = y.

29.

n∑

m=0

amy
(m)
x y(2n+1−m)

x = f(x).

Ýòî ÎÄÓ äîïóñêàåò ïåðâûé èíòåãðàë:

2
n−1∑

m=0

Amy
(m)
x y(2n−m)

x +An
[
y(n)x

]2
= 2

∫
f(x) dx+ C,

ãäå

Am =
m∑
k=0

(−1)m+kak = am − am−1 + am−2 − · · · .
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Åñëè âûïîëíÿåòñÿ óñëîâèå

An = 2
n−1∑
m=0

(−1)n−1+mAm,

òî ïîëó÷åííîå ÎÄÓ ìîæíî äâàæäû ïðîèíòåãðèðîâàòü (â ÷àñòíîñòè, ñì. óðàâ-

íåíèå 2.4.3.23).

30. y(n)
x = F

((
x, y′x, y

′′
xx, . . . , y

(n−1)
x

))
.

Ïðàâàÿ ÷àñòü ýòîãî ÎÄÓ íå çàâèñèò ÿâíî îò èñêîìîé �óíêöèè y. Ïîäñòàíîâêà
u(x) = y′x ïðèâîäèò ê ÎÄÓ (n− 1)-ãî ïîðÿäêà:

u(n−1)
x = F

(
x, u, u′x, . . . , u

(n−2)
x

)
.

31. y(n)
x = F

((
y, y′x, y

′′
xx, . . . , y

(n−1)
x

))
.

Àâòîíîìíîå ÎÄÓ îáùåãî âèäà. Ïðàâàÿ ÷àñòü ýòîãî ÎÄÓ íå çàâèñèò ÿâíî îò

íåçàâèñèìîé ïåðåìåííîé x.
Ïîäñòàíîâêà u(y) = y′x ïðèâîäèò ê ÎÄÓ (n− 1)-ãî ïîðÿäêà.

32. y(n)
x = yF

((
y′x/y, y

′′
xx/y, . . . , y

(n−1)
x /y

))
.

×àñòíûé ñëó÷àé ÎÄÓ 2.4.3.33.

Ýòî óðàâíåíèå äîïóñêàåò ÷àñòíîå ðåøåíèå ýêñïîíåíöèàëüíîãî âèäà

y = Ceλx,

ãäå C�ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à λ�êîðåíü àëãåáðàè÷åñêîãî (òðàíñöåíäåíò-

íîãî) óðàâíåíèÿ: λn = F
(
λ, λ2, . . . , λn−1

)
.

33. y(n)
x = yF

((
x, y′x/y, y

′′
xx/y, . . . , y

(n−1)
x /y

))
.

ÎÄÓ, îäíîðîäíîå îòíîñèòåëüíî èñêîìîé �óíêöèè y. Ýòî ÎÄÓ ñîõðàíÿåò âèä

ïðè ëèíåéíîì ìàñøòàáèðîâàíèè èñêîìîé ïåðåìåííîé ïî ïðàâèëó y ⇒ cy, ãäå
c�ïðîèçâîëüíàÿ íåíóëåâàÿ êîíñòàíòà.

Ïîäñòàíîâêà u(x) = y′x/y ïðèâîäèò ê ÎÄÓ (n− 1)-ãî ïîðÿäêà.

34. y(n)
x = x−nF

((
y, xy′x, x

2y′′xx, . . . , x
n−1y(n−1)

x

))
.

ÎÄÓ, îäíîðîäíîå îòíîñèòåëüíî íåçàâèñèìîé ïåðåìåííîé x. Ýòî ÎÄÓ ñîõðàíÿ-

åò âèä ïðè ëèíåéíîì ìàñøòàáèðîâàíèè íåçàâèñèìîé ïåðåìåííîé ïî ïðàâèëó

x⇒ cx, ãäå c�ïðîèçâîëüíàÿ íåíóëåâàÿ êîíñòàíòà.

Ïîäñòàíîâêà t = ln |x| ïðèâîäèò ê àâòîíîìíîìó ÎÄÓ âèäà 2.4.3.31, à ïîä-

ñòàíîâêà u(y) = xy′x ïðèâîäèò èñõîäíîå óðàâíåíèå ê ÎÄÓ (n − 1)-ãî ïîðÿäêà.

35. y(n)
x = F

((
x, xy′x − y, y′′xx, y

′′′
xxx, . . . , y

(n−1)
x

))
.

Ïîäñòàíîâêà u(x) = xy′x − y ïðèâîäèò ê ÎÄÓ (n− 1)-ãî ïîðÿäêà:

ζ(n−2)
x = F

(
x, u, ζ, ζ ′x, . . . , ζ

(n−3)
x

)
, ãäå ζ = u′x/x.
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36. y(n)
x = x1−nF

((
y/x, y′x, xy

′′
xx, . . . , x

n−2y(n−1)
x

))
.

ÎÄÓ, îäíîðîäíîå ïî äâóì ïåðåìåííûì. Ýòî ÎÄÓ íå ìåíÿåòñÿ ïðè îäèíàêîâîì

ìàñøòàáèðîâàíèè íåçàâèñèìîé è çàâèñèìîé ïåðåìåííûõ ïî ïðàâèëó x⇒ cx è

y ⇒ cy, ãäå c�ïðîèçâîëüíàÿ íåíóëåâàÿ êîíñòàíòà.

Ïðåîáðàçîâàíèå t = lnx, z = y/x ïðèâîäèò ê àâòîíîìíîìó ÎÄÓ âèäà

2.4.3.31, à ïðåîáðàçîâàíèå z = y/x, w = xy′x/y ïðèâîäèò ê ÎÄÓ (n − 1)-ãî
ïîðÿäêà.

37. y(n)
x = x−k−nF

((
xky, xk+1y′x, . . . , x

k+n−1y(n−1)
x

))
.

Îáîáùåííî-îäíîðîäíîå ÎÄÓ. Ýòî ÎÄÓ íå ìåíÿåòñÿ ïðè îäíîâðåìåííîì ìàñ-

øòàáèðîâàíèè íåçàâèñèìîé è çàâèñèìîé ïåðåìåííûõ ïî ïðàâèëó x ⇒ cx è

y ⇒ c−ky, ãäå c�ïðîèçâîëüíàÿ ïîëîæèòåëüíàÿ êîíñòàíòà.

1◦. Ïðåîáðàçîâàíèå t = lnx, z = xky ïðèâîäèò ê àâòîíîìíîìó ÎÄÓ âèäà

2.4.3.31.

2◦. �àññìàòðèâàåìîå ÎÄÓ äîïóñêàåò ÷àñòíîå ðåøåíèå ñòåïåííîãî âèäà y=
= Ax−k, ãäå A�êîíñòàíòà, ïîäëåæàùàÿ îïðåäåëåíèþ.

38. y(n)
x = yx−nF

((
xpyq, xy′x/y, x

2y′′xx/y, . . . , x
n−1y(n−1)

x /y
))
.

Îáîáùåííî-îäíîðîäíîå ÎÄÓ. Ïðè q 6= 0 ýòî ÎÄÓ ÿâëÿåòñÿ àëüòåðíàòèâíîé

�îðìîé ïðåäñòàâëåíèÿ óðàâíåíèÿ 2.4.3.37 ïðè k = p/q.

1◦. Ïðåîáðàçîâàíèå z = xpyq, w = xy′x/y ïðèâîäèò ê ÎÄÓ (n − 1)-ãî
ïîðÿäêà.

2◦. �àññìàòðèâàåìîå ÎÄÓ äîïóñêàåò ÷àñòíîå ðåøåíèå ñòåïåííîãî âèäà y=
= Ax−p/q, ãäå A�êîíñòàíòà, ïîäëåæàùàÿ îïðåäåëåíèþ.

39. y(n)
x = e−αxF

((
eαxy, eαxy′x, e

αxy′′xx, . . . , e
αxy(n−1)

x

))
.

ÎÄÓ, èíâàðèàíòíîå îòíîñèòåëüíî ïðåîáðàçîâàíèÿ ñäâèãà-ìàñøòàáèðîâàíèÿ.

Ýòî ÎÄÓ íå ìåíÿåòñÿ ïðè îäíîâðåìåííîì ñäâèãå ïî íåçàâèñèìîé ïåðåìåííîé

è ìàñøòàáèðîâàíèè çàâèñèìîé ïåðåìåííîé ïî ïðàâèëó x ⇒ x + b è y ⇒ cy,
ãäå c = e−αb, b�ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

1◦. Ïîäñòàíîâêà z = eαxy ïðèâîäèò ê àâòîíîìíîìó ÎÄÓ âèäà 2.4.3.31, à

ïðåîáðàçîâàíèå z = eαxy, w = y′x/y ïðèâîäèò ê ÎÄÓ (n− 1)-ãî ïîðÿäêà.

2◦. �àññìàòðèâàåìîå ÎÄÓ äîïóñêàåò ÷àñòíîå ðåøåíèå ýêñïîíåíöèàëüíîãî

âèäà y = Ae−αx, ãäå A�êîíñòàíòà, ïîäëåæàùàÿ îïðåäåëåíèþ.

40. y(n)
x = yF

((
eβxym, y′x/y, y

′′
xx/y, . . . , y

(n−1)
x /y

))
.

ÎÄÓ, èíâàðèàíòíîå îòíîñèòåëüíî ïðåîáðàçîâàíèÿ ñäâèãà-ìàñøòàáèðîâàíèÿ.

Ïðè m 6= 0 ýòî ÎÄÓ ÿâëÿåòñÿ àëüòåðíàòèâíîé �îðìîé ïðåäñòàâëåíèÿ óðàâíå-

íèÿ 2.4.3.39 ïðè α = β/m.
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1◦. Ïðåîáðàçîâàíèå z = eβxym, w = y′x/y ïðèâîäèò ê ÎÄÓ (n − 1)-ãî
ïîðÿäêà.

2◦. �àññìàòðèâàåìîå ÎÄÓ äîïóñêàåò ÷àñòíîå ðåøåíèå ýêñïîíåíöèàëüíîãî

âèäà y = Ae−βx/m, ãäå A�êîíñòàíòà, ïîäëåæàùàÿ îïðåäåëåíèþ.

41. y(n)
x = x−nF

((
xmeαy, xy′x, x

2y′′xx, . . . , x
n−1y(n−1)

x

))
.

ÎÄÓ, èíâàðèàíòíîå îòíîñèòåëüíî ïðåîáðàçîâàíèÿ ìàñøòàáèðîâàíèÿ-ñäâèãà.

Ýòî ÎÄÓ íå ìåíÿåòñÿ ïðè îäíîâðåìåííîì ìàñøòàáèðîâàíèè íåçàâèñèìîé ïå-

ðåìåííîé è ñäâèãå ïî çàâèñèìîé ïåðåìåííîé ïî ïðàâèëó x⇒ bx è y ⇒ y + c,
ãäå b = e−cα/m, c�ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

1◦. Ïðåîáðàçîâàíèå z=xmeαy , w=xy′x ïðèâîäèò ê ÎÄÓ (n−1)-ãî ïîðÿäêà.

2◦. �àññìàòðèâàåìîå ÎÄÓ äîïóñêàåò ÷àñòíîå ðåøåíèå ëîãàðè�ìè÷åñêîãî

âèäà y = −(m/α) ln(Ax), ãäå A�êîíñòàíòà, ïîäëåæàùàÿ îïðåäåëåíèþ.

◮ Áîëüøå òî÷íûõ ðåøåíèé ëèíåéíûõ è íåëèíåéíûõ îáûêíîâåííûõ äè��åðåí-

öèàëüíûõ óðàâíåíèé ìîæíî íàéòè â ñïåöèàëèçèðîâàííûõ ñïðàâî÷íèêàõ Êàìêå

(1976), Çàéöåâ & Ïîëÿíèí (2001), Polyanin & Zaitsev (2003, 2018).
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3. Ñèñòåìû îáûêíîâåííûõ

äè��åðåíöèàëüíûõ óðàâíåíèé

Ïðåäâàðèòåëüíûå çàìå÷àíèÿ. Â äàííîé ãëàâå îïèñàíû òî÷íûå ðåøåíèÿ íåêî-

òîðûõ ëèíåéíûõ è íåëèíåéíûõ ñèñòåì, ñîñòîÿùèõ èç äâóõ èëè íåñêîëüêèõ

îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé ïåðâîãî è âòîðîãî ïîðÿäêîâ. Óêà-

çàíû òàêæå ñïåöèàëüíûå ïðåîáðàçîâàíèÿ, ïåðâûå èíòåãðàëû è ðåäóêöèè, ïðè-

âîäÿùèå ê áîëåå ïðîñòûì îòäåëüíûì (íå ñâÿçàííûì ìåæäó ñîáîé) ÎÄÓ.

3.1. Ëèíåéíûå ñèñòåìû äâóõ ÎÄÓ

3.1.1. Ñèñòåìû ÎÄÓ ïåðâîãî ïîðÿäêà

1. x′
t = ax+ by, y′t = cx+ dy.

Ñèñòåìà äâóõ ëèíåéíûõ îäíîðîäíûõ ÎÄÓ ïåðâîãî ïîðÿäêà ñ ïîñòîÿííûìè

êîý��èöèåíòàìè.

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå, ñîîòâåòñòâóþùåå äàííîé ñèñòåìå ÎÄÓ, ÿâ-

ëÿåòñÿ êâàäðàòíûì óðàâíåíèåì

λ2 − (a+ d)λ+ ad− bc = 0, (1)

êîòîðîå èìååò äèñêðèìèíàíò

D = (a− d)2 + 4bc. (2)

1◦. Ñëó÷àé ad − bc 6= 0. Òðèâèàëüíîå ðåøåíèå x = y = 0 îïðåäåëÿåò

åäèíñòâåííóþ ñòàöèîíàðíóþ òî÷êó, êîòîðàÿ ÿâëÿåòñÿ

óçëîì, åñëè D = 0;

óçëîì, åñëè D > 0 è ad− bc > 0;

ñåäëîì, åñëè D > 0 è ad− bc < 0;

�îêóñîì, åñëè D < 0 è a+ d 6= 0;

öåíòðîì, åñëè D < 0 è a+ d = 0.

1.1. Ïðè D > 0 õàðàêòåðèñòè÷åñêîå óðàâíåíèå (1) èìååò äâà ðàçëè÷íûõ

äåéñòâèòåëüíûõ êîðíÿ

λ1 =
1
2

(
a+ d+

√
D

)
, λ2 =

1
2

(
a+ d−

√
D

)
.

Â ýòîì ñëó÷àå îáùåå ðåøåíèå ðàññìàòðèâàåìîé ñèñòåìû ÎÄÓ èìååò âèä

x = C1be
λ1t + C2be

λ2t,

y = C1(λ1 − a)eλ1t + C2(λ2 − a)eλ2t,

124
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ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

1.2. Ïðè D < 0 õàðàêòåðèñòè÷åñêîå óðàâíåíèå (1) èìååò äâà êîìïëåêñíî

ñîïðÿæåííûõ êîðíÿ

λ1,2 = σ ± iβ, σ = 1
2 (a+ d), β = 1

2

√
|D|, i2 = −1.

Â ýòîì ñëó÷àå îáùåå ðåøåíèå ðàññìàòðèâàåìîé ñèñòåìû ÎÄÓ èìååò âèä

x = beσt
[
C1 sin(βt) + C2 cos(βt)

]
,

y = eσt
{
[(σ − a)C1 − βC2] sin(βt) + [βC1 + (σ − a)C2] cos(βt)

}
,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

1.3. Ïðè D = 0, a 6= d õàðàêòåðèñòè÷åñêîå óðàâíåíèå (1) èìååò äâà ðàâíûõ
äåéñòâèòåëüíûõ êîðíÿ λ1 = λ2 è îáùåå ðåøåíèå ðàññìàòðèâàåìîé ñèñòåìû

ÎÄÓ èìååò âèä

x = 2b
(
C1 +

C2

a− d
+ C2t

)
exp

(
a+ d

2
t
)
,

y = [(d− a)C1 + C2 + (d− a)C2t] exp
(
a+ d

2
t
)
,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

1.4. Ïðè a = d 6= 0, b = 0 îáùåå ðåøåíèå ðàññìàòðèâàåìîé ñèñòåìû ÎÄÓ

èìååò âèä

x = C1e
at, y = (cC1t+ C2)e

at.

1.5. Ïðè a = d 6= 0, c = 0 îáùåå ðåøåíèå ðàññìàòðèâàåìîé ñèñòåìû ÎÄÓ

èìååò âèä

x = (bC1t+C2)e
at, y = C1e

at.

2◦. Ñëó÷àé ad − bc = 0 (a2 + b2 > 0). Âñÿ ëèíèÿ ax + by = 0 ñîñòîèò èç

ñòàöèîíàðíûõ òî÷åê. Èñõîäíóþ ñèñòåìó ÎÄÓ ìîæíî çàïèñàòü â âèäå

x′t = ax+ by, y′t = k(ax+ by). (3)

2.1. Ïðè a+ bk 6= 0 îáùåå ðåøåíèå ñèñòåìû ÎÄÓ (3) èìååò âèä

x = bC1 + C2e
(a+bk)t, y = −aC1 + kC2e

(a+bk)t.

2.2. Ïðè a+ bk = 0 îáùåå ðåøåíèå ñèñòåìû ÎÄÓ (3) èìååò âèä

x = C1(bkt− 1) + bC2t, y = k2bC1t+ (bk2t+ 1)C2.

2. x′
t = a1x+ b1y + c1, y′t = a2x+ b2y + c2.

Îáùåå ðåøåíèå ýòîé ñèñòåìû ÿâëÿåòñÿ ñóììîé îáùåãî ðåøåíèÿ ñîîòâåòñòâó-

þùåé ëèíåéíîé îäíîðîäíîé ñèñòåìû ÎÄÓ ïðè c1 = c2 = 0 (ñì. ïðåäûäóùóþ

ñèñòåìó 3.1.1.1) è ëþáîãî ÷àñòíîãî ðåøåíèÿ èñõîäíîé ëèíåéíîé íåîäíîðîäíîé

ñèñòåìû ÎÄÓ.
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1◦. Ïóñòü a1b2 − a2b1 6= 0. Òîãäà èìååòñÿ ïðîñòîå ÷àñòíîå ðåøåíèå

x = x0, y = y0,

ãäå êîíñòàíòû x0 è y0 îïðåäåëÿþòñÿ èç ëèíåéíîé àëãåáðàè÷åñêîé ñèñòåìû

óðàâíåíèé

a1x0 + b1y0 + c1 = 0, a2x0 + b2y0 + c2 = 0.

2◦. Ïóñòü a1b2 − a2b1 = 0 è a21 + b21 > 0. Òîãäà èñõîäíóþ ñèñòåìó ÎÄÓ

ìîæíî çàïèñàòü â âèäå

x′t = ax+ by + c1, y′t = k(ax+ by) + c2.

2.1. Åñëè σ = a+ bk 6= 0, òî ðàññìàòðèâàåìàÿ ñèñòåìà ÎÄÓ èìååò ÷àñòíîå

ðåøåíèå

x = bσ−1(c1k − c2)t− σ−2(ac1 + bc2), y = kx+ (c2 − c1k)t.

2.2. Åñëè σ = a+ bk = 0, òî ðàññìàòðèâàåìàÿ ñèñòåìà ÎÄÓ èìååò ÷àñòíîå

ðåøåíèå

x = 1
2 b(c2 − c1k)t

2 + c1t, y = kx+ (c2 − c1k)t.

3. x′
t = f(t)x+ g(t)y, y′t = g(t)x+ f(t)y.

�åøåíèå:

x = eF (C1e
G +C2e

−G), y = eF (C1e
G − C2e

−G),

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå è èñïîëüçîâàíû îáîçíà÷åíèÿ

F =
∫
f(t) dt, G =

∫
g(t) dt.

4. x′
t = f(t)x+ g(t)y, y′t = −g(t)x+ f(t)y.

�åøåíèå:

x = F (C1 cosG+ C2 sinG), y = F (−C1 sinG+ C2 cosG),

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå è èñïîëüçîâàíû îáîçíà÷åíèÿ

F = exp
[ ∫

f(t) dt
]
, G =

∫
g(t) dt.

5. x′
t = f(t)x+ g(t)y, y′t = ag(t)x+ [f(t) + bg(t)]y.

Ïðåîáðàçîâàíèå

x = exp
[ ∫

f(t) dt
]
u, y = exp

[ ∫
f(t) dt

]
v, τ =

∫
g(t) dt

ïðèâîäèò ðàññìàòðèâàåìóþ ñèñòåìó ê ÷àñòíîìó ñëó÷àþ ñèñòåìû ëèíåéíûõ

îäíîðîäíûõ ÎÄÓ ñ ïîñòîÿííûìè êîý��èöèåíòàìè âèäà 3.1.1.1:

u′τ = v, v′τ = au+ bv.
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6. x′
t = f(t)x+ g(t)y, y′t = a[f(t) + ah(t)]x+ a[g(t)− h(t)]y.

Óìíîæàÿ ïåðâîå óðàâíåíèå íà −a è ïî÷ëåííî ñêëàäûâàÿ ñî âòîðûì óðàâíåíè-

åì, èìååì

y′t − ax′t = −ah(t)(y − ax).

Ïîëàãàÿ U = y − ax è èíòåãðèðóÿ, íàõîäèì ïåðâûé èíòåãðàë

y − ax = C1 exp
[
−a

∫
h(t) dt

]
, (∗)

ãäå C1 � ïðîèçâîëüíàÿ ïîñòîÿííàÿ. �åøèâ (∗) îòíîñèòåëüíî y è ïîäñòàâèâ

ïîëó÷åííîå âûðàæåíèå â ïåðâîå óðàâíåíèå ðàññìàòðèâàåìîé ñèñòåìû, ìîæíî

âûâåñòè ëèíåéíîå ÎÄÓ ïåðâîãî ïîðÿäêà äëÿ x.

7. x′
t = f(t)x+ g(t)y, y′t = h(t)x+ p(t)y.

1◦. Âûðàçèì y èç ïåðâîãî óðàâíåíèÿ è ïîäñòàâèâ âî âòîðîå, ïîëó÷èì ëè-

íåéíîå ÎÄÓ âòîðîãî ïîðÿäêà

gx′′tt − (fg + gp + g′t)x
′
t + (fgp− g2h+ fg′t − f ′tg)x = 0. (1)

Ýòî óðàâíåíèå ëåãêî èíòåãðèðóåòñÿ, åñëè, íàïðèìåð, âûïîëíÿþòñÿ ñëåäóþ-

ùèå óñëîâèÿ:

1) fgp− g2h+ fg′t − f ′tg = 0;

2) fgp− g2h+ fg′t − f ′tg = ag, fg + gp + g′t = bg,

ãäå a è b � íåêîòîðûå ïîñòîÿííûå. Â ïåðâîì ñëó÷àå ÎÄÓ (1) ïîäñòàíîâêîé

z(t) = x′t ñâîäèòñÿ ê ëèíåéíîìó ÎÄÓ ïåðâîãî ïîðÿäêà. Âî âòîðîì ñëó÷àå ÎÄÓ

(1) ÿâëÿåòñÿ ëèíåéíûì ÎÄÓ âòîðîãî ïîðÿäêà ñ ïîñòîÿííûìè êîý��èöèåíòàìè.

Çíà÷èòåëüíîå ÷èñëî äðóãèõ ðàçðåøèìûõ ñëó÷àåâ óðàâíåíèÿ (1) ìîæíî íàé-

òè â ðàçä. 2.2.

2◦. Ïóñòü èçâåñòíî ÷àñòíîå ðåøåíèå ðàññìàòðèâàåìîé ñèñòåìû

x = x0(t), y = y0(t).

Òîãäà îáùåå ðåøåíèå ýòîé ñèñòåìû îïðåäåëÿåòñÿ ïî �îðìóëàì

x(t) = C1x0(t) + C2x0(t)
∫

g(t)F (t)P (t)

x2
0(t)

dt,

y(t) = C1y0(t) + C2

[
F (t)P (t)

x0(t)
+ y0(t)

∫
g(t)F (t)P (t)

x2
0(t)

dt
]
,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå è èñïîëüçîâàíû îáîçíà÷åíèÿ

F (t) = exp
[ ∫

f(t) dt
]
, P (t) = exp

[ ∫
p(t) dt

]
.
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3.1.2. Ñèñòåìû ÎÄÓ âòîðîãî ïîðÿäêà

1. x′′
tt = ax+ by, y′′tt = cx+ dy.

Ñèñòåìà äâóõ ëèíåéíûõ îäíîðîäíûõ ÎÄÓ âòîðîãî ïîðÿäêà ñ ïîñòîÿííûìè

êîý��èöèåíòàìè (÷àñòíûé ñëó÷àé ñèñòåìû ÎÄÓ 3.1.3.2 ïðè n = 2).
Õàðàêòåðèñòè÷åñêîå óðàâíåíèå, ñîîòâåòñòâóþùåå äàííîé ñèñòåìå ÎÄÓ, ÿâ-

ëÿåòñÿ áèêâàäðàòíûì àëãåáðàè÷åñêèì óðàâíåíèåì

λ4 − (a+ d)λ2 + ad− bc = 0.

1◦. Ïóñòü ad− bc 6= 0.
1.1. Ïðè (a − d)2 + 4bc 6= 0 õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò ÷åòûðå

ðàçëè÷íûõ êîðíÿ λ1, . . . , λ4 (äåéñòâèòåëüíûõ èëè êîìïëåêñíî-ñîïðÿæåííûõ).

Â ýòîì ñëó÷àå îáùåå ðåøåíèå ðàññìàòðèâàåìîé ñèñòåìû èìååò âèä

x = C1be
λ1t +C2be

λ2t + C3be
λ3t + C4be

λ4t,

y = C1(λ
2
1 − a)eλ1t + C2(λ

2
2 − a)eλ2t + C3(λ

2
3 − a)eλ3t + C4(λ

2
4 − a)eλ4t,

ãäå C1, . . . , C4 �ïðîèçâîëüíûå ïîñòîÿííûå. Ïðè íàëè÷èè êîìïëåêñíûõ êîðíåé

â ðåøåíèè ñëåäóåò âûäåëèòü äåéñòâèòåëüíóþ ÷àñòü.

1.2. �åøåíèå ïðè (a− d)2 + 4bc = 0 è a 6= d:

x = 2C1

(
bt+

2bk

a− d

)
ekt/2+ 2C2

(
bt− 2bk

a− d

)
e−kt/2+ 2bC3te

kt/2+ 2bC4te
−kt/2,

y = C1(d− a)tekt/2 + C2(d− a)te−kt/2 +C3[(d− a)t+ 2k]ekt/2 +

+ C4[(d− a)t− 2k]e−kt/2,

ãäå C1, . . . , C4 �ïðîèçâîëüíûå ïîñòîÿííûå, k =
√

2(a+ d).
1.3. �åøåíèå ïðè a = d 6= 0, b = 0:

x = 2
√
aC1e

√
a t + 2

√
aC2e

−√
a t,

y = cC1te
√
a t − cC2te

−√
a t +C3e

√
a t + C4e

−√
a t.

1.4. �åøåíèå ïðè a = d 6= 0, c = 0:

x = bC1te
√
a t − bC2te

−√
a t + C3e

√
a t + C4e

−√
a t,

y = 2
√
aC1e

√
a t + 2

√
aC2e

−√
a t.

2◦. Ñëó÷àé ad−bc=0 (a2+b2>0). Èñõîäíóþ ñèñòåìó ÎÄÓ ìîæíî çàïèñàòü

â âèäå

x′′tt = ax+ by, y′′tt = k(ax+ by).

2.1. �åøåíèå ïðè a+ bk 6= 0:

x = C1 exp
(
t
√
a+ bk

)
+ C2 exp

(
−t

√
a+ bk

)
+ C3bt+ C4b,

y = C1k exp
(
t
√
a+ bk

)
+ C2k exp

(
−t

√
a+ bk

)
− C3at− C4a.
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2.2. �åøåíèå ïðè a+ bk = 0:

x = C1bt
3 + C2bt

2 + C3t+ C4,

y = kx+ 6C1t+ 2C2.

2. x′′
tt = a1x+ b1y + c1, y′′tt = a2x+ b2y + c2.

Îáùåå ðåøåíèå ýòîé ñèñòåìû ÿâëÿåòñÿ ñóììîé îáùåãî ðåøåíèÿ ñîîòâåòñòâó-

þùåé ëèíåéíîé îäíîðîäíîé ñèñòåìû ÎÄÓ ïðè c1 = c2 = 0 (ñì. ïðåäûäóùóþ

ñèñòåìó 3.1.2.1) è ëþáîãî ÷àñòíîãî ðåøåíèÿ èñõîäíîé ëèíåéíîé íåîäíîðîäíîé

ñèñòåìû ÎÄÓ.

1◦. Ïóñòü a1b2 − a2b1 6= 0. Òîãäà èìååòñÿ ïðîñòîå ÷àñòíîå ðåøåíèå

x = x0, y = y0,

ãäå êîíñòàíòû x0 è y0 îïðåäåëÿþòñÿ èç ëèíåéíîé àëãåáðàè÷åñêîé ñèñòåìû

óðàâíåíèé

a1x0 + b1y0 + c1 = 0, a2x0 + b2y0 + c2 = 0.

2◦. Ïóñòü a1b2 − a2b1 = 0 è a21 + b21 > 0. Òîãäà èñõîäíóþ ñèñòåìó ÎÄÓ

ìîæíî çàïèñàòü â âèäå

x′′tt = ax+ by + c1, y′′tt = k(ax+ by) + c2.

2.1. Åñëè σ = a+ bk 6= 0, òî ðàññìàòðèâàåìàÿ ñèñòåìà ÎÄÓ èìååò ÷àñòíîå

ðåøåíèå

x = 1
2 bσ

−1(c1k − c2)t
2 − σ−2(ac1 + bc2), y = kx+ 1

2 (c2 − c1k)t
2.

2.2. Åñëè σ = a+ bk = 0, òî ðàññìàòðèâàåìàÿ ñèñòåìà ÎÄÓ èìååò ÷àñòíîå

ðåøåíèå

x = 1
24 b(c2 − c1k)t

4 + 1
2 c1t

2, y = kx+ 1
2 (c2 − c1k)t

2.

3. x′′
tt − ay′t + bx = 0, y′′tt + ax′

t + by = 0.

Ýòà ñèñòåìà ÎÄÓ èñïîëüçóåòñÿ äëÿ îïèñàíèÿ ãîðèçîíòàëüíîãî äâèæåíèÿ ìàÿò-

íèêà ñ ó÷åòîì âðàùåíèÿ Çåìëè.

�åøåíèå ïðè a2 + 4b > 0:

x = C1 cos(αt) + C2 sin(αt) + C3 cos(βt) + C4 sin(βt),

y = −C1 sin(αt) + C2 cos(αt)− C3 sin(βt) + C4 cos(βt),

ãäå C1, . . . , C4 � ïðîèçâîëüíûå ïîñòîÿííûå, à ïàðàìåòðû α è β îïðåäåëÿþòñÿ

òàê:

α = 1
2 a+

1
2

√
a2 + 4b, β = 1

2 a− 1
2

√
a2 + 4b.

4. x′′
tt+a1x

′
t+b1y

′
t+c1x+d1y=k1e

iωt, y′′tt+a2x
′
t+b2y

′
t+c2x+d2y=k2e

iωt
.

Ñèñòåìû òàêîãî òèïà ÷àñòî âîçíèêàþò â òåîðèè êîëåáàíèé (íàïðèìåð, êîëå-

áàíèÿ êîðàáëÿ è ñóäîâîãî ãèðîñêîïà). Îáùåå ðåøåíèå ýòîé ëèíåéíîé íåîä-

íîðîäíîé ñèñòåìû ÎÄÓ ñ ïîñòîÿííûì êîý��èöèåíòîì âûðàæàåòñÿ êàê ñóììà

ëþáîãî èç åå ÷àñòíûõ ðåøåíèé è îáùåãî ðåøåíèÿ ñîîòâåòñòâóþùåé ëèíåéíîå

îäíîðîäíîé ñèñòåìû (ïðè k1 = k2 = 0).
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1◦. ×àñòíîå ðåøåíèå èùåòñÿ ìåòîäîì íåîïðåäåëåííûõ êîý��èöèåíòîâ â

âèäå

x = A∗e
iωt, y = B∗e

iωt.

Ïîäñòàâëÿÿ ýòè âûðàæåíèÿ â ðàññìàòðèâàåìóþ ñèñòåìó ÎÄÓ, ìîæíî ïîëó÷èòü

ëèíåéíóþ íåîäíîðîäíóþ ñèñòåìó àëãåáðàè÷åñêèõ óðàâíåíèé äëÿ îïðåäåëåíèÿ

êîý��èöèåíòîâ A∗ è B∗.

2◦. Îáùåå ðåøåíèå ëèíåéíîé îäíîðîäíîé ñèñòåìû ÎÄÓ îïðåäåëÿåòñÿ ëè-

íåéíîé êîìáèíàöèåé åå ëèíåéíî íåçàâèñèìûõ ÷àñòíûõ ðåøåíèé. Îíè èùóòñÿ

â âèäå ýêñïîíåíöèàëüíûõ �óíêöèé

x = Aeλt, y = Beλt.

Ïîäñòàâëÿÿ ýòè âûðàæåíèÿ â ñèñòåìó ÎÄÓ ïðè k1 = k2 =0, ïîëó÷èì ëèíåéíóþ

àëãåáðàè÷åñêóþ ñèñòåìó óðàâíåíèé äëÿ íåèçâåñòíûõ êîý��èöèåíòîâ A è B:

(λ2 + a1λ+ c1)A+ (b1λ+ d1)B = 0,

(a2λ+ c2)A+ (λ2 + b2λ+ d2)B = 0.

×òîáû ñóùåñòâîâàëî íåòðèâèàëüíîå ðåøåíèå ýòîé ñèñòåìû, åå îïðåäåëèòåëü

äîëæåí áûòü ðàâåí íóëþ. Óêàçàííîå òðåáîâàíèå ïðèâîäèò ê õàðàêòåðèñòè÷å-

ñêîìó óðàâíåíèþ

(λ2 + a1λ+ c1)(λ
2 + b2λ+ d2)− (b1λ+ d1)(a2λ+ c2) = 0,

êîòîðîå èñïîëüçóåòñÿ äëÿ îïðåäåëåíèÿ ýêñïîíåíöèàëüíîãî ïîêàçàòåëÿ λ. Åñëè
âñå êîðíè λ1, . . . , λ4 ýòîãî óðàâíåíèÿ ðàçëè÷íû, òî îáùåå ðåøåíèå ðàññìàòðè-
âàåìîé ëèíåéíîé îäíîðîäíîé ñèñòåìû ÎÄÓ èìååò âèä

x = −C1(b1λ1 + d1)e
λ1t − C2(b1λ2 + d1)e

λ2t −
− C3(b1λ3 + d1)e

λ3t − C4(b1λ4 + d1)e
λ4t,

y = C1(λ
2
1 + a1λ1 + c1)e

λ1t + C2(λ
2
2 + a1λ2 + c1)e

λ2t +

+ C3(λ
2
3 + a1λ3 + c1)e

λ3t + C4(λ
2
4 + a1λ4 + c1)e

λ4t,

ãäå C1, . . . , C4 �ïðîèçâîëüíûå ïîñòîÿííûå.

5. x′′
tt = a(ty′t − y), y′′tt = b(tx′

t − x).

Ïðåîáðàçîâàíèå

u = txt − x, v = ty′t − y

ïðèâîäèò ê ëèíåéíîé ñèñòåìå ÎÄÓ ïåðâîãî ïîðÿäêà

u′t = atv, v′t = btu.

Îáùåå ðåøåíèå ýòîé ñèñòåìû èìååò âèä

ïðè ab > 0:

{
u(t) = C1a exp

(
1
2

√
ab t2

)
+ C2a exp

(
− 1

2

√
ab t2

)
,

v(t) = C1

√
ab exp

(
1
2

√
ab t2

)
− C2

√
ab exp

(
− 1

2

√
ab t2

)
;

ïðè ab < 0:

{
u(t) = C1a cos

(
1
2

√
|ab| t2

)
+ C2a sin

(
1
2

√
|ab| t2

)
,

v(t) = −C1

√
|ab| sin

(
1
2

√
|ab| t2

)
+ C2

√
|ab| cos

(
1
2

√
|ab| t2

)
,
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ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå. Îáùåå ðåøåíèå èñõîäíîé ñèñòåìû

ÎÄÓ îïðåäåëÿåòñÿ ïî �îðìóëàì

x = C3t+ t
∫

u(t)

t2
dt, y = C4t+ t

∫
v(t)

t2
dt,

â êîòîðûå íàäî ïîäñòàâèòü ïîëó÷åííûå âûøå �óíêöèè u(t) è v(t), C3 è C4 �

ïðîèçâîëüíûå ïîñòîÿííûå.

6. x′′
tt = f(t)(a1x+ b1y) + g(t), y′′tt = f(t)(a2x+ b2y) + h(t).

Ïóñòü k1 è k2 �êîðíè êâàäðàòíîãî óðàâíåíèÿ

k2 − (a1 + b2)k + a1b2 − a2b1 = 0.

Òîãäà, óìíîæàÿ óðàâíåíèÿ ñèñòåìû íà êîíñòàíòû a2 è k − a1 ñîîòâåòñòâåííî,
à çàòåì ñêëàäûâàÿ èõ ïî÷ëåííî, ìîæíî ïåðåïèñàòü ñèñòåìó â âèäå äâóõ íåçà-

âèñèìûõ (íåñâÿçàííûõ) ëèíåéíûõ ÎÄÓ:

z′′1 = k1f(t)z1 + a2g(t) + (k1 − a1)h(t), z1 = a2x+ (k1 − a1)y (ïðè k = k1);

z′′2 = k2f(t)z2 + a2g(t) + (k2 − a1)h(t), z2 = a2x+ (k2 − a1)y (ïðè k = k2).

Çäåñü øòðèõ îáîçíà÷àåò ïðîèçâîäíóþ ïî t.

7. x′′
tt+f(t)x+g(t)(x−y)+h(t)=0, y′′tt+f(t)y−g(t)(x−y)+p(t)=0.

Ñíà÷àëà ñëîæèì îáà ÎÄÓ ñèñòåìû ïî÷ëåííî, à çàòåì âû÷òåì âòîðîå ÎÄÓ èç

ïåðâîãî. Ââîäÿ äàëåå íîâûå ïåðåìåííûå ïî �îðìóëàì

u = x+ y, v = x− y
(
èëè x = 1

2 (u+ v), y = 1
2 (u− v)

)
,

ïðèõîäèì ê äâóì íåçàâèñèìûì (íåñâÿçàííûì) ëèíåéíûì ÎÄÓ:

u′′tt + f(x)u+ h(t) + p(t) = 0, v′′tt + [f(t) + 2g(t)]v + h(t)− p(t) = 0.

Äëÿ ïðîñòîãî ÷àñòíîãî ñëó÷àÿ f(t) = a2 = 
onst, g(t) = b2 = 
onst, h(t) =
= p(t) = 0, ðåøåíèÿ ïîëó÷åííûõ ÎÄÓ âûðàæàåòñÿ ÷åðåç òðèãîíîìåòðè÷åñêèå

�óíêöèè

u = C1 cos(at) +C2 sin(at), v = C3 cos
(√

a2 + 2b2 t
)
+ C4 sin

(√
a2 + 2b2 t

)
,

ãäå C1, . . . , C4 �ïðîèçâîëüíûå ïîñòîÿííûå.

8. x′′
tt = f(t)(a1x

′
t + b1y

′
t) + g(t), y′′tt = f(t)(a2x

′
t + b2y

′
t) + h(t).

1◦. Ïóñòü k1 è k2 �êîðíè êâàäðàòíîãî óðàâíåíèÿ

k2 − (a1 + b2)k + a1b2 − a2b1 = 0.

Òîãäà, óìíîæàÿ óðàâíåíèÿ ñèñòåìû íà êîíñòàíòû a2 è k − a1 ñîîòâåòñòâåííî,
à çàòåì ñêëàäûâàÿ èõ ïî÷ëåííî, ìîæíî ïåðåïèñàòü ñèñòåìó â âèäå äâóõ íåçà-

âèñèìûõ (íåñâÿçàííûõ) ëèíåéíûõ ÎÄÓ:

z′′1 = k1f(t)z
′
1 + a2g(t) + (k1 − a1)h(t), z1 = a2x+ (k1 − a1)y (ïðè k = k1);

z′′2 = k2f(t)z
′
2 + a2g(t) + (k2 − a1)h(t), z2 = a2x+ (k2 − a1)y (ïðè k = k2).

Çäåñü øòðèõ îáîçíà÷àåò ïðîèçâîäíóþ ïî t. Ïîëó÷åííûå ÎÄÓ ëåãêî èíòåãðè-

ðóþòñÿ, ïîñêîëüêó äîïóñêàþò ïîíèæåíèå ïîðÿäêîâ ñ ïîìîùüþ ïîäñòàíîâîê

u1(t) = z′1 è u2(t) = z′2.
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2◦. Ïóñòü g(t) = h(t)≡ 0. Èíòåãðèðóÿ ÎÄÓ äëÿ z1 è z2 èç ï. 1
◦
è âîçâðàùà-

ÿñü ê èñõîäíûì ïåðåìåííûì, ïîëó÷èì ëèíåéíóþ àëãåáðàè÷åñêóþ ñèñòåìó äëÿ

èñêîìûõ âåëè÷èí x è y:

a2x+ (k1 − a1)y = C1

∫
exp

[
k1F (t)

]
dt+ C2,

a2x+ (k2 − a1)y = C3

∫
exp

[
k2F (t)

]
dt+ C4,

ãäå C1, . . . , C4 �ïðîèçâîëüíûå ïîñòîÿííûå, F (t) =
∫
f(t) dt.

9. x′′
tt = af(t)(ty′t − y), y′′tt = bf(t)(tx′

t − x).

Ïðåîáðàçîâàíèå

u = txt − x, v = ty′t − y

ïðèâîäèò ê ëèíåéíîé ñèñòåìå ÎÄÓ ïåðâîãî ïîðÿäêà

u′t = atf(t)v, v′t = btf(t)u.

Îáùåå ðåøåíèå ýòîé ñèñòåìû âûðàæàåòñÿ ïî �îðìóëàì

ïðè ab> 0:





u(t)=C1a exp
(√
ab

∫
tf(t) dt

)
+C2a exp

(
−
√
ab

∫
tf(t) dt

)
,

v(t)=C1

√
ab exp

(√
ab

∫
tf(t) dt

)
−C2

√
ab exp

(
−
√
ab

∫
tf(t) dt

)
;

ïðè ab< 0:






u(t)=C1a cos
(√

|ab|
∫
tf(t) dt

)
+C2a sin

(√
|ab|

∫
tf(t) dt

)
,

v(t)=−C1

√
|ab| sin

(√
|ab|

∫
tf(t) dt

)
+C2

√
|ab| cos

(√
|ab|

∫
tf(t) dt

)
,

ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå. Îáùåå ðåøåíèå èñõîäíîé ñèñòåìû

ÎÄÓ îïðåäåëÿåòñÿ ïî �îðìóëàì

x = C3t+ t
∫

u(t)

t2
dt, y = C4t+ t

∫
v(t)

t2
dt,

â êîòîðûå íàäî ïîäñòàâèòü ïîëó÷åííûå âûøå �óíêöèè u(t) è v(t), C3 è C4 �

ïðîèçâîëüíûå ïîñòîÿííûå.

10. t2x′′
tt + a1tx

′
t + b1ty

′
t + c1x+ d1y = 0,

t2y′′tt + a2tx
′
t + b2ty

′
t + c2x+ d2y = 0.

Ëèíåéíàÿ ñèñòåìà ÎÄÓ, îäíîðîäíàÿ ïî íåçàâèñèìîé ïåðåìåííîé (ëèíåéíàÿ

ñèñòåìà ÎÄÓ òèïà Ýéëåðà).

1◦. Îáùåå ðåøåíèå ýòîé ñèñòåìû îïðåäåëÿåòñÿ ëèíåéíîé êîìáèíàöèåé ëè-

íåéíî íåçàâèñèìûõ ÷àñòíûõ ðåøåíèé, êîòîðûå èùóòñÿ ìåòîäîì íåîïðåäåëåí-

íûõ êîý��èöèåíòîâ â âèäå ñòåïåííûõ �óíêöèé

x = A|t|k, y = B|t|k.



3.1. Ëèíåéíûå ñèñòåìû äâóõ ÎÄÓ 133

Ïîäñòàâëÿÿ ýòè âûðàæåíèÿ â ñèñòåìó ÎÄÓ, ïîëó÷èì ëèíåéíóþ àëãåáðàè÷åñêóþ

ñèñòåìó óðàâíåíèé äëÿ íåèçâåñòíûõ êîý��èöèåíòîâ A è B:

[k2 + (a1 − 1)k + c1]A+ (b1k + d1)B = 0,

(a2k + c2)A+ [k2 + (b2 − 1)k + d2]B = 0.

×òîáû ñóùåñòâîâàëî íåòðèâèàëüíîå ðåøåíèå ýòîé ñèñòåìû, åå îïðåäåëèòåëü

äîëæåí áûòü ðàâåí íóëþ. Óêàçàííîå òðåáîâàíèå ïðèâîäèò ê õàðàêòåðèñòè÷å-

ñêîìó óðàâíåíèþ

[k2 + (a1 − 1)k + c1][k
2 + (b2 − 1)k + d2]− (b1k + d1)(a2k + c2) = 0,

êîòîðîå èñïîëüçóåòñÿ äëÿ îïðåäåëåíèÿ ïîêàçàòåëÿ k. Åñëè âñå êîðíè k1, . . . , k4
ýòîãî óðàâíåíèÿ ðàçëè÷íû, òî îáùåå ðåøåíèå èñõîäíîé ñèñòåìû ÎÄÓ èìååò

âèä

x = −C1(b1k1 + d1)|t|k1 − C2(b1k2 + d1)|t|k2 −
− C3(b1k3 + d1)|t|k3 − C4(b1k4 + d1)|t|k4 ,

y = C1[k
2
1 + (a1 − 1)k1 + c1]|t|k1 + C2[k

2
2 + (a1 − 1)k2 + c1]|t|k2 +

+ C3[k
2
3 + (a1 − 1)k3 + c1]|t|k3 + C4[k

2
4 + (a1 − 1)k4 + c1]|t|k4 ,

ãäå C1, . . . , C4 �ïðîèçâîëüíûå ïîñòîÿííûå.

2◦. Ïîäñòàíîâêà t = σeτ (σ 6= 0) ïðèâîäèò ê ñèñòåìå ëèíåéíûõ ÎÄÓ ñ

ïîñòîÿííûìè êîý��èöèåíòàìè

x′′ττ + (a1 − 1)x′τ + b1y
′
τ + c1x+ d1y = 0,

y′′ττ + a2x
′
τ + (b2 − 1)y′τ + c2x+ d2y = 0.

11. (αt2 + βt+ γ)2x′′
tt = ax+ by, (αt2 + βt+ γ)2y′′tt = cx+ dy.

Ïðåîáðàçîâàíèå

τ =
∫

dt

αt2 + βt+ γ
, u =

x√
|αt2 + βt+ γ|

, v =
y√

|αt2 + βt+ γ|

ïðèâîäèò ê ñèñòåìå ëèíåéíûõ ÎÄÓ ñ ïîñòîÿííûìè êîý��èöèåíòàìè âèäà

3.1.2.1:

u′′ττ = (a− αγ + 1
4 β

2)u+ bv,

v′′ττ = cu+ (d− αγ + 1
4 β

2)v.

12. x′′
tt=f(t)(tx

′
t−x)+g(t)(ty′t−y), y′′tt=h(t)(tx

′
t−x)+p(t)(ty′t−y).

Ïðåîáðàçîâàíèå

u = txt − x, v = ty′t − y (1)

ïðèâîäèò ê ñèñòåìå ëèíåéíûõ ÎÄÓ ïåðâîãî ïîðÿäêà

u′t = tf(t)u+ tg(t)v, v′t = th(t)u+ tp(t)v. (2)
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×òîáû íàéòè îáùåå ðåøåíèå ýòîé ñèñòåìû, äîñòàòî÷íî çíàòü ëþáîå èç åå

÷àñòíûõ ðåøåíèé (ñì. ñèñòåìó 3.1.1.7).

Î ðåøåíèÿõ íåêîòîðûõ ñèñòåì âèäà (2) ñì. ñèñòåìû 3.1.1.3�3.1.1.6.

Åñëè âñå �óíêöèè â (2) ïðîïîðöèîíàëüíû, ò. å.

f(t) = aϕ(t), g(t) = bϕ(t), h(t) = cϕ(t), p(t) = dϕ(t),

ãäå a, b, c, d � íåêîòîðûå êîíñòàíòû, òî ââåäåíèå íîâîé íåçàâèñèìîé ïåðå-

ìåííîé ïî �îðìóëå τ =
∫
tϕ(t) dt ïðèâîäèò ê ëèíåéíîé ñèñòåìå ÎÄÓ ñ

ïîñòîÿííûìè êîý��èöèåíòàìè âèäà 3.1.1.1.

2◦. Ïóñòü íàéäåíî îáùåå ðåøåíèå ñèñòåìû (2) â âèäå

u = u(t, C1, C2), v = v(t, C1, C2), (3)

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå. Òîãäà, ïîäñòàâëÿÿ (3) â (1) è èíòåãðè-

ðóÿ, ïîëó÷èì ðåøåíèå èñõîäíîé ñèñòåìû ÎÄÓ:

x = C3t+ t
∫

u(t, C1, C2)

t2
dt, y = C4t+ t

∫
v(t, C1, C2)

t2
dt,

ãäå C3 è C4 �ïðîèçâîëüíûå ïîñòîÿííûå.

3.1.3. Äðóãèå ëèíåéíûå ñèñòåìû ÎÄÓ

1. x′
t + ay′t + by = f(t), x′′

tt + ay′′tt + by′t +x+ ay = g(t).

Ýòà ñèñòåìà èìååò åäèíñòâåííîå ðåøåíèå:

x = g +
a

b
g′t − f ′t −

a

b

(
f + f ′′tt

)
, y =

1

b

(
f + f ′′tt − g′t

)
.

Âàæíî îòìåòèòü, ÷òî ðåøåíèå ýòîé ñèñòåìû ÎÄÓ íå ñîäåðæèò ïðîèçâîëü-

íûõ êîíñòàíò.

2. x
(n)
t = a1x+ b1y + f1(t), y

(n)
t = a2x+ b2y + f2(t).

Óìíîæèì âòîðîå ÎÄÓ ñèñòåìû íà k è ñëîæèì åãî ïî÷ëåííî ê ïåðâûì ÎÄÓ.

Ïîñëå ýëåìåíòàðíûõ ïðåîáðàçîâàíèé ïîëó÷èì

(x+ ky)
(n)
t = (a1 + ka2)

(
x+

b1 + kb2
a1 + ka2

y
)
+ f1(t) + kf2(t). (1)

Âûáèðàåì êîíñòàíòó k òàê, ÷òîáû âûïîëíÿëîñü ðàâåíñòâî

a2k
2 + (a1 − b2)k − b1 = 0. (2)

Â ýòîì ñëó÷àå óðàâíåíèå (1) ïðåäñòàâëÿåò ñîáîé ëèíåéíîå íåîäíîðîäíîå ÎÄÓ

n-ãî ïîðÿäêà äëÿ z = x+ ky:

z
(n)
t = (a1 + ka2)z + f1(t) + kf2(t), (3)
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êîòîðîå ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì óðàâíåíèÿ 2.4.1.9. Èíòåãðèðóÿ ÎÄÓ (3),

ïîëó÷èì

x+ ky = C1ϕ1(t, k) + · · ·+ Cnϕn(t, k) + ψ(t, k), (4)

ãäå ϕm(t, k) � ëèíåéíî íåçàâèñèìûå ÷àñòíûå ðåøåíèÿ ñîîòâåòñòâóþùåãî ëè-

íåéíîãî îäíîðîäíîãî ÎÄÓ (3) ïðè f1(t) = f2(t) ≡ 0 (î ðåøåíèÿõ ýòîãî óðàâ-

íåíèÿ ñì. ÎÄÓ 2.4.1.7), à ψ(t, k) � ëþáîå ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî

ÎÄÓ (3). Åñëè êîðíè k1 è k2 êâàäðàòíîãî óðàâíåíèÿ (2) ðàçëè÷íû, òî (4) äàåò

äâà ñîîòíîøåíèÿ

x+ k1y = C1ϕ1(t, k1) + · · · + Cnϕn(t, k1) + ψ(t, k1),

x+ k2y = Cn+1ϕ1(t, k2) + · · ·+ C2nϕn(t, k2) + ψ(t, k2),

êîòîðûå ïðåäñòàâëÿþò ñîáîé àëãåáðàè÷åñêóþ ñèñòåìó óðàâíåíèé, ïîçâîëÿþ-

ùóþ íàéòè èñêîìûå �óíêöèè x è y.

Çàìå÷àíèå 3.1. Îïèñàííûé âûøå ìåòîä ðåøåíèÿ ñèñòåìû ÎÄÓ 3.1.3.2 íàçûâàåòñÿ

ìåòîäîì Äàëàìáåðà.

3.2. Ëèíåéíûå ñèñòåìû òðåõ è áîëåå ÎÄÓ

1. x′
t = ax, y′t = bx+ cy, z′t = dx+ ky+ pz.

�åøåíèå:

x = C1e
at,

y =
bC1

a− c
eat + C2e

ct,

z =
C1

a− p

(
d+

bk

a− c

)
eat +

kC2

c− p
ect + C3e

pt,

ãäå C1, C2, C3�ïðîèçâîëüíûå ïîñòîÿííûå.

2. x′
t = cy − bz, y′t = az − cx, z′t = bx− ay.

1◦. Ïåðâûå èíòåãðàëû:

ax+ by + cz = A, (1)

x2 + y2 + z2 = B2, (2)

ãäå A è B � ïðîèçâîëüíûå ïîñòîÿííûå. Îòñþäà ñëåäóåò, ÷òî èíòåãðàëüíûå

êðèâûå ïðåäñòàâëÿþò ñîáîé îêðóæíîñòè, îáðàçîâàííûå ïåðåñå÷åíèåì ïëîñêî-

ñòåé (1) è ñ�åð (2).

2◦. �åøåíèå:

x = aC0 + kC1 cos(kt) + (cC2 − bC3) sin(kt),

y = bC0 + kC2 cos(kt) + (aC3 − cC1) sin(kt),

z = cC0 + kC3 cos(kt) + (bC1 − aC2) sin(kt),
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ãäå k =
√
a2 + b2 + c2, à òðè èç ÷åòûðåõ êîíñòàíò èíòåãðèðîâàíèÿ C0, . . . , C3

ñâÿçàíû îäíèì ñîîòíîøåíèåì

aC1 + bC2 + cC3 = 0.

3. ax′
t = bc(y − z), by′t = ac(z − x), cz′t = ab(x− y).

1◦. Ïåðâûé èíòåãðàë:

a2x+ b2y + c2z = A,

ãäå A � ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Îòñþäà ñëåäóåò, ÷òî èíòåãðàëüíûå êðèâûå

ÿâëÿþòñÿ ïëîñêèìè êðèâûìè.

2◦. �åøåíèå:

x = C0 + kC1 cos(kt) + a−1bc(C2 − C3) sin(kt),

y = C0 + kC2 cos(kt) + ab−1c(C3 − C1) sin(kt),

z = C0 + kC3 cos(kt) + abc−1(C1 − C2) sin(kt),

ãäå k =
√
a2 + b2 + c2, à òðè èç ÷åòûðåõ êîíñòàíò èíòåãðèðîâàíèÿ C0, . . . , C3

ñâÿçàíû îäíèì ñîîòíîøåíèåì

a2C1 + b2C2 + c2C3 = 0.

4. x′
t = (a1f + g)x+ a2fy + a3fz,
y′t = b1fx+ (b2f + g)y + b3fz, z′t = c1fx+ c2fy + (c3f + g)z.

Çäåñü f = f(t) è g = g(t).
Ïðåîáðàçîâàíèå

x=exp
[ ∫

g(t) dt
]
u, y=exp

[ ∫
g(t) dt

]
v, z=exp

[ ∫
g(t) dt

]
w, τ =

∫
f(t) dt

ïðèâîäèò ê ñèñòåìå ëèíåéíûõ ÎÄÓ ñ ïîñòîÿííûìè êîý��èöèåíòàìè

u′τ = a1u+ a2v + a3w, v′τ = b1u+ b2v + b3w, w′
τ = c1u+ c2v + c3w.

5. x′
t = h(t)y − g(t)z, y′t = f(t)z − h(t)x, z′t = g(t)x− f(t)y.

1◦. Ïåðâûé èíòåãðàë:

x2 + y2 + z2 = C2,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

2◦. �àññìàòðèâàåìàÿ ñèñòåìà ìîæåò áûòü ñâåäåíà ê óðàâíåíèþ �èêêàòè

(ñì. Êàìêå, 1976).

6. x′
k = ak1x1 + ak2x2 + · · · + aknxn; k = 1, 2, . . . , n.

Ñèñòåìà ëèíåéíûõ îäíîðîäíûõ ÎÄÓ ïåðâîãî ïîðÿäêà ñ ïîñòîÿííûìè êîý��è-

öèåíòàìè îáùåãî âèäà.
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Îáùåå ðåøåíèå ëèíåéíîé îäíîðîäíîé ñèñòåìû ÎÄÓ ÿâëÿåòñÿ ëèíåéíîé

êîìáèíàöèåé ëèíåéíî íåçàâèñèìûõ ÷àñòíûõ ðåøåíèé, êîòîðûå èùóòñÿ ìåòî-

äîì íåîïðåäåëåííûõ êîý��èöèåíòîâ â âèäå ýêñïîíåíöèàëüíûõ �óíêöèé

xk = Ake
λt; k = 1, 2, . . . , n.

Ïîäñòàâëÿÿ ýòè âûðàæåíèÿ â ðàññìàòðèâàåìóþ ñèñòåìó, ïîëó÷èì ëèíåéíóþ

îäíîðîäíóþ ñèñòåìó àëãåáðàè÷åñêèõ óðàâíåíèé äëÿ íåèçâåñòíûõ êîý��èöè-

åíòîâ Ak:

ak1A1 + ak2A2 + · · ·+ (akk − λ)Ak + · · ·+ aknAn = 0; k = 1, 2, . . . , n.

×òîáû ñóùåñòâîâàëî íåòðèâèàëüíîå ðåøåíèå ýòîé ñèñòåìû, åå îïðåäåëèòåëü

äîëæåí áûòü ðàâåí íóëþ. Óêàçàííîå òðåáîâàíèå ïðèâîäèò ê àëãåáðàè÷åñêîìó

óðàâíåíèþ ñòåïåíè n äëÿ ýêñïîíåíöèàëüíîãî ïîêàçàòåëÿ λ.

7.

n∑

k=1

((
amkt

2 d
2xk

dt2
+bmkt

dxk

dt
+cmkxk

))
=fm(t), m=1, 2, . . . , n.

Ëèíåéíàÿ íåîäíîðîäíàÿ ñèñòåìà ÎÄÓ âòîðîãî ïîðÿäêà ñ ïåðåìåííûìè êîý�-

�èöèåíòàìè (òèïà Ýéëåðà).

1◦. Ïîäñòàíîâêà t = ±eξ ïðèâîäèò ýòó ñèñòåìó ê ëèíåéíîé íåîäíîðîäíîé

ñèñòåìå ÎÄÓ ñ ïîñòîÿííûìè êîý��èöèåíòàìè

n∑

k=1

[
amk

d2xk

dξ2
+ (bmk − amk)

dxk

dξ
+ cmkxk

]
= fm(±eξ), m = 1, 2, . . . , n,

êîòîðóþ ìîæíî ðåøèòü, íàïðèìåð, ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ëàïëàñà.

2◦. ×àñòíûå ðåøåíèÿ ñîîòâåòñòâóþùåé ëèíåéíîé îäíîðîäíîé ñèñòåìû

ÎÄÓ (ïðè fm(t) ≡ 0) èùóòñÿ â âèäå ñòåïåííûõ �óíêöèé

x1 = A1|t|σ, x2 = A2|t|σ, . . . , yn = An|t|σ, (*)

ãäå êîý��èöèåíòû A1, A2, . . . , An îïðåäåëÿþòñÿ ïóòåì ðåøåíèÿ ëèíåéíîé

àëãåáðàè÷åñêîé ñèñòåìû óðàâíåíèé, ïîëó÷åííîé â ðåçóëüòàòå ïîäñòàíîâêè âû-

ðàæåíèé (*) â èñõîäíóþ ñèñòåìó ÎÄÓ ñ ïîñëåäóþùèì äåëåíèåì íà tσ. Ïî-
ñêîëüêó àëãåáðàè÷åñêàÿ ñèñòåìà îäíîðîäíà, òî äëÿ ñóùåñòâîâàíèÿ íåòðèâèàëü-

íûõ ðåøåíèé åå îïðåäåëèòåëü äîëæåí áûòü ðàâåí íóëþ. Óêàçàííîå òðåáîâàíèå

ïðèâîäèò ê àëãåáðàè÷åñêîìó óðàâíåíèþ äëÿ ïîêàçàòåëÿ ñòåïåíè σ.

3.3. Íåëèíåéíûå ñèñòåìû äâóõ ÎÄÓ

3.3.1. Ñèñòåìû ÎÄÓ ïåðâîãî ïîðÿäêà

1. x′
t = xf(ax− by)+ g(ax− by), y′t = yf(ax− by) +h(ax− by).

Çäåñü f(z), g(z), h(z)�ïðîèçâîëüíûå �óíêöèè.
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Óìíîæèì ïåðâîå óðàâíåíèå íà a, âòîðîå óðàâíåíèå íà −b, à çàòåì ñëîæèì

ïî÷ëåííî. Â ðåçóëüòàòå ïîëó÷èì àâòîíîìíîå ÎÄÓ ïåðâîãî ïîðÿäêà

z′t = zf(z) + ag(z) − bh(z), z = ax− by. (1)

Áóäåì ðàññìàòðèâàòü ýòî óðàâíåíèå âìåñòå ñ ïåðâûì óðàâíåíèåì èñõîäíîé

ñèñòåìû, êîòîðîå çàïèøåì â âèäå

x′t = xf(z) + g(z). (2)

Îáùåå ðåøåíèå èçîëèðîâàííîãî àâòîíîìíîãî óðàâíåíèÿ (1) ìîæåò áûòü ïðåä-

ñòàâëåíî â íåÿâíîé �îðìå (ñì. ÎÄÓ 2.1.1.1). Ôóíêöèÿ x = x(t) ìîæåò áûòü
îïðåäåëåíà ïóòåì ðåøåíèÿ ëèíåéíîãî óðàâíåíèÿ ïåðâîãî ïîðÿäêà (2), ïîñëå

÷åãî ïî �îðìóëå y = (ax− z)/b íàõîäèòñÿ �óíêöèÿ y = y(t).

2. x′
t = b2f(a1x+ b1y) + b1g(a2x+ b2y),
y′t = −a2f(a1x+ b1y) − a1g(a2x+ b2y).

Ïóñòü a1b2 − a2b1 6= 0.
Óìíîæàÿ îáà ÎÄÓ íà ïîäõîäÿùèå êîíñòàíòû è ñêëàäûâàÿ èõ ïî÷ëåííî,

ïîëó÷èì äâà íåçàâèñèìûõ àâòîíîìíûõ ÎÄÓ ïåðâîãî ïîðÿäêà:

u′t = (a1b2 − a2b1)f(u), u = a1x+ b1y;

v′t = −(a1b2 − a2b1)g(v), v = a2x+ b2y.

3. x′
t = e−axf(y − x), y′t = e−ayg(y − x).

1◦. ×àñòíîå ðåøåíèå:

x =
1

a
ln
[
af(λ)t+ C], y =

1

a
ln
[
af(λ)t+ C] + λ,

ãäå C�ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à λ�êîðåíü àëãåáðàè÷åñêîãî (òðàíñöåíäåíò-

íîãî) óðàâíåíèÿ f(λ) = e−aλg(λ).

2◦. Ñíà÷àëà â ðàññìàòðèâàåìîé ñèñòåìå ÎÄÓ èñêëþ÷èì ïåðåìåííóþ t, à
çàòåì ñäåëàåì çàìåíó y=x+z. Â ðåçóëüòàòå ïîëó÷èì àâòîíîìíîå ÎÄÓ ïåðâîãî

ïîðÿäêà âèäà 2.1.1.1:

z′x = e−az g(z)
f(z)

− 1.

4. x′
t = xf(y/x) + g(y/x), y′t = yf(y/x) + h(y/x).

Çäåñü f(z), g(z), h(z)�ïðîèçâîëüíûå �óíêöèè.

1◦. Ïóñòü λ�êîðåíü àëãåáðàè÷åñêîãî (òðàíñöåíäåíòíîãî) óðàâíåíèÿ

λg(λ) = h(λ).

×àñòíîå ðåøåíèå ïðè f(λ) 6= 0:

x = C exp[f(λ)t]− g(λ)

f(λ)
, y = λ

{
C exp[f(λ)t]− g(λ)

f(λ)

}
,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.
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×àñòíîå ðåøåíèå ïðè f(λ) = 0:

x = g(λ)t+ C, y = λ[g(λ)t + C].

2◦. Ïîäñòàíîâêà y=xz ïðèâîäèò ðàññìàòðèâàåìóþ ñèñòåìó ÎÄÓ ê ñèñòåìå

x′t = xf(z) + g(z), xz′t = h(z)− zg(z).

Äåëÿ ïî÷ëåííî ïåðâîå óðàâíåíèå íà âòîðîå, èñêëþ÷èì ïåðåìåííóþ t. Â ðå-

çóëüòàòå ïðèõîäèì ê óðàâíåíèþ Áåðíóëëè

x′z =
g(z)

h(z)− zg(z)
x+

f(z)

h(z)− zg(z)
x2.

5. x′
t = xf(y/x) + h(y/x), y′t = yg(y/x) + (y/x)h(y/x).

�åøåíèå:

x = F (t)
[ ∫

h(ϕ)

F (t)
dt+ C

]
, y = ϕ(t)F (t)

[ ∫
h(ϕ)

F (t)
dt+ C

]
,

F (t) = exp
[ ∫

f(ϕ) dt
]
,

ãäå C�ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ ϕ=ϕ(t) îïèñûâàåòñÿ àâòîíîìíûì
ÎÄÓ ïåðâîãî ïîðÿäêà âèäà 2.1.1.1:

ϕ′
t = ϕ[g(ϕ) − f(ϕ)].

6. x′
t = xf(y/x) lnx+ xg(y/x), y′t = yf(y/x) ln y + yh(y/x).

Ïðåîáðàçîâàíèå x = eu, y = ev ïðèâîäèò ê ñèñòåìå ÎÄÓ âèäà 3.3.1.1:

u′t = uf(ev−u) + g(ev−u), v′t = vf(ev−u) + h(ev−u).

7. x′
t = xf

((
y

x

))
− yg

((
y

x

))
+

x√
x2 + y2

h
((
y

x

))
,

y′t = yf
((
y

x

))
+ xg

((
y

x

))
+

y√
x2 + y2

h
((
y

x

))
.

�åøåíèå:

x = r(t) cosϕ(t), y = r(t) sinϕ(t),

ãäå �óíêöèÿ ϕ = ϕ(t) ÿâëÿåòñÿ ðåøåíèåì àâòîíîìíîãî ÎÄÓ ïåðâîãî ïîðÿäêà

ϕ′
t = g(tgϕ),

à �óíêöèÿ r = r(t) óäîâëåòâîðÿåò ëèíåéíîìó ÎÄÓ ïåðâîãî ïîðÿäêà

r′t = rf(tgϕ) + h(tgϕ).

8. x′
t = xf

((
y

x

))
+ yg

((
y

x

))
+

x√
x2 − y2

h
((
y

x

))
,

y′t = yf
((
y

x

))
+ xg

((
y

x

))
+

y√
x2 − y2

h
((
y

x

))
.

�åøåíèå:

x = r(t) chψ(t), y = r(t) shψ(t),
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ãäå �óíêöèÿ ψ = ψ(t) ÿâëÿåòñÿ ðåøåíèåì àâòîíîìíîãî ÎÄÓ ïåðâîãî ïîðÿäêà

ψ′
t = g(thψ),

à �óíêöèÿ r = r(t) óäîâëåòâîðÿåò ëèíåéíîìó ÎÄÓ ïåðâîãî ïîðÿäêà

r′t = rf(thψ) + h(thψ).

9. x′
t = xf(ax+ by) − byg(y/x), y′t = yf(ax+ by) + ayg(y/x).

1◦. �åøåíèå:

x = br(t) cos2 ϕ(t), y = ar(t) sin2 ϕ(t),

ãäå �óíêöèè ϕ=ϕ(t) è r=r(t) îïðåäåëÿþòñÿ èç äâóõ íåçàâèñèìûõ àâòîíîìíûõ
ÎÄÓ ïåðâîãî ïîðÿäêà

r′t = rf(abr),

ϕ′
t =

1

2
a tgϕg

(
a

b
tg2 ϕ

)
,

îáùèå ðåøåíèÿ êîòîðûõ ìîæíî ïðåäñòàâèòü â íåÿâíîì âèäå (ñì. ÎÄÓ 2.1.1.1).

2◦. �åøåíèå:

x = br(t) ch2 ψ(t), y = −ar(t) sh2 ψ(t),

ãäå �óíêöèè ψ=ψ(t) è r=r(t) îïðåäåëÿþòñÿ èç äâóõ íåçàâèñèìûõ àâòîíîìíûõ
ÎÄÓ ïåðâîãî ïîðÿäêà

r′t = rf(abr),

ψ′
t =

1

2
a thψ g

(
− a

b
th2 ψ

)
.

3◦. Óìíîæèì ïåðâîå óðàâíåíèå íà a, âòîðîå óðàâíåíèå íà −b, à çàòåì

ñëîæèì ïî÷ëåííî. Â ðåçóëüòàòå ïîëó÷èì àâòîíîìíîå ÎÄÓ ïåðâîãî ïîðÿäêà

z′t = zf(z), z = ax+ by.

10. x′
t = xf(x2 + y2) − yg(y/x), y′t = yf(x2 + y2) + xg(y/x).

�åøåíèå:

x = r(t) cosϕ(t), y = r(t) sinϕ(t),

ãäå �óíêöèè ϕ=ϕ(t) è r=r(t) îïðåäåëÿþòñÿ èç äâóõ íåçàâèñèìûõ àâòîíîìíûõ
ÎÄÓ ïåðâîãî ïîðÿäêà

r′t = rf(r2),

ϕ′
t = g(tgϕ).

11. x′
t = xf(x2 − y2) + yg(y/x), y′t = yf(x2 − y2) + xg(y/x).

�åøåíèå:

x = r(t) chψ(t), y = r(t) shψ(t),
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ãäå �óíêöèè ψ=ψ(t) è r=r(t) îïðåäåëÿþòñÿ èç äâóõ íåçàâèñèìûõ àâòîíîìíûõ
ÎÄÓ ïåðâîãî ïîðÿäêà

r′t = rf(r2),

ψ′
t = g(thψ).

12. x′
t = xnF (x, y), y′t = g(y)F (x, y).

�åøåíèå:

x = ϕ(y),
∫

dy

g(y)F (ϕ(y), y)
= t+ C2,

ãäå

ϕ(y) =





[
C1 + (1− n)

∫
dy

g(y)

] 1
1−n

ïðè n 6= 1,

C1 exp
[ ∫

dy

g(y)

]
ïðè n = 1,

C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå.

13. x′
t = eλxF (x, y), y′t = g(y)F (x, y).

�åøåíèå:

x = ϕ(y),
∫

dy

g(y)F (ϕ(y), y)
= t+ C2,

ãäå

ϕ(y) =




− 1

λ
ln
[
C1 − λ

∫
dy

g(y)

]
ïðè λ 6= 0,

C1 +
∫

dy

g(y)
ïðè λ = 0,

C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå.

14. x′
t = F (x, y), y′t = G(x, y).

Àâòîíîìíàÿ ñèñòåìà äâóõ íåëèíåéíûõ ÎÄÓ îáùåãî âèäà.

Ïóñòü

y = y(x,C1), (∗)
ãäå C1 � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, ÿâëÿåòñÿ îáùèì ðåøåíèå ÎÄÓ ïåðâîãî

ïîðÿäêà

F (x, y)y′x = G(x, y).

Òîãäà îáùåå ðåøåíèå ðàññìàòðèâàåìîé ñèñòåìû ÎÄÓ çàäàåòñÿ ñîîòíîøåíè-

åì (*) âìåñòå íåÿâíîé çàâèñèìîñòüþ

∫
dx

F (x, y(x,C1))
= t+ C2.

15. x′
t = f(t, y − ax), y′t = g(t, y − ax).

1◦. �åøåíèå:

x =
∫
f(t, ϕ(t)) dt +C, y = ϕ(t) + a

∫
f(t, ϕ(t)) dt + aC,
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ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ ϕ = ϕ(t) îïèñûâàåòñÿ ÎÄÓ

ïåðâîãî ïîðÿäêà

ϕ′
t = g(t, ϕ) − af(t, ϕ). (1)

2◦. Åñëè îáå �óíêöèè f è g íå çàâèñÿò ÿâíî îò t, òî óðàâíåíèå (1) ÿâëÿåòñÿ
àâòîíîìíûì ÎÄÓ òèïà 2.1.1.1. Â ýòîì ñëó÷àå ðàññìàòðèâàåìàÿ ñèñòåìà ÎÄÓ

èìååò ÷àñòíîå ðåøåíèå, ëèíåéíîå ïî t, âèäà

x = f(k)t+ C, y = af(k)t+ aC + k,

ãäå C�ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à k�êîðåíü àëãåáðàè÷åñêîãî (òðàíñöåíäåíò-

íîãî) óðàâíåíèÿ af(k) = g(k).

16. x′
t = xf(t, y/x), y′t = yg(t, y/x).

1◦. �åøåíèå:

x = C exp
[ ∫

f(t, ϕ(t)) dt
]
, y = Cϕ(t) exp

[ ∫
f(t, ϕ(t)) dt

]
,

ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ ϕ = ϕ(t) îïèñûâàåòñÿ ÎÄÓ

ïåðâîãî ïîðÿäêà

ϕ′
t = ϕ[g(t, ϕ) − f(t, ϕ)]. (1)

2◦. Åñëè îáå �óíêöèè f è g íå çàâèñÿò ÿâíî îò t, òî óðàâíåíèå (1) ÿâëÿåòñÿ
àâòîíîìíûì ÎÄÓ òèïà 2.1.1.1. Â ýòîì ñëó÷àå ðàññìàòðèâàåìàÿ ñèñòåìà ÎÄÓ

èìååò ÷àñòíîå ðåøåíèå, ýêñïîíåíöèàëüíîãî âèäà

x = Ceλt, y = Ckeλt, λ = f(k),

ãäå C�ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à k�êîðåíü àëãåáðàè÷åñêîãî (òðàíñöåíäåíò-

íîãî) óðàâíåíèÿ f(k) = g(k).

17. x′
t = xf(t, yxa), y′t = yg(t, yxa).

Ýòà ñèñòåìà ÿâëÿåòñÿ îáîáùåíèåì ïðåäûäóùåé ñèñòåìû ÎÄÓ.

1◦. �åøåíèå:

x = C exp
[ ∫

f(t, ϕ(t)) dt
]
, y = C−aϕ(t) exp

[
−a

∫
f(t, ϕ(t)) dt

]
,

ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ ϕ = ϕ(t) îïèñûâàåòñÿ ÎÄÓ

ïåðâîãî ïîðÿäêà

ϕ′
t = ϕ[g(t, ϕ) + af(t, ϕ)]. (1)

2◦. Åñëè îáå �óíêöèè f è g íå çàâèñÿò ÿâíî îò t, òî óðàâíåíèå (1) ÿâëÿåòñÿ
àâòîíîìíûì ÎÄÓ òèïà 2.1.1.1. Â ýòîì ñëó÷àå ðàññìàòðèâàåìàÿ ñèñòåìà ÎÄÓ

èìååò ÷àñòíîå ðåøåíèå, ýêñïîíåíöèàëüíîãî âèäà

x = Ceλt, y = kC−ae−aλt, λ = f(k),
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ãäå C�ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à k�êîðåíü àëãåáðàè÷åñêîãî (òðàíñöåíäåíò-

íîãî) óðàâíåíèÿ af(k) + g(k) = 0.

18. x′
t = f1(x)g1(y)Φ(t, x, y), y′t = f2(x)g2(y)Φ(t, x, y).

Ïåðâûé èíòåãðàë: ∫
f2(x)

f1(x)
dx−

∫
g1(y)

g2(y)
dy = C, (∗)

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

�àçðåøèâ (∗) îòíîñèòåëüíî x (èëè y) è ïîäñòàâèâ ïîëó÷åííîå âûðàæåíèå â
îäíî èç óðàâíåíèé èñõîäíîé ñèñòåìû, ìîæíî ïîëó÷èòü ÎÄÓ ïåðâîãî ïîðÿäêà

äëÿ y (èëè x).

19. x = tx′
t + F (x′

t, y
′
t), y = ty′t +G(x′

t, y
′
t).

Ñèñòåìà ÎÄÓ â íåÿâíîé �îðìå òèïà Êëåðî.

�åøåíèÿìè ýòîé ñèñòåìû ÿâëÿþòñÿ:

(i) ïðÿìûå ëèíèè

x = C1t+ F (C1, C2), y = C2t+G(C1, C2),

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå;

(ii) îãèáàþùèå ýòèõ ïðÿìûõ;

(iii) íåïðåðûâíî äè��åðåíöèðóåìûå êðèâûå, êîòîðûå îáðàçîâàíû îòðåçêà-

ìè ïðÿìûõ (i) è êðèâûõ (ii).

3.3.2. Íåëèíåéíûå ñèñòåìû ÎÄÓ âòîðîãî ïîðÿäêà

1. x′′
tt = xf(ax− by) + g(ax− by), y′′tt = yf(ax− by)+h(ax− by).

Çäåñü f(z), g(z), h(z)�ïðîèçâîëüíûå �óíêöèè.

Óìíîæèì ïåðâîå óðàâíåíèå íà a, âòîðîå óðàâíåíèå íà −b, à çàòåì ñëîæèì

ïî÷ëåííî. Â ðåçóëüòàòå ïîëó÷èì àâòîíîìíîå ÎÄÓ âòîðîãî ïîðÿäêà

z′′tt = zf(z) + ag(z) − bh(z), z = ax− by. (1)

Áóäåì ðàññìàòðèâàòü ýòî óðàâíåíèå âìåñòå ñ ïåðâûì óðàâíåíèåì èñõîäíîé

ñèñòåìû, êîòîðîå çàïèøåì â âèäå

x′′tt = xf(z) + g(z). (2)

Îáùåå ðåøåíèå èçîëèðîâàííîãî àâòîíîìíîãî óðàâíåíèÿ (1) ìîæåò áûòü ïðåä-

ñòàâëåíî â íåÿâíîé �îðìå (ñì. ÎÄÓ 2.3.1.1). Â ðÿäå ñëó÷àåâ �óíêöèþ x= x(t)
ìîæíî íàéòè ïóòåì ðåøåíèÿ ëèíåéíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà (2), ïîñëå

÷åãî ïî �îðìóëå y = (ax− z)/b îïðåäåëÿåòñÿ �óíêöèÿ y = y(t).

2. x′′
tt = b2f(a1x+ b1y) + b1g(a2x+ b2y),
y′′tt = −a2f(a1x+ b1y) − a1g(a2x+ b2y).

Ïóñòü a1b2 − a2b1 6= 0.
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Óìíîæàÿ îáà ÎÄÓ íà ïîäõîäÿùèå êîíñòàíòû è ñêëàäûâàÿ èõ ïî÷ëåííî,

ïîëó÷èì äâà íåçàâèñèìûõ àâòîíîìíûõ ÎÄÓ âòîðîãî ïîðÿäêà:

u′′tt = (a1b2 − a2b1)f(u), u = a1x+ b1y;

v′′tt = −(a1b2 − a2b1)g(v), v = a2x+ b2y,

îáùåå ðåøåíèå êîòîðûõ ìîæíî ïðåäñòàâèòü â íåÿâíîì âèäå (ñì. ÎÄÓ 2.3.1.1).

3. x′′
tt = xf(y/x), y′′tt = yg(y/x).

Çäåñü f(z) è g(z)�ïðîèçâîëüíûå �óíêöèè.

1◦. ×àñòíîå ïåðèîäè÷åñêîå ðåøåíèå:

x = C1 sin(kt) +C2 cos(kt), k =
√

−f(λ),
y = λ[C1 sin(kt) + C2 cos(kt)],

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à λ�êîðåíü àëãåáðàè÷åñêîãî (òðàíñ-

öåíäåíòíîãî) óðàâíåíèÿ

f(λ) = g(λ). (∗)
2◦. ×àñòíîå ðåøåíèå:

x = C1 exp(kt) + C2 exp(−kt), k =
√
f(λ),

y = λ[C1 exp(kt) + C2 exp(−kt)],
ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à λ�êîðåíü àëãåáðàè÷åñêîãî (òðàíñ-

öåíäåíòíîãî) óðàâíåíèÿ (*).

4. x′′
tt = xf(y/x) + g(y/x), y′′tt = yf(y/x) + h(y/x).

Ïóñòü λ�êîðåíü àëãåáðàè÷åñêîãî (òðàíñöåíäåíòíîãî) óðàâíåíèÿ

λg(λ) = h(λ).

1◦. ×àñòíîå ðåøåíèå ïðè f(λ) > 0:

x = C1 exp
(
−
√
f(λ) t

)
+ C2 exp

(√
f(λ) t

)
− g(λ)

f(λ)
,

y = λ
[
C1 exp

(
−
√
f(λ) t

)
+ C2 exp

(√
f(λ) t

)
− g(λ)

f(λ)

]
,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

2◦. ×àñòíîå ïåðèîäè÷åñêîå ðåøåíèå ïðè f(λ) < 0:

x = C1 cos
(√

|f(λ)| t
)
+ C2 sin

(√
|f(λ)| t

)
− g(λ)

f(λ)
,

y = λ
[
C1 cos

(√
|f(λ)| t

)
+ C2 sin

(√
|f(λ)| t

)
− g(λ)

f(λ)

]
.

3◦. ×àñòíîå ðåøåíèå ïðè f(λ) = 0:

x = 1
2 g(λ)t

2 + C1t+C2, y = λ[ 12 g(λ)t
2 + C1t+ C2].
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5. x′′
tt = xkf(y/x), y′′tt = ykg(y/x).

×àñòíîå ðåøåíèå:

x = x(t), y = λx(t),

ãäå x = x(t)�ðåøåíèå àâòîíîìíîãî ÎÄÓ âòîðîãî ïîðÿäêà x′′tt = f(λ)xk, à λ�
êîðåíü àëãåáðàè÷åñêîãî (òðàíñöåíäåíòíîãî) óðàâíåíèÿ f(λ) = λk−1g(λ).

6. x′′
tt = eaxf(y − x), y′′tt = eayg(y − x).

×àñòíîå ðåøåíèå:

x = x(t), y = x(t) + λ,

ãäå x= x(t)�ðåøåíèå àâòîíîìíîãî ÎÄÓ âòîðîãî ïîðÿäêà x′′tt = f(λ)eax, à λ�
êîðåíü àëãåáðàè÷åñêîãî (òðàíñöåíäåíòíîãî) óðàâíåíèÿ f(λ) = eaλg(λ).

7. x′′
tt = kxr−3, y′′tt = kyr−3, ãäå r =

√
x2 + y2.

Óðàâíåíèÿ äâèæåíèÿ ìàòåðèàëüíîé òî÷êè â ïëîñêîñòè xy ïîä äåéñòâèåì ñèëû

òÿæåñòè.

Ïåðåõîäÿ ê ïîëÿðíûì êîîðäèíàòàì ïî �îðìóëàì

x = r cosϕ, y = r sinϕ, r = r(t), ϕ = ϕ(t),

ìîæíî ïîëó÷èòü äâà ïåðâûõ èíòåãðàëà

r2ϕ′
t = C1, (r′t)

2 + r2(ϕ′
t)
2 = −2kr−1 + C2, (1)

ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå. Ñ÷èòàÿ, ÷òî C1 6= 0 è èíòåãðèðóÿ

äàëåå, èìååì

r[C cos(ϕ− ϕ0)− k] = C2
1 , C2 = C2

1C2 + k2, (2)

ãäå ϕ0 � ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Óðàâíåíèå (2) ÿâëÿåòñÿ óðàâíåíèåì êîíè-

÷åñêîãî ñå÷åíèÿ. Çàâèñèìîñòü ϕ(t) ìîæåò áûòü íàéäåíà èç ïåðâîãî óðàâíåíèÿ

â (1).

8. x′′
tt = xf(r), y′′tt = yf(r), ãäå r =

√
x2 + y2.

Óðàâíåíèÿ äâèæåíèÿ ìàòåðèàëüíîé òî÷êè â ïëîñêîñòè xy ïîä äåéñòâèåì

öåíòðàëüíîé ñèëû.

Ïåðåõîäÿ ê ïîëÿðíûì êîîðäèíàòàì ïî �îðìóëàì

x = r cosϕ, y = r sinϕ, r = r(t), ϕ = ϕ(t),

ìîæíî ïîëó÷èòü äâà ïåðâûõ èíòåãðàëà

r2ϕ′
t = C1, (r′t)

2 + r2(ϕ′
t)
2 = 2

∫
rf(r) dr + C2,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå. Èíòåãðèðóÿ äàëåå, èìååì

t+ C3 = ±
∫

r dr√
2r2F (r) + r2C2 −C2

1

, ϕ = C1

∫
dt

r2
+ C4, (∗)
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ãäå C3 è C4 �ïðîèçâîëüíûå ïîñòîÿííûå è èñïîëüçîâàíî îáîçíà÷åíèå

F (r) =
∫
rf(r) dr.

Âî âòîðîì ñîîòíîøåíèè â (∗) ïðåäïîëàãàåòñÿ, ÷òî çàâèñèìîñòü r = r(t) ïîëó-
÷åíà ðàçðåøåíèåì ïåðâîãî óðàâíåíèÿ â (∗) îòíîñèòåëüíî r(t).

9. x′′
tt + a(t)x = x−3f(y/x), y′′tt + a(t)y = y−3g(y/x).

Íåëèíåéíàÿ ñèñòåìà ÎÄÓ òèïà Åðìàêîâà.

1◦. Ïåðâûé èíòåãðàë:

1

2
(xy′t − yx′t)

2 +
∫ [
uf(u)− u−3g(u)

]
du = C, u =

y

x
,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

2◦. Ïóñòü ϕ = ϕ(t) � íåòðèâèàëüíîå ÷àñòíîå ðåøåíèå ëèíåéíîãî ÎÄÓ

âòîðîãî ïîðÿäêà

ϕ′′
tt + a(t)ϕ = 0. (1)

Òîãäà ïðåîáðàçîâàíèå

τ =
∫

dt

ϕ2(t)
, u =

x

ϕ(t)
, v =

y

ϕ(t)
(2)

ïðèâîäèò ê àâòîíîìíîé ñèñòåìå ÎÄÓ

u′′ττ = u−3f(v/u), v′′ττ = v−3g(v/u). (3)

3◦. ×àñòíîå ðåøåíèå ñèñòåìû (3) èìååò âèä

u=A
√
C2τ2 + C1τ + C0, v=Ak

√
C2τ2 + C1τ +C0, A=

[
f(k)

C0C2 − 1
4
C2

1

]1/4
,

ãäå C0, C1, C2 � ïðîèçâîëüíûå ïîñòîÿííûå, à k � êîðåíü àëãåáðàè÷åñêîãî

(òðàíñöåíäåíòíîãî) óðàâíåíèÿ

k4f(k) = g(k).

10. x′′
tt = f(y′t/x

′
t), y′′tt = g(y′t/x

′
t).

1◦. Ïðåîáðàçîâàíèå
u = x′t, w = y′t (1)

ïðèâîäèò ê ñèñòåìå ÎÄÓ ïåðâîãî ïîðÿäêà

u′t = f(w/u), w′
t = g(w/u). (2)

Èñêëþ÷åíèå ïåðåìåííîé t ïðèâîäèò ê îäíîðîäíîìó ÎÄÓ ïåðâîãî ïîðÿäêà,

ðåøåíèå êîòîðîãî èìååò âèä

∫
f(ξ) dξ

g(ξ)− ξf(ξ)
= ln |u|+ C, ξ =

w

u
, (3)

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ. �àçðåøèâ (3) îòíîñèòåëüíî w, ïîëó÷èì w =
= w(u,C). Ïîäñòàâèâ ýòî âûðàæåíèå â ïåðâîå óðàâíåíèå (2), ìîæíî íàéòè

u = u(t), à çàòåì w = w(t). Â èòîãå ìîæíî îïðåäåëèòü �óíêöèè x = x(t) è
y = y(t) èç (1) ïðîñòûì èíòåãðèðîâàíèåì.
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2◦. Çàäà÷à Ñóñëîâà. Çàäà÷à î ñêîëüæåíèè ìàòåðèàëüíîé òî÷êè ïî íàêëîí-

íîé øåðîõîâàòîé ïëîñêîñòè îïèñûâàåòñÿ óðàâíåíèÿìè

x′′tt = 1− kx′
t√

(x′
t)

2 + (y′t)
2
, y′′tt = − ky′t√

(x′
t)

2 + (y′t)
2
,

êîòîðûå ÿâëÿþòñÿ ÷àñòíûì ñëó÷àåì ðàññìàòðèâàåìîé ñèñòåìû ÎÄÓ ñ îïðåäå-

ëÿþùèìè �óíêöèÿìè

f(z) = 1− k√
1 + z2

, g(z) = − kz√
1 + z2

.

�åøåíèå ñîîòâåòñòâóþùåé çàäà÷è Êîøè ñ íà÷àëüíûìè óñëîâèÿìè

x(0) = y(0) = x′t(0) = 0, y′t(0) = 1

ïðèâîäèò, äëÿ ñëó÷àÿ k = 1, ê èñêîìûì �óíêöèÿì x(t) è y(t), êîòîðûå ìîæíî
çàïèñàòü â ïàðàìåòðè÷åñêîé �îðìå

x=− 1
16+

1
16 ξ

4− 1
4 ln ξ, y= 2

3− 1
2 ξ− 1

6 ξ
3, t= 1

4− 1
4 ξ

2− 1
2 ln ξ (06ξ61).

11. x′′
tt = xΦ(x, y, t, x′

t, y
′
t), y′′tt = yΦ(x, y, t, x′

t, y
′
t).

1◦. Ïåðâûé èíòåãðàë:

xy′t − yx′t = C,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

2◦. ×àñòíîå ðåøåíèå: y = C1x, ãäå C1�ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíê-

öèÿ x = x(t) îïèñûâàåòñÿ ÎÄÓ âòîðîãî ïîðÿäêà

x′′tt = xΦ(x,C1x, t, x
′
t, C1x

′
t).

Çàìå÷àíèå 3.2. Â ïï. 1◦ è 2◦ �óíêöèÿ Φ ìîæåò òàêæå çàâèñåòü îò âòîðîé è

ñòàðøèõ ïðîèçâîäíûõ ïî t.

12. x′′
tt + x−3f(y/x) = xΦ(x, y, t, x′

t, y
′
t),

y′′tt + y−3g(y/x) = yΦ(x, y, t, x′
t, y

′
t).

Ïåðâûé èíòåãðàë:

1

2
(xy′t − yx′t)

2 +
∫ [
u−3g(u) − uf(u)

]
du = C, u =

y

x
,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

Çàìå÷àíèå 3.3. Ôóíêöèÿ Φ ìîæåò òàêæå çàâèñåòü îò âòîðîé è ñòàðøèõ ïðîèçâîä-

íûõ ïî t.

13. x′′
tt = F (t, tx′

t − x, ty′t − y), y′′tt = G(t, tx′
t − x, ty′t − y).

1◦. Ïðåîáðàçîâàíèå

u = txt − x, v = ty′t − y (1)
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ïðèâîäèò ê ñèñòåìå ÎÄÓ ïåðâîãî ïîðÿäêà

u′t = tF (t, u, v), v′t = tG(t, u, v). (2)

2◦. Ïóñòü ðåøåíèå ñèñòåìû (2) ïîëó÷åíî â âèäå

u = u(t, C1, C2), v = v(t, C1, C2), (3)

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå. Òîãäà, ïîäñòàâëÿÿ (3) â (1) è èíòåãðè-

ðóÿ, íàõîäèì ðåøåíèå èñõîäíîé ñèñòåìû ÎÄÓ:

x = C3t+ t
∫

u(t, C1, C2)

t2
dt, y = C4t+ t

∫
v(t, C1, C2)

t2
dt.

3◦. Åñëè �óíêöèè F è G íå çàâèñÿò îò t, òî èñêëþ÷àÿ t èç ñèñòåìû (2),

ïðèõîäèì ê ÎÄÓ ïåðâîãî ïîðÿäêà

g(u, v)u′v = F (u, v).

14. (x′
t)

2 − xx′′
tt − ax′′′

ttt = 0, x′
ty

′
t − xy′′tt − ay′′′ttt = 0.

Ýòà àâòîíîìíàÿ ñèñòåìà ÎÄÓ òðåòüåãî ïîðÿäêà âñòðå÷àåòñÿ â òåîðèè ãèäðîäè-

íàìè÷åñêîãî ïîãðàíè÷íîãî ñëîÿ.

1◦. ×àñòíîå ðåøåíèå:

x =
6a

t+ C1
, y =

C2

t+ C1
+

C3

(t+ C1)2
+ C4,

ãäå C1, . . . , C4 �ïðîèçâîëüíûå ïîñòîÿííûå.

2◦. ×àñòíîå ðåøåíèå:

x = C1e
λt − aλ, y = C2(C1e

λt − aλ),

ãäå C1, C2, λ�ïðîèçâîëüíûå ïîñòîÿííûå.

3◦. Ïóñòü x = x(t) � íåêîòîðîå ðåøåíèå ïåðâîãî ÎÄÓ ðàññìàòðèâàåìîé

ñèñòåìû óðàâíåíèé. Òîãäà âòîðîå ÎÄÓ ñèñòåìû ïðåäñòàâëÿåò ñîáîé ëèíåéíîå

ÎÄÓ òðåòüåãî ïîðÿäêà îòíîñèòåëüíî y, êîòîðîå èìååò äâà ÷àñòíûõ ðåøåíèÿ:

y1 =1 è y2 = x(t). Ïîýòîìó âòîðîå ÎÄÓ ìîæåò áûòü ñâåäåíî ê ëèíåéíîìó ÎÄÓ

ïåðâîãî ïîðÿäêà (ñì. �îðìóëû (4) â ðàçä. 2.4.1), êîòîðîå ëåãêî èíòåãðèðóåòñÿ.

3.4. Íåëèíåéíûå ñèñòåìû òðåõ è áîëåå ÎÄÓ

3.4.1. Íåëèíåéíûå ñèñòåìû òðåõ ÎÄÓ

1. ax′
t = (b− c)yz, by′t = (c−a)zx, cz′t = (a− b)xy.

Ïåðâûå èíòåãðàëû:

ax2 + by2 + cz2 = C1,

a2x2 + b2y2 + c2z2 = C2,
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ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå. �àçðåøàÿ ïåðâûå èíòåãðàëû îòíî-

ñèòåëüíî y è z è ïîäñòàâëÿÿ ïîëó÷åííûå âûðàæåíèÿ â ïåðâîå ÎÄÓ ñèñòåìû,

ïîëó÷èì ÎÄÓ ïåðâîãî ïîðÿäêà ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè.

2. x′
t = cg(y) − bh(z), y′t = ah(z)− cf(x), z′t = bf(x) − ag(y).

×àñòíûé ñëó÷àé ñèñòåìû 3.4.1.4 ïðè F1 = f(x), F2 = g(y), F3 = h(z).
Ïåðâûå èíòåãðàëû:

ax+ by + cz = C1,∫
f(x) dx+

∫
g(y) dy +

∫
h(z) dz = C2,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

3. ax′
t = (b− c)yzF (x, y, z, t),

by′t = (c− a)zxF (x, y, z, t), cz′t = (a− b)xyF (x, y, z, t).

Ïåðâûå èíòåãðàëû:

ax2 + by2 + cz2 = C1,

a2x2 + b2y2 + c2z2 = C2,

ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå. �àçðåøàÿ ïåðâûå èíòåãðàëû îòíî-

ñèòåëüíî y è z è ïîäñòàâëÿÿ ïîëó÷åííûå âûðàæåíèÿ â ïåðâîå ÎÄÓ ñèñòåìû,

ïîëó÷èì ÎÄÓ ïåðâîãî ïîðÿäêà (åñëè �óíêöèÿ F íå çàâèñèò îò t, òî ýòî ÎÄÓ ñ

ðàçäåëÿþùèìèñÿ ïåðåìåííûìè).

4. x′
t = cF2 − bF3, y′t = aF3 − cF1, z′t = bF1 − aF2.

Çäåñü Fn = Fn(x, y, z)�ïðîèçâîëüíûå �óíêöèè (n = 1, 2, 3).
Ïåðâûé èíòåãðàë:

ax+ by + cz = C1,

ãäå C1 � ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Èñêëþ÷àÿ t è z èç ïåðâûõ äâóõ ÎÄÓ ðàñ-

ñìàòðèâàåìîé ñèñòåìû (èñïîëüçóÿ ïðèâåäåííûé âûøå ïåðâûé èíòåãðàë), ïî-

ëó÷èì ÎÄÓ ïåðâîãî ïîðÿäêà

dy

dx
=

aF3(x, y, z)− cF1(x, y, z)

cF2(x, y, z)− bF3(x, y, z)
, ãäå z =

1

c
(C1 − ax− by).

5. x′
t = czF2 − byF3, y′t = axF3 − czF1, z′t = byF1 − axF2.

Çäåñü Fn = Fn(x, y, z)�ïðîèçâîëüíûå �óíêöèè (n = 1, 2, 3).
Ïåðâûé èíòåãðàë:

ax2 + by2 + cz2 = C1,

ãäå C1 � ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Èñêëþ÷àÿ t è z èç ïåðâûõ äâóõ ÎÄÓ ðàñ-

ñìàòðèâàåìîé ñèñòåìû (èñïîëüçóÿ ïðèâåäåííûé âûøå ïåðâûé èíòåãðàë), ïî-

ëó÷èì ÎÄÓ ïåðâîãî ïîðÿäêà

dy

dx
=

axF3(x, y, z)− czF1(x, y, z)

czF2(x, y, z)− byF3(x, y, z)
, ãäå z = ±

√
1

c
(C1 − ax2 − by2).
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6. x′
t = x(cF2 − bF3), y′t = y(aF3 − cF1), z′t = z(bF1 − aF2).

Çäåñü Fn = Fn(x, y, z)�ïðîèçâîëüíûå �óíêöèè (n = 1, 2, 3).
Ïåðâûé èíòåãðàë:

|x|a|y|b|z|c = C1,

ãäå C1 � ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Èñêëþ÷àÿ t è z èç ïåðâûõ äâóõ ÎÄÓ ðàñ-

ñìàòðèâàåìîé ñèñòåìû (èñïîëüçóÿ ïðèâåäåííûé âûøå ïåðâûé èíòåãðàë), ìîæ-

íî ïîëó÷èòü ÎÄÓ ïåðâîãî ïîðÿäêà.

7. x′
t=h(z)F2−g(y)F3, y′t=f(x)F3−h(z)F1, z′t=g(y)F1−f(x)F2.

Çäåñü Fn = Fn(x, y, z)�ïðîèçâîëüíûå �óíêöèè (n = 1, 2, 3).
Ïåðâûé èíòåãðàë:

∫
f(x) dx+

∫
g(y) dy +

∫
h(z) dz = C1,

ãäå C1 � ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Èñêëþ÷àÿ t è z èç ïåðâûõ äâóõ ÎÄÓ ðàñ-

ñìàòðèâàåìîé ñèñòåìû (èñïîëüçóÿ ïðèâåäåííûé âûøå ïåðâûé èíòåãðàë), ìîæ-

íî ïîëó÷èòü ÎÄÓ ïåðâîãî ïîðÿäêà.

8. x′′
tt =

∂F

∂x
, y′′tt =

∂F

∂y
, z′′tt =

∂F

∂z
,

ãäå F = F (r), r =
√
x2+ y2+ z2.

Óðàâíåíèÿ äâèæåíèÿ ìàòåðèàëüíîé òî÷êè ïîä äåéñòâèåì ñèëû òÿæåñòè.

�àññìàòðèâàåìàÿ ñèñòåìà ÎÄÓ ìîæåò áûòü çàïèñàíà â âèäå îäíîãî âåêòîð-

íîãî óðàâíåíèÿ

r

′′
tt = gradF èëè r

′′
tt =

F ′(r)

r
r,

ãäå r = (x, y, z).

1◦. Ïåðâûå èíòåãðàëû:

(r′t)
2 = 2F (r) + C1 (çàêîí ñîõðàíåíèÿ ýíåðãèè),

[r× r

′
t] = C (çàêîí ñîõðàíåíèÿ ïëîùàäåé),

(r · C) = 0 (âñå òðàåêòîðèè�ïëîñêèå êðèâûå).

2◦. �åøåíèå (Êàìêå, 1976):

r = a r cosϕ+ b r sinϕ.

Çäåñü ïîñòîÿííûå âåêòîðû a è b äîëæíû óäîâëåòâîðÿòü äâóì ñîîòíîøåíèÿ

|a| = |b| = 1, (a · b) = 0,

à �óíêöèè r = r(t) è ϕ = ϕ(t) îïðåäåëÿþòñÿ íåÿâíî âûðàæåíèÿìè

t =
∫

r dr√
2r2F (r)+C1r

2−C2
3

+C2, ϕ = C3

∫
dr

r
√
2r2F (r)+C1r

2−C2
3

, C3 = |C|.
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9. x′′
tt = xF, y′′tt = yF, z′′tt = zF, ãäå F = F (x, y, z, t, x′

t, y
′
t, z

′
t).

Ïåðâûå èíòåãðàëû (çàêîíû ñîõðàíåíèÿ ïëîùàäåé):

zy′t − yz′t = C1,

xz′t − zx′t = C2,

yx′t − xy′t = C3,

ãäå C1, C2, C3�ïðîèçâîëüíûå ïîñòîÿííûå.

Ñëåäñòâèå çàêîíîâ ñîõðàíåíèÿ:

C1x+ C2y + C3z = 0.

Îòñþäà ñëåäóåò, ÷òî âñå èíòåãðàëüíûå êðèâûå ÿâëÿþòñÿ ïëîñêèìè êðèâûìè.

Çàìå÷àíèå 3.4. Ôóíêöèÿ F ìîæåò òàêæå çàâèñåòü îò âòîðîé è ñòàðøèõ ïðîèçâîä-

íûõ ïî t.

10. x′′
tt = F1, y′′tt = F2, z′′tt = F3,

ãäå Fn = Fn(t, tx
′
t − x, ty′t − y, tz′t − z).

1◦. Ïðåîáðàçîâàíèå

u = txt − x, v = ty′t − y, w = tz′t − z (1)

ïðèâîäèò ê ñèñòåìå ÎÄÓ ïåðâîãî ïîðÿäêà

u′t = tF1(t, u, v, w), v′t = tF2(t, u, v, w), w′
t = tF3(t, u, v, w). (2)

2◦. Ïóñòü ðåøåíèå ñèñòåìû (2) ïîëó÷åíî â âèäå

u(t) = u(t, C1, C2, C3), v(t) = v(t, C1, C2, C3), w(t) =w(t, C1, C2, C3), (3)

ãäå C1, C2, C3 �ïðîèçâîëüíûå ïîñòîÿííûå. Òîãäà, ïîäñòàâëÿÿ (3) â (1) è èíòå-

ãðèðóÿ, íàõîäèì ðåøåíèå èñõîäíîé ñèñòåìû ÎÄÓ:

x = C4t+ t
∫
u(t)

t2
dt, y = C5t+ t

∫
v(t)

t2
dt, z = C6t+ t

∫
w(t)

t2
dt,

ãäå C4, C5, C6�ïðîèçâîëüíûå ïîñòîÿííûå.

3.4.2. Óðàâíåíèÿ äèíàìèêè òâåðäîãî òåëà ñ íåïîäâèæíîé

òî÷êîé

∗

◮ Êèíåìàòè÷åñêèå è äèíàìè÷åñêèå óðàâíåíèÿ Ýéëåðà.

Äâèæåíèå òâåðäîãî òåëà âîêðóã íåïîäâèæíîé òî÷êè ïîä äåéñòâèåì âíåøíèõ

ñèë îïèñûâàåòñÿ ñèñòåìîé, ñîñòîÿùåé èç øåñòè ñâÿçàííûõ íåëèíåéíûõ ÎÄÓ

∗
Ýòîò ðàçäåë íàïèñàë À. Â. Ôîìè÷åâ.
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ïåðâîãî ïîðÿäêà:

Ap′t + (C −B)qr =M1, (1)

Bq′t + (A− C)pr =M2, (2)

Cr′t + (B −A)pq =M3, (3)

p = ψ′
t sin θ sinϕ+ θ′t cosϕ, (4)

q = ψ′
t sin θ cosϕ− θ′t sinϕ, (5)

r = ψ′
t cos θ + ϕ′

t, (6)

ãäå p, q, r � êîìïîíåíòû óãëîâîé ñêîðîñòè òåëà â äâèæóùåéñÿ îðòîíîðìè-

ðîâàííîé ñèñòåìå êîîðäèíàò ξηζ , æåñòêî ñâÿçàííîé ñ òåëîì è îáðàçîâàííîé

ãëàâíûìè îñÿìè èíåðöèè (íà÷àëî êîîðäèíàò íàõîäèòñÿ â íåïîäâèæíîé òî÷êå);

A, B, C � ìîìåíòû èíåðöèè îòíîñèòåëüíî ãëàâíûõ îñåé; à M1, M2, M3 �

êîìïîíåíòû ìîìåíòà âíåøíèõ ñèë â ñèñòåìå ξηζ , êîòîðûå îáû÷íî çàâèñÿò îò

óãëîâ Ýéëåðà ψ, θ, ϕ, îïðåäåëÿþùèõ ïîëîæåíèå ïîäâèæíîé ñèñòåìû êîîðäèíàò

îòíîñèòåëüíî íåïîäâèæíîé.

Òðåáóåòñÿ îïðåäåëèòü çàâèñèìîñòè �óíêöèé p, q, r, ψ, θ, ϕ îò âðåìåíè t èç
ñèñòåìû ÎÄÓ (1)�(6).

Äàëåå áóäóò èñïîëüçîâàòüñÿ ñëåäóþùèå îáîçíà÷åíèÿ: m � ìàññà òåëà, r �

ðàäèóñ-âåêòîð ïîëîæåíèÿ öåíòðà ìàññ, K = (K1,K2,K3)
T = (Ap,Bq,Cr)T �

óãëîâîé ìîìåíò òåëà â ñèñòåìå ξηζ , γ = (γ1, γ2, γ3)�âåðòèêàëüíûé åäèíè÷íûé

âåêòîð (γ21+γ
2
2+γ

2
3 =1), êîòîðûé ââîäèòñÿ, êîãäà òåëî íàõîäèòñÿ â îäíîðîäíîì

ãðàâèòàöèîííîì ïîëå òàê, ÷òî íàïðàâëåíèå γ ïðîòèâîïîëîæíî íàïðàâëåíèþ

ãðàâèòàöèîííîãî óñêîðåíèÿ g, è g = |g|.
Óðàâíåíèÿ (1)�(3) íàçûâàþòñÿ äèíàìè÷åñêèìè óðàâíåíèÿìè Ýéëåðà, à óðàâ-

íåíèÿ (4)�(6) � êèíåìàòè÷åñêèìè óðàâíåíèÿìè Ýéëåðà. Â îáùåì ñëó÷àå ñèñòå-

ìà ÎÄÓ (1)�(6) íå èíòåãðèðóåòñÿ â êâàäðàòóðàõ. Îäíàêî åñòü òðè âàæíûõ ÷àñò-

íûõ ñëó÷àÿ, êîãäà ñèñòåìà ñâîäèòñÿ ê êâàäðàòóðàì è èíòåãðèðóåòñÿ äëÿ ëþáûõ

íà÷àëüíûõ óñëîâèé; ýòî ñâÿçàíî ñ íàëè÷èåì ïåðâûõ èíòåãðàëîâ, êîòîðûõ â

îáùåì ñëó÷àå íå ñóùåñòâóåò. Ýòè òðè ðàçðåøèìûõ ñëó÷àÿ îáñóæäàþòñÿ íèæå.

◮ Ñëó÷àé Ýéëåðà.

Ñëó÷àé Ýéëåðà ñîîòâåòñòâóåò äâèæåíèþ òåëà ïðîèçâîëüíîé �îðìû, êîãäà âñå

âíåøíèå ìîìåíòû ðàâíû íóëþ:

M1 =M2 =M3 = 0. (7)

Ïðè âûïîëíåíèè ðàâåíñòâ (7) äèíàìè÷åñêèå óðàâíåíèÿ (1)�(3) ìîãóò áûòü

ðåøåíû íåçàâèñèìî îò êèíåìàòè÷åñêèõ óðàâíåíèé.

Äëÿ îïðåäåëåííîñòè áóäåì ñ÷èòàòü, ÷òî A > B > C è A > C (ñëó÷àé

A=B=C òðèâèàëåí). Ñèñòåìà ÎÄÓ (1)�(3) ïðè óñëîâèè (7) èìååò ñëåäóþùèå



3.4. Íåëèíåéíûå ñèñòåìû òðåõ è áîëåå ÎÄÓ 153

ïåðâûå èíòåãðàëû:

Ap2 +Bq2 + Cr2 = 2T (çàêîí ñîõðàíåíèÿ ýíåðãèè),

A2p2 +B2q2 + C2r2 = K2 (çàêîí ñîõðàíåíèÿ óãëîâîãî ìîìåíòà),

ãäå T > 0 è K �ïðîèçâîëüíûå ïîñòîÿííûå.

Èñïîëüçóÿ çàêîíû ñîõðàíåíèÿ, ïðè A > C èñêîìûå �óíêöèè p è r âûðàçèì
÷åðåç q ïî �îðìóëàì

p = ±
√
a− bq2, r = ±

√
c− dq2, (8)

ãäå êîíñòàíòû a, b, c, d ìîæíî âûðàçèòü ÷åðåç îïðåäåëÿþùèå ïàðàìåòðû ñèñòå-

ìû A, B, C è ïîñòîÿííûå èíòåãðèðîâàíèÿ T è K. Ïîäñòàâèâ (8) â óðàâíåíèå

äëÿ q, ïîëó÷èì ÎÄÓ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

Bq′t ± (A− C)
√

(a− bq2)(c− dq2) = 0.

Èíòåãðèðóÿ, íàõîäèì åãî ðåøåíèå â íåÿâíîì âèäå

t− t0 = ± B

A− C

∫ q

0

dq√
(a− bq2)(c− dq2)

.

Ôàêòè÷åñêè çàäà÷à ñâîäèòñÿ ê îáðàùåíèþ ýëëèïòè÷åñêîãî èíòåãðàëà, ÷òî

ïðèâîäèò ê âûðàæåíèÿì p(t), q(t), r(t) ÷åðåç ýëëèïòè÷åñêèå �óíêöèè âðåìåíè.
Äëÿ ðåøåíèÿ êèíåìàòè÷åñêèõ óðàâíåíèé óäîáíî íàïðàâèòü îñü z íåïîäâèæ-

íîé ñèñòåìû îòñ÷åòà âäîëü ïîñòîÿííîãî óãëîâîãî ìîìåíòà K. Â ýòîì ñëó÷àå

èìååì

K1 = Ap =K sin θ sinϕ, K2 = Bq =K sin θ cosϕ, K3 = Cr =K cos θ. (9)

Èç âòîðîãî è òðåòüåãî óðàâíåíèé (9), à òàêæå óðàâíåíèé (4)�(5) ñëåäóþò �îð-

ìóëû äëÿ óãëîâ Ýéëåðà

cos θ(t) =
Cr(t)

K
, cosϕ(t) =

Bq(t)

K sin θ(t)
,

ψ(t) = ψ0 +
∫ t

0

p(t) sinϕ(t) + q(t) cosϕ(t)

sin θ(t)
dt.

�åøåíèå Ýéëåðà èìååò ãåîìåòðè÷åñêèå èíòåðïðåòàöèè, ïðåäëîæåííûå Ïó-

àíñî è ÌàêÊóëëàõîì (ñì., íàïðèìåð, Æóðàâëåâ (1996) è Áîðèñîâ & Ìàìàåâ

(2001)).

◮ Ñëó÷àé Ëàãðàíæà.

Ñëó÷àé Ëàãðàíæà ñîîòâåòñòâóåò äâèæåíèþ äèíàìè÷åñêè ñèììåòðè÷íîãî òåëà

â îäíîðîäíîì ãðàâèòàöèîííîì ïîëå, êîãäà åãî öåíòð ìàññ ëåæèò íà îñè äè-

íàìè÷åñêîé ñèììåòðèè (îñè ζ). Â ýòîì ñëó÷àå â óðàâíåíèÿõ (1)�(3) ñëåäóåò

ïîëîæèòü

A = B, M = (M1,M2,M3)
T = mg(r × γ). (10)
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Ñèñòåìà (1)�(6) ïðè óñëîâèÿõ (10) äîïóñêàåò ñëåäóþùèå òðè ïåðâûõ èíòå-

ãðàëà:

K3 = 
onst (çàêîí ñîõðàíåíèÿ ïðîåêöèè óãëîâîãî ìîìåíòà íà îñü ζ);

(K · γ) = K1γ1 +K2γ2 +K3γ3 = C1 (çàêîí ñîõðàíåíèÿ ïðîåêöèè

óãëîâîãî ìîìåíòà íà íàïðàâëåíèå γ);

h

2
(θ′t)

2 +
K2

3

2C
+

(C1 −K3 cos θ)
2

2A sin θ
+mgl cos θ = h = 
onst (èíòåãðàë ýíåðãèè).

Íàëè÷èå ýòèõ èíòåãðàëîâ ïîçâîëÿåò ñâåñòè ðàññìàòðèâàåìóþ ñèñòåìó ê

îäíîìó ÎÄÓ ïåðâîãî ïîðÿäêà

(θ′t)
2 = 2h− K2

3

C
− (C1 −K3 cos θ)

2

sin θ
− 2 cos θ,

ïðè âûâîäå êîòîðîãî ñ÷èòàëîñü, ÷òî A = mgl = 1 (ýòî ìîæíî ñäåëàòü áåç

ïîòåðè îáùíîñòè). Ñ ïîìîùüþ ïîäñòàíîâêè u = cos θ ïîëó÷åííîå óðàâíåíèå

óïðîùàåòñÿ è ïðèíèìàåò âèä ÎÄÓ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

u′t =
√
R(u),

R(u) = 2(h1 − u)(1−u2)− (C1 −K3u)
2, h1 = h− K2

3

2C
,

ðåøåíèå êîòîðîãî ìîæíî çàïèñàòü â íåÿâíîì âèäå è âûðàçèòü ÷åðåç ýëëèïòè-

÷åñêèå èíòåãðàëû.

Äëÿ îïðåäåëåíèÿ ïîëíîãî äâèæåíèÿ ñèñòåìû íàäî ïðîèíòåãðèðîâàòü ñëå-

äóþùèå äâà ïðîñòûõ íåçàâèñèìûõ óðàâíåíèÿ:

ψ′
t =

C1 −K3u

1− u2
, ϕ′

t =
(

1

C
− 1

)
K3 +

C1 −K3u

1− u2
.

Â çàâèñèìîñòè îò èñõîäíûõ äàííûõ è êîíêðåòíûõ ïàðàìåòðîâ çàäà÷è ðå-

øåíèå îïðåäåëÿåò ÷åòûðå òèïà äâèæåíèÿ, â îäíîì èç êîòîðûõ îñü âîë÷êà

àñèìïòîòè÷åñêè ñòðåìèòñÿ ê âåðòèêàëüíîìó ïîëîæåíèþ.

◮ Ñëó÷àé Êîâàëåâñêîé.

Ñëó÷àé Êîâàëåâñêîé ñîîòâåòñòâóåò äâèæåíèþ äèíàìè÷åñêè ñèììåòðè÷íîãî òå-

ëà ñ A = B ïðè óñëîâèè A = 2C â îäíîðîäíîì ãðàâèòàöèîííîì ïîëå, òàê ÷òî

M =mg(r× γ). Ñ÷èòàåòñÿ, ÷òî öåíòð ìàññ ëåæèò â ýêâàòîðèàëüíîé ïëîñêîñòè

ýëëèïñîèäà èíåðöèè (öåíòð êîòîðîãî íàõîäèòñÿ â íåïîäâèæíîé òî÷êå), à åãî

ïîëîæåíèå â ñèñòåìå ξηζ îïðåäåëÿåòñÿ âåêòîðîì r=(L, 0, 0)T . Áåç îãðàíè÷åíèÿ
îáùíîñòè äëÿ ïðîñòîòû äàëåå áóäåì ñ÷èòàòü, ÷òî A = 1, mg = 1, L = 1.

Ýòîò ñëó÷àé íàìíîãî ñëîæíåå, ÷åì äâà ïðåäûäóùèõ, êàê ñ òî÷êè çðåíèÿ

èíòåãðèðîâàíèÿ ñèñòåìû ÎÄÓ, òàê è ñ òî÷êè çðåíèÿ êà÷åñòâåííîãî àíàëèçà äâè-
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æåíèÿ. Óðàâíåíèÿ Ýéëåðà (1)�(6) äîïóñêàþò ñëåäóþùèå òðè ïåðâûõ èíòåãðàëà:

(K ·γ) =K1γ1 +K2γ2+K3γ3 = c= 
onst (çàêîí ñîõðàíåíèÿ ïðîåêöèè

óãëîâîãî ìîìåíòà íà âåðòèêàëü);
1
2 (K

2
1 +K2

2 +K2
3 )−Lγ1 = h= 
onst (èíòåãðàë ýíåðãèè);

1
4 (K

2
1 +K2

2 +2γ1x)
2 +(K1K2+ γ2x)

2 = k = 
onst (èíòåãðàë, íå èìåþùèé

ÿñíîãî �èçè÷åñêîãî ñìûñëà).

Óðàâíåíèÿ äâèæåíèÿ ñ ïîìîùüþ óêàçàííûõ èíòåãðàëîâ èíòåãðèðóþòñÿ ñ

èñïîëüçîâàíèåì ïåðåìåííûõ Êîâàëåâñêîé (s1, s2), êîòîðûå îïðåäåëÿþòñÿ ñëå-
äóþùèì îáðàçîì:

s1 =
R −

√
R1R2

2(z1 − z2)2
, s2 =

R +
√
R1R2

2(z1 − z2)2
,

z1 = Kξ + iKη, z2 = Kξ − iKη, i2 = −1,

R = R(z1, z2) =
1
4 z

2
1z

2
2 − 1

2 h(z
2
1 + z22) + c(z1 + z2) +

1
4 k

2 − 1,

R1 = R(z1, z1), R2 = R(z2, z2).

Â ýòèõ ïåðåìåííûõ óðàâíåíèÿ äâèæåíèÿ ïðèíèìàþò âèä

ds1
dt

=

√
P (s1)

s1 − s2
,

ds2
dt

=

√
P (s2)

s2 − s1
, (11)

ãäå

P (s) =
[
(2s + 1

2 h)
2 − 1

16 k
2
][
4s3 + 2hs2 + 1

16 (4h
2 − k2 + 4)s+ 1

16 c
2
]
.

Èñêëþ÷èâ t, ñèñòåìó (11) ìîæíî ñâåñòè ê îäíîìó ÎÄÓ ïåðâîãî ïîðÿäêà

ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè, êîòîðîå ëåãêî èíòåãðèðóåòñÿ. Â ðåçóëüòàòå

óðàâíåíèÿ ñèñòåìû (11) òàêæå ïðåîáðàçóþòñÿ â óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ

ïåðåìåííûìè.
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4. Óðàâíåíèÿ ñ ÷àñòíûìè

ïðîèçâîäíûìè ïåðâîãî ïîðÿäêà

◮ Ïðåäâàðèòåëüíûå çàìå÷àíèÿ. Óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ (Óð×Ï)

ïåðâîãî ïîðÿäêà ÿâëÿþòñÿ ìàòåìàòè÷åñêèìè óðàâíåíèÿìè, êîòîðûå ñîäåðæàò

äâå èëè áîëåå ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà èñêîìîé �óíêöèè.

Â äàííîé ãëàâå ïðèâåäåíû òî÷íûå ðåøåíèÿ ëèíåéíûõ è íåëèíåéíûõ óðàâ-

íåíèé â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà ñ äâóìÿ íåçàâèñèìûìè ïåðå-

ìåííûìè. Êðàòêî îïèñàíû íàèáîëåå ðàñïðîñòðàíåííûå ìåòîäû ðåøåíèÿ òàêèõ

óðàâíåíèé, îñíîâàííûå íà èíòåãðèðîâàíèè ñèñòåì îáûêíîâåííûõ äè��åðåí-

öèàëüíûõ óðàâíåíèé. Âûðîæäåííûå ðåøåíèÿ íåëèíåéíûõ Óð×Ï ïåðâîãî ïî-

ðÿäêà, êîòîðûå çàâèñÿò òîëüêî îò îäíîé èç íåçàâèñèìûõ ïåðåìåííûõ, çäåñü íå

ðàññìàòðèâàþòñÿ.

4.1. Ëèíåéíûå óðàâíåíèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè

ñ äâóìÿ íåçàâèñèìûìè ïåðåìåííûìè

4.1.1. Ïðåäâàðèòåëüíûå çàìå÷àíèÿ. Ìåòîäû ðåøåíèÿ

◮ Ïðåäñòàâëåíèå îáùåãî ðåøåíèÿ ÷åðåç ÷àñòíûå ðåøåíèÿ.

Â îáùåì ñëó÷àå ëèíåéíîå íåîäíîðîäíîå óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ

ïåðâîãî ïîðÿäêà ñ äâóìÿ íåçàâèñèìûìè ïåðåìåííûìè èìååò âèä

f(x, y)ux + g(x, y)uy = h1(x, y)u+ h0(x, y). (1)

Îáùåå ðåøåíèå ëèíåéíîãî íåîäíîðîäíîãî Óð×Ï (1) ìîæåò áûòü ïðåäñòàâ-

ëåíî â âèäå ñóììû ëþáîãî ÷àñòíîãî ðåøåíèÿ ýòîãî óðàâíåíèÿ è îáùåãî ðå-

øåíèÿ ñîîòâåòñòâóþùåãî ëèíåéíîãî îäíîðîäíîãî Óð×Ï (ïðè h0 = 0). Íèæå
äàíî áîëåå äåòàëüíîå îïèñàíèå ïðåäñòàâëåíèÿ îáùåãî ðåøåíèÿ ÷åðåç ÷àñòíûå

ðåøåíèÿ.

Îáùåå ðåøåíèå Óð×Ï (1) ìîæåò áûòü ïðåäñòàâëåíî â âèäå

u = u2 + u1Φ(u0),

ãäå u0 = u0(x, y) � ëþáîå îòëè÷íîå îò êîíñòàíòû ðåøåíèå ¾óêîðî÷åííîãî¿

îäíîðîäíîãî Óð×Ï (1) ïðè h0 = h1 = 0; u1 = u1(x, y)�íåòðèâèàëüíîå ÷àñòíîå

ðåøåíèå óêîðî÷åííîãî îäíîðîäíîãî Óð×Ï (1) ïðè h0 = 0; u2 = u2(x, y) �
ëþáîå ÷àñòíîå ðåøåíèå èñõîäíîãî íåîäíîðîäíîãî Óð×Ï (1); Φ = Φ(u0) �
ïðîèçâîëüíàÿ �óíêöèÿ.

157
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◮ Ìåòîä õàðàêòåðèñòèê, îñíîâàííûé íà ðåøåíèè ñèñòåìû ÎÄÓ.

Ïóñòü èçâåñòíû äâà ðàçëè÷íûõ (�óíêöèîíàëüíî íåçàâèñèìûõ) èíòåãðàëà

z1(x, y) = C1, z2(x, y, u) = C2 (2)

õàðàêòåðèñòè÷åñêîé ñèñòåìû ÎÄÓ

dx

f(x, y)
=

dy

g(x, y)
=

du

h1(x, y)u+ h0(x, y)
. (3)

Òîãäà îáùåå ðåøåíèå ëèíåéíîãî íåîäíîðîäíîãî Óð×Ï (1) ìîæíî ïðåäñòàâèòü

â âèäå

Ψ(z1, z2) = 0, (4)

ãäå Ψ � ïðîèçâîëüíàÿ �óíêöèÿ äâóõ àðãóìåíòîâ. �àçðåøèâ ñîîòíîøåíèå (4)

îòíîñèòåëüíî z1 èëè z2, ÷àñòî çàïèñûâàþò îáùåå ðåøåíèå â âèäå

zk = Φ(z3−k),

ãäå k = 1, 2, à Φ(z)�ïðîèçâîëüíàÿ �óíêöèÿ îäíîãî àðãóìåíòà.

Çàìå÷àíèå 4.1. Ñïåöèàëüíîìó ÷àñòíîìó ñëó÷àþ h0 = h1 = 0 â (3) ñîîòâåòñòâóåò

ïðîñòåéøèé âòîðîé èíòåãðàë z2 = C2 â (2). Â ýòîì ñëó÷àå îáùåå ðåøåíèå Óð×Ï (3)

èìååò âèä u = Φ(z1), ãäå Φ(z)�ïðîèçâîëüíàÿ �óíêöèÿ.

Çàìå÷àíèå 4.2. Â îáùåì ñëó÷àå âòîðîé èíòåãðàë (2) ìîæåò áûòü ïðåäñòàâëåí â

âèäå p1(x, y)u+ p0(x, y) = C2, ãäå p0(x, y) è p1(x, y)�íåêîòîðûå �óíêöèè.

◮ �åøåíèå, îñíîâàííîå íà ïåðåõîäå ê íîâûì ïåðåìåííûì.

Ïóñòü èçâåñòíî ÷àñòíîå ðåøåíèå z = z(x, y) (ãëàâíûé èíòåãðàë) ñîîòâåòñòâó-

þùåãî ëèíåéíîãî îäíîðîäíîãî óðàâíåíèÿ

f(x, y)zx + g(x, y)zy = 0 (z 6≡ const). (5)

Ïåðåõîäÿ â (1) îò x, y ê íîâûì ïåðåìåííûì x, z = z(x, y), ïîëó÷èì

f̄(x, z)ux = h̄1(x, z)u + h̄0(x, z), (6)

ãäå f̄(x, z) = f(x, y), h̄1(x, z) = h1(x, y), h̄0(x, z) = h0(x, y)� êîý��èöèåíòû

èñõîäíîãî óðàâíåíèÿ (1), çàïèñàííûå â ïåðåìåííûõ x, z.
Óðàâíåíèå (6) ìîæíî ðàññìàòðèâàòü êàê îáûêíîâåííîå äè��åðåíöèàëüíîå

óðàâíåíèå ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè äëÿ u = u(x) ñ ïàðàìåòðîì z. Åãî
îáùåå èìååò âèä

u = E
[ ∫

h̄0(x, z)

f̄(x, z)

dx

E
+Φ(z)

]
, E = exp

[ ∫
h̄1(x, z)

f̄(x, z)
dx

]
,

ãäå Φ�ïðîèçâîëüíàÿ �óíêöèÿ; ïðè èíòåãðèðîâàíèè z ðàññìàòðèâàåòñÿ êàê ïà-
ðàìåòð. Äëÿ íàõîæäåíèÿ îáùåãî èíòåãðàëà Óð×Ï (1) íåîáõîäèìî â ïîñëåäíåé

�îðìóëå ïîñëå èíòåãðèðîâàíèÿ ïåðåéòè ê èñõîäíûì ïåðåìåííûì x, y.
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4.1.2. Óðàâíåíèÿ âèäà f(x, y)ux + g(x, y)uy = 0

1. aux + buy = 0.

Îáùåå ðåøåíèå: u = Φ(bx− ay), ãäå Φ(z)�ïðîèçâîëüíàÿ �óíêöèÿ.

2. axux + byuy = 0.

Ïðè a= b ýòî óðàâíåíèå êîíîèäà. Îáùåå ðåøåíèå: u=Φ
(
|x|b|y|−a

)
, ãäå Φ(z)�

ïðîèçâîëüíàÿ �óíêöèÿ.

3. ayux + bxuy = 0.

Îáùåå ðåøåíèå: u = Φ
(
bx2 − ay2

)
, ãäå Φ(z)�ïðîèçâîëüíàÿ �óíêöèÿ.

◮ Â óðàâíåíèÿõ 4.1.2.4�4.1.2.23 îáùåå ðåøåíèå âûðàæàåòñÿ ÷åðåç ãëàâíûé

èíòåãðàë z = z(x, y) ïî �îðìóëå u = Φ(z), ãäå Φ(z)�ïðîèçâîëüíàÿ �óíêöèÿ.

4. (a1x+ b1y + c1)ux + (a2x+ b2y + c2)uy = 0.

�ëàâíûé èíòåãðàë îïðåäåëÿåòñÿ ðåøåíèÿìè âñïîìîãàòåëüíîé ñèñòåìû àëãåá-

ðàè÷åñêèõ óðàâíåíèé äëÿ ïàðàìåòðîâ s, λ, µ, α, β, γ:

(a1 − s)(b2 − s) = a2b1, (1)

a1λ+ a2µ = sλ, b1λ+ b2µ = sµ, (2)

c1α+ c2β − sγ = c1λ+ c2µ, (3)

(a1 − s)α+ a2β = λs, b1α+ (b2 − s)β = µs. (4)

Ñëó÷àé 1: (a1 − b2)
2 + 4a2b1 6= 0. Êâàäðàòíîå óðàâíåíèå (1) èìååò äâà

ðàçëè÷íûõ êîðíÿ s1 è s2, êîòîðûì ñîîòâåòñòâóþò äâà íàáîðà ðåøåíèé ñèñòåìû

(2): λ1, µ1 è λ2, µ2.

1.1. Åñëè a1b2 − a2b1 6= 0, òî s1 6= 0 è s2 6= 0. �ëàâíûé èíòåãðàë èìååò âèä

z =
|s1(λ1x+ µ1y) + λ1c1 + µ1c2|s2
|s2(λ2x+ µ2y) + λ2c1 + µ2c2|s1

.

1.2. Åñëè a1b2 − a2b1 = 0, òî s1 = s = a1 + b2 è s2 = 0.

�ëàâíûé èíòåãðàë ïðè λ2c1 + µ2c2 6= 0:

z = s
λ2x+ µ2y

λ2c1 + µ2c2
− ln |s1(λ1x+ µ1y) + λ1c1 + µ1c2|.

�ëàâíûé èíòåãðàë ïðè λ2c1 + µ2c2 = 0:

z = λ2x+ µ2y.

Ñëó÷àé 2: (a1 − b2)
2 + 4a2b1 = 0. Êâàäðàòíîå óðàâíåíèå (1) èìååò êðàòíûé

êîðåíü s = 1
2 (a1 + b2), à ñèñòåìà (2) äàåò çíà÷åíèÿ λ è µ, íå ðàâíûå íóëþ

îäíîâðåìåííî.
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2.1. Åñëè s 6= 0, òî íàõîäèì γ èç (3) è âûáèðàåì íå ðàâíûå íóëþ α è β,
óäîâëåòâîðÿþùèå ñîîòíîøåíèÿì (4). �ëàâíûé èíòåãðàë èìååò âèä

z = ln |s(λx+ µy) + c1λ+ c2µ| − s(αx+ βy + γ)

s(λx+ µy) + c1λ+ c2µ
.

2.2. Åñëè s = 0, òî b2 = −a1. �ëàâíûé èíòåãðàë èìååò âèä

z = a2x
2 − 2a1xy − b1y

2 + 2c2x− 2c1y.

5. (a1y
2 + b1xy + c1x

2)ux + (a2y
2 + b2xy + c2x

2)uy = 0.

�ëàâíûé èíòåãðàë:

z =
∫

(a1v
2 + b1v + c1) dv

a1v3 + (b1 − a2)v2 + (c1 − b2)v − c2
+ ln |x|, v =

y

x
.

6. ux + (ay + bxk)uy = 0.

�ëàâíûé èíòåãðàë: z = ye−ax − b
∫
xke−ax dx.

7. ux + (axky + bxn)uy = 0.

�ëàâíûé èíòåãðàë: z = y exp
(
− a

k + 1
xk+1

)
−b

∫
xn exp

(
− a

k + 1
xk+1

)
dx.

8. ux +
((
aeλx + b

))
uy = 0.

�ëàâíûé èíòåãðàë: z = λ(bx− y) + aeλx.

9. ux +
((
aeλy + b

))
uy = 0.

�ëàâíûé èíòåãðàë: z = λ(bx− y) + ln
∣∣b+ aeλy

∣∣
.

10. aeλxux + beβyuy = 0.

�ëàâíûé èíòåãðàë: z =
1

βb
e−βy − 1

λa
e−λx.

11. ux +
[[
f(x)y + g(x)

]]
uy = 0.

�ëàâíûé èíòåãðàë: z = e−F y −
∫
e−F g(x) dx, ãäå F =

∫
f(x) dx.

12. ux +
[[
f(x)y + g(x)yk

]]
uy = 0.

�ëàâíûé èíòåãðàë:

z = e−F y1−k − (1− k)
∫
e−F g(x) dx, ãäå F = (1− k)

∫
f(x) dx.

13. ux +
[[
f(x)eλy + g(x)

]]
uy = 0.

�ëàâíûé èíòåãðàë: z = e−λyE + λ
∫
f(x)E dx, ãäå E = exp

[
λ
∫
g(x) dx

]
.
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14. f(x)ux + g(y)uy = 0.

�ëàâíûé èíòåãðàë: z =
∫

dx

f(x)
−

∫
dy

g(y)
.

15.

[[
f(x) + g(y)

]]
ux + f ′

x(x)uy = 0.

�ëàâíûé èíòåãðàë: z = f(x)e−y −
∫
e−yg(y) dy.

16.

[[
xkf(y) + xg(y)

]]
ux + h(y)uy = 0.

�ëàâíûé èíòåãðàë:

z = x1−kE + (k − 1)
∫
f(y)E

h(y)
dy, ãäå E = exp

[
(k − 1)

∫
g(y)

h(y)
dy

]
.

17.

[[
f(y) + amxkym−1

]]
ux −

[[
g(x) + akxk−1ym

]]
uy = 0.

�ëàâíûé èíòåãðàë: z =
∫
f(y) dy +

∫
g(x) dx + axkym.

18.

[[
eαxf(y) + cβ

]]
ux −

[[
eβyg(x) + cα

]]
uy = 0.

�ëàâíûé èíòåãðàë: z =
∫
e−βyf(y) dy +

∫
e−αxg(x) dx − ce−αx−βy .

19. ux + f(ax+ by + c)uy = 0, b 6= 0.

�ëàâíûé èíòåãðàë: z =
∫

dv

a+ bf(v)
− x, ãäå v = ax+ by + c.

20. ux + f(y/x)uy = 0.

�ëàâíûé èíòåãðàë: z =
∫

dv

f(v)− v
− ln |x|, ãäå v =

y

x
.

21. xux + yf(xnym)uy = 0.

�ëàâíûé èíòåãðàë: z =
∫

dv

v
[
mf(v) + n

] − ln |x|, ãäå v = xnym.

22. ux + yf(eαxym)uy = 0.

�ëàâíûé èíòåãðàë: z =
∫

dv

v
[
α+mf(v)

] − x, ãäå v = eαxym.

23. xux + f(xneαy)uy = 0.

�ëàâíûé èíòåãðàë: z =
∫

dv

v
[
n+ αf(v)

] − ln |x|, ãäå v = xneαy .
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4.1.3. Óðàâíåíèÿ âèäà f(x, y)ux + g(x, y)uy = h(x, y)

◮ Â îáùèå ðåøåíèÿ óðàâíåíèé 4.1.3.1�4.1.3.18 âõîäèò ïðîèçâîëüíàÿ �óíêöèÿ

Φ(z), àðãóìåíò z êîòîðîé çàâèñèò îò ïåðåìåííûõ x è y.

1. aux + buy = c.

Óðàâíåíèå öèëèíäðè÷åñêîé ïîâåðõíîñòè. Äâå �îðìû ïðåäñòàâëåíèÿ îáùåãî

ðåøåíèÿ:

u =
c

a
x+Φ(bx− ay), u =

c

b
y +Φ(bx− ay).

2. aux + buy = f(x).

Îáùåå ðåøåíèå: u =
1

a

∫
f(x) dx+Φ(bx− ay).

3. ux + auy = f(x)yk.

Îáùåå ðåøåíèå: u =
∫ x

x0
(y − ax+ at)kf(t) dt+Φ(y − ax), ãäå x0�ëþáîå.

4. ux + auy = f(x)eλy.

Îáùåå ðåøåíèå: u = eλ(y−ax)
∫
f(x)eaλx dx+Φ(y − ax).

5. aux + buy = f(x) + g(y).

Îáùåå ðåøåíèå: u =
1

a

∫
f(x) dx+

1

b

∫
g(y) dy +Φ(bx− ay).

6. ux + auy = f(x)g(y).

Îáùåå ðåøåíèå: u =
∫ x

x0
f(t)g(y − ax+ at) dt+Φ(y − ax), ãäå x0�ëþáîå.

7. ux + auy = f(x, y).

Îáùåå ðåøåíèå: u =
∫ x

x0
f(t, y − ax+ at) dt+Φ(y − ax), ãäå x0�ëþáîå.

8. ux + [ay + f(x)]uy = g(x).

Îáùåå ðåøåíèå: u =
∫
g(x) dx +Φ(z), ãäå z = e−axy −

∫
f(x)e−ax dx.

9. ux +
[[
ay + f(x)

]]
uy = g(x)h(y).

Îáùåå ðåøåíèå:

u=
∫
g(x)h

(
eaxz+eax

∫
f(x)e−ax dx

)
dx+Φ(z), ãäå z=e−axy−

∫
f(x)e−ax dx.

Ïðè èíòåãðèðîâàíèè z ðàññìàòðèâàåòñÿ êàê ïàðàìåòð.



4.1. Ëèíåéíûå Óð×Ï ñ äâóìÿ íåçàâèñèìûìè ïåðåìåííûìè 163

10. ux +
[[
f(x)y + g(x)yk

]]
uy = h(x).

Îáùåå ðåøåíèå: u =
∫
h(x) dx +Φ(z), ãäå

z = e−F y1−k − (1− k)
∫
e−F g(x) dx, F = (1− k)

∫
f(x) dx.

11. ux +
[[
f(x) + g(x)eλy

]]
uy = h(x).

Îáùåå ðåøåíèå: u =
∫
h(x) dx +Φ(z), ãäå

z = e−λyF (x) + λ
∫
g(x)F (x) dx, F (x) = exp

[
λ
∫
f(x) dx

]
.

12. axux + byuy = f(x, y).

Îáùåå ðåøåíèå:

u =
1

a

∫
1

x
f
(
x, z1/axb/a

)
dx+Φ(z), ãäå z = yax−b.

Ïðè èíòåãðèðîâàíèè z ðàññìàòðèâàåòñÿ êàê ïàðàìåòð.

13. f(x)ux + g(y)uy = h1(x) + h2(y).

Îáùåå ðåøåíèå: u =
∫

h1(x)

f(x)
dx+

∫
h2(y)

g(y)
dy +Φ

(∫
dx

f(x)
−

∫
dy

g(y)

)
.

14. f(x)ux + g(y)uy = h(x, y).

Ïðåîáðàçîâàíèå ξ =
∫

dx

f(x)
, η =

∫
dy

g(y)
ïðèâîäèò ê óðàâíåíèþ âèäà 4.1.3.7

äëÿ u = u(ξ, η).

15. f(y)ux + g(x)uy = h(x, y).

Ïðåîáðàçîâàíèå ξ =
∫
g(x) dx, η =

∫
f(y) dy ïðèâîäèò ê óðàâíåíèþ âèäà

4.1.3.7 äëÿ u = u(ξ, η).

16. f(x)ux +
[[
g1(x)y + g0(x)

]]
uy = h(x, y).

Îáùåå ðåøåíèå:

u = Φ(z) +
∫
h(x, zG+Q)

f
dx, z =

y −Q

G
,

ãäå G = exp
(∫

g1
f
dx

)
è Q = G

∫
|! g0 dx
fG

. Ïðè èíòåãðèðîâàíèè z ðàññìàòðè-

âàåòñÿ êàê ïàðàìåòð.

17. f(x)ux +
[[
g1(x)y + g0(x)y

k
]]
uy = h(x, y).

Ïðè k = 1 ñì. óðàâíåíèå 4.1.3.16. Ïðè k 6= 1 ïîäñòàíîâêà ξ = y1−k ïðèâîäèò ê
óðàâíåíèþ âèäà 4.1.3.16:

f(x)ux + (1− k)
[
g1(x)ξ + g0(x)

]
uξ = h

(
x, ξ

1
1−k

)
.
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18. f(x)ux +
[[
g1(x) + g0(x)e

λy
]]
uy = h(x, y).

Ïîäñòàíîâêà ξ = e−λy ïðèâîäèò ê óðàâíåíèþ âèäà 4.1.3.16:

f(x)ux − λ
[
g1(x)ξ + g0(x)

]
uξ = h

(
x, − 1

λ
ln ξ

)
.

4.1.4. Óðàâíåíèÿ âèäà f(x, y)ux+g(x, y)uy = h(x, y)u+ r(x, y)

◮ Â îáùèå ðåøåíèÿ óðàâíåíèé 4.1.4.1�4.1.4.12 è 4.1.4.15 âõîäèò ïðîèçâîëüíàÿ

�óíêöèÿ Φ(z), àðãóìåíò z êîòîðîé çàâèñèò îò ïåðåìåííûõ îò x è y.

1. aux + buy = cu.

Äâå �îðìû ïðåäñòàâëåíèÿ îáùåãî ðåøåíèÿ:

u = exp
(
c

a
x
)
Φ(bx− ay), u = exp

(
c

b
y
)
Φ(bx− ay).

2. aux + buy = f(x)u.

Îáùåå ðåøåíèå: u = exp
[
1

a

∫
f(x) dx

]
Φ(bx− ay).

3. aux + buy = f(x)u+ g(x).

Îáùåå ðåøåíèå:

u = exp
[
1

a

∫
f(x) dx

]{
Φ(bx− ay) +

1

a

∫
g(x) exp

[
− 1

a

∫
f(x) dx

]
dx

}
.

4. aux + buy =
[[
f(x) + g(y)

]]
u.

Îáùåå ðåøåíèå: u = exp
[
1

a

∫
f(x) dx+

1

b

∫
g(y) dy

]
Φ(bx− ay).

5. ux + auy = f(x, y)u.

Îáùåå ðåøåíèå: u = exp
[ ∫ x

x0
f(t, y − ax+ at) dt

]
Φ(y − ax), ãäå x0 �ëþáîå.

6. ux + auy = f(x, y)u+ g(x, y).

Îáùåå ðåøåíèå:

u = F (x, z)
[
Φ(z) +

∫
g(x, z + ax)

F (x, z)
dx

]
, F (x, z) = exp

[ ∫
f(x, z + ax) dx

]
,

ãäå z = y − ax. Ïðè èíòåãðèðîâàíèè z ðàññìàòðèâàåòñÿ êàê ïàðàìåòð.

7. axux + byuy = f(x)u+ g(x).

Îáùåå ðåøåíèå:

u = exp
[
1

a

∫
f(x) dx

x

]{
Φ
(
x−b/ay

)
+

1

a

∫
g(x)

x
exp

[
− 1

a

∫
f(x) dx

x

]
dx

}
.



4.1. Ëèíåéíûå Óð×Ï ñ äâóìÿ íåçàâèñèìûìè ïåðåìåííûìè 165

8. axux + byuy = f(x, y)u.

Îáùåå ðåøåíèå:

u = exp
[
1

a

∫
1

x
f
(
x, z1/axb/a

)
dx

]
Φ(z), ãäå z = yax−b.

Ïðè èíòåãðèðîâàíèè z ðàññìàòðèâàåòñÿ êàê ïàðàìåòð.

9. xux + ayuy = f(x, y)u+ g(x, y).

Îáùåå ðåøåíèå:

u = F (x, z)
[
Φ(z) +

∫
g(x, zxa)

xF (x, z)
dx

]
, F (x, z) = exp

[ ∫
1

x
f(x, zxa) dx

]
,

ãäå z = yx−a. Ïðè èíòåãðèðîâàíèè z ðàññìàòðèâàåòñÿ êàê ïàðàìåòð.

10. (x− a)ux + (y − b)wy = w.

Äè��åðåíöèàëüíîå óðàâíåíèå êîíè÷åñêîé ïîâåðõíîñòè ñ âåðøèíîé â òî÷êå

(a, b, 0).

Îáùåå ðåøåíèå: u = (x− a)Φ
(
y − b

x− a

)
.

11. f(x)ux + g(y)uy =
[[
h1(x) + h2(y)

]]
u.

Îáùåå ðåøåíèå: u= exp
[ ∫

h1(x)

f(x)
dx+

∫
h2(y)

g(y)
dy

]
Φ
(∫

dx

f(x)
dx−

∫
dy

g(y)
dy

)
.

12. f1(x)ux + f2(y)uy = au+ g1(x) + g2(y).

Îáùåå ðåøåíèå:

u = E1(x)Φ(z) + E1(x)
∫

g1(x) dx

f1(x)E1(x)
+ E2(y)

∫
g2(y) dy

f2(y)E2(y)
,

ãäå

E1(x) = exp
[
a
∫

dx

f1(x)

]
, E2(y) = exp

[
a
∫

dy

f2(y)

]
, z =

∫
dx

f1(x)
−

∫
dy

f2(y)
.

13. f(x)ux + g(y)uy = h(x, y)u+ r(x, y).

Ïðåîáðàçîâàíèå ξ =
∫

dx

f(x)
, η =

∫
dy

g(y)
ïðèâîäèò ê óðàâíåíèþ âèäà 4.1.4.6

äëÿ u = u(ξ, η).

14. f(y)ux + g(x)uy = h(x, y)u+ r(x, y).

Ïðåîáðàçîâàíèå ξ =
∫
g(x) dx, η =

∫
f(y) dy ïðèâîäèò ê óðàâíåíèþ âèäà

4.1.4.6 äëÿ u = u(ξ, η).

15. f(x)ux +
[[
g1(x)y + g0(x)

]]
uy = h(x, y)u+ r(x, y).

Îáùåå ðåøåíèå:

u = H(x, z)
[
Φ(z) +

∫
r(x, zG+Q)

f(x)H(x, z)
dx

]
,
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ãäå

z =
y −Q

G
, H(x, z) = exp

[ ∫
h(x, zG+Q)

f(x)
dx

]
,

G = G(x) = exp
[ ∫

g1(x)

f(x)
dx

]
, Q = Q(x) = G(x)

∫
g0(x) dx

f(x)G(x)
.

Ïðè èíòåãðèðîâàíèè z ðàññìàòðèâàåòñÿ êàê ïàðàìåòð.

16. f(x)ux +
[[
g1(x)y + g0(x)y

k
]]
uy = h(x, y)u+ r(x, y).

Ïðè k = 0 è k = 1 ñì. óðàâíåíèå 4.1.4.15. Ïðè k 6= 1 ïîäñòàíîâêà ξ = y1−k

ïðèâîäèò ê óðàâíåíèþ âèäà 4.1.4.15:

f(x)ux + (1− k)
[
g1(x)ξ + g0(x)

]
uξ = h

(
x, ξ

1
1−k

)
u+ r

(
x, ξ

1
1−k

)
.

17. f(x)ux +
[[
g1(x) + g0(x)e

λy
]]
uy = h(x, y)u+ r(x, y).

Ïîäñòàíîâêà ξ = e−λy ïðèâîäèò ê óðàâíåíèþ âèäà 4.1.4.15:

f(x)ux − λ
[
g1(x)ξ + g0(x)

]
uξ = h

(
x, − 1

λ
ln ξ

)
u+ r

(
x, − 1

λ
ln ξ

)
.

4.2. Êâàçèëèíåéíûå óðàâíåíèÿ ñ ÷àñòíûìè

ïðîèçâîäíûìè ñ äâóìÿ íåçàâèñèìûìè

ïåðåìåííûìè

4.2.1. Ïðåäâàðèòåëüíûå çàìå÷àíèÿ. Ìåòîäû ðåøåíèÿ

◮ Ìåòîä õàðàêòåðèñòèê, îñíîâàííûé íà ðåøåíèè ñèñòåìû ÎÄÓ.

Â îáùåì ñëó÷àå êâàçèëèíåéíîå óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïî-

ðÿäêà ñ äâóìÿ íåçàâèñèìûìè ïåðåìåííûìè èìååò âèä

f(x, y, u)ux + g(x, y, u)uy = h(x, y, u). (1)

Òàêèå óðàâíåíèÿ èñïîëüçóþòñÿ äëÿ îïèñàíèÿ ðàçëè÷íûõ ÿâëåíèé è ïðîöåññîâ

â ìåõàíèêå ñïëîøíûõ ñðåä, ãàçîâîé äèíàìèêå, ãèäðîäèíàìèêå, òåîðèè òåïëî-

è ìàññîîáìåíà, òåîðèè âîëí, àêóñòèêå è äðóãèõ îáëàñòÿõ íàóêè.

Ïóñòü èçâåñòíû äâà ðàçëè÷íûõ (�óíêöèîíàëüíî íåçàâèñèìûõ) èíòåãðàëà

z1(x, y, u) = C1, z2(x, y, u) = C2, (2)

õàðàêòåðèñòè÷åñêîé ñèñòåìû ÎÄÓ

dx

f(x, y, u)
=

dy

g(x, y, u)
=

du

h(x, y, u)
. (3)

Òîãäà îáùåå ðåøåíèå êâàçèëèíåéíîãî Óð×Ï (1) ìîæíî ïðåäñòàâèòü â âèäå

Ψ(z1, z2) = 0, (4)
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ãäå Ψ � ïðîèçâîëüíàÿ �óíêöèÿ äâóõ àðãóìåíòîâ. �àçðåøèâ ñîîòíîøåíèå (4)

îòíîñèòåëüíî z1 èëè z2, ÷àñòî çàïèñûâàþò îáùåå ðåøåíèå â âèäå

zk = Φ(z3−k),

ãäå k = 1, 2, à Φ(z)�ïðîèçâîëüíàÿ �óíêöèÿ îäíîãî àðãóìåíòà.

Çàìå÷àíèå 4.3. Êàê ïðàâèëî, îáùåå ðåøåíèå óðàâíåíèÿ (1) íå ìîæåò áûòü ïðåä-

ñòàâëåíî â ÿâíîì âèäå, ðàçðåøåííîì îòíîñèòåëüíî èñêîìîé �óíêöèè u.

Çàìå÷àíèå 4.4. Ñïåöèàëüíîìó ÷àñòíîìó ñëó÷àþ h = 0 â (3) ñîîòâåòñòâóåò ïðî-

ñòåéøèé âòîðîé èíòåãðàë z2 = C2 â (2).

◮ Êâàçèëèíåéíûå Óð×Ï ïåðâîãî ïîðÿäêà ñïåöèàëüíîãî âèäà.

�àññìîòðèì êâàçèëèíåéíîå Óð×Ï ïåðâîãî ïîðÿäêà ñïåöèàëüíîãî âèäà

f(x, y)ux + g(x, y)uy = h(x, y)ϕ(u).

Ïîäñòàíîâêà w=
∫

du

ϕ(u)
ïðèâîäèò ýòî óðàâíåíèå ê áîëåå ïðîñòîìó ëèíåéíîìó

Óð×Ï ïåðâîãî ïîðÿäêà

f(x, y)wx + g(x, y)wy = h(x, y).

Î ðåøåíèè ýòîãî óðàâíåíèÿ ñì. ðàçä. 4.1.3.

4.2.2. Óðàâíåíèÿ âèäà f(x, y)ux + g(x, y)uy = h(x, y, u)

◮ Â îáùèå ðåøåíèÿ óðàâíåíèé 4.2.2.1�4.2.2.18 âõîäèò ïðîèçâîëüíàÿ �óíêöèÿ

Φ(z), àðãóìåíò z êîòîðîé çàâèñèò îò ïåðåìåííûõ x è y.

1. ux + auy = buk
.

Ïðè k = 1 ñì. óðàâíåíèå 4.1.4.1. Îáùåå ðåøåíèå ïðè k 6= 1:

u =
[
Φ(y − ax) + b(1− k)x

] 1
1−k .

2. ux + auy = be−λu
.

Îáùåå ðåøåíèå: u =
1

λ
ln
[
Φ(y − ax) + bλx

]
.

3. ux + auy = f(x)u+ g(x)uk
.

Îáùåå ðåøåíèå:

u1−k=F (x)Φ(y−ax)+(1−k)F (x)
∫
g(x)

F (x)
dx, ãäå F (x)=exp

[
(1−k)

∫
f(x) dx

]
.

4. ux + auy = f(x) + g(x)e−λu
.

Îáùåå ðåøåíèå:

eλu = F (x)Φ(y − ax) + λF (x)
∫

g(x)

F (x)
dx, ãäå F (x) = exp

[
λ
∫
f(x) dx

]
.
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5. aux + buy = f(u).

Îáùåå ðåøåíèå:

∫
du

f(u)
=

x

a
+Φ(bx− ay).

6. aux + buy = f(x)g(u).

Îáùåå ðåøåíèå:

∫
du

g(u)
=

1

a

∫
f(x) dx+Φ(bx− ay).

7. ux + auy = f(x)g(y)h(u).

Îáùåå ðåøåíèå:

∫
du

h(u)
=

∫ x

x0
f(t)g(y−ax+at) dt+Φ(y−ax), ãäå x0�ëþáîå.

8. axux + bxuy = cuk
.

Îáùåå ðåøåíèå:

c

a
ln |x|+Φ(bx− ay) =

{
1

1−k u
1−k

ïðè k 6= 1,

ln |u| ïðè k = 1.

9. axux + byuy = cuk
.

Îáùåå ðåøåíèå:

c

a
ln |x|+Φ

(
|x|b|y|−a

)
=

{
1

1−k u
1−k

ïðè k 6= 1,

ln |u| ïðè k = 1.

10. ayux + bxuy = cuk
.

Îáùåå ðåøåíèå ïðè ab > 0:

c√
ab

ln
∣∣√ab x+ ay

∣∣+Φ
(
ay2 − bx2

)
=

{
1

1−k u
1−k

ïðè k 6= 1,

ln |u| ïðè k = 1.

11. axux + byuy = f(u).

Îáùåå ðåøåíèå:

∫
du

f(u)
=

1

a
ln |x|+Φ

(
|x|b|y|−a

)
.

12. ayux + bxuy = f(u).

Îáùåå ðåøåíèå:

∫
du

f(u)
=

1√
ab

ln
∣∣√ab x+ ay

∣∣+Φ
(
ay2 − bx2

)
, ab > 0.

13. axnux + bykuy = f(u).

Îáùåå ðåøåíèå:

∫
du

f(u)
=

1

a(1− n)
x1−n +Φ(z), ãäå z =

1

a(1− n)
x1−n − 1

b(1− k)
y1−k.
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14. aynux + bxkuy = f(u).

Îáùåå ðåøåíèå:

a
∫

du

f(u)
=

∫ (
b

a

n+1

k+1
xk+1−z

)− n
n+1

dx+Φ(z), ãäå z=
b

a

n+1

k+1
xk+1−yn+1.

Ïðè èíòåãðèðîâàíèè z ðàññìàòðèâàåòñÿ êàê ïàðàìåòð.

15. aeλxux + beβyuy = f(u).

Îáùåå ðåøåíèå:

∫
du

f(u)
= − 1

aλ
e−λx +Φ(z), ãäå z = aλe−βy − bβe−λx.

16. aeλyux + beβxuy = f(u).

Îáùåå ðåøåíèå:

∫
du

f(u)
=

c(βx− λy)

z
+Φ(z), ãäå z = aβeλy − bλeβx.

17. f(x)ux + g(y)uy = h(u).

Îáùåå ðåøåíèå:

∫
du

h(u)
=

∫
dx

f(x)
+Φ(z), ãäå z =

∫
dx

f(x)
−

∫
dy

g(y)
.

18. f(y)ux + g(x)uy = h(u).

Ïðåîáðàçîâàíèå ξ =
∫
g(x) dx, η =

∫
f(y) dy ïðèâîäèò ê óðàâíåíèþ âèäà

4.2.2.7:

uξ + uη = F (ξ)G(η)h(u), ãäå F (ξ) =
1

g(x)
, G(η) =

1

f(y)
.

4.2.3. Óðàâíåíèÿ âèäà ux + f(x, y, u)uy = 0

◮ Â ðåøåíèÿ óðàâíåíèé 4.2.3.1�4.2.3.17 âõîäèò ïðîèçâîëüíàÿ �óíêöèÿ Φ(u).

1. ux + auuy = 0.

Óðàâíåíèå Õîï�à. Èñïîëüçóåòñÿ êàê ìîäåëüíîå óðàâíåíèå íåëèíåéíîé òåîðèè

âîëí è ãàçîâîé äèíàìèêè, ãäå íåçàâèñèìûå ïåðåìåííûå x è y èãðàþò ñîîòâåò-
ñòâåííî ðîëü âðåìåíè è ïðîñòðàíñòâåííîé êîîðäèíàòû.

1◦. Îáùåå ðåøåíèå:

Φ(axu− y, u) = 0 èëè y = axu+ Φ̃(u),

ãäå Φ è Φ̃�ïðîèçâîëüíûå �óíêöèè.

2◦. �åøåíèå çàäà÷è Êîøè ñ íà÷àëüíûì óñëîâèåì

u = ϕ(y) ïðè x = 0

ìîæíî çàïèñàòü â ïàðàìåòðè÷åñêîì âèäå

y = ξ + aϕ(ξ)x, u = ϕ(ξ).

Ïðè a > 0 è ϕ′(ξ) > 0 ýòè �îðìóëû îïèñûâàþò êëàññè÷åñêîå îäíîçíà÷íîå

ðåøåíèå.
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3◦. �àññìîòðèì çàäà÷ó Êîøè äëÿ óðàâíåíèÿ Õîï�à ñ ðàçðûâíûì íà÷àëüíûì

óñëîâèåì

u(0, y) =

{
u1 ïðè y < 0,

u2 ïðè y > 0.

Ñ÷èòàåì, ÷òî a > 0, u1 > 0, u2 > 0.
Ïðè u1 < u2 ðåøåíèå (îáîáùåííîå) èìååò âèä

u(x, y) =





u1 ïðè y/x < V1,

y/(ax) ïðè V1 6 y/x 6 V2,

u2 ïðè y/x > V2,

ãäå V1 = au1, V2 = au2.

Ýòî ðåøåíèå ÿâëÿåòñÿ íåïðåðûâíûì â ïîëóïëîñêîñòè x > 0 è îïèñûâàåò âîëíó
ðàçðåæåíèÿ.

Ïðè u1 > u2 ðåøåíèå (îáîáùåííîå) èìååò âèä

u(x, y) =

{
u1 ïðè y/x < V,

u2 ïðè y/x > V,
ãäå V = 1

2 a(u1 + u2).

Ýòî ðåøåíèå òåðïèò ðàçðûâ íà ëèíèè y = V x è îïèñûâàåò óäàðíóþ âîëíó.

2. ux + (au+ bx)uy = 0.

Îáùåå ðåøåíèå: y = axu+ 1
2 bx

2 +Φ(u).

3. ux + (au+ by)uy = 0.

Îáùåå ðåøåíèå: x =
1

b
ln |au+ by|+Φ(u).

4. ux +
[[
au+ yf(x)

]]
uy = 0.

Îáùåå ðåøåíèå: yF (x)−au
∫
F (x) dx=Φ(u), ãäå F (x) = exp

[
−

∫
f(x) dx

]
.

5. ux +
[[
au+ f(y)

]]
uy = 0.

Îáùåå ðåøåíèå: x =
∫ y

y0

dt

f(t) + au
+ Φ(u). Ïðè èíòåãðèðîâàíèè u ðàññìàòðè-

âàåòñÿ êàê ïàðàìåòð.

6. ux + (auk + b)uy = 0.

Îáùåå ðåøåíèå: y = axuk + bx+Φ(u).

7. ux + (auk + bx)uy = 0.

Îáùåå ðåøåíèå: y = axuk + 1
2 bx

2 +Φ(u).

8. ux + (aeλu + b)uy = 0.

Îáùåå ðåøåíèå: y = x(aeλu + b) + Φ(u).
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9. ux + (aeλu + bx)uy = 0.

Îáùåå ðåøåíèå: y = axeλu + 1
2 bx

2 +Φ(u).

10. ux + f(u)uy = 0.

Ìîäåëüíîå óðàâíåíèå ãàçîâîé äèíàìèêè. Âñòðå÷àåòñÿ òàêæå â ãèäðîäèíàìèêå,

òåîðèè �èëüòðàöèè, òåîðèè âîëí, àêóñòèêå, õèìè÷åñêîé òåõíîëîãèè è äðóãèõ

ïðèëîæåíèÿõ.

1◦. Îáùåå ðåøåíèå:
y = xf(u) + Φ(u),

ãäå Φ�ïðîèçâîëüíàÿ �óíêöèÿ.

2◦. �åøåíèå çàäà÷è Êîøè ñ íà÷àëüíûì óñëîâèåì

u = ϕ(y) ïðè x = 0

ìîæíî çàïèñàòü â ïàðàìåòðè÷åñêîì âèäå

y = ξ + F(ξ)x, u = ϕ(ξ),

ãäå F(ξ) = f
(
ϕ(ξ)

)
.

3◦. �àññìîòðèì çàäà÷ó Êîøè ñ ðàçðûâíûì íà÷àëüíûì óñëîâèåì

u(0, y) =

{
u1 ïðè y < 0,

u2 ïðè y > 0.

Ñ÷èòàåì, ÷òî x > 0; f > 0 è f ′ > 0 ïðè u > 0; u1 > 0 è u2 > 0.

Ïðè u1 < u2 ðåøåíèå (îáîáùåííîå) èìååò âèä

u(x, y) =





u1 ïðè y/x < V1,

f−1(y/x) ïðè V1 6 y/x 6 V2,

u2 ïðè y/x > V2,

ãäå V1 = f(u1), V2 = f(u2).

Çäåñü f−1
�îáðàòíàÿ �óíêöèÿ ê f , ò. å. f−1

(
f(u)

)
≡ u. Ýòî ðåøåíèå ÿâëÿåòñÿ

íåïðåðûâíûì â ïîëóïëîñêîñòè x > 0 è îïèñûâàåò âîëíó ðàçðåæåíèÿ.

Ïðè u1 > u2 ðåøåíèå (îáîáùåííîå) èìååò âèä

u(x, y) =

{
u1 ïðè y/x < V,

u2 ïðè y/x > V,
ãäå V =

1

u2 − u1

∫ u2

u1
f(u) du.

Ýòî ðåøåíèå òåðïèò ðàçðûâ íà ëèíèè y = V x è îïèñûâàåò óäàðíóþ âîëíó.

11. ux +
[[
f(u) + ax

]]
uy = 0.

Îáùåå ðåøåíèå: y = xf(u) + 1
2 ax

2 +Φ(u).
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12. ux +
[[
f(u) + ay

]]
uy = 0.

Îáùåå ðåøåíèå ïðè a 6= 0: x =
1

a
ln
∣∣ay + f(u)

∣∣+Φ(u).

13. ux +
[[
f(u) + g(x)

]]
uy = 0.

Îáùåå ðåøåíèå: y = xf(u) +
∫
g(x) dx +Φ(u).

14. ux +
[[
f(u) + g(y)

]]
uy = 0.

Îáùåå ðåøåíèå: x=
∫ y

y0

dt

g(t) + f(u)
+Φ(u). Ïðè èíòåãðèðîâàíèè u ðàññìàòðè-

âàåòñÿ êàê ïàðàìåòð.

15. ux +
[[
yf(u) + g(x)

]]
uy = 0.

Îáùåå ðåøåíèå: y exp
[
−xf(u)

]
−

∫ x

x0
g(t) exp

[
−tf(u)

]
dt = Φ(u), ãäå x0 �

ëþáîå.

16. ux +
[[
xf(u) + yg(u) + h(u)

]]
uy = 0.

Îáùåå ðåøåíèå: y +
xf(u) + h(u)

g(u)
+

f(u)

g2(u)
= exp

[
g(u)x

]
Φ(u).

17. ux + f(x)g(y)h(u)uy = 0.

Îáùåå ðåøåíèå:

∫
dy

g(y)
− h(u)

∫
f(x) dx = Φ(u).

4.2.4. Óðàâíåíèÿ âèäà ux + f(x, y, u)uy = g(x, y, u)

◮ Â îáùèå ðåøåíèÿ óðàâíåíèé 4.2.4.1�4.2.4.18 âõîäèò ïðîèçâîëüíàÿ �óíêöèÿ

Φ(z), àðãóìåíò z êîòîðîé ìîæåò çàâèñåòü îò ïåðåìåííûõ x, y, u.

1. ux + auuy = b.

Îáùåå ðåøåíèå: Φ
(
u− bx, au2 − 2by

)
= 0.

2. ux + auuy = bx.

Îáùåå ðåøåíèå: y = axu− 1
3 abx

3 +Φ
(
u− 1

2 bx
2
)
.

3. ux + auuy = by.

Îáùåå ðåøåíèå: x =
∫ y

y0

dt√
ab(t2 − y2) + a2u2

+Φ
(
au2 − by2

)
, ãäå y0�ëþáîå.

4. ux + auuy + bu = 0.

Ìîäåëüíîå óðàâíåíèå íåëèíåéíûõ âîëí ñ çàòóõàíèåì (a, b > 0).

1◦. Îáùåå ðåøåíèå: Φ
(
au+ by, uebx

)
= 0.
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2◦. �åøåíèå çàäà÷è Êîøè äëÿ ýòîãî Óð×Ï ñ íà÷àëüíûì óñëîâèåì u(0, y) =
= f(y) ìîæåò áûòü ïðåäñòàâëåíî â ïàðàìåòðè÷åñêîì âèäå

y = ξ +
a

b

(
1− e−bx

)
f(ξ), u = e−bxf(ξ).

5. ux + auuy = f(x).

Îáùåå ðåøåíèå:

y = ax
[
u− F (x)

]
+ a

∫
F (x) dx+Φ

(
u− F (x)

)
, ãäå F (x) =

∫
f(x) dx.

6. ux + auuy = f(y).

Îáùåå ðåøåíèå:

x = ±
∫ y

y0

dt√
2aF (t)− 2az

+Φ(z), z = F (y)− 1

2
au2,

ãäå F (y) =
∫
f(y) dy. Ïðè èíòåãðèðîâàíèè z ðàññìàòðèâàåòñÿ êàê ïàðàìåòð.

7. ux + auuy = f(y − bx).

Ìîäåëüíîå óðàâíåíèå, îïèñûâàþùåå íåëèíåéíûå âîëíû îò äâèæóùåãîñÿ èñ-

òî÷íèêà (ïåðåìåííûå x è y èãðàþò ñîîòâåòñòâåííî ðîëü âðåìåíè è ïðîñòðàí-

ñòâåííîé êîîðäèíàòû, b�ñêîðîñòü èñòî÷íèêà).

1◦. Îáùåå ðåøåíèå:

x = ±
∫ y−bx

t0

dt√
b2 + 2aF (t)− 2az

+Φ(z), z = F (y − bx)− 1

2
au2 + bu,

ãäå F (t) =
∫
f(t) dt. Ïðè èíòåãðèðîâàíèè z ðàññìàòðèâàåòñÿ êàê ïàðàìåòð,

t0 �ëþáîå.

2◦. �åøåíèå ñî ñòàöèîíàðíûì ïðî�èëåì:

u = b−
[
(b− u0)

2 − 2
∫ ∞

ξ
f(t) dt

]1/2
, ξ = y − bx,

ãäå u0�êîíñòàíòà èíòåãðèðîâàíèÿ.

8. ux +
[[
au+ f(x)

]]
uy = g(x).

Îáùåå ðåøåíèå:

y = ax
[
u−G(x)

]
+ a

∫
G(x) dx+ F (x) + Φ

(
u−G(x)

)
,

ãäå

F (x) =
∫
f(x) dx, G(x) =

∫
g(x) dx.
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9. ux + f(u)uy = g(x).

Îáùåå ðåøåíèå:

y =
∫ x

x0
f
(
G(t)−G(x) + u

)
dt+Φ

(
u−G(x)

)
, ãäå G(x) =

∫
g(x) dx.

10. ux + f(u)uy = g(y).

Îáùåå ðåøåíèå:

x =
∫ y

y0
ψ
(
G(t)−G(y) + F (u)

)
dt+Φ

(
F (u) −G(y)

)
,

ãäå G(y) =
∫
g(y) dy è F (u) =

∫
f(u) du. Ôóíêöèÿ ψ = ψ(z) çàäàåòñÿ â

ïàðàìåòðè÷åñêîé �îðìå ñ ïîìîùüþ ñîîòíîøåíèé ψ =
1

f(u)
, z = F (u).

11. ux + f(u)uy = g(u).

Îáùåå ðåøåíèå: y =
∫
f(u)

g(u)
du+Φ

(
x−

∫
du

g(u)

)
.

12. ux +
[[
f(u) + g(x)

]]
uy = h(x).

Îáùåå ðåøåíèå:

y =
∫ x

x0
f
(
H(t)−H(x) + u

)
dt+G(x) + Φ

(
u−H(x)

)
,

ãäå

G(x) =
∫
g(x) dx, H(x) =

∫
h(x) dx.

13. ux +
[[
f(u) + g(x)

]]
uy = h(u).

Îáùåå ðåøåíèå:

y =
∫
f(u)

h(u)
du+

∫ u

u0

g
(
H(t)−H(u) + x

)

h(t)
dt+Φ

(
x−H(u)

)
, ãäå H(u) =

∫
du

h(u)
.

14. ux +
[[
f(u) + yg(x)

]]
uy = h(x).

Îáùåå ðåøåíèå:

yG(x)−
∫ x

x0
G(t)f

(
H(t)−H(x) + u

)
dt = Φ

(
u−H(x)

)
,

ãäå G(x) = exp
[
−

∫
g(x) dx

]
, H(x) =

∫
h(x) dx, à x0�ëþáîå. Ïðè èíòåãðè-

ðîâàíèè u ðàññìàòðèâàåòñÿ êàê ïàðàìåòð.

15. ux + f(x)g(y)h(u)uy = p(x).

Îáùåå ðåøåíèå:

∫
dy

g(y)
=

∫ x

x0
f(t)h

(
P (t)−P (x)+u

)
dt+Φ

(
u−P (x)

)
, ãäå P (x)=

∫
p(x) dx.
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Ïðè èíòåãðèðîâàíèè u ðàññìàòðèâàåòñÿ êàê ïàðàìåòð, x0 �ëþáîå.

16. ux + f(x)g(y)h(u)uy = p(u).

Îáùåå ðåøåíèå:

∫
dy

g(y)
=

∫ u

u0

h(t)

p(t)
f
(
P (t)−P (u) + x

)
dt+Φ

(
x−P (u)

)
, ãäå P (u) =

∫
du

p(u)
.

Ïðè èíòåãðèðîâàíèè u ðàññìàòðèâàåòñÿ êàê ïàðàìåòð, u0 �ëþáîå.

17. ux + f(x, u)uy = g(x).

Îáùåå ðåøåíèå:

y =
∫ x

x0
f
(
t, G(t)−G(x) + u

)
dt+Φ

(
u−G(x)

)
, ãäå G(x) =

∫
g(x) dx.

Ïðè èíòåãðèðîâàíèè u ðàññìàòðèâàåòñÿ êàê ïàðàìåòð, x0 �ëþáîå.

18. ux + f(x, u)uy = g(u).

Îáùåå ðåøåíèå:

y =
∫ u

u0

f
(
G(t)−G(u) + x, t

)

g(t)
dt+Φ

(
x−G(u)

)
, ãäå G(u) =

∫
du

g(u)
.

Ïðè èíòåãðèðîâàíèè u ðàññìàòðèâàåòñÿ êàê ïàðàìåòð, u0 �ëþáîå.

4.3. Íåëèíåéíûå óðàâíåíèÿ ñ ÷àñòíûìè

ïðîèçâîäíûìè ñ äâóìÿ íåçàâèñèìûìè

ïåðåìåííûìè

4.3.1. Ïðåäâàðèòåëüíûå çàìå÷àíèÿ

Â îáùåì ñëó÷àå íåëèíåéíîå óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà

ñ äâóìÿ íåçàâèñèìûìè ïåðåìåííûìè èìååò âèä

F (x, y, u, ux, uy) = 0. (1)

Òàêèå óðàâíåíèÿ ÷àñòî âñòðå÷àþòñÿ â àíàëèòè÷åñêîé ìåõàíèêå, âàðèàöèîííîì

èñ÷èñëåíèè, îïòèìàëüíîì óïðàâëåíèè, äè��åðåíöèàëüíûõ èãðàõ, äèíàìè÷å-

ñêîì ïðîãðàììèðîâàíèè, ãåîìåòðè÷åñêîé îïòèêå, äè��åðåíöèàëüíîé ãåîìåò-

ðèè è äðóãèõ îáëàñòÿõ.

1◦. Ïóñòü èçâåñòíî ÷àñòíîå ðåøåíèå óðàâíåíèÿ (1):

u = Θ(x, y, C1, C2), (2)
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çàâèñÿùåå îò äâóõ ïðîèçâîëüíûõ ïîñòîÿííûõ C1 è C2. Äâóõïàðàìåòðè÷åñêîå

ñåìåéñòâî ðåøåíèé (2) íàçûâàåòñÿ ïîëíûì èíòåãðàëîì óðàâíåíèÿ (1), åñëè â

ðàññìàòðèâàåìîé îáëàñòè ðàíã ìàòðèöû

M =

(
Θ1 Θx1 Θy1

Θ2 Θx2 Θy2

)
(3)

ðàâåí äâóì (ýòî ñïðàâåäëèâî, íàïðèìåð, åñëè Θx1Θy2 − Θx2Θy1 6= 0). Â ìàò-

ðèöå (3) Θn îáîçíà÷àåò ÷àñòíóþ ïðîèçâîäíóþ Θ ïî Cn (n = 1, 2), Θxn �

âòîðóþ ÷àñòíóþ ïðîèçâîäíóþ ïî àðãóìåíòàì x è Cn, Θyn � âòîðóþ ÷àñòíóþ

ïðîèçâîäíóþ ïî àðãóìåíòàì y è Cn.

Â ðÿäå ñëó÷àåâ ïîëíûé èíòåãðàë óäàåòñÿ íàéòè ìåòîäîì íåîïðåäåëåííûõ

êîý��èöèåíòîâ, çàäàâ ïîäõîäÿùèì îáðàçîì ñòðóêòóðó ÷àñòíîãî ðåøåíèÿ. (Ïîë-

íûé èíòåãðàë îïðåäåëÿåòñÿ äè��åðåíöèàëüíûì óðàâíåíèåì íå îäíîçíà÷íî.)

Ïîëíûé èíòåãðàë óðàâíåíèÿ (2) ÷àñòî çàïèñûâàåòñÿ â íåÿâíîì âèäå:

Θ(x, y, u,C1, C2) = 0. (4)

2◦. Îáùèé èíòåãðàë óðàâíåíèÿ (1) ìîæíî ïðåäñòàâèòü â ïàðàìåòðè÷åñêîì

âèäå ñ ïîìîùüþ ïîëíîãî èíòåãðàëà (2) (èëè (4)) è äâóõ óðàâíåíèé

C2 = Φ(C1),

∂Θ

∂C1
+

∂Θ

∂C2
Φ′(C1) = 0,

(5)

ãäå Φ� ïðîèçâîëüíàÿ �óíêöèÿ, à øòðèõ îáîçíà÷àåò ïðîèçâîäíóþ. Îáùèé èí-

òåãðàë â îïðåäåëåííîì ñìûñëå èãðàåò ðîëü îáùåãî ðåøåíèÿ, çàâèñÿùåãî îò

ïðîèçâîëüíîé �óíêöèè (âîïðîñ î òîì, âñå ëè ðåøåíèÿ îí îïèñûâàåò, òðåáóåò

äîïîëíèòåëüíîãî àíàëèçà).

3◦. Îñîáûå (ñèíãóëÿðíûå) èíòåãðàëû Óð×Ï (1) ìîæíî íàéòè áåç îïðåäåëå-

íèÿ ïîëíîãî èíòåãðàëà, èñêëþ÷èâ p è q èç ñëåäóþùåé ñèñòåìû òðåõ àëãåáðàè-

÷åñêèõ (èëè òðàíñöåíäåíòíûõ) óðàâíåíèé:

F = 0,
∂F

∂ux
= 0,

∂F

∂uy
= 0,

ãäå ïåðâîå óðàâíåíèå ñîâïàäàåò ñ óðàâíåíèåì (1).

Çàìå÷àíèå 4.5. Áîëåå ïîäðîáíî ìåòîäû ðåøåíèÿ íåëèíåéíûõ Óð×Ï âèäà (1) îïè-

ñûâàþòñÿ â êíèãàõ Êàìêå (1966), Çàéöåâ & Ïîëÿíèí (2003), Polyanin & Manzhirov

(2007), Polyanin & Zaitsev (2012).

4.3.2. Óðàâíåíèÿ, êâàäðàòè÷íûå ïî îäíîé ïðîèçâîäíîé

◮ Â äàííîì ðàçäåëå, à òàêæå â äâóõ ïîñëåäóþùèõ ðàçäåëàõ, êàê ïðàâèëî, ïðåä-

ñòàâëåíû òîëüêî ïîëíûå èíòåãðàëû. ×òîáû ïîñòðîèòü ñîîòâåòñòâóþùåå

îáùåå ðåøåíèå, ñëåäóåò èñïîëüçîâàòü �îðìóëû èç ðàçä. 4.3.1.



4.3. Íåëèíåéíûå Óð×Ï ñ äâóìÿ íåçàâèñèìûìè ïåðåìåííûìè 177

1. ux + au2
y = by.

Ýòî óðàâíåíèå îïèñûâàåò ñâîáîäíîå âåðòèêàëüíîå ïàäåíèå ìàòåðèàëüíîé òî÷-

êè ìàññû m=1/(2a) ó ïîâåðõíîñòè Çåìëè (y�êîîðäèíàòà, íàïðàâëåííàÿ âíèç,

x�âðåìÿ, g = 2ab�óñêîðåíèå ñâîáîäíîãî ïàäåíèÿ).

Ïîëíûé èíòåãðàë: u = −C1x± 2a

3b

(
by + C1

a

)3/2
+ C2.

2. ux + au2
y + by2 = 0.

Ýòî óðàâíåíèå îïèñûâàåò ñâîáîäíûå êîëåáàíèÿ ìàòåðèàëüíîé òî÷êè ìàññû

m= 1/(2a) â óïðóãîì ïîëå ñ êîý��èöèåíòîì óïðóãîñòè k =2b (y�îòêëîíåíèå

îò ïîëîæåíèÿ ðàâíîâåñèÿ, x�âðåìÿ).

Ïîëíûé èíòåãðàë: u = −C1x+ C2 ±
∫ √

C1 − by2

a
dx+ C2.

3. ux + au2
y = f(x) + g(y).

Ïîëíûé èíòåãðàë: u = −C1x+
∫
f(x) dx+

∫ √
g(y) + C1

a
dy + C2.

4. ux + au2
y = f(x)y + g(x).

Ïîëíûé èíòåãðàë:

u = ϕ(x)y +
∫ [
g(x) − aϕ2(x)

]
dx+ C1, ãäå ϕ(x) =

∫
f(x) dx+ C2.

5. ux + au2
y = f(x)u+ g(x).

Ïîëíûé èíòåãðàë:

u=F (x)(C1+C2y)+F (x)
∫ [
g(x)−aC2

2F
2(x)

] dx

F (x)
, ãäå F (x)=exp

[∫
f(x) dx

]
.

6. ux + au2
y + buy = f(x) + g(y).

Ïîëíûé èíòåãðàë:

u = −C1x+ C2 +
∫
f(x) dx− b

2a
y ± 1

2a

∫ √
4ag(y) + b2 + 4aC1 dy.

7. ux + au2
y + buy = f(x)y + g(x).

Ïîëíûé èíòåãðàë:

u = ϕ(x)y +
∫ [
g(x) − aϕ2(x)− bϕ(x)

]
dx+ C1, ãäå ϕ(x) =

∫
f(x) dx+ C2.

8. ux + au2
y + buy = f(x)u+ g(x).

Ïîëíûé èíòåãðàë:

u = (C1y + C2)F (x) + F (x)
∫ [
g(x)− aC2

1F
2(x)− bC1F (x)

] dx

F (x)
,
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ãäå F (x) = exp
[ ∫

f(x) dx
]
.

9. ux − f(x)u2
y = 0.

Ïîëíûé èíòåãðàë:

u = C2
1

∫
f(x) dx+ C1y + C2.

10. ux + f(x)u2
y + g(x)uy = h(x).

Ïîëíûé èíòåãðàë: u = C1y + C2 +
∫ [
h(x) −C2

1f(x)− C1g(x)
]
dx.

11. ux + f(x)u2
y + g(x)uy = h(x)u+ p(x)y + s(x).

Ïîëíûé èíòåãðàë:

u = yϕ(x) + ψ(x),

ãäå

ϕ(x) = C1H(x) +H(x)
∫

p(x)

H(x)
dx, H(x) = exp

[ ∫
h(x) dx

]
,

ψ(x) = C2H(x) +H(x)
∫ [
s(x)− f(x)ϕ2(x)− g(x)ϕ(x)

] dx

H(x)
.

12. ux +
[[
f(x)y + g(x)

]]
u2
y = 0.

Ïîëíûé èíòåãðàë:

u = ϕ(x)y −
∫
g(x)ϕ2(x) dx + C1, ϕ(x) =

[
C2 +

∫
f(x) dx

]−1
.

13. ux − f(y)u2
y = 0.

Ïîëíûé èíòåãðàë:

u = ±C2
1x+ C1

∫
dy√
|f(y)|

+ C2.

Çäåñü âåðõíèé çíàê áåðåòñÿ, åñëè f(y) > 0, à íèæíèé çíàê� åñëè f(y) < 0.

14. ux + f(y)u2
y + g(y)uy = h(x) + r(y).

Ïîëíûé èíòåãðàë:

u = −C1x+ C2 +
∫
h(x) dx+

∫ −g(y)±
√
g2(y) + 4f(y)r(y) + 4C1f(y)

2f(y)
dy.

15. ux − f(u)u2
y = 0.

Ïîëíûé èíòåãðàë â íåÿâíîì âèäå:

∫
f(u) du = C2

1x+ C1y + C2.
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16. ux + f(u)u2
y + g(u)uy = h(u).

Ïîëíûé èíòåãðàë â íåÿâíîì âèäå:

C1x+ C2y +
∫

2C2
2f(u) du

C1 + C2g(u)±
√

[C1 + C2g(u)]2 + 4C2
2f(u)h(u)

= C3.

Îäíó èç òðåõ êîíñòàíò C1, C2, C3 ìîæíî ïîëîæèòü ðàâíîé ±1.

17. ux − f(u)u2
y −

[[
yg(x) + h(x)

]]
uy = 0.

Ïðåîáðàçîâàíèå

t =
∫
ϕ2(x) dx, z = ϕ(x)y +

∫
h(x)ϕ(x) dx, ϕ(x) = exp

[ ∫
g(x) dx

]
,

ïðèâîäèò ê áîëåå ïðîñòîìó óðàâíåíèþ âèäà 4.3.2.15:

ut − f(u)u2z = 0.

18. ux + f(y)g(u)u2
y = h(u).

Ïîëíûé èíòåãðàë â íåÿâíîì âèäå ïðè f(y) > 0:

x+ C1

∫
dy√
f(y)

+
∫

2C2
1g(u) du

1 +
√

1 + 4C2
1g(u)h(u)

= C2.

19. ux − f(x)g(y)h(u)u2
y = 0.

Ïîëíûé èíòåãðàë â íåÿâíîì âèäå:

∫
h(u) du = ±C2

1

∫
f(x) dx+ C1

∫
dy√
|g(y)|

+ C2.

Çäåñü âåðõíèé çíàê áåðåòñÿ, åñëè f(y) > 0, à íèæíèé çíàê� åñëè f(y) < 0.

20. f1(x)ux + f2(y)u
2
y = g1(x) + g2(y).

Ïîëíûé èíòåãðàë: u =
∫

g1(x)−C1

f1(x)
dx+

∫ √
g2(y) +C1

f2(y)
dy + C2.

4.3.3. Óðàâíåíèÿ, êâàäðàòè÷íûå ïî äâóì ïðîèçâîäíûì

1. au2
x + bu2

y = c.

Äè��åðåíöèàëüíîå óðàâíåíèå ñâåòîâûõ ëó÷åé (ïðè a = b).
Ïîëíûé èíòåãðàë: u = C1x+ C2y + C3, ãäå aC2

1 + bC2
2 = c.

Äðóãîé ïåðâûé èíòåãðàë:

u2

c
=

(x− C1)
2

a
+

(y − C2)
2

b
.

2. u2
x + u2

y = a− 2by.

Ýòî óðàâíåíèå îïèñûâàåò ïàðàáîëè÷åñêîå äâèæåíèå ìàòåðèàëüíîé òî÷êè â ïó-

ñòîòå (êîîðäèíàòà x îòñ÷èòûâàåòñÿ âäîëü ïîâåðõíîñòè Çåìëè, êîîðäèíàòà y îò-
ñ÷èòûâàåòñÿ ïî âåðòèêàëè îò ïîâåðõíîñòè Çåìëè, a�óñêîðåíèå ñèëû òÿæåñòè).
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Ïîëíûé èíòåãðàë: u = C1x± 1

3b
(a− C2

1 − 2by)3/2 + C2.

3. u2
x + u2

y = (a/u)2 − 1.

Ýòî óðàâíåíèå îïèñûâàåò ñåìåéñòâî ñ�åðè÷åñêèõ ïîâåðõíîñòåé ðàäèóñà a,
öåíòðû êîòîðûõ ðàñïîëîæåíû íà ïëîñêîñòè x, y.

Ïîëíûé èíòåãðàë â íåÿâíîì âèäå: (x− C1)
2 + (y − C2)

2 + u2 = a2.

Äðóãîé ïîëíûé èíòåãðàë:

(y − C1x− C2)
2

1 + C2
1

+ u2 = a2.

4. u2
x + u2

y =
a√

x2 + y2
+ b.

Ê ðåøåíèþ ýòîãî óðàâíåíèÿ ñâîäèòñÿ çàäà÷à î äâèæåíèè äâóõ òåë â íåáåñíîé

ìåõàíèêå.

Ïîëíûé èíòåãðàë:

u = ±
∫ √

b+
a

r
− C2

1

r2
dr + C1 arctg

y

x
+ C2, ãäå r =

√
x2 + y2.

5. u2
x + u2

y = f(x).

Ïîëíûé èíòåãðàë: u = C1y + C2 ±
∫ √

f(x)− C2
1 dx.

6. u2
x + u2

y = f(x) + g(y).

Ïîëíûé èíòåãðàë: u = ±
∫ √

f(x) + C1 dx ±
∫ √

g2(y)− C1 dy + C2. Çíàêè

ïåðåä êàæäûì èç èíòåãðàëîâ ìîãóò áûòü âûáðàíû íåçàâèñèìî äðóã îò äðóãà.

7. u2
x + u2

y = f(x2 + y2).

Óðàâíåíèå �àìèëüòîíà äëÿ ïëîñêîãî äâèæåíèÿ òî÷êè ïîä äåéñòâèåì öåíò-

ðàëüíîé ñèëû.

Ïîëíûé èíòåãðàë:

u = C1 arctg
x

y
+ C2 ± 1

2

∫ √
zf(z)− C2

1
dz

z
, z = x2 + y2.

8. u2
x + u2

y = f(u).

Ïîëíûé èíòåãðàë â íåÿâíîì âèäå:

∫
du√
f(u)

= ±
√

(x+ C1)2 + (y + C2)2.

9. u2
x +

1

x2
u2
y = f(x).

Ýòî óðàâíåíèå îïèñûâàåò äâèæåíèå ìàòåðèàëüíîé òî÷êè â öåíòðàëüíîì ïîëå

ñèë, ãäå x è y�ïîëÿðíûå êîîðäèíàòû.

Ïîëíûé èíòåãðàë: u = C1y ±
∫ √

f(x)− C2
1

x2
dx+ C2.



4.3. Íåëèíåéíûå Óð×Ï ñ äâóìÿ íåçàâèñèìûìè ïåðåìåííûìè 181

10. u2
x + f(x)u2

y = g(x).

Ïîëíûé èíòåãðàë: u = C1y + C2 +
∫ √

g(x) − C2
1f(x) dx.

11. u2
x + f(y)u2

y = g(y).

Ïîëíûé èíòåãðàë: u = C1x+ C2 +
∫ √

g(y)−C2
1

f(y)
dy.

12. u2
x + f(u)u2

y = g(u).

Ïîëíûé èíòåãðàë â íåÿâíîì âèäå:

∫ √
C2

1 + C2
2f(u)

g(u)
du = C1x+ C2y + C3.

Îäíó èç êîíñòàíò C1 èëè C2 ìîæíî ïîëîæèòü ðàâíîé ±1.

13. f1(x)u
2
x + f2(y)u

2
y = g1(x) + g2(y).

Óð×Ï ïåðâîãî ïîðÿäêà ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè, âñòðå÷àåòñÿ â äè�-

�åðåíöèàëüíîé ãåîìåòðèè ïðè èçó÷åíèè ãåîäåçè÷åñêèõ ëèíèé ïîâåðõíîñòåé

Ëèóâèëëÿ.

Ïîëíûé èíòåãðàë:

u = ±
∫ √

g1(x) +C1

f1(x)
dx±

∫ √
g2(y)− C1

f2(y)
dy + C2.

Çíàêè ïåðåä êàæäûì èç èíòåãðàëîâ ìîãóò áûòü âûáðàíû íåçàâèñèìî äðóã îò

äðóãà.

14. f1(x, y)u
2
x + f2(x, y)u

2
y = g(x, y)h(u).

Ïîäñòàíîâêà w =
∫

du√
h(u)

ïðèâîäèò ê áîëåå ïðîñòîìó Óð×Ï: f1(x, y)w
2
x +

+ f2(x, y)w
2
y = g(x, y). Î ðåøåíèÿõ ýòîãî óðàâíåíèÿ äëÿ íåêîòîðûõ òèïîâ

ïðàâîé ÷àñòè ñì. 4.3.3.1, 4.3.3.2, 4.3.3.4�4.3.3.7, 4.3.3.9�4.3.3.11, 4.3.3.13.

4.3.4. Óðàâíåíèÿ, ñîäåðæàùèå ïðîèçâîëüíûå íåëèíåéíîñòè

îòíîñèòåëüíî ïðîèçâîäíûõ

1. ux + f(uy) = 0.

Ýòî óðàâíåíèå âñòðå÷àåòñÿ â òåîðèè îïòèìàëüíîãî óïðàâëåíèÿ è äè��åðåíöè-

àëüíûõ èãðàõ.

1◦. Ïîëíûé èíòåãðàë: u = C1y − f(C1)x+C2.

2◦. Äè��åðåíöèðóÿ èñõîäíîå Óð×Ï ïî y, ïîëó÷èì êâàçèëèíåéíîå óðàâíå-

íèå âèäà 4.2.3.10:

wx + f ′(w)wy = 0, w = uy.
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3◦. �åøåíèå çàäà÷è Êîøè ñ íà÷àëüíûì óñëîâèåì u(0, y) =ϕ(y) ìîæåò áûòü
ïðåäñòàâëåíî â ïàðàìåòðè÷åñêîì âèäå

y = f ′(ζ)x+ ξ, u =
[
ζf ′(ζ)− f(ζ)

]
x+ ϕ(ξ), ãäå ζ = ϕ′(ξ).

2. ux + f(uy) = g(x).

Ïîëíûé èíòåãðàë: u = C1y − f(C1)x+
∫
g(x) dx+ C2.

3. ux + f(uy) = g(x)y + h(x).

Ïîëíûé èíòåãðàë:

u = ϕ(x)y +
∫ [
h(x)− f

(
ϕ(x)

)]
dx+ C1, ãäå ϕ(x) =

∫
g(x) dx +C2.

4. ux + f(uy) = g(x)u+ h(x).

Ïîëíûé èíòåãðàë:

u=(C1y+C2)ϕ(x)+ϕ(x)
∫ [
h(x)−f(C1ϕ(x))

] dx

ϕ(x)
, ãäå ϕ(x)=exp

[∫
g(x) dx

]
.

5. ux − [g(x)y + h(x)]f(uy) = 0.

Ïîëíûé èíòåãðàë:

u = ϕ(x)y +
∫
f
(
ϕ(x)

)
h(x) dx + C1,

ãäå �óíêöèÿ ϕ(x) çàäàåòñÿ íåÿâíî ñîîòíîøåíèåì
∫

dϕ

f(ϕ)
=

∫
g(x) dx + C2.

6. ux + [g1(x)y + g0(x)]f(uy) + h2(x)u+ h1(x)y + h0(x) = 0.

1◦. Ïîëíûé èíòåãðàë:

u = ϕ(x)y + ψ(x),

ãäå �óíêöèè ϕ= ϕ(x) è ψ = ψ(x) îïðåäåëÿþòñÿ ïóòåì ðåøåíèÿ ñèñòåìû ÎÄÓ:

ϕ′
x + g1(x)f(ϕ) + h2(x)ϕ+ h1(x) = 0, (1)

ψ′
x + g0(x)f(ϕ) + h2(x)ψ + h0(x) = 0. (2)

2◦. Ïðè g1(x) ≡ 0 îáùèå ðåøåíèÿ ÎÄÓ (1) è (2) èìåþò âèä

ϕ(x) = C1H(x)−H(x)
∫
h1(x)

H(x)
dx, H(x) = exp

[
−

∫
h2(x) dx

]
,

ψ(x) = C2H(x)−H(x)
∫

h0(x) + g0(x)f(ϕ(x))

H(x)
dx.

7. ux − uf(uy) = 0.

Ïîëíûé èíòåãðàë:

u = (y + C1)ϕ(x),
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ãäå �óíêöèÿ ϕ(x) îïðåäåëÿåòñÿ íåÿâíî ñ ïîìîùüþ ðàâåíñòâà

∫
dϕ

ϕf(ϕ)
=x+C2.

8. ux − uf(uy/u) = 0.

Ïîëíûé èíòåãðàë: u = C1 exp
[
C2y + f(C2)x

]
.

9. ux − uf(uβuy) = 0.

Ïðè β = −1 ñì. óðàâíåíèå 4.3.4.8. Ïîëíûé èíòåãðàë ïðè β 6= −1:

u =
[
(1 + β)y + C1

] 1
1+β ϕ(x+ C2).

Ôóíêöèÿ ϕ(x) îïðåäåëÿåòñÿ íåÿâíî ñ ïîìîùüþ ñîîòíîøåíèÿ x =
∫

dϕ

ϕf
(
ϕβ+1

)
.

10. ux − f(eβuuy) = 0.

Ïîëíûé èíòåãðàë:

u =
1

β
ln(βy + C1) + ϕ(x+ C2),

ãäå �óíêöèÿ ϕ(x) îïðåäåëÿåòñÿ íåÿâíî ñ ïîìîùüþ ñîîòíîøåíèÿ x=
∫

dϕ

f
(
eβϕ

)
.

11. ux − g(x)uβf(uy/u) = h(x)u.

Ïðåîáðàçîâàíèå

u(x, y) = H(x)z(t, y), t =
∫
g(x)Hβ−1(x) dx, H(x) = exp

[ ∫
h(x) dx

]
,

ïðèâîäèò ê áîëåå ïðîñòîìó óðàâíåíèþ zt − zβf(zy/z) = 0, êîòîðîå ïîñëå

ðàçðåøåíèÿ îòíîñèòåëüíî ïðîèçâîäíîé zy ñâîäèòñÿ ê óðàâíåíèþ âèäà 4.3.4.9.

12. ux − g(x)eβuf(uy) = h(x).

Ïðåîáðàçîâàíèå

u(x, y) = z(t, y) +H(x), t =
∫
g(x) exp

[
βH(x)

]
dx, H(x) =

∫
h(x) dx,

ïðèâîäèò ê áîëåå ïðîñòîìó óðàâíåíèþ zt − eβzf(zy) = 0, êîòîðîå ïîñëå

ðàçðåøåíèÿ îòíîñèòåëüíî ïðîèçâîäíîé zy ñâîäèòñÿ ê óðàâíåíèþ âèäà 4.3.4.10.

13. ux − F
((
x, uy

))
= 0.

Ïîëíûé èíòåãðàë: u =
∫
F (x,C1) dx+ C1y + C2.

14. ux + F
((
x, uy

))
= au.

Ïîëíûé èíòåãðàë: u = eax(C1y + C2)− eax
∫
e−axF (x,C1e

ax) dx.
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15. ux + F
((
x, uy

))
= g(x)u.

Ïîëíûé èíòåãðàë:

u = ϕ(x)(C1y+C2)−ϕ(x)
∫
F
(
x,C1ϕ(x)

) dx

ϕ(x)
, ãäå ϕ(x) = exp

[ ∫
g(x) dx

]
.

16. F
((
ux, uy

))
= 0.

Ïîëíûé èíòåãðàë:

u = C1x+ C2y + C3,

ãäå C1 è C3 �ïðîèçâîëüíûå ïîñòîÿííûå, à ïîñòîÿííàÿ C2 ñâÿçàíà ñ C1 àëãåá-

ðàè÷åñêèì (òðàíñöåíäåíòíûì) óðàâíåíèåì F (C1, C2) = 0.

17. u = xux + yuy + F
((
ux, uy

))
.

Óðàâíåíèå Êëåðî. Ïîëíûé èíòåãðàë: u = C1x+ C2y + F (C1, C2).

18. F1

((
x, ux

))
= F2

((
y, uy

))
.

Óð×Ï ïåðâîãî ïîðÿäêà ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè. Ïîëíûé èíòåãðàë:

u = ϕ(x) + ψ(y) + C1,

ãäå �óíêöèè ϕ = ϕ(x) è ψ = ψ(y) îïðåäåëÿþòñÿ èç äâóõ íåçàâèñèìûõ ÎÄÓ:

F1

(
x, ϕ′

x

)
= C2, F2

(
y, ψ′

y

)
= C2.

19. F1

((
x, ux

))
+ F2

((
y, uy

))
+ au = 0.

Óð×Ï ïåðâîãî ïîðÿäêà ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè. Ïîëíûé èíòåãðàë:

u = ϕ(x) + ψ(y),

ãäå �óíêöèè ϕ = ϕ(x) è ψ = ψ(y) îïðåäåëÿþòñÿ èç äâóõ íåçàâèñèìûõ ÎÄÓ:

F1

(
x, ϕ′

x

)
+ aϕ = C1, F2

(
y, ψ′

y

)
+ aψ = −C1,

ãäå C1 � ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Åñëè a 6= 0, òî â ïîëó÷åííûõ ÎÄÓ ìîæíî

ïîëîæèòü C1 = 0.

20. F1

((
x,

1

u
ux

))
+ ukF2

((
y,

1

u
uy

))
= 0.

Óð×Ï ïåðâîãî ïîðÿäêà ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè. Ïîëíûé èíòåãðàë:

u(x, y) = ϕ(x)ψ(y).

Çäåñü �óíêöèè ϕ = ϕ(x) è ψ = ψ(y) îïðåäåëÿþòñÿ èç äâóõ íåçàâèñèìûõ ÎÄÓ:

ϕ−kF1

(
x, ϕ′

x/ϕ
)
= C, ψkF2

(
y, ψ′

y/ψ
)
= −C,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.
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21. F1

((
x, ux

))
+ eλuF2

((
y, uy

))
= 0.

Óð×Ï ïåðâîãî ïîðÿäêà ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè. Ïîëíûé èíòåãðàë:

u(x, y) = ϕ(x) + ψ(y).

Çäåñü �óíêöèè ϕ = ϕ(x) è ψ = ψ(y) îïðåäåëÿþòñÿ èç äâóõ íåçàâèñèìûõ ÎÄÓ:

e−λϕF1

(
x, ϕ′

x

)
= C, eλψF2

(
y, ψ′

y

)
= −C,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

22. F1

((
x,

1

u
ux

))
+ F2

((
y,

1

u
uy

))
= k lnu.

Óð×Ï ïåðâîãî ïîðÿäêà ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè. Ïîëíûé èíòåãðàë:

u(x, y) = ϕ(x)ψ(y).

Çäåñü �óíêöèè ϕ = ϕ(x) è ψ = ψ(y) îïðåäåëÿþòñÿ èç äâóõ íåçàâèñèìûõ ÎÄÓ:

F1

(
x, ϕ′

x/ϕ
)
− k lnϕ = C, F2

(
y, ψ′

y/ψ
)
− k lnψ = −C,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

23. ux + yF1

((
x, uy

))
+ F2

((
x, uy

))
= 0.

Ïîëíûé èíòåãðàë:

u = ϕ(x)y −
∫
F2

(
x, ϕ(x)

)
dx+ C1,

ãäå �óíêöèÿ ϕ(x) îïðåäåëÿåòñÿ ïóòåì ðåøåíèÿ ÎÄÓ: ϕ′
x + F1(x, ϕ) = 0.

24. F
((
ux + ay, uy + ax

))
= 0.

Ïîëíûé èíòåãðàë: u = −axy + C1x+ C2y + C3, ãäå F (C1, C2) = 0.

25. u2
x + u2

y = F
((
x2 + y2, yux − xuy

))
.

Ïîëíûé èíòåãðàë:

u = −C1 arctg
y

x
+

1

2

∫ √
ξF (ξ, C1)− C2

1
dξ

ξ
+ C2, ãäå ξ = x2 + y2.

26. F
((
x, ux, uy

))
= 0.

Ïîëíûé èíòåãðàë: u = C1y + ϕ(x,C1) + C2, ãäå �óíêöèÿ ϕ = ϕ(x,C1)
îïèñûâàåòñÿ ÎÄÓ: F

(
x, ϕ′

x, C1

)
= 0.

27. F
((
ax+ by, ux, uy

))
= 0.

Ïðè b = 0 ñì. óðàâíåíèå 4.3.4.26. Ïîëíûé èíòåãðàë ïðè b 6= 0:

u = C1x+ ϕ(z, C1) + C2, z = ax+ by,
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ãäå �óíêöèÿ ϕ = ϕ(z) îïèñûâàåòñÿ ÎÄÓ: F
(
z, aϕ′

z + C1, bϕ
′
z

)
= 0.

28. F
((
u, ux, uy

))
= 0.

Ïîëíûé èíòåãðàë:

u = u(z), z = C1x+ C2y,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå, à u = u(z) îïèñûâàåòñÿ àâòîíîìíûì
ÎÄÓ: F

(
u,C1u

′
z, C2u

′
z

)
= 0.

29. F
((
ax+ by + cu, ux, uy

))
= 0.

Ïðè c = 0 ñì. óðàâíåíèå 4.3.4.27. Ïðè c 6= 0 ïîäñòàíîâêà cu = ax + by + cu
ïðèâîäèò ê óðàâíåíèþ âèäà 4.3.4.28: F

(
cu, ux − a/c, uy − b/c

)
= 0.

30. F
((
x, ux + ay, uy + ax

))
= 0.

Ïîëíûé èíòåãðàë:

u = −axy + C1y + ϕ(x) + C2,

ãäå �óíêöèÿ ϕ(x) îïèñûâàåòñÿ ÎÄÓ: F
(
x, ϕ′

x, C1

)
= 0.

31. F
((
x, ux, uy, u− yuy

))
= 0.

Ïîëíûé èíòåãðàë: u = C1y + ϕ(x), ãäå �óíêöèÿ ϕ(x) îïèñûâàåòñÿ ÎÄÓ:

F
(
x, ϕ′

x, C1, ϕ
)
= 0.

32. F
((
u, ux, uy, xux + yuy

))
= 0.

Ïîëíûé èíòåãðàë:

u = ϕ(ξ), ξ = C1x+ C2y,

ãäå �óíêöèÿ ϕ(ξ) îïèñûâàåòñÿ ÎÄÓ: F
(
ϕ, C1ϕ

′
ξ , C2ϕ

′
ξ, ξϕ

′
ξ

)
= 0.

33. F
((
ax+ by, ux, uy, u− xux − yuy

))
= 0.

Ïîëíûé èíòåãðàë:

u = C1x+ C2y + ϕ(ξ), ξ = ax+ by,

ãäå �óíêöèÿ ϕ(ξ) îïèñûâàåòñÿ ÎÄÓ: F
(
ξ, aϕ′

ξ + C1, bϕ
′
ξ + C2, ϕ− ξϕ′

ξ

)
= 0.

34. F
((
x, ux, G

((
y, uy

))))
= 0.

Ïîëíûé èíòåãðàë:

u = ϕ(x,C1) + ψ(y,C1) + C2,

ãäå �óíêöèè ϕ è ψ îïèñûâàþòñÿ äâóìÿ íåçàâèñèìûìè ÎÄÓ

F (x, ϕ′
x, C1) = 0, G(y, ψ′

y) = C1.

�åøèâ ýòè óðàâíåíèÿ îòíîñèòåëüíî ïðîèçâîäíûõ, ìîæíî ïîëó÷èòü ëèíåéíûå

ÎÄÓ, êîòîðûå ëåãêî èíòåãðèðóþòñÿ.
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5. Ëèíåéíûå óðàâíåíèÿ è çàäà÷è

ìàòåìàòè÷åñêîé �èçèêè

◮ Ïðåäâàðèòåëüíûå çàìå÷àíèÿ. Ëèíåéíûìè óðàâíåíèÿìè ìàòåìàòè÷åñêîé

�èçèêè îáû÷íî íàçûâàþòñÿ ëèíåéíûå óðàâíåíèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè

âòîðîãî è áîëåå âûñîêèõ ïîðÿäêîâ, êîòîðûå èñïîëüçóþòñÿ äëÿ îïèñàíèÿ ïðè-

ðîäíûõ ÿâëåíèé èëè ïðîöåññîâ.

Ëèíåéíûå îäíîðîäíûå Óð×Ï ñ ïîñòîÿííûìè êîý��èöèåíòàìè, âêëþ÷àÿ

ëèíåéíûå óðàâíåíèÿ ìàòåìàòè÷åñêîé �èçèêè, à òàêæå íåêîòîðûå ëèíåéíûå

Óð×Ï ñ ïåðåìåííûìè êîý��èöèåíòàìè, äîïóñêàþò ÷àñòíûå ðåøåíèÿ ñ ìóëü-

òèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ â âèäå ïðîèçâåäåíèÿ �óíêöèé, çà-

âèñÿùèõ îò ðàçíûõ íåçàâèñèìûõ ïåðåìåííûõ. Äëÿ ïðîèçâîëüíîãî ëèíåéíîãî

îäíîðîäíîãî Óð×Ï ñïðàâåäëèâ ïðèíöèï ëèíåéíîé ñóïåðïîçèöèè: ëþáàÿ ëèíåé-

íàÿ êîìáèíàöèÿ åãî ÷àñòíûõ (òî÷íûõ) ðåøåíèé òàêæå ÿâëÿåòñÿ ðåøåíèåì ðàñ-

ñìàòðèâàåìîãî óðàâíåíèÿ. Íàèáîëåå ðàñïðîñòðàíåííûìè ìåòîäàìè ðåøåíèÿ

ëèíåéíûõ Óð×Ï ÿâëÿþòñÿ ìåòîäû ðàçäåëåíèÿ ïåðåìåííûõ è èíòåãðàëüíûõ

ïðåîáðàçîâàíèé, ïîçâîëÿþùèå ïðåäñòàâëÿòü ðåøåíèÿ ìíîãèõ çàäà÷ ìàòåìàòè-

÷åñêîé �èçèêè â âèäå áåñêîíå÷íûõ ðÿäîâ è îïðåäåëåííûõ èíòåãðàëîâ.

Â äàííîé ãëàâå äàåòñÿ îïèñàíèå òî÷íûõ ðåøåíèé íàèáîëåå ðàñïðîñòðàíåí-

íûõ ëèíåéíûõ óðàâíåíèé è çàäà÷ ìàòåìàòè÷åñêîé �èçèêè ñ äâóìÿ íåçàâèñèìû-

ìè ïåðåìåííûìè è äðóãèõ ëèíåéíûõ Óð×Ï âòîðîãî è áîëåå âûñîêèõ ïîðÿäêîâ.

5.1. Óðàâíåíèÿ ïàðàáîëè÷åñêîãî òèïà

5.1.1. Óðàâíåíèå òåïëîïðîâîäíîñòè (äè��óçèè) ut = auxx

◮ ×àñòíûå ðåøåíèÿ:

u = Ax+B,

u = A(x2 + 2at) +B,

u = A(x3 + 6atx) +B,

u = A(x4 + 12atx2 + 12a2t2) +B,

u = x2n +

n∑

k=1

(2n)(2n− 1) . . . (2n− 2k + 1)

k!
(at)kx2n−2k,

u = x2n+1 +

n∑

k=1

(2n+ 1)(2n) . . . (2n− 2k + 2)

k!
(at)kx2n−2k+1,

188
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u = A exp(aµ2t± µx) +B,

u = A
1√
t
exp

(
− x2

4at

)
+B,

u = A
x

t3/2
exp

(
− x2

4at

)
+B,

u = A exp(−aµ2t) cos(µx) +B,

u = A exp(−aµ2t) sin(µx) +B,

u = A exp(−µx) cos(µx− 2aµ2t) +B,

u = A exp(−µx) sin(µx− 2aµ2t) +B,

u = A erf
(

x

2
√
at

)
+B,

u = A erfc
(

x

2
√
at

)
+B,

ãäå A, B, µ � ïðîèçâîëüíûå ïîñòîÿííûå, n � ïðîèçâîëüíîå öåëîå ïîëîæè-

òåëüíîå ÷èñëî, erf z ≡ 2√
π

∫ z

0
exp(−ξ2) dξ � èíòåãðàë âåðîÿòíîñòè (�óíêöèÿ

îøèáîê), erfc z = 1− erf z�äîïîëíèòåëüíûé èíòåãðàë âåðîÿòíîñòè.

◮ Ôîðìóëû, ïîçâîëÿþùèå ñòðîèòü ÷àñòíûå ðåøåíèÿ.

Ïóñòü u = u(x, t) � íåêîòîðîå ðåøåíèå óðàâíåíèÿ òåïëîïðîâîäíîñòè. Òîãäà

�óíêöèè

u1 = Au(±λx+ C1, λ
2t+ C2) +B,

u2 = A exp(λx+ aλ2t)u(x+ 2aλt+ C1, t+ C2),

u3 =
A√

|δ + βt|
exp

[
− βx2

4a(δ + βt)

]
u
(
± x

δ + βt
,
γ + λt

δ + βt

)
, λδ − βγ = 1,

ãäå A, B, C1, C2, β, δ, λ�ïðîèçâîëüíûå ïîñòîÿííûå, òàêæå áóäóò ðåøåíèÿìè

ýòîãî óðàâíåíèÿ. Ïîñëåäíÿÿ �îðìóëà îáû÷íî èñïîëüçóåòñÿ ïðè β = 1, γ = −1,
δ = λ = 0.

◮ ×àñòíûå ðåøåíèÿ â âèäå �óíêöèîíàëüíûõ ðÿäîâ.

�åøåíèå, ñîäåðæàùåå ïðîèçâîëüíóþ �óíêöèþ ïðîñòðàíñòâåííîé ïåðåìåííîé:

u(x, t) = f(x) +

∞∑

n=1

(at)n

n!
f (2n)x (x), f (m)

x (x) =
dm

dxm
f(x),

ãäå f(x) � ëþáàÿ áåñêîíå÷íî äè��åðåíöèðóåìàÿ �óíêöèÿ. Ýòî ðåøåíèå óäî-

âëåòâîðÿåò íà÷àëüíîìó óñëîâèþ u(x, 0) = f(x). Ñóììà áóäåò êîíå÷íîé, åñëè

f(x) ÿâëÿåòñÿ ïîëèíîìîì.
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�åøåíèÿ, ñîäåðæàùèå ïðîèçâîëüíûå �óíêöèè âðåìåíè:

u(x, t) = g(t) +

∞∑

n=1

1

an(2n)!
x2ng

(n)
t (t),

u(x, t) = xh(t) + x
∞∑

n=1

1

an(2n+ 1)!
x2nh

(n)
t (t),

ãäå g(t) è h(t)�ëþáûå áåñêîíå÷íî äè��åðåíöèðóåìûå �óíêöèè. Ñóììû áóäóò

êîíå÷íûìè, åñëè g(t) è h(t) ÿâëÿþòñÿ ïîëèíîìàìè. Ïåðâîå ðåøåíèå óäîâëå-

òâîðÿåò ãðàíè÷íîìó óñëîâèþ ïåðâîãî ðîäà u|x=0 = g(t), à âòîðîå�ãðàíè÷íîìó

óñëîâèþ âòîðîãî ðîäà ux|x=0 = h(t).

◮ Çàäà÷à Êîøè è íà÷àëüíî-êðàåâûå çàäà÷è.

Î ðåøåíèÿõ çàäà÷è Êîøè è ðàçëè÷íûõ íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ

òåïëîïðîâîäíîñòè ñì. ðàçä. 5.1.2 ïðè Φ(x, t) ≡ 0.

5.1.2. Íåîäíîðîäíîå óðàâíåíèå òåïëîïðîâîäíîñòè

ut = auxx +Φ(x, t)

◮ Îáëàñòü: −∞ < x < ∞. Çàäà÷à Êîøè.

Çàäàíî íà÷àëüíîå óñëîâèå:

u = f(x) ïðè t = 0.

�åøåíèå:

u =
∫ ∞

−∞
f(ξ)G(x, ξ, t) dξ +

∫ t

0

∫ ∞

−∞
Φ(ξ, τ)G(x, ξ, t − τ) dξ dτ,

ãäå

G(x, ξ, t) =
1

2
√
πat

exp
[
− (x− ξ)2

4at

]
.

◮ Ïðåäñòàâëåíèå ðåøåíèé êðàåâûõ çàäà÷ ñ ïîìîùüþ �óíêöèè �ðèíà.

Áóäåì ðàññìàòðèâàòü êðàåâûå çàäà÷è äëÿ íåîäíîðîäíîãî óðàâíåíèÿ òåïëîïðî-

âîäíîñòè íà îòðåçêå 0 6 x 6 l ñ îáùèì íà÷àëüíûì óñëîâèåì

u = f(x) ïðè t = 0

è ðàçëè÷íûìè îäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè. �åøåíèå ýòèõ çàäà÷ ìî-

æåò áûòü ïðåäñòàâëåíî ñ ïîìîùüþ �óíêöèè �ðèíà â âèäå

u =
∫ l

0
f(ξ)G(x, ξ, t) dξ +

∫ t

0

∫ l

0
Φ(ξ, τ)G(x, ξ, t − τ) dξ dτ.

Çäåñü âåðõíèé ïðåäåë l ìîæåò áûòü êîíå÷íûì èëè áåñêîíå÷íûì; åñëè l = ∞,

òî ñîîòâåòñòâóþùåå åìó ãðàíè÷íîå óñëîâèå íå ñòàâèòñÿ.

Íèæå ïðèâåäåíû �óíêöèè �ðèíà äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè äëÿ ðàç-

ëè÷íûõ òèïîâ îäíîðîäíûõ ãðàíè÷íûõ óñëîâèé.
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◮ Îáëàñòü: 0 6 x < ∞. Ïåðâàÿ êðàåâàÿ çàäà÷à.

Çàäàíî ãðàíè÷íîå óñëîâèå:

u = 0 ïðè x = 0.

Ôóíêöèÿ �ðèíà:

G(x, ξ, t) =
1

2
√
πat

{
exp

[
− (x− ξ)2

4at

]
− exp

[
− (x+ ξ)2

4at

]}
.

◮ Îáëàñòü: 0 6 x < ∞. Âòîðàÿ êðàåâàÿ çàäà÷à.

Çàäàíî ãðàíè÷íîå óñëîâèå:

ux = 0 ïðè x = 0.

Ôóíêöèÿ �ðèíà:

G(x, ξ, t) =
1

2
√
πat

{
exp

[
− (x− ξ)2

4at

]
+ exp

[
− (x+ ξ)2

4at

]}
.

◮ Îáëàñòü: 0 6 x < ∞. Òðåòüÿ êðàåâàÿ çàäà÷à.

Çàäàíî ãðàíè÷íîå óñëîâèå:

ux − ku = 0 ïðè x = 0.

Ôóíêöèÿ �ðèíà:

G(x, ξ, t) =
1

2
√
πat

{
exp

[
− (x− ξ)2

4at

]
+ exp

[
− (x+ ξ)2

4at

]
−

− 2k
∫ ∞

0
exp

[
− (x+ ξ + η)2

4at
− kη

]
dη

}
.

◮ Îáëàñòü: 0 6 x 6 l. Ïåðâàÿ êðàåâàÿ çàäà÷à.

Çàäàíû ãðàíè÷íûå óñëîâèÿ:

u = 0 ïðè x = 0, u = 0 ïðè x = l.

Äâå �îðìû ïðåäñòàâëåíèÿ �óíêöèè �ðèíà:

G(x, ξ, t) =
2

l

∞∑

n=1

sin
(
nπx

l

)
sin

(
nπξ

l

)
exp

(
− an2π2t

l2

)
=

=
1

2
√
πat

∞∑

n=−∞

{
exp

[
− (x− ξ + 2nl)2

4at

]
− exp

[
− (x+ ξ + 2nl)2

4at

]}
.

Ïåðâûé ðÿä áûñòðî ñõîäèòñÿ ïðè áîëüøèõ t, à âòîðîé ðÿä ïðè ìàëûõ t.
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◮ Îáëàñòü: 0 6 x 6 l. Âòîðàÿ êðàåâàÿ çàäà÷à.

Çàäàíû ãðàíè÷íûå óñëîâèÿ:

ux = 0 ïðè x = 0, ux = 0 ïðè x = l.

Äâå �îðìû ïðåäñòàâëåíèÿ �óíêöèè �ðèíà:

G(x, ξ, t) =
1

l
+

2

l

∞∑

n=1

cos
(
nπx

l

)
cos

(
nπξ

l

)
exp

(
− an2π2t

l2

)
=

=
1

2
√
πat

∞∑

n=−∞

{
exp

[
− (x− ξ + 2nl)2

4at

]
+ exp

[
− (x+ ξ + 2nl)2

4at

]}
.

Ïåðâûé ðÿä áûñòðî ñõîäèòñÿ ïðè áîëüøèõ t, à âòîðîé ðÿä ïðè ìàëûõ t.

◮ Îáëàñòü: 0 6 x 6 l. Òðåòüÿ êðàåâàÿ çàäà÷à (k1 > 0, k2 > 0).

Çàäàíû ãðàíè÷íûå óñëîâèÿ:

ux − k1u = 0 ïðè x = 0, ux + k2u = 0 ïðè x = l.

Ôóíêöèÿ �ðèíà:

G(x, ξ, t) =
∞∑

n=1

1

‖yn‖2
yn(x)yn(ξ) exp(−aµ2nt),

yn(x) = cos(µnx) +
k1
µn

sin(µnx), ‖yn‖2 = k2
2µ2

n

µ2
n + k21
µ2
n + k22

+
k1
2µ2

n

+
l

2

(
1 +

k21
µ2
n

)
,

ãäå µn �ïîëîæèòåëüíûå êîðíè òðàíñöåíäåíòíîãî óðàâíåíèÿ

tg(µl)
µ = k1+k2

µ2−k1k2 .

◮ �åøåíèÿ êðàåâûõ çàäà÷ ñ íåîäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè.

Ëþáàÿ ëèíåéíàÿ çàäà÷à ñ ïðîèçâîëüíûìè íåîäíîðîäíûìè êðàåâûìè óñëîâèÿ-

ìè ìîæåò áûòü ñâåäåíà ê ëèíåéíîé çàäà÷å ñ îäíîðîäíûìè êðàåâûìè óñëîâèÿ-

ìè. Äëÿ ýòîãî íàäî ñäåëàòü çàìåíó ïåðåìåííîé

u(x, t) = v(x, t) + ϕ(x, t),

ãäå v � íîâàÿ íåèçâåñòíàÿ �óíêöèÿ, à ϕ � ëþáàÿ �óíêöèÿ, óäîâëåòâîðÿþùàÿ

íåîäíîðîäíûì ãðàíè÷íûì óñëîâèÿì.

Â òàáë. 5.1 ïðèâåäåíû ïðèìåðû òàêèõ ïðåîáðàçîâàíèé äëÿ ëèíåéíûõ êðà-

åâûõ çàäà÷ ñ îäíîé ïðîñòðàíñòâåííîé ïåðåìåííîé äëÿ ïàðàáîëè÷åñêèõ è ãè-

ïåðáîëè÷åñêèõ óðàâíåíèé. Ôóíêöèè g1(t) è g2(t), âõîäÿùèå â íåîäíîðîäíûå

êðàåâûå óñëîâèÿ, ìîãóò áûòü âûáðàíû ïðîèçâîëüíî. Â òðåòüåé êðàåâîé çàäà÷å

ïðåäïîëàãàåòñÿ, ÷òî k1 > 0 è k2 > 0.
Çàìåòèì, ÷òî âûáîð �óíêöèè ϕ íîñèò ÷èñòî àëãåáðàè÷åñêèé õàðàêòåð è íå

ñâÿçàí ñ ðàññìàòðèâàåìûì óðàâíåíèåì; ñóùåñòâóåò áåñêîíå÷íî ìíîãî ïîäõî-

äÿùèõ �óíêöèé ϕ, óäîâëåòâîðÿþùèõ íåîäíîðîäíûì ãðàíè÷íûì óñëîâèÿì.
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Òàáëèöà 5.1. Ïðîñòûå ïðåîáðàçîâàíèÿ âèäà u(x, t) = v(x, t) + ϕ(x, t), ïðèâîäÿùèå ê
îäíîðîäíûì ãðàíè÷íûì óñëîâèÿì â çàäà÷àõ ñ îäíîé ïðîñòðàíñòâåííîé ïåðåìåííîé

(0 6 x 6 l).

� Çàäà÷à �ðàíè÷íûå óñëîâèÿ Ôóíêöèÿ ϕ = ϕ(x, t)

1

Ïåðâàÿ

êðàåâàÿ çàäà÷à

u = g1(t) ïðè x = 0

u = g2(t) ïðè x = l
ϕ = g1(t) +

x

l

[
g2(t)− g1(t)

]

2

Âòîðàÿ

êðàåâàÿ çàäà÷à

ux = g1(t) ïðè x = 0

ux = g2(t) ïðè x = l
ϕ = xg1(t) +

x2

2l

[
g2(t)− g1(t)

]

3

Òðåòüÿ

êðàåâàÿ çàäà÷à

ux − k1u = g1(t) ïðè x = 0

ux + k2u = g2(t) ïðè x = l
ϕ =

(k2x− 1− k2l)g1(t) + (1 + k1x)g2(t)

k2 + k1 + k1k2l

4

Ñìåøàííàÿ

êðàåâàÿ çàäà÷à

u = g1(t) ïðè x = 0

ux = g2(t) ïðè x = l
ϕ = g1(t) + xg2(t)

5

Ñìåøàííàÿ

êðàåâàÿ çàäà÷à

ux = g1(t) ïðè x = 0

u = g2(t) ïðè x = l
ϕ = (x− l)g1(t) + g2(t)

5.1.3. Óðàâíåíèå âèäà ut = auxx + bux + cu + Φ(x, t)

Ïîäñòàíîâêà

u = exp(βt+ µx)v(x, t), β = c− b2

4a
, µ = − b

2a

ïðèâîäèò ê íåîäíîðîäíîìó óðàâíåíèþ òåïëîïðîâîäíîñòè

vt = avxx + exp(−βt− µx)Φ(x, t),

êîòîðîå ðàññìàòðèâàåòñÿ â ðàçä. 5.1.1 è 5.1.2.

5.1.4. Óðàâíåíèå òåïëîïðîâîäíîñòè ñ îñåâîé ñèììåòðèåé

ut = a(urr + r−1ur)

Ýòî äâóìåðíîå óðàâíåíèå òåïëîïðîâîäíîñòè (äè��óçèè), îïèñûâàþùåå íåñòà-

öèîíàðíûå òåïëîâûå ïðîöåññû ñ îñåâîé ñèììåòðèåé, ãäå r =
√
x2 + y2 �

ðàäèàëüíàÿ êîîðäèíàòà.

◮ ×àñòíûå ðåøåíèÿ.

u = A+B ln r,

u = A+B(r2 + 4at),

u = A+B(r4 + 16atr2 + 32a2t2),
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u = A+B
[
r2n +

n∑

k=1

4k[n(n− 1) . . . (n− k + 1)]2

k!
(at)kr2n−2k

]
,

u = A+B
(
4at ln r + r2 ln r − r2

)
,

u = A+
B

t
exp

(
− r2

4at

)
,

u = A+B
∫ ζ

1
e−z dz

z
, ζ =

r2

4at
,

u = A+B exp(−aµ2t)J0(µr),
u = A+B exp(−aµ2t)Y0(µr),
u = A+

B

t
exp

(
− r2 + µ2

4t

)
I0

(
µr

2t

)
,

u = A+
B

t
exp

(
− r2 + µ2

4t

)
K0

(
µr

2t

)
,

ãäå A, B, µ�ïðîèçâîëüíûå ïîñòîÿííûå, n�ïðîèçâîëüíîå öåëîå ïîëîæèòåëü-

íîå ÷èñëî, J0(z) è Y0(z)��óíêöèè Áåññåëÿ, I0(z) è K0(z)�ìîäè�èöèðîâàí-

íûå �óíêöèè Áåññåëÿ.

◮ Ôîðìóëû, ïîçâîëÿþùèå ñòðîèòü ÷àñòíûå ðåøåíèÿ.

Ïóñòü u = u(r, t)� íåêîòîðîå ðåøåíèå óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ îñåâîé

ñèììåòðèåé. Òîãäà �óíêöèè

u1 = Au(±λr, λ2t+ C) +B,

u2 =
A

δ + βt
exp

[
− βr2

4a(δ + βt)

]
u
(
± r

δ + βt
,
γ + λt

δ + βt

)
, λδ − βγ = 1,

ãäå A, B, C , β, δ, λ�ïðîèçâîëüíûå ïîñòîÿííûå, òàêæå áóäóò ðåøåíèÿìè ýòîãî

óðàâíåíèÿ. Ïîñëåäíÿÿ �îðìóëà îáû÷íî èñïîëüçóåòñÿ ïðè β = 1, γ = −1,
δ = λ = 0.

◮ Íà÷àëüíî-êðàåâûå çàäà÷è.

Î ðåøåíèÿõ ðàçëè÷íûõ íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ òåïëîïðîâîä-

íîñòè ñ îñåâîé ñèììåòðèåé ñì. ðàçä. 5.1.5 ïðè Φ(r, t) ≡ 0.

5.1.5. Íåîäíîðîäíîå óðàâíåíèå òåïëîïðîâîäíîñòè ñ îñåâîé

ñèììåòðèåé ut = a(urr + r−1ur) + Φ(r, t)

◮ Ïðåäñòàâëåíèå ðåøåíèé êðàåâûõ çàäà÷ ñ ïîìîùüþ �óíêöèè �ðèíà.

Áóäåì ðàññìàòðèâàòü êðàåâûå çàäà÷è äëÿ íåîäíîðîäíîãî óðàâíåíèÿ òåïëîïðî-

âîäíîñòè ñ îñåâîé ñèììåòðèåé â îáëàñòè 0 6 x 6 R ñ îáùèì íà÷àëüíûì

óñëîâèåì

u = f(r) ïðè t = 0
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è ðàçëè÷íûìè îäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè (èùóòñÿ ðåøåíèÿ, îãðà-

íè÷åííûå ïðè r=0). �åøåíèå ýòèõ çàäà÷ ìîæåò áûòü ïðåäñòàâëåíî ñ ïîìîùüþ
�óíêöèè �ðèíà â âèäå

u =
∫ R

0
f(ξ)G(r, ξ, t) dξ +

∫ t

0

∫ R

0
Φ(ξ, τ)G(r, ξ, t − τ) dξ dτ.

Íèæå ïðèâåäåíû �óíêöèè �ðèíà äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ îñåâîé

ñèììåòðèåé äëÿ ðàçëè÷íûõ òèïîâ îäíîðîäíûõ ãðàíè÷íûõ óñëîâèé.

◮ Îáëàñòü: 0 6 r 6 R. Ïåðâàÿ êðàåâàÿ çàäà÷à.

Çàäàíî ãðàíè÷íîå óñëîâèå:

u = 0 ïðè r = R.

Ôóíêöèÿ �ðèíà:

G(r, ξ, t) =
2

R2

∞∑

n=1

ξ

J2
1 (µn)

J0

(
µn

r

R

)
J0

(
µn

ξ

R

)
exp

(
− aµ2

nt

R2

)
,

ãäå µn � ïîëîæèòåëüíûå êîðíè òðàíñöåíäåíòíîãî óðàâíåíèÿ J0(µ) = 0, ãäå
J0(µ) � �óíêöèÿ Áåññåëÿ íóëåâîãî ïîðÿäêà. Íèæå ïðèâåäåíû ÷èñëåííûå çíà-

÷åíèÿ ïåðâûõ äåñÿòè êîðíåé (ñ òî÷íîñòüþ äî ÷åòâåðòîãî çíàêà ïîñëå çàïÿòîé):

µ1 = 2.4048, µ2 = 5.5201, µ3 = 8.6537, µ4 = 11.7915, µ5 = 14.9309,

µ6 = 18.0711, µ7 = 21.2116, µ8 = 24.3525, µ9 = 27.4935, µ10 = 30.6346.

Íóëè �óíêöèè Áåññåëÿ J0(µ) ìîãóò áûòü àïïðîêñèìèðîâàíû �îðìóëîé

µn = 2.4 + 3.13(n − 1) (n = 1, 2, 3, . . .),

ïîãðåøíîñòü êîòîðîé ñîñòàâëÿåò îêîëî 0.3%. Ïðè n→∞ èìååì µn+1−µn→π.

◮ Îáëàñòü: 0 6 r 6 R. Âòîðàÿ êðàåâàÿ çàäà÷à.

Çàäàíî ãðàíè÷íîå óñëîâèå:

ur = 0 ïðè r = R.

Ôóíêöèÿ �ðèíà:

G(r, ξ, t) =
2

R2
ξ +

2

R2

∞∑

n=1

ξ

J2
0 (µn)

J0

(
µnr

R

)
J0

(
µnξ

R

)
exp

(
− aµ2

nt

R2

)
,

ãäå µn � ïîëîæèòåëüíûå êîðíè òðàíñöåíäåíòíîãî óðàâíåíèÿ J1(µ) = 0, ãäå
J1(µ)��óíêöèÿ Áåññåëÿ ïåðâîãî ïîðÿäêà. Íèæå ïðèâåäåíû ÷èñëåííûå çíà÷å-

íèÿ ïåðâûõ äåñÿòè êîðíåé (ñ òî÷íîñòüþ äî ÷åòâåðòîãî çíàêà ïîñëå çàïÿòîé):

µ1 = 3.8317, µ2 = 7.0156, µ3 = 10.1735, µ4 = 13.3237, µ5 = 16.4706,

µ6 = 19.6159, µ7 = 22.7601, µ8 = 25.9037, µ9 = 29.0468, µ10 = 32.1897.

Ïðè n→ ∞ èìååì µn+1 − µn → π.
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◮ Îáëàñòü: 0 6 r 6 R. Òðåòüÿ êðàåâàÿ çàäà÷à.

Çàäàíî ãðàíè÷íîå óñëîâèå:

ur + ku = g(t) ïðè r = R.

Ôóíêöèÿ �ðèíà:

G(r, ξ, t) =
2

R2

∞∑

n=1

µ2
nξ

(k2R2 + µ2
n)J

2
0 (µn)

J0

(
µnr

R

)
J0

(
µnξ

R

)
exp

(
− aµ2

nt

R2

)
,

ãäå µn �ïîëîæèòåëüíûå êîðíè òðàíñöåíäåíòíîãî óðàâíåíèÿ

µJ1(µ)− kRJ0(µ) = 0.

×èñëåííûå çíà÷åíèÿ ïåðâûõ øåñòè êîðíåé µn ìîæíî íàéòè â êíèãå Êàðñëîó &
Åãåð (1964).

5.1.6. Óðàâíåíèå òåïëîïðîâîäíîñòè ñ öåíòðàëüíîé ñèììåòðèåé

ut = a(urr + 2r−1ur)

Ýòî òðåõìåðíîå óðàâíåíèå òåïëîïðîâîäíîñòè (äè��óçèè), îïèñûâàþùåå

íåñòàöèîíàðíûå òåïëîâûå ïðîöåññû ñ öåíòðàëüíîé (ðàäèàëüíîé) ñèììåòðè-

åé, ãäå r =
√
x2 + y2 + z2 �ðàäèàëüíàÿ êîîðäèíàòà.

◮ ×àñòíûå ðåøåíèÿ.

u = A+Br−1,

u = A+B(r2 + 6at),

u = A+B(r4 + 20atr2 + 60a2t2),

u = A+B
[
r2n +

n∑

k=1

(2n+ 1)(2n) . . . (2n− 2k + 2)

k!
(at)kr2n−2k

]
,

u = A+ 2aBtr−1 +Br,

u = Ar−1 exp(aµ2t± µr) +B,

u = A+
B

t3/2
exp

(
− r2

4at

)
,

u = A+
B

r
√
t
exp

(
− r2

4at

)
,

u = Ar−1 exp(−aµ2t) cos(µr +B) +C,

u = Ar−1 exp(−µr) cos(µr − 2aµ2t+B) + C,

u =
A

r
erf

(
r

2
√
at

)
+B,

ãäå A, B, C , µ� ïðîèçâîëüíûå ïîñòîÿííûå, n� ïðîèçâîëüíîå öåëîå ïîëîæè-

òåëüíîå ÷èñëî, erf z ��óíêöèÿ îøèáîê.



5.1. Óðàâíåíèÿ ïàðàáîëè÷åñêîãî òèïà 197

◮ Ôîðìóëû, ïîçâîëÿþùèå ñòðîèòü ÷àñòíûå ðåøåíèÿ.

Ïóñòü u = u(r, t) � íåêîòîðîå ðåøåíèå óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ öåí-

òðàëüíîé ñèììåòðèåé. Òîãäà �óíêöèè

u1 = Au(±λr, λ2t+ C) +B,

u2 =
A

|δ + βt|3/2 exp
[
− βr2

4a(δ + βt)

]
u
(
± r

δ + βt
,
γ + λt

δ + βt

)
, λδ − βγ = 1,

ãäå A, B, C , β, δ, λ�ïðîèçâîëüíûå ïîñòîÿííûå, òàêæå áóäóò ðåøåíèÿìè ýòîãî

óðàâíåíèÿ. Ïîñëåäíÿÿ �îðìóëà îáû÷íî èñïîëüçóåòñÿ ïðè β = 1, γ = −1,
δ = λ = 0.

◮ Ïðåîáðàçîâàíèå ê óðàâíåíèþ òåïëîïðîâîäíîñòè ñ ïîñòîÿííûìè

êîý��èöèåíòàìè.

Çàìåíà u = v(r, t)/r ïðèâîäèò ðàññìàòðèâàåìîå óðàâíåíèå ñ ïåðåìåííûìè

êîý��èöèåíòàìè ê îáû÷íîìó óðàâíåíèþ òåïëîïðîâîäíîñòè ñ ïîñòîÿííûìè

êîý��èöèåíòàìè vt = avrr, êîòîðîå ðàññìàòðèâàåòñÿ â ðàçä. 5.1.1.

◮ Íà÷àëüíî-êðàåâûå çàäà÷è.

Î ðåøåíèÿõ ðàçëè÷íûõ íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ òåïëîïðîâîä-

íîñòè ñ öåíòðàëüíîé ñèììåòðèåé ñì. ðàçä. 5.1.7 ïðè Φ(r, t) ≡ 0.

5.1.7. Íåîäíîðîäíîå óðàâíåíèå òåïëîïðîâîäíîñòè ñ

öåíòðàëüíîé ñèììåòðèåé ut = a(urr + 2r−1ur) + Φ(r, t)

◮ Ïðåäñòàâëåíèå ðåøåíèé êðàåâûõ çàäà÷ ñ ïîìîùüþ �óíêöèè �ðèíà.

Áóäåì ðàññìàòðèâàòü êðàåâûå çàäà÷è äëÿ íåîäíîðîäíîãî óðàâíåíèÿ òåïëîïðî-

âîäíîñòè ñ öåíòðàëüíîé ñèììåòðèåé â îáëàñòè 0 6 x 6 R ñ îáùèì íà÷àëüíûì

óñëîâèåì

u = f(r) ïðè t = 0

è ðàçëè÷íûìè îäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè (èùóòñÿ ðåøåíèÿ, îãðà-

íè÷åííûå ïðè r=0). �åøåíèå ýòèõ çàäà÷ ìîæåò áûòü ïðåäñòàâëåíî ñ ïîìîùüþ
�óíêöèè �ðèíà â âèäå

u =
∫ R

0
f(ξ)G(r, ξ, t) dξ +

∫ t

0

∫ R

0
Φ(ξ, τ)G(r, ξ, t − τ) dξ dτ.

Íèæå ïðèâåäåíû �óíêöèè �ðèíà äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ öåí-

òðàëüíîé ñèììåòðèåé äëÿ ðàçëè÷íûõ òèïîâ îäíîðîäíûõ ãðàíè÷íûõ óñëîâèé.
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◮ Îáëàñòü: 0 6 r 6 R. Ïåðâàÿ êðàåâàÿ çàäà÷à.

Çàäàíî ãðàíè÷íîå óñëîâèå:

u = 0 ïðè r = R.

Ôóíêöèÿ �ðèíà:

G(r, ξ, t) =
2ξ

Rr

∞∑

n=1

sin
(
nπr

R

)
sin

(
nπξ

R

)
exp

(
− an2π2t

R2

)
.

◮ Îáëàñòü: 0 6 r 6 R. Âòîðàÿ êðàåâàÿ çàäà÷à.

Çàäàíî ãðàíè÷íîå óñëîâèå:

ur = 0 ïðè r = R.

Ôóíêöèÿ �ðèíà:

G(r, ξ, t) =
3ξ2

R3
+

2ξ

Rr

∞∑

n=1

µ2
n + 1

µ2
n

sin
(
µnr

R

)
sin

(
µnξ

R

)
exp

(
− aµ2

nt

R2

)
,

ãäå µn � ïîëîæèòåëüíûå êîðíè òðàíñöåíäåíòíîãî óðàâíåíèÿ tg µ − µ = 0.
Íèæå ïðèâåäåíû ÷èñëåííûå çíà÷åíèÿ ïåðâûõ ïÿòè êîðíåé (ñ òî÷íîñòüþ äî

÷åòâåðòîãî çíàêà ïîñëå çàïÿòîé):

µ1 = 4.4934, µ2 = 7.7253, µ3 = 10.9041, µ4 = 14.0662, µ5 = 17.2208.

Ïðè n > 2 äëÿ âû÷èñëåíèÿ êîðíåé óðàâíåíèÿ tg µ − µ = 0 öåëåñîîáðàçíî

èñïîëüçîâàòü ïðèáëèæåííóþ �îðìóëó

µn =
(2n+ 1)π

2
− 2

(2n+ 1)π
,

ìàêñèìàëüíàÿ ïîãðåøíîñòü êîòîðîé ñîñòàâëÿåò ìåíüøå 0.02% (ïðè n = 2) è
óìåíüøàåòñÿ ïðè óâåëè÷åíèè n.

◮ Îáëàñòü: 0 6 r 6 R. Òðåòüÿ êðàåâàÿ çàäà÷à.

Çàäàíî ãðàíè÷íîå óñëîâèå:

ur + ku = g(t) ïðè r = R.

Ôóíêöèÿ �ðèíà:

G(r, ξ, t) =
2ξ

Rr

∞∑

n=1

µ2
n + (kR − 1)2

µ2
n + kR(kR − 1)

sin
(
µnr

R

)
sin

(
µnξ

R

)
exp

(
− aµ2

nt

R2

)
,

ãäå µn �ïîëîæèòåëüíûå êîðíè òðàíñöåíäåíòíîãî óðàâíåíèÿ

µ ctg µ+ kR− 1 = 0.

×èñëåííûå çíà÷åíèÿ ïåðâûõ øåñòè êîðíåé µn ìîæíî íàéòè â êíèãå Êàðñëîó &
Åãåð (1964).
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5.1.8. Óðàâíåíèå âèäà ut = uxx + (1 − 2β)x−1ux

Ýòî óðàâíåíèå òèïà òåïëîïðîâîäíîñòè âñòðå÷àåòñÿ â çàäà÷àõ äè��óçèîííîãî

ïîãðàíè÷íîãî ñëîÿ. Ïðè β = 0, β = 1
2 , β = − 1

2 ñì. óðàâíåíèÿ â ðàçä. 5.1.4,

5.1.1, 5.1.6 ñîîòâåòñòâåííî.

◮ ×àñòíûå ðåøåíèÿ.

u = A+Bx2β,

u = A+ 4(1 − β)Bt+Bx2,

u = A+ 16(2 − β)(1 − β)Bt2 + 8(2− β)Btx2 +Bx4,

u = x2n +

n∑

p=1

4p

p!
sn,psn−β,pt

px2(n−p), sq,p = q(q − 1) . . . (q − p+ 1),

u = A+ 4(1 + β)Btx2β +Bx2β+2,

u = A+Btβ−1 exp
(
− x2

4t

)
,

u = A+B
x2β

tβ+1
exp

(
− x2

4t

)
,

u = A+Bγ
(
β,

x2

4t

)
,

u = A+B exp(−µ2t)xβJβ(µx),
u = A+B exp(−µ2t)xβYβ(µx),

u = A+B
xβ

t
exp

(
− x2 + µ2

4t

)
I±β

(
µx

2t

)
,

u = A+B
xβ

t
exp

(
− x2 + µ2

4t

)
Kβ

(
µx

2t

)
,

ãäå A, B, µ�ïðîèçâîëüíûå ïîñòîÿííûå, n�ïðîèçâîëüíîå ïîëîæèòåëüíîå öå-

ëîå ÷èñëî, γ(β, z)=
∫ z

0
e−ξξβ−1 dξ�íåïîëíàÿ ãàììà-�óíêöèÿ, Γ(β)=γ(β,∞)�

ãàììà-�óíêöèÿ, Jβ(z) è Yβ(z)��óíêöèè Áåññåëÿ, Iβ(z) è Kβ(z)�ìîäè�èöè-

ðîâàííûå �óíêöèè Áåññåëÿ.

◮ Ôîðìóëû, ïîçâîëÿþùèå ñòðîèòü ÷àñòíûå ðåøåíèÿ.

Ïóñòü u = u(x, t) � íåêîòîðîå ðåøåíèå ðàññìàòðèâàåìîãî óðàâíåíèÿ. Òîãäà

�óíêöèè

u1 = Au(±λx, λ2t+ C),

u2 = A|a+ bt|β−1 exp
[
− bx2

4(a+ bt)

]
u
(
± x

a+ bt
,
c+ kt

a + bt

)
, ak − bc = 1,

ãäå A, C , a, b, c � ïðîèçâîëüíûå ïîñòîÿííûå, òàêæå áóäóò ðåøåíèÿìè ýòîãî

óðàâíåíèÿ. Ïîñëåäíÿÿ �îðìóëà îáû÷íî èñïîëüçóåòñÿ ïðè a = k = 0, b = 1,
c = −1.
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2◦. Çàìåíà u=x2βv(x, t) ïðèâîäèò óðàâíåíèå ñ ïàðàìåòðîì β ê óðàâíåíèþ

òàêîãî æå âèäà ñ ïàðàìåòðîì −β:

vt = vxx + (1 + 2β)x−1vx.

◮ Îáëàñòü: 0 6 x < ∞. Ïåðâàÿ êðàåâàÿ çàäà÷à.

Çàäàíû íà÷àëüíîå è ãðàíè÷íîå óñëîâèÿ:

u = f(x) ïðè t = 0, u = g(t) ïðè x = 0.

�åøåíèå ïðè 0 < β < 1:

u =
xβ

2t

∫ ∞

0
f(ξ)ξ1−β exp

(
− x2 + ξ2

4t

)
Iβ

(
ξx

2t

)
dξ +

+
x2β

22β+1Γ(β + 1)

∫ t

0
g(τ) exp

[
− x2

4(t− τ )

]
dτ

(t− τ )1+β
.

◮ Îáëàñòü: 0 6 x < ∞. Âòîðàÿ êðàåâàÿ çàäà÷à.

Çàäàíû íà÷àëüíîå è ãðàíè÷íîå óñëîâèÿ:

u = f(x) ïðè t = 0, (x1−2βux) = g(t) ïðè x = 0.

�åøåíèå ïðè 0 < β < 1:

u =
xβ

2t

∫ ∞

0
f(ξ)ξ1−β exp

(
− x2 + ξ2

4t

)
I−β

(
ξx

2t

)
dξ −

− 22β−1

Γ(1− β)

∫ t

0
g(τ) exp

[
− x2

4(t− τ )

]
dτ

(t− τ )1−β
.

5.1.9. Óðàâíåíèå òåïëîïðîâîäíîñòè âèäà ut = [f(x)ux]x

Ýòî óðàâíåíèå îïèñûâàåò ðàñïðîñòðàíåíèå òåïëà â íåïîäâèæíîé ñðåäå (òâåð-

äîì òåëå), êîãäà çàâèñèìîñòü êîý��èöèåíòà òåìïåðàòóðîïðîâîäíîñòè îò êîîð-

äèíàòû x çàäàåòñÿ �óíêöèåé f(x).

1◦. Äëÿ ëþáîé f(x) ðàññìàòðèâàåìîå óðàâíåíèå äîïóñêàåò òî÷íûå ðåøåíèÿ
ïîëèíîìèàëüíîãî âèäà ïî t:

un(x, t) =

n∑

k=0

tkϕn,k(x),

ãäå n�ëþáîå ïîëîæèòåëüíîå öåëîå ÷èñëî.
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Íèæå ïðèâåäåíû ïðèìåðû ÷àñòíûõ ðåøåíèé òàêîãî òèïà:

u=A+B
∫

dx

f(x)
,

u=At+A
∫
xdx

f(x)
+B,

u=Atϕ(x)+A
∫ (∫

ϕ(x)dx
)

dx

f(x)
+B, ϕ(x)=

∫
dx

f(x)
,

u=At2+2Atψ(x)+2A
∫ (∫

ψ(x)dx
)

dx

f(x)
+B, ψ(x)=

∫
xdx

f(x)
,

u=At2ϕ(x)+2AtI(x)+2A
∫ (∫

I(x)dx
)
dx

f(x)
+B, I(x)=

∫ (∫
ϕ(x)dx

)
dx

f(x)
,

ãäå A è B �ïðîèçâîëüíûå ïîñòîÿííûå.

2◦. Èìåþòñÿ ÷àñòíûå ðåøåíèÿ ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðå-

ìåííûõ âèäà

u = e−λtw(x),

ãäå λ�ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ w(x) îïðåäåëÿåòñÿ ïóòåì ðåøåíèÿ

ñëåäóþùåãî ëèíåéíîãî ÎÄÓ âòîðîãî ïîðÿäêà:

[f(x)w′
x]

′
x + λw = 0.

3◦. �åøåíèå â âèäå áåñêîíå÷íîãî ðÿäà:

u = Θ(x) +
∞∑

n=1

1

n!
tnLn

[
Θ(x)

]
, L ≡ d

dx

[
f(x)

d

dx

]
,

ñîäåðæàùåå ïðîèçâîëüíóþ �óíêöèþ ïðîñòðàíñòâåííîé ïåðåìåííîé Θ=Θ(x).
Ýòî ðåøåíèå óäîâëåòâîðÿåò íà÷àëüíîìó óñëîâèþ u(x, 0) = Θ(x).

5.1.10. Óðàâíåíèå âèäà s(x)ut = [p(x)ux]x − q(x)u+ Φ(x, t)

Óðàâíåíèÿ ýòîãî âèäà ÷àñòî âñòðå÷àþòñÿ â òåîðèè òåïëî- è ìàññîïåðåíîñà è

õèìè÷åñêîé òåõíîëîãèè. Äàëåå ñ÷èòàåòñÿ, ÷òî �óíêöèè s, p, p′x, q � íåïðåðûâ-

íû, s > 0, p > 0 è x1 6 x 6 x2.

◮ Îáùèå �îðìóëû äëÿ ðåøåíèÿ ëèíåéíûõ íåîäíîðîäíûõ êðàåâûõ çàäà÷.

�åøåíèå äàííîãî óðàâíåíèÿ ñ íà÷àëüíûì óñëîâèåì

u = f(x) ïðè t = 0

è ïðîèçâîëüíûìè ëèíåéíûìè íåîäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè

a1ux + b1u = g1(t) ïðè x = x1,

a2ux + b2u = g2(t) ïðè x = x2,
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ìîæíî çàïèñàòü â âèäå ñóììû

u(x, t) =
∫ t

0

∫ x2

x1
Φ(ξ, τ)G(x, ξ, t − τ) dξ dτ +

∫ x2

x1
s(ξ)f(ξ)G(x, ξ, t) dξ +

+ p(x1)
∫ t

0
g1(τ)Λ1(x, t− τ) dτ + p(x2)

∫ t

0
g2(τ)Λ2(x, t− τ) dτ.

(1)

Çäåñü ìîäè�èöèðîâàííàÿ �óíêöèÿ �ðèíà îïðåäåëÿåòñÿ ïî �îðìóëå

G(x, ξ, t) =
∞∑

n=1

yn(x)yn(ξ)

‖yn‖2
exp(−λnt), ‖yn‖2 =

∫ x2

x1
s(x)y2n(x) dx, (2)

ãäå λn è yn(x)� ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå �óíêöèè çàäà÷è Øòóð-

ìà�Ëèóâèëëÿ äëÿ ëèíåéíîãî îäíîðîäíîãî ÎÄÓ âòîðîãî ïîðÿäêà:

[p(x)y′x]
′
x + [λs(x)− q(x)]y = 0,

a1y
′
x + b1y = 0 ïðè x = x1,

a2y
′
x + b2y = 0 ïðè x = x2.

(3)

Ôóíêöèè Λ1(x, t) è Λ2(x, t), âõîäÿùèå â ïîäûíòåãðàëüíûå âûðàæåíèÿ äâóõ

ïîñëåäíèõ ñëàãàåìûõ â ðåøåíèè (1), âûðàæàþòñÿ ÷åðåç �óíêöèþ �ðèíà (2).

Ñîîòâåòñòâóþùèå �îðìóëû äëÿ îñíîâíûõ òèïîâ ãðàíè÷íûõ óñëîâèé ïðèâåäå-

íû â òàáë. 5.2.

Òàáëèöà 5.2. Ôîðìóëû äëÿ îïðåäåëåíèÿ �óíêöèé Λ1(x, t) è Λ2(x, t), âõîäÿùèõ â

ïîäûíòåãðàëüíûå âûðàæåíèÿ äâóõ ïîñëåäíèõ ÷ëåíîâ ðåøåíèÿ (1).

Êðàåâàÿ çàäà÷à �ðàíè÷íûå óñëîâèÿ Ôóíêöèè Λm(x, t)

Ïåðâàÿ êðàåâàÿ çàäà÷à

(a1 = a2 = 0, b1 = b2 = 1)

u = g1(t) ïðè x = x1

u = g2(t) ïðè x = x2

Λ1(x, t) =
∂
∂ξ

G(x, ξ, t)
∣∣
ξ=x1

Λ2(x, t) = − ∂
∂ξ

G(x, ξ, t)
∣∣
ξ=x2

Âòîðàÿ êðàåâàÿ çàäà÷à

(a1 = a2 = 1, b1 = b2 = 0)

ux = g1(t) ïðè x = x1

ux = g2(t) ïðè x = x2

Λ1(x, t) = −G(x, x1, t)

Λ2(x, t) = G(x, x2, t)

Òðåòüÿ êðàåâàÿ çàäà÷à

(a1 = a2 = 1, b1 < 0, b2 > 0)

ux + b1u = g1(t) ïðè x = x1

ux + b2u = g2(t) ïðè x = x2

Λ1(x, t) = −G(x, x1, t)

Λ2(x, t) = G(x, x2, t)

Ñìåøàííàÿ êðàåâàÿ çàäà÷à

(a1 = b2 = 0, a2 = b1 = 1)

u = g1(t) ïðè x = x1

ux = g2(t) ïðè x = x2

Λ1(x, t) =
∂
∂ξ

G(x, ξ, t)
∣∣
ξ=x1

Λ2(x, t) = G(x, x2, t)

Ñìåøàííàÿ êðàåâàÿ çàäà÷à

(a1 = b2 = 1, a2 = b1 = 0)

ux = g1(t) ïðè x = x1

u = g2(t) ïðè x = x2

Λ1(x, t) = −G(x, x1, t)

Λ2(x, t) = − ∂
∂ξ

G(x, ξ, t)
∣∣
ξ=x2

◮ Îáùèå ñâîéñòâà çàäà÷è Øòóðìà�Ëèóâèëëÿ (3).

1◦. Ñóùåñòâóåò áåñêîíå÷íîå ìíîæåñòâî ñîáñòâåííûõ çíà÷åíèé. Âñå ñîá-

ñòâåííûå çíà÷åíèÿ âåùåñòâåííû è ìîãóò áûòü óïîðÿäî÷åíû λ1 < λ2 < λ3 <



5.1. Óðàâíåíèÿ ïàðàáîëè÷åñêîãî òèïà 203

· · · , ïðè÷åì λn → ∞ n → ∞ (ïîýòîìó ìîæåò áûòü ëèøü êîíå÷íîå ÷èñëî

îòðèöàòåëüíûõ ñîáñòâåííûõ çíà÷åíèé). Êàæäîå ñîáñòâåííîå çíà÷åíèå èìååò

êðàòíîñòü 1.

2◦. Ñîáñòâåííûå �óíêöèè îïðåäåëÿþòñÿ ñ òî÷íîñòüþ äî ïîñòîÿííîãî ìíî-

æèòåëÿ. Êàæäàÿ ñîáñòâåííàÿ �óíêöèÿ yn(x) èìååò â îòêðûòîì èíòåðâàëå

(x1, x2) ðîâíî n− 1 íóëåé.

3◦. Ñîáñòâåííûå �óíêöèè yn(x) è ym(x) ïðè n 6= m îðòîãîíàëüíû ìåæäó

ñîáîé ñ âåñîì s(x) íà îòðåçêå x1 6 x 6 x2:

∫ x2

x1
s(x)yn(x)ym(x) dx = 0 ïðè n 6= m.

4◦. Ïðîèçâîëüíàÿ �óíêöèÿ F (x), èìåþùàÿ íåïðåðûâíóþ ïðîèçâîäíóþ è

óäîâëåòâîðÿþùàÿ ãðàíè÷íûì óñëîâèÿì çàäà÷è Øòóðìà�Ëèóâèëëÿ, ðàçëàãàåò-

ñÿ â àáñîëþòíî è ðàâíîìåðíî ñõîäÿùèéñÿ ðÿä ïî ñîáñòâåííûì �óíêöèÿì:

F (x) =
∞∑

n=1

Fnyn(x), Fn =
1

‖yn‖2
∫ x2

x1
s(x)F (x)yn(x) dx,

ãäå �îðìóëà äëÿ íîðìû ‖yn‖2 ïðèâåäåíà â (2).
5◦. Ïðè âûïîëíåíèè óñëîâèé

q(x) > 0, a1b1 6 0, a2b2 > 0 (4)

îòðèöàòåëüíûõ ñîáñòâåííûõ çíà÷åíèé íåò. Åñëè q ≡ 0 è b1 = b2 = 0, òî íàè-

ìåíüøèì ñîáñòâåííûì çíà÷åíèåì áóäåò λ1 =0, êîòîðîìó îòâå÷àåò ñîáñòâåííàÿ
�óíêöèÿ ϕ1 = const. Â îñòàëüíûõ ñëó÷àÿõ ïðè âûïîëíåíèè óñëîâèé (4) âñå

ñîáñòâåííûå çíà÷åíèÿ ïîëîæèòåëüíû.

6◦. Äëÿ ñîáñòâåííûõ çíà÷åíèé ñïðàâåäëèâà àñèìïòîòè÷åñêàÿ �îðìóëà ïðè

n→ ∞:

λn =
π2n2

∆2
+O(1), ∆ =

∫ x2

x1

√
s(x)

p(x)
dx.

5.1.11. Óðàâíåíèå ìàññîïåðåíîñà â æèäêîé ïëåíêå

(1 − y2)ux = auyy

Ýòî óðàâíåíèå îïèñûâàåò óñòàíîâèâøèéñÿ òåïëî- è ìàññîîáìåí â ïëåíêå æèä-

êîñòè ñ ïàðàáîëè÷åñêèì ïðî�èëåì ñêîðîñòè. Ïåðåìåííûå èìåþò ñëåäóþùèé

�èçè÷åñêèé ñìûñë: u � áåçðàçìåðíàÿ òåìïåðàòóðà (êîíöåíòðàöèÿ); x è y �
áåçðàçìåðíûå êîîðäèíàòû, îòñ÷èòûâàåìûå ñîîòâåòñòâåííî âäîëü è ïîïåðåê

ïëåíêè (y = 0 ñîîòâåòñòâóåò ñâîáîäíîé ïîâåðõíîñòè ïëåíêè, à y = 1�òâåðäîé

ïîâåðõíîñòè, ïî êîòîðîé ïëåíêà ñòåêàåò); Pe = 1/a� ÷èñëî Ïåêëå. Â ïðàêòè-

÷åñêèõ ïðèëîæåíèÿõ îáû÷íî âñòðå÷àþòñÿ ñìåøàííûå ãðàíè÷íûå óñëîâèÿ.
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◮ ×àñòíûå ðåøåíèÿ:

u(x, y) = kx− k

12a
y4 +

k

2a
y2 +Ay +B,

u(x, y) = A exp
(
−aλ2x

)
exp

(
− 1

2 λy
2
)
Φ
(
1
4 − 1

4 λ,
1
2 ; λy

2
)
,

u(x, y) = A exp
(
−aλ2x

)
y exp

(
− 1

2 λy
2
)
Φ
(
3
4 − 1

4 λ,
3
2 ; λy

2
)
,

Φ(α, β; z) = 1 +
∞∑
m=1

α(α+ 1) . . . (α+m− 1)

β(β + 1) . . . (β +m− 1)

zm

m!
,

ãäå A, B, k, λ�ïðîèçâîëüíûå ïîñòîÿííûå, à Φ(α, β; z)�âûðîæäåííàÿ ãèïåð-

ãåîìåòðè÷åñêàÿ �óíêöèÿ.

◮ Ìàññîîáìåí ìåæäó ïëåíêîé æèäêîñòè è ãàçîì.

Ìàññîîáìåí ìåæäó ïëåíêîé æèäêîñòè è ãàçîì íàä ñâîáîäíîé ïîâåðõíîñòüþ

ïðè ïîñòîÿííîé êîíöåíòðàöèè ïðèìåñè ó ïîâåðõíîñòè ïëåíêè è îòñóòñòâèè

ìàññîïåðåíîñà ÷åðåç òâåðäóþ ïîâåðõíîñòü õàðàêòåðèçóåòñÿ ãðàíè÷íûìè óñëî-

âèÿìè

u = 0 ïðè x = 0 (0 < y < 1),

u = 1 ïðè y = 0 (x > 0),

uy = 0 ïðè y = 1 (x > 0).

�åøåíèå èñõîäíîãî óðàâíåíèÿ ñ ó÷åòîì ýòèõ ãðàíè÷íûõ óñëîâèé èìååò âèä

u(x, y) = 1−
∞∑

m=1

Am exp
(
−aλ2mx

)
Fm(y),

Fm(y) = y exp
(
− 1

2 λmy
2
)
Φ
(
3
4 − 1

4 λm,
3
2 ; λmy

2
)
,

(1)

ãäå �óíêöèè Fm è êîý��èöèåíòû Am è λm íå çàâèñÿò îò ïàðàìåòðà a.
Ñîáñòâåííûå çíà÷åíèÿ λm îïðåäåëÿþòñÿ èç òðàíñöåíäåíòíîãî óðàâíåíèÿ

λmΦ
(
3
4 − 1

4 λm,
3
2 ; λm

)
− Φ

(
3
4 − 1

4 λm,
1
2 ; λm

)
= 0,

à êîý��èöèåíòû ðÿäà Am âû÷èñëÿþòñÿ ïî �îðìóëàì

Am =

∫ 1

0

(1− y2)Fm(y) dy

∫ 1

0

(1− y2)
[
Fm(y)

]2
dy

, ãäå m = 1, 2, . . .

Â òàáë. 5.3 ïðèâåäåíû ïåðâûå äåñÿòü ñîáñòâåííûõ çíà÷åíèé λm è êîý��è-

öèåíòîâ Am (ïî äàííûì Rotem & Neilson, 1966).

�ëàâíûé ÷ëåí àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ ðåøåíèÿ ïðè ax→ 0 èìååò âèä

u = erfc
(

y

2
√
ax

)
,

ãäå erfc z =
∫ ∞

z
exp

(
−ξ2

)
dξ �äîïîëíèòåëüíàÿ �óíêöèÿ îøèáîê.
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Òàáëèöà 5.3. Ñîáñòâåííûå çíà÷åíèÿ λm è êîý��èöèåíòû Am â ðåøåíèè (1).

m λm Am m λm Am

1 2.2631 1.3382 6 22.3181 −0.1873
2 6.2977 −0.5455 7 26.3197 0.1631
3 10.3077 0.3589 8 30.3209 −0.1449
4 14.3128 −0.2721 9 34.3219 0.1306
5 18.3159 0.2211 10 38.3227 −0.1191

◮ �àñòâîðåíèå ïëàñòèíû ëàìèíàðíîé ïëåíêîé æèäêîñòè.

�àñòâîðåíèå ïëàñòèíû ëàìèíàðíîé ïëåíêîé æèäêîñòè, ïðè óñëîâèè, ÷òî êîí-

öåíòðàöèÿ ó òâåðäîé ïîâåðõíîñòè ïîñòîÿííà è îòñóòñòâóåò ïîòîê ìàññû èç

ïëåíêè â ãàç, õàðàêòåðèçóåòñÿ ãðàíè÷íûìè óñëîâèÿìè

u = 0 ïðè x = 0 (0 < y < 1),

uy = 0 ïðè y = 0 (x > 0),

u = 1 ïðè y = 1 (x > 0).

�åøåíèå èñõîäíîãî óðàâíåíèÿ, óäîâëåòâîðÿþùåå ýòèì ãðàíè÷íûì óñëîâè-

ÿì, èìååò âèä

u(x, y) = 1−
∞∑

m=0

Am exp
(
−aλ2mx

)
Gm(y),

Gm(y) = exp
(
− 1

2 λmy
2
)
Φ
(
1
4 − 1

4 λm,
1
2 ; λmy

2
)
,

(2)

ãäå �óíêöèè Gm è êîý��èöèåíòû Am è λm íå çàâèñÿò îò ïàðàìåòðà a.
Ñîáñòâåííûå çíà÷åíèÿ λm îïðåäåëÿþòñÿ èç òðàíñöåíäåíòíîãî óðàâíåíèÿ

Φ
(
1
4 − 1

4 λm,
1
2 ; λm

)
= 0.

Äëÿ ïðèáëèæåííîãî âû÷èñëåíèÿ λm ìîæíî èñïîëüçîâàòü ïðîñòóþ �îðìóëó

λm = 4m+ 1.68 (m = 0, 1, 2, . . . ), (3)

ìàêñèìàëüíàÿ ïîãðåøíîñòü êîòîðîé ìåíüøå 0.2%. Êîý��èöèåíòû Am õîðîøî

àïïðîêñèìèðóþòñÿ âûðàæåíèÿìè

A0 = 1.2, Am = (−1)m2.27λ−7/6
m äëÿ m = 1, 2, 3, . . . , (4)

ãäå ñîáñòâåííûå çíà÷åíèÿ λm îïðåäåëÿþòñÿ ñ ïîìîùüþ (3). Ìàêñèìàëüíàÿ

ïîãðåøíîñòü �îðìóë (4) ñîñòàâëÿåò ìåíåå 0.1%.

�ëàâíûé ÷ëåí àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ ðåøåíèÿ ïðè ax→ 0 èìååò âèä

u =
1

Γ
(

1
3

) Γ
(
1
3 ,

2
9 ζ

)
, ζ =

(1− y)3

ax
,

ãäå Γ(α, z) =
∫ ∞

z
e−ξξα−1 dξ � íåïîëíàÿ ãàììà-�óíêöèÿ, Γ(α) = Γ(α, 0) �

ãàììà-�óíêöèÿ, Γ
(
1
3

)
≈ 2.679.
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5.1.12. Óðàâíåíèÿ äè��óçèîííîãî (òåïëîâîãî) ïîãðàíè÷íîãî

ñëîÿ

1. f(x)ux + g(x)yuy = uyy .

Çäåñü f(x) è g(x)�ïðîèçâîëüíûå �óíêöèè. Óðàâíåíèÿ ýòîãî âèäà âñòðå÷àþòñÿ

â çàäà÷àõ äè��óçèîííîãî ïîãðàíè÷íîãî ñëîÿ (ìàññîîáìåí êàïåëü è ïóçûðåé ñ

ïîòîêîì),

Ïðåîáðàçîâàíèå

t =
∫

h2(x)

f(x)
dx+A, z = yh(x), ãäå h(x) = B exp

[
−

∫
g(x)

f(x)
dx

]
,

ãäå A è B �ïðîèçâîëüíûå ïîñòîÿííûå, ïðèâîäèò ê îáû÷íîìó óðàâíåíèþ òåï-

ëîïðîâîäíîñòè ñ ïîñòîÿííûìè êîý��èöèåíòàìè ut = uzz, êîòîðîå ðàññìàòðè-
âàåòñÿ â ðàçä. 5.1.1.

2. f(x)yn−1ux + g(x)ynuy = uyy .

Çäåñü f(x) è g(x)� ïðîèçâîëüíûå �óíêöèè. Óðàâíåíèÿ ýòîãî âèäà âñòðå÷àþò-

ñÿ â çàäà÷àõ äè��óçèîííîãî ïîãðàíè÷íîãî ñëîÿ (ìàññîîáìåí òâåðäûõ ÷àñòèö,

êàïåëü è ïóçûðåé ñ ïîòîêîì).

Ïðåîáðàçîâàíèå

t=
1

4
(n+1)2

∫
h2(x)

f(x)
dx, z= h(x)y

n+1
2 , ãäå h(x) = exp

[
− n+ 1

2

∫
g(x)

f(x)
dx

]
,

ïðèâîäèò ê áîëåå ïðîñòîìó óðàâíåíèþ

ut = uzz +
1− 2k

z
uz, k =

1

n+ 1
,

êîòîðîå ðàññìàòðèâàåòñÿ â ðàçä. 5.1.8.

5.1.13. Óðàâíåíèå Øðåäèíãåðà i~~~ut = − ~~~
2

2m
uxx + U(x)u

◮ Çàäà÷à íà ñîáñòâåííûå çíà÷åíèÿ. Çàäà÷à Êîøè.

Óðàâíåíèå Øðåäèíãåðà ÿâëÿåòñÿ îñíîâíûì óðàâíåíèåì êâàíòîâîé ìåõàíèêè,

ãäå u�âîëíîâàÿ �óíêöèÿ, i2 =−1, ~�ïîñòîÿííàÿ Ïëàíêà, m�ìàññà ÷àñòèöû,

U(x)�åå ïîòåíöèàëüíàÿ ýíåðãèÿ â ñèëîâîì ïîëå.

1◦. Â çàäà÷àõ ñ äèñêðåòíûì ñïåêòðîì ðåøåíèÿ èùóòñÿ â âèäå

u = exp
(
− iEn

~
t
)
ψn(x),

ãäå ñîáñòâåííûå �óíêöèè ψn è ñîîòâåòñòâóþùèå èì çíà÷åíèÿ ýíåðãèè En
äîëæíû îïðåäåëÿòñÿ ïóòåì ðåøåíèÿ çàäà÷è äëÿ ÎÄÓ íà ñîáñòâåííûå çíà÷åíèÿ

d2ψn

dx2
+

2m

~2

[
En − U(x)

]
ψn = 0,

ψn → 0 ïðè x→ ±∞,
∫ ∞

−∞
|ψn|2 dx = 1.

(1)

Ïîñëåäíåå óñëîâèå ÿâëÿåòñÿ óñëîâèåì íîðìèðîâêè äëÿ �óíêöèé ψn.
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2◦. Â òåõ ñëó÷àÿõ, êîãäà ñîáñòâåííûå �óíêöèè ψn(x) îáðàçóþò îðòîíîðìè-
ðîâàííûé áàçèñ â L2(R), ðåøåíèå çàäà÷è Êîøè äëÿ óðàâíåíèÿ Øðåäèíãåðà ñ

íà÷àëüíûì óñëîâèåì

u = f(x) ïðè t = 0 (2)

äàåòñÿ �îðìóëîé

u =
∫ ∞

−∞
G(x, ξ, t)f(ξ) dξ, G(x, ξ, t) =

∞∑

n=0

ψn(x)ψn(ξ) exp
(
− iEn

~
t
)
.

Íèæå ðàññìàòðèâàþòñÿ ðàçëè÷íûå ïîòåíöèàëû U(x), ïðèâîäÿòñÿ ðåøåíèÿ

çàäà÷è íà ñîáñòâåííûå çíà÷åíèÿ (1) èëè ðåøåíèÿ çàäà÷è Êîøè äëÿ óðàâíåíèÿ

Øðåäèíãåðà.

◮ Ñâîáîäíàÿ ÷àñòèöà: U(x) = 0.

�åøåíèå çàäà÷è Êîøè ñ íà÷àëüíûì óñëîâèåì (2) èìååò âèä

u =
1

2
√
iπτ

∫ ∞

−∞
exp

[
− (x− ξ)2

4iτ

]
f(ξ) dξ,

τ =
~t

2m
,

√
ia =

{
eπi/4

√
|a| ïðè a > 0,

e−πi/4
√

|a| ïðè a < 0.

◮ Ëèíåéíûé ïîòåíöèàë (äâèæåíèå â îäíîðîäíîì âíåøíåì ïîëå):

U(x) = ax.

�åøåíèå çàäà÷è Êîøè ñ íà÷àëüíûì óñëîâèåì (2) èìååò âèä

u =
1

2
√
iπτ

exp
(
−ibτx− 1

3 ib
2τ3

) ∫ ∞

−∞
exp

[
− (x+ bτ 2 − ξ)2

4iτ

]
f(ξ) dξ,

τ =
~t

2m
, b =

2am

~2
.

◮ Ëèíåéíûé ãàðìîíè÷åñêèé îñöèëëÿòîð: U(x) = 1
2
mω2x2

.

Ñîáñòâåííûå çíà÷åíèÿ:

En = ~ω
(
n+ 1

2

)
, n = 0, 1, . . .

Íîðìèðîâàííûå ñîáñòâåííûå �óíêöèè:

ψn(x) =
1

π1/4
√
2nn!x0

exp
(
− 1

2 ξ
2
)
Hn(ξ), ξ =

x

x0
, x0 =

√
~

mω
,

ãäå Hn(ξ) = (−1)n exp(ξ2) dn

dξn exp(−ξ2) � ìíîãî÷ëåíû Ýðìèòà, n = 0, 1, . . .
Ôóíêöèè ψn(x) îáðàçóþò îðòîíîðìèðîâàííûé áàçèñ â L2(R).
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◮ Èçîòðîïíàÿ ñâîáîäíàÿ ÷àñòèöà: U(x) = a/x2
.

Çäåñü ïåðåìåííàÿ x > 0 èãðàåò ðîëü ðàäèàëüíîé êîîðäèíàòû, a > 0. Ýòî
óðàâíåíèå ïîëó÷àåòñÿ èç óðàâíåíèÿ Øðåäèíãåðà äëÿ ñâîáîäíîé ÷àñòèöû ñ n
ïðîñòðàíñòâåííûìè ïåðåìåííûìè ïîñëå ïåðåõîäà ê ñ�åðè÷åñêèì (öèëèíäðè-

÷åñêèì) êîîðäèíàòàì è ïîñëåäóþùèì îòäåëåíèåì óãëîâûõ ïåðåìåííûõ.

�åøåíèå óðàâíåíèÿ Øðåäèíãåðà, êîòîðîå óäîâëåòâîðÿåò íà÷àëüíîìó óñëî-

âèþ (2), èìååò âèä

u =
exp

[
− 1

2
iπ(µ+ 1) sign t

]

2|τ |

∫ ∞

0

√
xy exp

(
i
x2 + y2

4τ

)
Jµ

(
xy

2|τ |

)
f(y) dy,

τ =
~t

2m
, µ =

√
2am

~2
+

1

4
> 1,

ãäå Jµ(ξ)��óíêöèÿ Áåññåëÿ.

◮ Ïîòåíöèàë Ìîðçå: U(x) = U0(e
−2x/a − 2e−x/a).

Ñîáñòâåííûå çíà÷åíèÿ:

En = −U0

[
1− 1

β
(n+ 1

2 )
]2
, β =

a
√
2mU0

~
, 0 6 n < β − 2.

Ñîáñòâåííûå �óíêöèè:

ψn(x) = ξse−ξ/2Φ(−n, 2s+ 1, ξ), ξ = 2βe−x/a, s =
a
√
−2mEn

~
,

ãäå Φ(a, b, ξ)�âûðîæäåííàÿ ãèïåðãåîìåòðè÷åñêàÿ �óíêöèÿ.

Â äàííîì ñëó÷àå ÷èñëî ñîáñòâåííûõ çíà÷åíèé (óðîâíåé ýíåðãèè) En è

ñîáñòâåííûõ �óíêöèé ψn êîíå÷íî: n = 0, 1, . . . , nmax.

5.2. Óðàâíåíèÿ ãèïåðáîëè÷åñêîãî òèïà

5.2.1. Âîëíîâîå óðàâíåíèå utt = a2uxx

Ýòî óðàâíåíèå íàçûâàþò òàêæå óðàâíåíèåì êîëåáàíèé ñòðóíû. Îíî ÷àñòî âñòðå-

÷àåòñÿ â òåîðèè óïðóãîñòè, àýðîäèíàìèêå, àêóñòèêå, ýëåêòðîäèíàìèêå.

◮ Îáùåå ðåøåíèå. Íåêîòîðûå �îðìóëû.

1◦. Îáùåå ðåøåíèå:

u = ϕ(x+ at) + ψ(x− at),

ãäå ϕ(x) è ψ(x)�ïðîèçâîëüíûå �óíêöèè.



5.2. Óðàâíåíèÿ ãèïåðáîëè÷åñêîãî òèïà 209

2◦. Åñëè u(x, t)�íåêîòîðîå ðåøåíèå âîëíîâîãî óðàâíåíèÿ, òî �óíêöèè

u1 = Au(±λx+ C1,±λt+ C2) +B,

u2 = Au
(

x− vt√
1− (v/a)2

,
t− va−2x√
1− (v/a)2

)
,

u3 = Au
(

x

x2 − a2t2
,

t

x2 − a2t2

)

òàêæå ÿâëÿþòñÿ ðåøåíèÿìè âñþäó, ãäå îíè îïðåäåëåíû (A, B, C1, C2, v, λ�
ïðîèçâîëüíûå ïîñòîÿííûå). Çíàêè λ â �îðìóëå äëÿ u1 áåðóòñÿ ïðîèçâîëüíî.

Ôóíêöèÿ u2 ÿâëÿåòñÿ ñëåäñòâèåì èíâàðèàíòíîñòè âîëíîâîãî óðàâíåíèÿ îòíî-

ñèòåëüíî ïðåîáðàçîâàíèÿ Ëîðåíöà.

◮ Îáëàñòü: −∞ < x < ∞. Çàäà÷à Êîøè.

Çàäàíû íà÷àëüíûå óñëîâèÿ:

u = f(x) ïðè t = 0, ut = g(x) ïðè t = 0.

�åøåíèå (�îðìóëà Äàëàìáåðà):

u =
1

2
[f(x+ at) + f(x− at)] +

1

2a

∫ x+at

x−at
g(ξ) dξ.

◮ Îáëàñòü: 0 6 x < ∞. Ïåðâàÿ êðàåâàÿ çàäà÷à.

Çàäàíû íà÷àëüíûå è ãðàíè÷íîå óñëîâèÿ:

u = f(x) ïðè t = 0, ut = g(x) ïðè t = 0, u = h(t) ïðè x = 0.

�åøåíèå:

u =





1
2 [f(x+ at) + f(x− at)] + 1

2a

∫ x+at

x−at
g(ξ) dξ ïðè t < x

a ,

1
2 [f(x+ at)− f(at− x)] + 1

2a

∫ x+at

at−x
g(ξ) dξ + h

(
t− x

a

)
ïðè t > x

a .

Â îáëàñòè t < x/a âëèÿíèå ãðàíè÷íîãî óñëîâèÿ íå ñêàçûâàåòñÿ è âûðàæåíèå

äëÿ u ñîâïàäàåò ñ ðåøåíèåì Äàëàìáåðà äëÿ áåñêîíå÷íîé ïðÿìîé (ñì. âûøå).

◮ Îáëàñòü: 0 6 x < ∞. Âòîðàÿ êðàåâàÿ çàäà÷à.

Çàäàíû íà÷àëüíûå è ãðàíè÷íîå óñëîâèÿ:

u= f(x) ïðè t= 0, ut = g(x) ïðè t= 0, ux = h(t) ïðè x= 0.

�åøåíèå:

u=




ïðè t<

x

a
,

1

2
[f(x+at)+f(at−x)]+ 1

2a
[G(x+at)+G(at−x)]−aH

(
t− x

a

)
ïðè t>

x

a
,

ãäå G(z) =
∫ z

0
g(ξ) dξ è H(z) =

∫ z

0
h(ξ) dξ.
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◮ Îáëàñòü: 0 6 x 6 l. Íà÷àëüíî-êðàåâûå çàäà÷è.

Î ðåøåíèÿõ ðàçëè÷íûõ íà÷àëüíî-êðàåâûõ çàäà÷ ñì. ðàçä. 5.2.2 ïðè Φ(x, t) ≡ 0.

5.2.2. Íåîäíîðîäíîå âîëíîâîå óðàâíåíèå utt = a2uxx +Φ(x, t)

◮ Ïðåäñòàâëåíèå ðåøåíèé êðàåâûõ çàäà÷ ñ ïîìîùüþ �óíêöèè �ðèíà.

Áóäåì ðàññìàòðèâàòü êðàåâûå çàäà÷è äëÿ íåîäíîðîäíîãî âîëíîâîãî óðàâíåíèÿ

íà îòðåçêå 0 6 x 6 l ñ îáùèìè íà÷àëüíûìè óñëîâèÿìè

u = f(x) ïðè t = 0, ut = g(x) ïðè t = 0

è ðàçëè÷íûìè îäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè. �åøåíèå ýòèõ çàäà÷ ìî-

æåò áûòü ïðåäñòàâëåíî ñ ïîìîùüþ �óíêöèè �ðèíà â âèäå

u=
∂

∂t

∫ l

0
f(ξ)G(x, ξ, t) dξ+

∫ l

0
g(ξ)G(x, ξ, t) dξ+

∫ t

0

∫ l

0
Φ(ξ, τ)G(x, ξ, t−τ) dξ dτ.

Çäåñü âåðõíèé ïðåäåë èíòåãðèðîâàíèÿ l ìîæåò ïðèíèìàòü ëþáûå êîíå÷íûå

çíà÷åíèÿ.

Íèæå ïðèâåäåíû �óíêöèè �ðèíà äëÿ âîëíîâîãî óðàâíåíèÿ äëÿ ðàçëè÷íûõ

òèïîâ îäíîðîäíûõ ãðàíè÷íûõ óñëîâèé.

◮ Îáëàñòü: 0 6 x 6 l. Ïåðâàÿ êðàåâàÿ çàäà÷à.

Çàäàíû ãðàíè÷íûå óñëîâèÿ:

u = 0 ïðè x = 0, u = 0 ïðè x = l.

Ôóíêöèÿ �ðèíà:

G(x, ξ, t) =
2

aπ

∞∑

n=1

1

n
sin

(
nπx

l

)
sin

(
nπξ

l

)
sin

(
nπat

l

)
.

◮ Îáëàñòü: 0 6 x 6 l. Âòîðàÿ êðàåâàÿ çàäà÷à.

Çàäàíû ãðàíè÷íûå óñëîâèÿ:

ux = 0 ïðè x = 0, ux = 0 ïðè x = l.

Ôóíêöèÿ �ðèíà:

G(x, ξ, t) =
t

l
+

2

aπ

∞∑

n=1

1

n
cos

(
nπx

l

)
cos

(
nπξ

l

)
sin

(
nπat

l

)
.
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◮ Îáëàñòü: 0 6 x 6 l. Òðåòüÿ êðàåâàÿ çàäà÷à (k1 > 0, k2 > 0).

Çàäàíû ãðàíè÷íûå óñëîâèÿ:

ux − k1u = 0 ïðè x = 0, ux + k2u = 0 ïðè x = l.

Ôóíêöèÿ �ðèíà:

G(x, ξ, t) =
1

a

∞∑

n=1

1

λn‖un‖2
sin(λnx+ ϕn) sin(λnξ + ϕn) sin(λnat),

ϕn = arctg
λn

k1
, ‖un‖2 = l

2
+

(λ2
n + k1k2)(k1 + k2)

2(λ2
n + k21)(λ

2
n + k22)

;

ãäå λn�ïîëîæèòåëüíûå êîðíè òðàíñöåíäåíòíîãî óðàâíåíèÿ ctg(λl)=
λ2− k1k2
λ(k1+ k2)

.

◮ �åøåíèÿ êðàåâûõ çàäà÷ ñ íåîäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè.

Ëþáàÿ ëèíåéíàÿ çàäà÷à äëÿ âîëíîâîãî óðàâíåíèÿ ñ ïðîèçâîëüíûìè íåîäíî-

ðîäíûìè ãðàíè÷íûìè óñëîâèÿìè ìîæåò áûòü ñâåäåíà ê ëèíåéíîé çàäà÷å ñ

îäíîðîäíûìè êðàåâûìè óñëîâèÿìè (ñì. òàáë. 5.1 è ïîÿñíèòåëüíûé òåêñò ê íåé).

5.2.3. Óðàâíåíèå Êëåéíà��îðäîíà utt = a2uxx − bu

Ýòî óðàâíåíèå âñòðå÷àåòñÿ â êâàíòîâîé òåîðèè ïîëÿ è ðÿäå ïðèëîæåíèé.

◮ ×àñòíûå ðåøåíèÿ.

u = cos(λx)[A cos(µt) +B sin(µt)], b = −a2λ2 + µ2,

u = sin(λx)[A cos(µt) +B sin(µt)], b = −a2λ2 + µ2,

u = exp(±µt)[A cos(λx) +B sin(λx)], b = −a2λ2 − µ2,

u = exp(±λx)[A cos(µt) +B sin(µt)], b = a2λ2 + µ2,

u = exp(±λx)[A exp(µt) +B exp(−µt)], b = a2λ2 − µ2,

u = AJ0(ξ) +BY0(ξ), ξ =
√
b

a

√
a2(t+ C1)2 − (x+ C2)2, b > 0,

u = AI0(ξ) +BK0(ξ), ξ =
√
−b
a

√
a2(t+ C1)2 − (x+ C2)2, b < 0,

ãäå A, B, C1, C2�ïðîèçâîëüíûå ïîñòîÿííûå, J0(ξ) è Y0(ξ)��óíêöèè Áåññåëÿ,

è I0(ξ) è K0(ξ)�ìîäè�èöèðîâàííûå �óíêöèè Áåññåëÿ.

◮ Ôîðìóëû, ïîçâîëÿþùèå ñòðîèòü ÷àñòíûå ðåøåíèÿ.

Ïóñòü u = u(x, t) � íåêîòîðîå ðåøåíèå óðàâíåíèÿ Êëåéíà � �îðäîíà. Òîãäà

�óíêöèè

u1 = Au(±x+ C1,±t+ C2) +B,

u2 = Au
(

x− vt√
1− (v/a)2

,
t− va−2x√
1− (v/a)2

)
,
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ãäå A, B, C1, C2, v � ïðîèçâîëüíûå ïîñòîÿííûå, òàêæå ÿâëÿþòñÿ ðåøåíèÿìè

ýòîãî óðàâíåíèÿ. Çíàêè â �îðìóëå äëÿ u1 áåðóòñÿ ïðîèçâîëüíî.

◮ Îáëàñòü: 0 6 x 6 l. Íà÷àëüíî-êðàåâûå çàäà÷è.

�åøåíèÿ íà÷àëüíî-êðàåâûõ çàäà÷ ñì. â ðàçä. 5.2.4 ïðè Φ(x, t) ≡ 0.

5.2.4. Íåîäíîðîäíîå óðàâíåíèå Êëåéíà��îðäîíà

utt = a2uxx − bu+ Φ(x, t)

◮ Ïðåäñòàâëåíèå ðåøåíèé êðàåâûõ çàäà÷ ñ ïîìîùüþ �óíêöèè �ðèíà.

Áóäåì ðàññìàòðèâàòü êðàåâûå çàäà÷è äëÿ íåîäíîðîäíîãî óðàâíåíèÿ Êëåéíà �

�îðäîíà íà îòðåçêå 0 6 x 6 l ñ îáùèìè íà÷àëüíûìè óñëîâèÿìè

u = f(x) ïðè t = 0, ut = g(x) ïðè t = 0

è ðàçëè÷íûìè îäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè. �åøåíèå ýòèõ çàäà÷ ìî-

æåò áûòü ïðåäñòàâëåíî ñ ïîìîùüþ �óíêöèè �ðèíà â âèäå

u=
∂

∂t

∫ l

0
f(ξ)G(x, ξ, t) dξ+

∫ l

0
g(ξ)G(x, ξ, t) dξ+

∫ t

0

∫ l

0
Φ(ξ, τ)G(x, ξ, t−τ) dξ dτ.

Çäåñü âåðõíèé ïðåäåë èíòåãðèðîâàíèÿ l ìîæåò ïðèíèìàòü ëþáûå êîíå÷íûå

çíà÷åíèÿ.

Íèæå ïðèâåäåíû �óíêöèè �ðèíà äëÿ óðàâíåíèÿ Êëåéíà��îðäîíà äëÿ ðàç-

ëè÷íûõ òèïîâ îäíîðîäíûõ ãðàíè÷íûõ óñëîâèé.

◮ Îáëàñòü: 0 6 x 6 l. Ïåðâàÿ êðàåâàÿ çàäà÷à.

Çàäàíû ãðàíè÷íûå óñëîâèÿ:

u = 0 ïðè x = 0, u = 0 ïðè x = l.

Ôóíêöèÿ �ðèíà ïðè b > 0:

G(x, ξ, t) =
2

l

∞∑

n=1

sin(λnx) sin(λnξ)
sin

(
t
√
a2λ2

n + b
)

√
a2λ2

n + b
, λn =

πn

l
.

◮ Îáëàñòü: 0 6 x 6 l. Âòîðàÿ êðàåâàÿ çàäà÷à.

Çàäàíû ãðàíè÷íûå óñëîâèÿ:

ux = 0 ïðè x = 0, ux = 0 ïðè x = l.

Ôóíêöèÿ �ðèíà ïðè b > 0:

G(x, ξ, t)=
1

l
√
b
sin

(
t
√
b
)
+

2

l

∞∑

n=1

cos(λnx) cos(λnξ)
sin

(
t
√
a2λ2

n + b
)

√
a2λ2

n + b
, λn=

πn

l
.
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◮ Îáëàñòü: 0 6 x 6 l. Òðåòüÿ êðàåâàÿ çàäà÷à.

Çàäàíû ãðàíè÷íûå óñëîâèÿ:

ux − k1u = 0 ïðè x = 0, ux + k2u = 0 ïðè x = l.

Ôóíêöèÿ �ðèíà:

G(x, ξ, t) =

∞∑

n=1

yn(x)yn(ξ) sin
(
t
√
a2λ2

n + b
)

‖yn‖2
√
a2λ2

n + b
,

yn(x) = cos(λnx) +
k1
λn

sin(λnx), ‖yn‖2 = k2
2λ2

n

λ2
n + k21
λ2
n + k22

+
k1
2λ2

n

+
l

2

(
1 +

k21
λ2
n

)
,

ãäå λn�ïîëîæèòåëüíûå êîðíè òðàíñöåíäåíòíîãî óðàâíåíèÿ

tg(λl)

λ
=

k1+ k2
λ2− k1k2

.

5.2.5. Âîëíîâîå óðàâíåíèå ñ îñåâîé ñèììåòðèåé

utt = a2(urr + r−1ur) + Φ(r, t)

Ýòî äâóìåðíîå ëèíåéíîå íåîäíîðîäíîå âîëíîâîå óðàâíåíèå ñ îñåâîé ñèììåòðè-

åé, ãäå r =
√
x2 + y2 �ðàäèàëüíàÿ êîîðäèíàòà.

◮ Ïðåäñòàâëåíèå ðåøåíèé êðàåâûõ çàäà÷ ñ ïîìîùüþ �óíêöèè �ðèíà.

Áóäåì ðàññìàòðèâàòü êðàåâûå çàäà÷è äëÿ íåîäíîðîäíîãî âîëíîâîãî óðàâíåíèÿ

ñ îñåâîé ñèììåòðèåé â îáëàñòè 0 6 x 6 R ñ îáùèìè íà÷àëüíûìè óñëîâèÿìè

u = f(r) ïðè t = 0, ut = g(r) ïðè t = 0,

è ðàçëè÷íûìè îäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè ïðè r = R (èùóòñÿ ðåøå-

íèÿ, îãðàíè÷åííûå ïðè r = 0). �åøåíèå ýòèõ çàäà÷ ìîæåò áûòü ïðåäñòàâëåíî ñ
ïîìîùüþ �óíêöèè �ðèíà â âèäå

u=
∂

∂t

∫ R

0
f(ξ)G(r, ξ, t) dξ+

∫ R

0
g(ξ)G(r, ξ, t) dξ+

∫ t

0

∫ R

0
Φ(ξ, τ)G(r, ξ, t−τ) dξ dτ.

Íèæå ïðèâåäåíû �óíêöèè �ðèíà äëÿ âîëíîâîãî óðàâíåíèÿ ñ îñåâîé ñèì-

ìåòðèåé äëÿ ðàçëè÷íûõ òèïîâ îäíîðîäíûõ ãðàíè÷íûõ óñëîâèé.

◮ Îáëàñòü: 0 6 r 6 R. Ïåðâàÿ êðàåâàÿ çàäà÷à.

Çàäàíî ãðàíè÷íîå óñëîâèå:

u = 0 ïðè r = R.

Ôóíêöèÿ �ðèíà:

G(r, ξ, t) =
2ξ

aR

∞∑

n=1

1

λnJ2
1 (λn)

J0

(
λnr

R

)
J0

(
λnξ

R

)
sin

(
λnat

R

)
,

ãäå λn � ïîëîæèòåëüíûå êîðíè �óíêöèè Áåññåëÿ J0(λ) = 0. ×èñëåííûå çíà-

÷åíèÿ ïåðâûõ äåñÿòè ñîáñòâåííûõ çíà÷åíèé λm ïðèâåäåíû â ðàçä. 5.1.5 (ñì.

ïîäðàçäåë �Îáëàñòü: 0 6 r 6 R. Ïåðâàÿ êðàåâàÿ çàäà÷à.�)
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◮ Îáëàñòü: 0 6 r 6 R. Âòîðàÿ êðàåâàÿ çàäà÷à.

Çàäàíî ãðàíè÷íîå óñëîâèå:

ur = 0 ïðè r = R.

Ôóíêöèÿ �ðèíà:

G(r, ξ, t) =
2tξ

R2
+

2ξ

aR

∞∑

n=1

1

λnJ2
0 (λn)

J0

(
λnr

R

)
J0

(
λnξ

R

)
sin

(
λnat

R

)
,

ãäå λn � ïîëîæèòåëüíûå êîðíè �óíêöèè Áåññåëÿ ïåðâîãî ïîðÿäêà J1(λ) = 0.
×èñëåííûå çíà÷åíèÿ ïåðâûõ äåñÿòè ñîáñòâåííûõ çíà÷åíèé λm ïðèâåäåíû â

ðàçä. 5.1.5 (ñì. ïîäðàçäåë �Îáëàñòü: 0 6 r 6 R. Âòîðàÿ êðàåâàÿ çàäà÷à.�)

◮ Îáëàñòü: 0 6 r 6 R. Òðåòüÿ êðàåâàÿ çàäà÷à.

Çàäàíî ãðàíè÷íîå óñëîâèå:

ur + ku = 0 ïðè r = R.

Ôóíêöèÿ �ðèíà:

G(r, ξ, t) =
2ξ

aR

∞∑

n=1

λn

(k2R2 + λ2
n)J

2
0 (λn)

J0

(
λnr

R

)
J0

(
λnξ

R

)
sin

(
λnat

R

)
,

ãäå λn �ïîëîæèòåëüíûå êîðíè òðàíñöåíäåíòíîãî óðàâíåíèÿ

λJ1(λ)− kRJ0(λ) = 0.

5.2.6. Âîëíîâîå óðàâíåíèå ñ öåíòðàëüíîé ñèììåòðèåé

utt = a2(urr + 2r−1ur) + Φ(r, t)

Ýòî òðåõìåðíîå ëèíåéíîå íåîäíîðîäíîå âîëíîâîå óðàâíåíèå ñ öåíòðàëüíîé

ñèììåòðèåé (óðàâíåíèå êîëåáàíèé ãàçà ñ öåíòðàëüíîé ñèììåòðèåé), ãäå r =
=

√
x2+ y2+ z2�ðàäèàëüíàÿ êîîðäèíàòà.

◮ Îáùåå ðåøåíèå ïðè Φ(r, t) ≡ 0.

u(t, r) =
ϕ(r + at) + ψ(r − at)

r
,

ãäå ϕ(r1) è ψ(r2)�ïðîèçâîëüíûå �óíêöèè.

◮ Ïðåîáðàçîâàíèå ê âîëíîâîìó óðàâíåíèþ ñ ïîñòîÿííûìè

êîý��èöèåíòàìè.

Ïîäñòàíîâêà v(r, t) = ru(r, t) ïðèâîäèò ê ïðèâîäèò ê âîëíîâîìó óðàâíåíèþ ñ

ïîñòîÿííûìè êîý��èöèåíòàìè

vtt = a2vrr + rΦ(r, t),

êîòîðîå ðàññìàòðèâàåòñÿ â ðàçä. 5.2.2.
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◮ Îáëàñòü: 0 6 r < ∞. Çàäà÷à Êîøè.

Çàäàíû íà÷àëüíûå óñëîâèÿ:

u = f(r) ïðè t = 0, ut = g(r) ïðè t = 0, (1)

�åøåíèå:

u =
1

2r

[
(r − at)f

(
|r − at|

)
+ (r + at)f

(
|r + at|

)]
+

1

2ar

∫ r+at

r−at
ξg
(
|ξ|

)
dξ +

+
1

2ar

∫ t

0
dτ

∫ r+a(t−τ)

r−a(t−τ)
ξΦ

(
|ξ|, τ

)
dξ.

◮ Ïðåäñòàâëåíèå ðåøåíèé êðàåâûõ çàäà÷ ñ ïîìîùüþ �óíêöèè �ðèíà.

Áóäåì ðàññìàòðèâàòü êðàåâûå çàäà÷è äëÿ íåîäíîðîäíîãî âîëíîâîãî óðàâíåíèÿ

â îáëàñòè 0 6 r 6 R ñ îáùèìè íà÷àëüíûìè óñëîâèÿìè (1) è ðàçëè÷íûìè

îäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè (èùóòñÿ ðåøåíèÿ, îãðàíè÷åííûå ïðè

r = 0). �åøåíèå ýòèõ çàäà÷ ìîæåò áûòü ïðåäñòàâëåíî ñ ïîìîùüþ �óíêöèè

�ðèíà â âèäå

u=
∂

∂t

∫ R

0
f(ξ)G(r, ξ, t) dξ+

∫ R

0
g(ξ)G(r, ξ, t) dξ+

∫ t

0

∫ R

0
Φ(ξ, τ)G(r, ξ, t−τ) dξ dτ.

Íèæå ïðèâåäåíû �óíêöèè �ðèíà äëÿ âîëíîâîãî óðàâíåíèÿ ñ öåíòðàëüíîé

ñèììåòðèåé äëÿ ðàçëè÷íûõ òèïîâ îäíîðîäíûõ ãðàíè÷íûõ óñëîâèé.

◮ Îáëàñòü: 0 6 r 6 R. Ïåðâàÿ êðàåâàÿ çàäà÷à.

Çàäàíî ãðàíè÷íîå óñëîâèå:

u = 0 ïðè r = R.

Ôóíêöèÿ �ðèíà:

G(r, ξ, t) =
2ξ

πar

∞∑

n=1

1

n
sin

(
nπr

R

)
sin

(
nπξ

R

)
sin

(
anπt

R

)
.

◮ Îáëàñòü: 0 6 r 6 R. Âòîðàÿ êðàåâàÿ çàäà÷à.

Çàäàíî ãðàíè÷íîå óñëîâèå:

ur = 0 ïðè r = R.

Ôóíêöèÿ �ðèíà:

G(r, ξ, t) =
3tξ2

R3
+

2ξ

ar

∞∑

n=1

µ2
n + 1

µ3
n

sin
(
µnr

R

)
sin

(
µnξ

R

)
sin

(
µnat

R

)
,



216 5. ËÈÍÅÉÍÛÅ Ó�ÀÂÍÅÍÈß È ÇÀÄÀ×È ÌÀÒÅÌÀÒÈ×ÅÑÊÎÉ ÔÈÇÈÊÈ

ãäå µn�ïîëîæèòåëüíûå êîðíè òðàíñöåíäåíòíîãî óðàâíåíèÿ tg µ−µ=0. Íèæå
ïðèâåäåíû ÷èñëåííûå çíà÷åíèÿ ïåðâûõ ïÿòè êîíåé ýòîãî óðàâíåíèÿ

µ1 = 4.4934, µ2 = 7.7253, µ3 = 10.9041, µ4 = 14.0662, µ5 = 17.2208.

Ïðîñòàÿ ïðèáëèæåííàÿ �îðìóëà, ïîçâîëÿþùàÿ ñ âûñîêîé òî÷íîñòüþ âû÷èñ-

ëÿòü êîðíè óðàâíåíèÿ tg µ − µ = 0, ïðèâåäåíà â ðàçä. 5.1.7 (ñì. ïîäðàçäåë

�Îáëàñòü: 0 6 r 6 R. Âòîðàÿ êðàåâàÿ çàäà÷à.�).

◮ Îáëàñòü: 0 6 r 6 R. Òðåòüÿ êðàåâàÿ çàäà÷à.

Çàäàíî ãðàíè÷íîå óñëîâèå:

ur + ku = 0 ïðè r = R.

Ôóíêöèÿ �ðèíà:

G(r, ξ, t) =
2ξ

ar

∞∑

n=1

µ2
n + (kR − 1)2

µn

[
µ2
n + kR(kR− 1)

] sin
(
µnr

R

)
sin

(
µnξ

R

)
sin

(
µnat

R

)
.

Çäåñü µn �ïîëîæèòåëüíûå êîðíè òðàíñöåíäåíòíîãî óðàâíåíèÿ

µ ctg µ+ kR− 1 = 0.

5.2.7. Óðàâíåíèÿ âèäà s(x)utt = [p(x)ux]x − q(x)u+Φ(x, t)

◮ Îáùèå �îðìóëû äëÿ ðåøåíèÿ ëèíåéíûõ íåîäíîðîäíûõ êðàåâûõ çàäà÷.

Äàëåå ñ÷èòàåòñÿ, ÷òî �óíêöèè s, p, p′x, q�íåïðåðûâíû, s>0, p>0 è x16x6x2.
�åøåíèå äàííîãî óðàâíåíèÿ ñ íà÷àëüíûìè óñëîâèÿìè îáùåãî âèäà

u = f0(x) ïðè t = 0, ut = f1(x) ïðè t = 0

è ïðîèçâîëüíûìè ëèíåéíûìè íåîäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè

a1ux + b1u = g1(t) ïðè x = x1,

a2ux + b2u = g2(t) ïðè x = x2

ìîæíî çàïèñàòü â âèäå ñóììû

u(x, t) =
∫ t

0

∫ x2

x1
Φ(ξ, τ)G(x, ξ, t − τ) dξ dτ +

+
∂

∂t

∫ x2

x1
s(ξ)f0(ξ)G(x, ξ, t) dξ +

∫ x2

x1
s(ξ)f1(ξ)G(x, ξ, t) dξ +

+ p(x1)
∫ t

0
g1(τ)Λ1(x, t− τ) dτ + p(x2)

∫ t

0
g2(τ)Λ2(x, t− τ) dτ. (1)

Çäåñü ìîäè�èöèðîâàííàÿ �óíêöèÿ �ðèíà îïðåäåëÿåòñÿ ïî �îðìóëå

G(x, ξ, t) =
∞∑

n=1

yn(x)yn(ξ) sin
(
t
√
λn

)

‖yn‖2
√
λn

, ‖yn‖2 =
∫ x2

x1
s(x)y2n(x) dx, (2)
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ãäå λn è yn(x)� ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå �óíêöèè çàäà÷è Øòóð-

ìà�Ëèóâèëëÿ äëÿ ëèíåéíîãî îäíîðîäíîãî ÎÄÓ âòîðîãî ïîðÿäêà:

[p(x)y′x]
′
x + [λs(x)− q(x)]y = 0,

a1y
′
x + b1y = 0 ïðè x = x1,

a2y
′
x + b2y = 0 ïðè x = x2.

(3)

Ôóíêöèè Λ1(x, t) è Λ2(x, t), âõîäÿùèå â ïîäûíòåãðàëüíûå âûðàæåíèÿ äâóõ

ïîñëåäíèõ ñëàãàåìûõ â ðåøåíèè (1), âûðàæàþòñÿ ÷åðåç �óíêöèþ �ðèíà (2).

Ñîîòâåòñòâóþùèå �îðìóëû äëÿ îñíîâíûõ òèïîâ ãðàíè÷íûõ óñëîâèé ïðèâåäå-

íû â òàáë. 5.2.

Îáùèå ñâîéñòâà çàäà÷è Øòóðìà�Ëèóâèëëÿ (3) îïèñàíû â ðàçä. 5.1.10, ãäå

ðàññìàòðèâàëàñü òî÷íî òàêàÿ æå çàäà÷à íà ñîáñòâåííûå çíà÷åíèÿ.

5.2.8. Óðàâíåíèÿ òåëåãðà�íîãî òèïà

utt + kut = a2uxx + bux + cu +Φ(x, t)

1. utt + kut = a2uxx + bu.

Òåëåãðà�íîå óðàâíåíèå (ïðè k > 0 è b < 0).
Ïîäñòàíîâêà u = exp

(
− 1

2 kt
)
v(x, t) ïðèâîäèò ê óðàâíåíèþ Êëåéíà � �îð-

äîíà

vtt = a2vxx +
(
b+ 1

4 k
2
)
v,

êîòîðîå ðàññìàòðèâàåòñÿ â ðàçä. 5.2.3.

2. utt + kut = a2uxx + bux + cu+ Φ(x, t).

Ïîäñòàíîâêà u = exp
(
− 1

2 a
−2bx− 1

2 kt
)
v(x, t) ïðèâîäèò ê óðàâíåíèþ

vtt = a2vxx +
(
c+ 1

4 k
2 − 1

4 a
−2b2

)
v + exp

(
1
2 a

−2bx+ 1
2 kt

)
Φ(x, t),

êîòîðîå ðàññìàòðèâàåòñÿ â ðàçä. 5.2.4.

5.3. Óðàâíåíèÿ ýëëèïòè÷åñêîãî òèïà

5.3.1. Óðàâíåíèå Ëàïëàñà ∆u = 0

Óðàâíåíèå Ëàïëàñà ÷àñòî âñòðå÷àåòñÿ â òåîðèè òåïëî- è ìàññîïåðåíîñà, ãèäðî-

è àýðîìåõàíèêå, òåîðèè óïðóãîñòè, ýëåêòðîñòàòèêå è äðóãèõ îáëàñòÿõ ìåõàíèêè

è �èçèêè. Â ÷àñòíîñòè, îíî îïèñûâàåò ñòàöèîíàðíîå ðàñïðåäåëåíèå òåìïåðà-

òóðû ïðè îòñóòñòâèè èñòî÷íèêîâ òåïëà â ðàññìàòðèâàåìîé îáëàñòè.

Äâóìåðíîå óðàâíåíèå Ëàïëàñà èìååò âèä

uxx + uyy = 0 â äåêàðòîâîé ñèñòåìå êîîðäèíàò,

r−1(rur)r + r−2uϕϕ = 0 â ïîëÿðíîé ñèñòåìå êîîðäèíàò,

ãäå x = r cosϕ, y = r sinϕ, r =
√
x2 + y2.
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◮ ×àñòíûå ðåøåíèÿ.

1◦. ×àñòíûå ðåøåíèÿ â äåêàðòîâîé ñèñòåìå êîîðäèíàò:

u = Ax+By + C,

u = A(x2 − y2) +Bxy,

u = A(x3 − 3xy2) +B(3x2y − y3),

u =
Ax+By

x2 + y2
+ C,

u = exp(±µx)(A cos µy +B sinµy),

u = (A cosµx+B sinµx) exp(±µy),
u = (A shµx+B ch µx)(C cosµy +D sinµy),

u = (A cosµx+B sinµx)(C shµy +D chµy),

ãäå A, B, C , D, µ�ïðîèçâîëüíûå ïîñòîÿííûå.

2◦. ×àñòíûå ðåøåíèÿ â ïîëÿðíîé ñèñòåìå êîîðäèíàò:

u = A ln r +B,

u = (Arm +Br−m)(C cosmϕ+D sinmϕ),

ãäå A, B, C , D�ïðîèçâîëüíûå ïîñòîÿííûå, m = 1, 2, . . .

◮ Ôîðìóëû, ïîçâîëÿþùèå ñòðîèòü ÷àñòíûå ðåøåíèÿ.

Åñëè u(x, y)�íåêîòîðîå ðåøåíèå óðàâíåíèÿ Ëàïëàñà, òî �óíêöèè

u1 = Au(±λx+ C1,±λy + C2) +B,

u2 = Au(x cos β + y sinβ, −x sin β + y cos β),

u3 = Au
(

x

x2 + y2
,

y

x2 + y2

)

òàêæå ÿâëÿþòñÿ ðåøåíèÿìè ýòîãî óðàâíåíèÿ âñþäó, ãäå îíè îïðåäåëåíû; A, B,
C1, C2, β, λ � ïðîèçâîëüíûå ïîñòîÿííûå. Çíàêè ïåðåä λ â �îðìóëå äëÿ u1
âûáèðàþòñÿ ïðîèçâîëüíî íåçàâèñèìî äðóã îò äðóãà.

◮ Ìåòîä ïîñòðîåíèÿ ÷àñòíûõ ðåøåíèé.

Äîñòàòî÷íî îáùèé ìåòîä ïîñòðîåíèÿ òî÷íûõ ðåøåíèé çàêëþ÷àåòñÿ â ñëåäóþ-

ùåì. Ïóñòü f(z) = u(x, y)+ iv(x, y)�ëþáàÿ àíàëèòè÷åñêàÿ �óíêöèÿ êîìïëåêñ-

íîãî ïåðåìåííîãî z = x + iy (u è v � âåùåñòâåííûå �óíêöèè âåùåñòâåííûõ

ïåðåìåííûõ x è y, i2 = −1). Òîãäà äåéñòâèòåëüíàÿ è ìíèìàÿ ÷àñòè �óíêöèè f
óäîâëåòâîðÿþò äâóìåðíîìó óðàâíåíèþ Ëàïëàñà

∆u = 0, ∆v = 0.
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Òàêèì îáðàçîì, çàäàâàÿ ëþáûå àíàëèòè÷åñêèå �óíêöèè f(z) è âûäåëÿÿ èõ äåé-
ñòâèòåëüíûå è ìíèìûå ÷àñòè, ìîæíî ïîëó÷àòü ðàçëè÷íûå ðåøåíèÿ äâóìåðíîãî

óðàâíåíèÿ Ëàïëàñà.

Íèæå ïðèâåäåíû ðåøåíèÿ äâóìåðíîãî óðàâíåíèÿ Ëàïëàñà ðàçëè÷íûìè îä-

íîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè.

Çàìå÷àíèå 5.1. Äëÿ óðàâíåíèÿ Ëàïëàñà è äðóãèõ ýëëèïòè÷åñêèõ óðàâíåíèé ïåðâóþ

êðàåâóþ çàäà÷ó ÷àñòî íàçûâàþò çàäà÷åé Äèðèõëå, à âòîðóþ êðàåâóþ çàäà÷ó� çàäà÷åé

Íåéìàíà.

◮ Îáëàñòü: −∞ < x < ∞, 0 6 y < ∞. Ïåðâàÿ êðàåâàÿ çàäà÷à.

�àññìàòðèâàåòñÿ ïîëóïëîñêîñòü. Çàäàíî ãðàíè÷íîå óñëîâèå:

u = f(x) ïðè y = 0.

�åøåíèå:

u(x, y) =
1

π

∫ ∞

−∞
yf(ξ) dξ

(x− ξ)2 + y2
=

1

π

∫ π/2

−π/2
f(x+ y tg θ) dθ.

◮ Îáëàñòü: −∞ < x < ∞, 0 6 y < ∞. Âòîðàÿ êðàåâàÿ çàäà÷à.

�àññìàòðèâàåòñÿ ïîëóïëîñêîñòü. Çàäàíî ãðàíè÷íîå óñëîâèå:

uy = f(x) ïðè y = 0.

�åøåíèå:

u(x, y) =
1

π

∫ ∞

−∞
f(ξ) ln

√
(x− ξ)2 + y2 dξ + C,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

◮ Îáëàñòü: 0 6 x < ∞, 0 6 y < ∞. Ïåðâàÿ êðàåâàÿ çàäà÷à.

�àññìàòðèâàåòñÿ êâàäðàíò ïëîñêîñòè. Çàäàíû ãðàíè÷íûå óñëîâèÿ:

u = f1(y) ïðè x = 0, u = f2(x) ïðè y = 0.

�åøåíèå:

u(x, y) =
4

π
xy

∫ ∞

0

f1(η)η dη

[x2 + (y − η)2][x2 + (y + η)2]
+

+
4

π
xy

∫ ∞

0

f2(ξ)ξ dξ

[(x− ξ)2 + y2][(x+ ξ)2 + y2]
.
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◮ Îáëàñòü: −∞ < x < ∞, 0 6 y 6 a. Ïåðâàÿ êðàåâàÿ çàäà÷à.

�àññìàòðèâàåòñÿ áåñêîíå÷íàÿ ïîëîñà. Çàäàíû ãðàíè÷íûå óñëîâèÿ:

u = f1(x) ïðè y = 0, u = f2(x) ïðè y = a.

�åøåíèå:

u(x, y) =
1

2a
sin

(
πy

a

) ∫ ∞

−∞
f1(ξ) dξ

ch[π(x− ξ)/a]− cos(πy/a)
+

+
1

2a
sin

(
πy

a

) ∫ ∞

−∞
f2(ξ) dξ

ch[π(x− ξ)/a] + cos(πy/a)
.

◮ Îáëàñòü: −∞ < x < ∞, 0 6 y 6 a. Âòîðàÿ êðàåâàÿ çàäà÷à.

�àññìàòðèâàåòñÿ áåñêîíå÷íàÿ ïîëîñà. Çàäàíû ãðàíè÷íûå óñëîâèÿ:

uy = f1(x) ïðè y = 0, uy = f2(x) ïðè y = a.

�åøåíèå:

u(x, y) =
1

2π

∫ ∞

−∞
f1(ξ) ln

{
ch[π(x− ξ)/a]− cos(πy/a)

}
dξ −

− 1

2π

∫ ∞

−∞
f2(ξ) ln

{
ch[π(x− ξ)/a] + cos(πy/a)

}
dξ + C,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

◮ Îáëàñòü: 0 6 x 6 a, 0 6 y 6 b. Ïåðâàÿ êðàåâàÿ çàäà÷à.

�àññìàòðèâàåòñÿ ïðÿìîóãîëüíèê. Çàäàíû ãðàíè÷íûå óñëîâèÿ:

u = f1(y) ïðè x = 0, u = f2(y) ïðè x = a,

u = f3(x) ïðè y = 0, u = f4(x) ïðè y = b.

�åøåíèå:

u(x, y) =
∞∑

n=1

An sh
[
nπ

b
(a− x)

]
sin

(
nπ

b
y
)
+

∞∑

n=1

Bn sh
(
nπ

b
x
)
sin

(
nπ

b
y
)
+

+

∞∑

n=1

Cn sin
(
nπ

a
x
)
sh
[
nπ

a
(b− y)

]
+

∞∑

n=1

Dn sin
(
nπ

a
x
)
sh
(
nπ

a
y
)
,

ãäå êîý��èöèåíòû An, Bn, Cn, Dn îïðåäåëÿþòñÿ ïî �îðìóëàì

An =
2

λn

∫ b

0
f1(ξ) sin

(
nπξ

b

)
dξ, Bn =

2

λn

∫ b

0
f2(ξ) sin

(
nπξ

b

)
dξ,

Cn =
2

µn

∫ a

0
f3(ξ) sin

(
nπξ

a

)
dξ, Dn =

2

µn

∫ a

0
f4(ξ) sin

(
nπξ

a

)
dξ,

λn = b sh
(
nπa

b

)
, µn = a sh

(
nπb

a

)
.
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◮ Îáëàñòü: 0 6 r 6 R. Ïåðâàÿ êðàåâàÿ çàäà÷à.

�àññìàòðèâàåòñÿ êðóã. Çàäàíî ãðàíè÷íîå óñëîâèå:

u = f(ϕ) ïðè r = R.

�åøåíèå â ïîëÿðíûõ êîîðäèíàòàõ:

u(r, ϕ) =
1

2π

∫ 2π

0
f(ψ)

R2 − r2

r2 − 2Rr cos(ϕ− ψ) +R2
dψ.

Ýòó �îðìóëó ïðèíÿòî íàçûâàòü èíòåãðàëîì Ïóàññîíà.

◮ Îáëàñòü: 0 6 r 6 R. Âòîðàÿ êðàåâàÿ çàäà÷à.

�àññìàòðèâàåòñÿ êðóã. Çàäàíî ãðàíè÷íîå óñëîâèå:

ur = f(ϕ) ïðè r = R,

ãäå �óíêöèÿ f(ϕ) äîëæíà óäîâëåòâîðÿòü óñëîâèþ ðàçðåøèìîñòè ýòîé çàäà÷è∫ 2π

0
f(ϕ) dϕ = 0.

�åøåíèå â ïîëÿðíûõ êîîðäèíàòàõ:

u(r, ϕ) =
R

2π

∫ 2π

0
f(ψ) ln

r2 − 2Rr cos(ϕ− ψ) +R2

R2
dψ + C,

ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ; ýòó �îðìóëó ÷àñòî íàçûâàþò èíòåãðàëîì

Äèíè.

5.3.2. Óðàâíåíèå Ïóàññîíà ∆u +Φ(x, y) = 0

Äâóìåðíîå óðàâíåíèå Ïóàññîíà èìååò âèä

uxx + uyy +Φ(x, y) = 0 â äåêàðòîâîé ñèñòåìå êîîðäèíàò,

r−1(rur)r + r−2uϕϕ +Φ(r, ϕ) = 0 â ïîëÿðíîé ñèñòåìå êîîðäèíàò.

Íèæå ïðèâåäåíû ðåøåíèÿ äâóìåðíîãî óðàâíåíèÿ Ïóàññîíà ñ ðàçëè÷íûìè

îäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè.

◮ Îáëàñòü: −∞ < x < ∞, −∞ < y < ∞.

�åøåíèå:

u(x, y) =
1

2π

∫ ∞

−∞

∫ ∞

−∞
Φ(ξ, η) ln

1√
(x− ξ)2 + (y − η)2

dξ dη.

◮ Îáëàñòü: −∞ < x < ∞, 0 6 y < ∞. Ïåðâàÿ êðàåâàÿ çàäà÷à.

�àññìàòðèâàåòñÿ ïîëóïëîñêîñòü. Çàäàíî ãðàíè÷íîå óñëîâèå:

u = f(x) ïðè y = 0.

�åøåíèå:

u(x, y) =
1

π

∫ ∞

−∞
yf(ξ) dξ

(x− ξ)2 + y2
+

1

2π

∫ ∞

0

∫ ∞

−∞
Φ(ξ, η) ln

√
(x− ξ)2 + (y + η)2√
(x− ξ)2 + (y − η)2

dξ dη.
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◮ Îáëàñòü: 0 6 x < ∞, 0 6 y < ∞. Ïåðâàÿ êðàåâàÿ çàäà÷à.

�àññìàòðèâàåòñÿ êâàäðàíò ïëîñêîñòè. Çàäàíû ãðàíè÷íûå óñëîâèÿ:

u = f1(y) ïðè x = 0, u = f2(x) ïðè y = 0.

�åøåíèå:

u(x, y) =
4

π
xy

∫ ∞

0

f1(η)η dη

[x2+(y−η)2][x2+(y+η)2]
+

4

π
xy

∫ ∞

0

f2(ξ)ξ dξ

[(x−ξ)2+y2][(x+ξ)2+y2]+

+
1

2π

∫ ∞

0

∫ ∞

0
Φ(ξ, η) ln

√
(x−ξ)2+(y+η)2

√
(x+ξ)2+(y−η)2√

(x−ξ)2+(y−η)2
√

(x+ξ)2+(y+η)2
dξ dη.

◮ Îáëàñòü: 0 6 x 6 a, 0 6 y 6 b. Ïåðâàÿ êðàåâàÿ çàäà÷à.

�àññìàòðèâàåòñÿ ïðÿìîóãîëüíèê. Çàäàíû ãðàíè÷íûå óñëîâèÿ:

u = f1(y) ïðè x = 0, u = f2(y) ïðè x = a,

u = f3(x) ïðè y = 0, u = f4(x) ïðè y = b.

�åøåíèå:

u(x, y) =
∫ a

0

∫ b

0
Φ(ξ, η)G(x, y, ξ, η) dη dξ +

+
∫ b

0
f1(η)

[
∂

∂ξ
G(x, y, ξ, η)

]
ξ=0

dη −
∫ b

0
f2(η)

[
∂

∂ξ
G(x, y, ξ, η)

]
ξ=a

dη +

+
∫ a

0
f3(ξ)

[
∂

∂η
G(x, y, ξ, η)

]
η=0

dξ −
∫ a

0
f4(ξ)

[
∂

∂η
G(x, y, ξ, η)

]
η=b

dξ.

Äâå �îðìû ïðåäñòàâëåíèÿ �óíêöèè �ðèíà:

G(x, y, ξ, η)=
2

a

∞∑

n=1

sin(pnx) sin(pnξ)

pn sh(pnb)
Hn(y, η)=

2

b

∞∑

m=1

sin(qmy) sin(qmη)

qm sh(qma)
Qm(x, ξ),

ãäå

pn =
πn

a
, Hn(y, η) =

{
sh(pnη) sh[pn(b− y)] ïðè b > y > η > 0,

sh(pny) sh[pn(b− η)] ïðè b > η > y > 0;

qm =
πm

b
, Qm(x, ξ) =

{
sh(qmξ) sh[qm(a− x)] ïðè a > x > ξ > 0,

sh(qmx) sh[qm(a− ξ)] ïðè a > ξ > x > 0.

◮ Îáëàñòü: 0 6 r 6 R, 0 6 ϕ 6 2π. Ïåðâàÿ êðàåâàÿ çàäà÷à.

�àññìàòðèâàåòñÿ êðóã. Çàäàíî ãðàíè÷íîå óñëîâèå:

u = f(ϕ) ïðè r = R.

�åøåíèå â ïîëÿðíîé ñèñòåìå êîîðäèíàò:

u(r,ϕ)=
1

2π

∫ 2π

0
f(η)

R2−r2
r2−2Rr cos(ϕ−η)+R2

dη+
∫ 2π

0

∫ R

0
Φ(ξ, η)G(r,ϕ, ξ, η)ξ dξ dη,

ãäå

G(r, ϕ, ξ, η) =
1

4π
ln

r2ξ2 − 2R2rξ cos(ϕ− η) +R4

R2[r2 − 2rξ cos(ϕ− η) + ξ2]
.
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5.3.3. Óðàâíåíèå �åëüìãîëüöà ∆u + λu = −Φ(x, y)

Ê äâóìåðíîìó óðàâíåíèþ �åëüìãîëüöà ïðè λ > 0 ïðèâîäèò øèðîêèé êëàññ

çàäà÷, ñâÿçàííûõ ñ óñòàíîâèâøèìèñÿ êîëåáàíèÿìè (ìåõàíè÷åñêèìè, àêóñòè÷å-

ñêèìè, òåïëîâûìè, ýëåêòðîìàãíèòíûìè è äð.). Ïðè λ< 0 è Φ=0 ýòî óðàâíåíèå
îïèñûâàåò ïðîöåññû ìàññîïåðåíîñà ñ îáúåìíîé õèìè÷åñêîé ðåàêöèåé ïåðâîãî

ïîðÿäêà.

Äâóìåðíîå óðàâíåíèå �åëüìãîëüöà èìååò âèä

uxx + uyy + λu = −Φ(x, y) â äåêàðòîâîé ñèñòåìå êîîðäèíàò,

r−1(rur)r + r−2uϕϕ + λu = −Φ(r, ϕ) â ïîëÿðíîé ñèñòåìå êîîðäèíàò.

◮ ×àñòíûå ðåøåíèÿ îäíîðîäíîãî óðàâíåíèÿ �åëüìãîëüöà ïðè Φ ≡ 0.

1◦. ×àñòíûå ðåøåíèÿ îäíîðîäíîãî óðàâíåíèÿ �åëüìãîëüöà â äåêàðòîâîé

ñèñòåìå êîîðäèíàò:

u = (Ax+B)(C cosµy +D sinµy), λ = µ2,

u = (Ax+B)(C chµy +D shµy), λ = −µ2,
u = (A cos µx+B sinµx)(Cy +D), λ = µ2,

u = (A ch µx+B shµx)(Cy +D), λ = −µ2,
u = (A cos µ1x+B sinµ1x)(C cosµ2y +D sinµ2y), λ = µ21 + µ22,

u = (A cos µ1x+B sinµ1x)(C ch µ2y +D shµ2y), λ = µ21 − µ22,

u = (A ch µ1x+B shµ1x)(C cosµ2y +D sinµ2y), λ = −µ21 + µ22,

u = (A ch µ1x+B shµ1x)(C chµ2y +D shµ2y), λ = −µ21 − µ22,

ãäå A, B, C , D�ïðîèçâîëüíûå ïîñòîÿííûå.

2◦. ×àñòíûå ðåøåíèÿ îäíîðîäíîãî óðàâíåíèÿ �åëüìãîëüöà â ïîëÿðíîé ñè-

ñòåìå êîîðäèíàò:

u = [AJ0(µr) +BY0(µr)](Cϕ+D), λ = µ2,

u = [AI0(µr) +BK0(µr)](Cϕ+D), λ = −µ2,
u = [AJm(µr) +BYm(µr)](C cosmϕ+D sinmϕ), λ = µ2,

u = [AIm(µr) +BKm(µr)](C cosmϕ+D sinmϕ), λ = −µ2,
ãäå m = 1, 2, . . . ; A, B, C , D� ïðîèçâîëüíûå ïîñòîÿííûå; Jm(µ) è Ym(µ)�
�óíêöèè Áåññåëÿ; Im(µ) è Km(µ)�ìîäè�èöèðîâàííûå �óíêöèè Áåññåëÿ.

◮ Ôîðìóëû, ïîçâîëÿþùèå ñòðîèòü ÷àñòíûå ðåøåíèÿ.

Åñëè u(x, y)�íåêîòîðîå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ �åëüìãîëüöà, òî �óí-
êöèè

u1 = u(±x+C1,±y + C2),

u2 = u(x cos θ + y sin θ + C1, −x sin θ + y cos θ + C2),
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ãäå C1, C2, θ � ïðîèçâîëüíûå ïîñòîÿííûå, òàêæå ÿâëÿþòñÿ ðåøåíèÿìè ýòîãî

óðàâíåíèÿ. Çíàêè â �îðìóëå äëÿ u1 âûáèðàþòñÿ ïðîèçâîëüíî íåçàâèñèìî äðóã
îò äðóãà.

Íèæå ïðèâåäåíû ðåøåíèÿ äâóìåðíîãî íåîäíîðîäíîãî óðàâíåíèÿ �åëüì-

ãîëüöà ñ ðàçëè÷íûìè îäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè.

◮ Îáëàñòü: −∞ < x < ∞, −∞ < y < ∞.

1◦. �åøåíèå ïðè λ = −s2 < 0:

u(x, y) =
1

2π

∫ ∞

−∞

∫ ∞

−∞
Φ(ξ, η)K0(s̺) dξ dη, ̺ =

√
(x− ξ)2 + (y − η)2.

Çäåñü è äàëåå K0(z) =
∫ ∞

0

cos(zt)√
1 + t2

dt � ìîäè�èöèðîâàííàÿ �óíêöèÿ Áåññåëÿ

âòîðîãî ðîäà.

2◦. �åøåíèå ïðè λ = k2 > 0:

u(x, y) = − i

4

∫ ∞

−∞

∫ ∞

−∞
Φ(ξ, η)H

(2)
0 (k̺) dξ dη, ̺ =

√
(x− ξ)2 + (y − η)2.

Çäåñü è äàëåå H
(2)
0 (z)=J0(z)−iY0(z)��óíêöèÿ Õàíêåëÿ âòîðîãî ðîäà, i2=−1.

Çàìå÷àíèå 5.2. Â ýòîì ðàçäåëå äëÿ ïîëó÷åíèÿ ðåøåíèé â íåîãðàíè÷åííîé îáëàñòè

ïðè λ>0 èñïîëüçîâàëèñü óñëîâèÿ èçëó÷åíèÿ íà áåñêîíå÷íîñòè (óñëîâèÿ Çîììåð�åëüäà),
êîòîðûå çàïèñûâàþòñÿ òàê:

lim
r→∞

√
ru = 
onst, lim

r→∞

(ur + i
√
λu) = 0.

Ïîäðîáíîñòè ñì. â êíèãàõ Òèõîíîâ & Ñàìàðñêèé (1972), Polyanin & Nazaikinskii (2016).

◮ Îáëàñòü: −∞ < x < ∞, 0 6 y < ∞. Ïåðâàÿ êðàåâàÿ çàäà÷à.

�àññìàòðèâàåòñÿ ïîëóïëîñêîñòü. Çàäàíî ãðàíè÷íîå óñëîâèå:

u = f(x) ïðè y = 0.

�åøåíèå:

u(x, y) =
∫ ∞

−∞
f(ξ)

[
∂

∂η
G(x, y, ξ, η)

]
η=0

dξ +
∫ ∞

0

∫ ∞

−∞
Φ(ξ, η)G(x, y, ξ, η) dξ dη.

1◦. Ôóíêöèÿ �ðèíà ïðè λ = −s2 < 0:

G(x, y, ξ, η) =
1

2π

[
K0(s̺1)−K0(s̺2)

]
,

̺1 =
√

(x− ξ)2 + (y − η)2, ̺2 =
√

(x− ξ)2 + (y + η)2.

2◦. Ôóíêöèÿ �ðèíà ïðè λ = k2 > 0:

G(x, y, ξ, η) = − i

4

[
H

(2)
0 (k̺1)−H

(2)
0 (k̺2)

]
.

Çàìå÷àíèå 5.3. Äëÿ ïîëó÷åíèÿ ðåøåíèÿ ïðè λ > 0 èñïîëüçîâàëèñü óñëîâèÿ èçëó-

÷åíèÿ íà áåñêîíå÷íîñòè (óñëîâèÿ Çîììåð�åëüäà), ñì. çàìå÷àíèå 5.2.
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◮ Îáëàñòü: −∞ < x < ∞, 0 6 y < ∞. Âòîðàÿ êðàåâàÿ çàäà÷à.

�àññìàòðèâàåòñÿ ïîëóïëîñêîñòü. Çàäàíî ãðàíè÷íîå óñëîâèå:

uy = f(x) ïðè y = 0.

�åøåíèå:

u(x, y) = −
∫ ∞

−∞
f(ξ)G(x, y, ξ, 0) dξ +

∫ ∞

0

∫ ∞

−∞
Φ(ξ, η)G(x, y, ξ, η) dξ dη.

1◦. Ôóíêöèÿ �ðèíà ïðè λ = −s2 < 0:

G(x, y, ξ, η) =
1

2π

[
K0(s̺1) +K0(s̺2)

]
,

̺1 =
√

(x− ξ)2 + (y − η)2, ̺2 =
√

(x− ξ)2 + (y + η)2.

2◦. Ôóíêöèÿ �ðèíà ïðè λ = k2 > 0:

G(x, y, ξ, η) = − i

4

[
H

(2)
0 (k̺1) +H

(2)
0 (k̺2)

]
.

Çàìå÷àíèå 5.4. Äëÿ ïîëó÷åíèÿ ðåøåíèÿ ïðè λ > 0 èñïîëüçîâàëèñü óñëîâèÿ èçëó-

÷åíèÿ íà áåñêîíå÷íîñòè (óñëîâèÿ Çîììåð�åëüäà), ñì. çàìå÷àíèå 5.2.

◮ Îáëàñòü: 0 6 x < ∞, 0 6 y < ∞. Ïåðâàÿ êðàåâàÿ çàäà÷à.

�àññìàòðèâàåòñÿ êâàäðàíò ïëîñêîñòè. Çàäàíû ãðàíè÷íûå óñëîâèÿ:

u = f1(y) ïðè x = 0, u = f2(x) ïðè y = 0.

�åøåíèå:

u(x, y) =
∫ ∞

0
f1(η)

[
∂

∂ξ
G(x, y, ξ, η)

]
ξ=0

dη +
∫ ∞

0
f2(ξ)

[
∂

∂η
G(x, y, ξ, η)

]
η=0

dξ +

+
∫ ∞

0

∫ ∞

0
Φ(ξ, η)G(x, y, ξ, η) dξ dη.

1◦. Ôóíêöèÿ �ðèíà ïðè λ = −s2 < 0:

G(x, y, ξ, η) =
1

2π

[
K0(s̺1)−K0(s̺2)−K0(s̺3) +K0(s̺4)

]
,

̺1 =
√

(x− ξ)2 + (y − η)2, ̺2 =
√

(x− ξ)2 + (y + η)2,

̺3 =
√

(x+ ξ)2 + (y − η)2, ̺4 =
√

(x+ ξ)2 + (y + η)2.

2◦. Ôóíêöèÿ �ðèíà ïðè λ = k2 > 0:

G(x, y, ξ, η) = − i

4

[
H

(2)
0 (k̺1)−H

(2)
0 (k̺2)−H

(2)
0 (k̺3) +H

(2)
0 (k̺4)

]
.
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◮ Îáëàñòü: 0 6 x < ∞, 0 6 y < ∞. Âòîðàÿ êðàåâàÿ çàäà÷à.

�àññìàòðèâàåòñÿ êâàäðàíò ïëîñêîñòè. Çàäàíû ãðàíè÷íûå óñëîâèÿ:

ux = f1(y) ïðè x = 0, uy = f2(x) ïðè y = 0.

�åøåíèå:

u(x, y) =−
∫ ∞

0
f1(η)G(x, y, 0, η) dη −

∫ ∞

0
f2(ξ)G(x, y, ξ, 0) dξ +

+
∫ ∞

0

∫ ∞

0
Φ(ξ, η)G(x, y, ξ, η) dξ dη.

1◦. Ôóíêöèÿ �ðèíà ïðè λ = −s2 < 0:

G(x, y, ξ, η) =
1

2π

[
K0(s̺1) +K0(s̺2) +K0(s̺3) +K0(s̺4)

]
,

̺1 =
√

(x− ξ)2 + (y − η)2, ̺2 =
√

(x− ξ)2 + (y + η)2,

̺3 =
√

(x+ ξ)2 + (y − η)2, ̺4 =
√

(x+ ξ)2 + (y + η)2.

2◦. Ôóíêöèÿ �ðèíà ïðè λ = k2 > 0:

G(x, y, ξ, η) = − i

4

[
H

(2)
0 (k̺1) +H

(2)
0 (k̺2) +H

(2)
0 (k̺3) +H

(2)
0 (k̺4)

]
.

◮ Îáëàñòü: 0 6 x 6 a, 0 6 y 6 b. Ïåðâàÿ êðàåâàÿ çàäà÷à.

�àññìàòðèâàåòñÿ ïðÿìîóãîëüíèê. Çàäàíû ãðàíè÷íûå óñëîâèÿ:

u = f1(y) ïðè x = 0, u = f2(y) ïðè x = a,

u = f3(x) ïðè y = 0, u = f4(x) ïðè y = b.

1◦. Ñîáñòâåííûå çíà÷åíèÿ îäíîðîäíîé êðàåâîé çàäà÷è ïðè Φ ≡ 0 (äëÿ

óäîáñòâà èñïîëüçóåòñÿ äâîéíîé íèæíèé èíäåêñ):

λnm = π2
(
n2

a2
+

m2

b2

)
; n = 1, 2, . . . ; m = 1, 2, . . .

Ñîáñòâåííûå �óíêöèè è êâàäðàò íîðìû ýòèõ �óíêöèé:

unm = sin
(
nπx

a

)
sin

(
mπy

b

)
, ‖unm‖2 = ab

4
.

2◦. �åøåíèå ïðè λ 6= λnm:

u(x, y) =
∫ a

0

∫ b

0
Φ(ξ, η)G(x, y, ξ, η) dη dξ +

+
∫ b

0
f1(η)

[
∂

∂ξ
G(x, y, ξ, η)

]
ξ=0

dη −
∫ b

0
f2(η)

[
∂

∂ξ
G(x, y, ξ, η)

]
ξ=a

dη +

+
∫ a

0
f3(ξ)

[
∂

∂η
G(x, y, ξ, η)

]
η=0

dξ −
∫ a

0
f4(ξ)

[
∂

∂η
G(x, y, ξ, η)

]
η=b

dξ.
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Äâå �îðìû ïðåäñòàâëåíèÿ �óíêöèÿ �ðèíà:

G(x, y, ξ, η) =
2

a

∞∑

n=1

sin(pnx) sin(pnξ)

βn sh(βnb)
Hn(y, η) =

2

b

∞∑

k=1

sin(qky) sin(qkη)

µk sh(µka)
Qk(x, ξ),

ãäå

pn=
πn

a
, βn=

√
p2n−λ, Hn(y, η)=

{
sh(βnη) sh[βn(b−y)] ïðè b> y >η> 0,

sh(βny) sh[βn(b−η)] ïðè b> η > y> 0;

qk=
πk

b
, µk=

√
q2k−λ, Qk(x, ξ)=

{
sh(µkξ) sh[µk(a−x)] ïðè a>x> ξ> 0,

sh(µkx) sh[µk(a−ξ)] ïðè a> ξ >x> 0.

◮ Îáëàñòü: 0 6 r 6 R. Ïåðâàÿ êðàåâàÿ çàäà÷à.

�àññìàòðèâàåòñÿ êðóã. Çàäàíî ãðàíè÷íîå óñëîâèå:

u = 0 ïðè r = R.

Ñîáñòâåííûå çíà÷åíèÿ îäíîðîäíîé çàäà÷è ïðè Φ ≡ 0:

λnm =
µ2
nm

R2
; n = 0, 1, 2, . . . ; m = 1, 2, 3, . . .

Çäåñü µnm �ïîëîæèòåëüíûå êîðíè �óíêöèè Áåññåëÿ Jn(µ) = 0.
Ñîáñòâåííûå �óíêöèè:

u(1)nm = Jn
(
r
√
λnm

)
cosnϕ, u(2)nm = Jn

(
r
√
λnm

)
sinnϕ.

Ñîáñòâåííûå �óíêöèè, îáëàäàþùèå îñåâîé ñèììåòðèåé: u
(1)
0m=J0

(
r
√
λ0m

)
.

◮ Îáëàñòü: 0 6 r 6 R. Âòîðàÿ êðàåâàÿ çàäà÷à.

�àññìàòðèâàåòñÿ êðóã. Çàäàíî ãðàíè÷íîå óñëîâèå:

ur = 0 ïðè r = R.

Ñîáñòâåííûå çíà÷åíèÿ îäíîðîäíîé êðàåâîé çàäà÷è ïðè Φ ≡ 0:

λnm =
µ2
nm

R2
,

ãäå µnm�êîðíè òðàíñöåíäåíòíîãî óðàâíåíèÿ J ′
n(µ) = 0.

Ñîáñòâåííûå �óíêöèè:

u(1)nm = Jn(r
√
λnm ) cosnϕ, u(2)nm = Jn(r

√
λnm ) sinnϕ.

Â ýòèõ �îðìóëàõ n = 0, 1, 2, . . . ; ïðè n 6= 0 ïàðàìåòð m ïðèíèìàåò çíà÷åíèÿ

m = 1, 2, 3, . . . ; ïðè n = 0 èìååòñÿ êîðåíü µ00 = 0 (ñîîòâåòñòâóþùàÿ åìó

ñîáñòâåííàÿ �óíêöèÿ u00 = 1).

Ñîáñòâåííûå �óíêöèè, îáëàäàþùèå îñåâîé ñèììåòðèåé: u
(1)
0m=J0

(
r
√
λ0m

)
.
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5.3.4. Óðàâíåíèÿ êîíâåêòèâíîãî òåïëî- è ìàññîïåðåíîñà

1. uxx +uyy = aux + buy + cu.

Ýòî óðàâíåíèå îïèñûâàåò ñòàöèîíàðíîå ïîëå òåìïåðàòóðû â ñðåäå, äâèæó-

ùåéñÿ ñ ïîñòîÿííîé ñêîðîñòüþ, ïðè íàëè÷èè îáúåìíîãî òåïëîâûäåëåíèÿ (èëè

ïîãëîùåíèÿ), ïðîïîðöèîíàëüíîãî òåìïåðàòóðå. Ïðè b = c = 0 îíî îïèñûâàåò

òåìïåðàòóðíîå ïîëå â ñïëîøíîé ñðåäå, äâèæóùåéñÿ ñ ïîñòîÿííîé ñêîðîñòüþ

âäîëü îñè x (ýòî ïðîèñõîäèò, íàïðèìåð, ïðè îáòåêàíèè ïëîñêîé ïëàñòèíû æèä-

êîìåòàëëè÷åñêèì òåïëîíîñèòåëåì èëè ïðè �èëüòðàöèîííîì îáòåêàíèè ïëàñòè-

íû, íàõîäÿùåéñÿ â ãðàíóëèðîâàííîé ñðåäå).

1◦. Ïîäñòàíîâêà

u(x, y) = exp
[
1
2 (ax+ by)

]
w(x, y)

ïðèâîäèò èñõîäíîå óðàâíåíèå ê óðàâíåíèþ �åëüìãîëüöà

wxx + wyy =
(
c+ 1

4 a
2 + 1

4 b
2
)
w,

êîòîðîå îáñóæäàåòñÿ â ðàçä. 5.3.3.

2◦. Ïóñòü b = c = 0. �àññìîòðèì âòîðóþ êðàåâóþ çàäà÷ó äëÿ äàííîãî

óðàâíåíèÿ â âåðõíåé ïîëóïëîñêîñòè (−∞ < x < ∞, 0 6 y < ∞). Ñ÷èòàåì,

÷òî íà ïîâåðõíîñòè ïëàñòèíû êîíå÷íîé äëèíû çàäàí òåïëîâîé ïîòîê, à ñðåäà

èìååò ïîñòîÿííóþ òåìïåðàòóðó âäàëè îò ïëàñòèíû:

uy = f(x) ïðè y = 0, |x| < 1,

uy = 0 ïðè y = 0, |x| > 1,

u→ u∞ ïðè x2 + y2 → ∞.

�åøåíèå ýòîé çàäà÷è â äåêàðòîâîé ñèñòåìå êîîðäèíàò èìååò âèä

u(x, y) = u∞ − 1

π

∫ 1

−1
f(ξ) exp

[
1
2 a(x− ξ)

]
K0

(
1
2 a

√
(x− ξ)2 + y2

)
dξ,

ãäå K0(z)�ìîäè�èöèðîâàííàÿ �óíêöèÿ Áåññåëÿ âòîðîãî ðîäà.

2. uxx + uyy = Pe (1 − y2)ux.

Óðàâíåíèå �ðåöà � Íóññåëüòà. Îíî îïèñûâàåò ñòàöèîíàðíûé òåïëîïåðåíîñ

ïðè ëàìèíàðíîì òå÷åíèè æèäêîñòè ñ ïàðàáîëè÷åñêèì ïðî�èëåì ñêîðîñòè â

ïëîñêîì êàíàëå. Óðàâíåíèå çàïèñàíî â áåçðàçìåðíûõ äåêàðòîâûõ êîîðäèíàòàõ

x, y; Pe = Uh/a � ÷èñëî Ïåêëå, U � ñêîðîñòü æèäêîñòè íà îñè êàíàëà (ïðè

y = 0), h � ïîëóøèðèíà êàíàëà, a � êîý��èöèåíò òåìïåðàòóðîïðîâîäíîñòè.

Ñòåíêè êàíàëà îïðåäåëÿþòñÿ çíà÷åíèÿìè y = ±1.

1◦. ×àñòíûå ðåøåíèÿ:

u(y) = A+By,

u(x, y) = 12Ax +APe (6y2 − y4) +B,

u(x, y) =

m∑

n=1

An exp
(
− λ2

n

Pe

x
)
fn(y).
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Çäåñü A, B, An, λn � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè fn îïðåäåëÿþòñÿ

�îðìóëàìè

fn(y) = exp
(
− 1

2 λny
2
)
Φ
(
αn,

1
2 ; λny

2
)
, αn = 1

4 − 1
4 λn − 1

4 λ
3
n Pe

−2, (1)

ãäå Φ(α, β; ξ) = 1+
∞∑
k=1

α(α+1)...(α+k−1)
β(β+1)...(β+k−1)

ξk

k! �âûðîæäåííàÿ ãèïåðãåîìåòðè÷åñêàÿ

�óíêöèÿ.

2◦. Áóäåì ñ÷èòàòü, ÷òî íà ñòåíêàõ êàíàëà ïîääåðæèâàåòñÿ êóñî÷íî-ïîñòîÿí-

íàÿ òåìïåðàòóðà: u = 0 ïðè x < 0 è u = u0 ïðè x > 0. Â ñèëó ñèììåòðèè

çàäà÷è îòíîñèòåëüíî îñè x äîñòàòî÷íî ðàññìîòðåòü òîëüêî ïîëîâèíó îáëàñòè

0 6 y 6 1. �ðàíè÷íûå óñëîâèÿ çàïèñûâàþòñÿ òàê:

y = 0, uy = 0; y = 1, u =

{
0 ïðè x < 0,

u0 ïðè x > 0;

x→ −∞, u→ 0; x→ ∞, u→ u0.

�åøåíèå èñõîäíîãî óðàâíåíèÿ ñ ýòèìè ãðàíè÷íûìè óñëîâèÿìè èùåòñÿ â âèäå

u(x, y) = u0

∞∑

n=1

Bn exp
(
µ2
n

Pe

x
)
gn(y) ïðè x < 0,

u(x, y) = u0

[
1−

∞∑

n=1

An exp
(
− λ2

n

Pe

x
)
fn(y)

]
ïðè x > 0.

Êîý��èöèåíòû ðÿäîâ äîëæíû óäîâëåòâîðÿòü óñëîâèÿì ñîãëàñîâàíèÿ íà ãðàíè-

öå:

u(x, y)
∣∣
x→0, x<0

− u(x, y)
∣∣
x→0, x>0

= 0,

ux(x, y)
∣∣
x→0, x<0

− ux(x, y)
∣∣
x→0, x>0

= 0.

Ïðè x > 0 �óíêöèÿ fn(y) îïðåäåëÿþòñÿ ñîîòíîøåíèÿìè (1), ãäå ñîáñòâåí-

íûå çíà÷åíèÿ λn ÿâëÿþòñÿ êîðíÿìè òðàíñöåíäåíòíîãî óðàâíåíèÿ

Φ
(
αn,

1
2 ; λn

)
= 0, ãäå αn = 1

4 − 1
4 λn − 1

4 λ
3
n Pe

−2.

Ïðè Pe → ∞ ìîæíî èñïîëüçîâàòü ñëåäóþùóþ ïðèáëèæåííóþ �îðìóëó

äëÿ λn:
λn = 4(n − 1) + 1.68 (n = 1, 2, 3, . . . ). (2)

ìàêñèìàëüíàÿ ïîãðåøíîñòü êîòîðîé íå ïðåâûøàåò 0.2%. Ñîîòâåòñòâóþùèå

÷èñëåííûå çíà÷åíèÿ êîý��èöèåíòîâ An äîñòàòî÷íî õîðîøî àïïðîêñèìèðóþòñÿ
âûðàæåíèÿìè

A1 = 1.2, An = 2.27 (−1)n−1λ−7/6
n ïðè n = 2, 3, 4, . . . ,

ìàêñèìàëüíàÿ ïîãðåøíîñòü êîòîðûõ ìåíüøå 0.1%, åñëè λn âû÷èñëÿþòñÿ ñ

ïîìîùüþ (2).
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Ïðè Pe → 0 èìåþò ìåñòî ñëåäóþùèå àñèìïòîòè÷åñêèå ñîîòíîøåíèÿ:

λn=
√
π
(
n− 1

2

)
Pe, An=

4(−1)n−1

π2(2n−1)2
, fn(y)=cos

[
π
(
n− 1

2

)
y
]
, n=1, 2, 3, . . .

Çäåñü íå ïðèâîäÿòñÿ ðåçóëüòàòû äëÿ îáëàñòè x < 0, òàê êàê îíè èìåþò

âòîðîñòåïåííîå çíà÷åíèå äëÿ ïðèëîæåíèé.

3◦. Ïóñòü ïðè x > 0 íà ñòåíêàõ êàíàëà çàäàí ïîñòîÿííûé òåïëîâîé ïîòîê,

à ïðè x < 0 ñòåíêè òåïëîèçîëèðîâàíû è òåìïåðàòóðà îáðàùàåòñÿ â íóëü ïðè

x→ −∞. Â ýòîì ñëó÷àå ãðàíè÷íûå óñëîâèÿ çàïèñûâàþòñÿ òàê:

y = 0, uy = 0; y = 1, uy =

{
0 ïðè x < 0,

q ïðè x > 0;
x→ −∞, u→ 0.

Â îáëàñòè òåïëîâîé ñòàáèëèçàöèè ãëàâíûå ÷ëåíû àñèìïòîòè÷åñêîãî ðàçëîæå-

íèÿ ðåøåíèÿ (ïðè x→ ∞) èìåþò âèä

u(x, y) = q
(
3

2

x

Pe

+
3

4
y2 − 1

8
y4 +

9

4 Pe2
− 39

280

)
.

3. uxx + uyy = f(y)ux.

Ýòî óðàâíåíèå îïèñûâàåò ñòàöèîíàðíûé òåïëîïåðåíîñ â ëàìèíàðíîì ïîòîêå

æèäêîñòè ñ ïðîèçâîëüíûì ïðî�èëåì ñêîðîñòè f = f(y) â ïëîñêîì êàíàëå.

1◦. ×àñòíûå ðåøåíèÿ:

u(x, y) = Ax+A
∫ y

y0
(y − ξ)f(ξ) dξ +By + C,

u(x, y) = B +
m∑

n=1

An exp(−βnx)wn(y).

Çäåñü A, B, C , y0, An, βn �ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè wn = wn(y)
îïèñûâàþòñÿ ëèíåéíûìè ÎÄÓ âòîðîãî ïîðÿäêà

w′′
n +

[
βnf(y) + β2n

]
wn = 0.

2◦. Ïåðâîå ðåøåíèå â ï. 1◦ îïèñûâàåò ðàñïðåäåëåíèå òåìïåðàòóðû âäàëè

îò âõîäíîãî ñå÷åíèÿ òðóáû, â îáëàñòè òåïëîâîé ñòàáèëèçàöèè, ïðè óñëîâèè,

÷òî íà ñòåíêàõ êàíàëà çàäàí ïîñòîÿííûé òåïëîâîé ïîòîê.

4. urr + r−1ur + uzz = Pe (1− r2)uz.

Ýòî óðàâíåíèå îïèñûâàåò ñòàöèîíàðíûé òåïëîïåðåíîñ â ëàìèíàðíîì ïîòîêå

æèäêîñòè ñ ïàðàáîëè÷åñêèì ïðî�èëåì ñêîðîñòè (òå÷åíèå Ïóàçåéëÿ) â êðóãëîé

òðóáå. Óðàâíåíèå çàïèñàíî â áåçðàçìåðíûõ öèëèíäðè÷åñêèõ êîîðäèíàòàõ r, z;
Pe = UR/a� ÷èñëî Ïåêëå, U � ñêîðîñòü æèäêîñòè íà îñè òðóáû (ïðè r = 0),
R� ðàäèóñ òðóáû, a� êîý��èöèåíò òåìïåðàòóðîïðîâîäíîñòè. Ñòåíêàì òðóáû

ñîîòâåòñòâóåò çíà÷åíèå r = 1.
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1◦. ×àñòíûå ðåøåíèÿ:

u(r) = A+B ln r,

u(r, z) = 16Az +APe (4r2 − r4) +B,

u(r, z) =
m∑

n=1

An exp
(
− λ2

n

Pe

z
)
fn(r).

Çäåñü A, B, An, λn � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè fn îïðåäåëÿþòñÿ

�îðìóëàìè

fn(r) = exp
(
− 1

2 λnr
2
)
Φ
(
αn, 1; λnr

2
)
, αn = 1

2 − 1
4 λn − 1

4 λ
3
n Pe

−2, (1)

ãäå Φ(α, β; ξ)�âûðîæäåííàÿ ãèïåðãåîìåòðè÷åñêàÿ �óíêöèÿ.

2◦. Áóäåì ñ÷èòàòü, ÷òî íà ñòåíêå òðóáû ïîääåðæèâàåòñÿ êóñî÷íî-ïîñòîÿííàÿ

òåìïåðàòóðà: u= 0 ïðè z < 0 è u= u0 ïðè z > 0. Ñîîòâåòñòâóþùèå ãðàíè÷íûå
óñëîâèÿ çàïèñûâàþòñÿ òàê:

r = 0, ur = 0; r = 1, u =

{
0 ïðè z < 0,

u0 ïðè z > 0;

z → −∞, u→ 0; z → ∞, u→ u0.

�åøåíèå èñõîäíîãî óðàâíåíèÿ ñ ýòèìè ãðàíè÷íûìè óñëîâèÿìè èùåòñÿ â âèäå

u(r, z) = u0

∞∑

n=1

Bn exp
(
µ2
n

Pe

z
)
gn(r) ïðè z < 0,

u(r, z) = u0

[
1−

∞∑

n=1

An exp
(
− λ2

n

Pe

z
)
fn(r)

]
ïðè z > 0.

Êîý��èöèåíòû ðÿäîâ äîëæíû óäîâëåòâîðÿòü óñëîâèÿì ñîãëàñîâàíèÿ íà ãðàíè-

öå:

u(r, z)
∣∣
z→0, z<0

− u(r, z)
∣∣
z→0, z>0

= 0,

uz(r, z)
∣∣
z→0, z<0

− uz(r, z)
∣∣
z→0, z>0

= 0.

Ïðè z > 0 �óíêöèè fn(r) îïðåäåëÿþòñÿ ñîîòíîøåíèÿìè (1), ãäå ñîáñòâåí-

íûå çíà÷åíèÿ λn ÿâëÿþòñÿ êîðíÿìè òðàíñöåíäåíòíîãî óðàâíåíèÿ

Φ
(
αn, 1; λn

)
= 0, ãäå αn = 1

2 − 1
4 λn − 1

4 λ
3
n Pe

−2.

Ïðè Pe → ∞ ìîæíî èñïîëüçîâàòü ñëåäóþùóþ ïðèáëèæåííóþ �îðìóëó

äëÿ λn:
λn = 4 (n − 1) + 2.7 (n = 1, 2, 3, . . . ). (2)

ìàêñèìàëüíàÿ ïîãðåøíîñòü êîòîðîé íå ïðåâûøàåò 0.3%. Ñîîòâåòñòâóþùèå

÷èñëåííûå çíà÷åíèÿ êîý��èöèåíòîâ An äîñòàòî÷íî õîðîøî àïïðîêñèìèðóþòñÿ
âûðàæåíèÿìè

An = 2.85 (−1)n−1λ−2/3
n ïðè n = 1, 2, 3, . . . ,

ìàêñèìàëüíàÿ ïîãðåøíîñòü êîòîðûõ ñîñòàâëÿåò 0.5%,

Çäåñü íå ïðèâîäÿòñÿ ðåçóëüòàòû äëÿ îáëàñòè z < 0, òàê êàê îíè èìåþò

âòîðîñòåïåííîå çíà÷åíèå äëÿ ïðèëîæåíèé.



232 5. ËÈÍÅÉÍÛÅ Ó�ÀÂÍÅÍÈß È ÇÀÄÀ×È ÌÀÒÅÌÀÒÈ×ÅÑÊÎÉ ÔÈÇÈÊÈ

3◦. Ïóñòü ïðè z > 0 íà ñòåíêå òðóáû çàäàí ïîñòîÿííûé òåïëîâîé ïîòîê,

à ïðè z < 0 ñòåíêà òåïëîèçîëèðîâàíà è òåìïåðàòóðà îáðàùàåòñÿ â íóëü ïðè

x→ −∞. Â ýòîì ñëó÷àå ãðàíè÷íûå óñëîâèÿ çàïèñûâàþòñÿ òàê:

r = 0, ur = 0; r = 1, ur =

{
0 ïðè z < 0,

q ïðè z > 0;
z → −∞, u→ 0.

Â îáëàñòè òåïëîâîé ñòàáèëèçàöèè ãëàâíûå ÷ëåíû àñèìïòîòè÷åñêîãî ðàçëîæå-

íèÿ ðåøåíèÿ (ïðè z → ∞) èìåþò âèä

u(r, z) = q
(
4
z

Pe

+ r2 − 1

4
r4 +

8

Pe

2 − 7

24

)
.

5. a(uxx + uyy) = v1(x, y)ux + v2(x, y)uy.

Ýòî óðàâíåíèå ñòàöèîíàðíîãî êîíâåêòèâíîãî òåïëî- è ìàññîïåðåíîñà â äåêàð-

òîâîé ñèñòåìå êîîðäèíàò. Çäåñü v1 = v1(x, y) è v2 = v2(x, y) � êîìïîíåíòû

ñêîðîñòè æèäêîñòè, êîòîðûå ïðåäïîëàãàþòñÿ èçâåñòíûìè èç ðåøåíèÿ ñîîòâåò-

ñòâóþùåé ãèäðîäèíàìè÷åñêîé çàäà÷è.

1◦. Â ïëîñêèõ çàäà÷àõ êîíâåêòèâíîãî òåïëîîáìåíà â æèäêèõ ìåòàëëàõ, ìî-

äåëèðóåìûõ èäåàëüíîé íåâÿçêîé æèäêîñòüþ, à òàêæå ïðè îïèñàíèè �èëüòðàöè-

îííûõ òå÷åíèé â ðàìêàõ ìîäåëè ïîòåíöèàëüíûõ òå÷åíèé êîìïîíåíòû ñêîðîñòè

æèäêîñòè v1(x, y) è v2(x, y) ìîæíî âûðàçèòü ÷åðåç ïîòåíöèàë ϕ = ϕ(x, y) è
�óíêöèþ òîêà ψ = ψ(x, y) ñëåäóþùèì îáðàçîì:

v1 = ϕx = −ψy, v2 = ϕy = ψx. (1)

Ôóíêöèÿ ϕ îïðåäåëÿåòñÿ ïóòåì ðåøåíèÿ óðàâíåíèÿ Ëàïëàñà ∆ϕ = 0.

2◦. Ïåðåõîäÿ â óðàâíåíèè êîíâåêòèâíîãî òåïëîîáìåíà îò x, y ê íîâûì

íåçàâèñèìûì ïåðåìåííûì ϕ, ψ (ýòî ïðåîáðàçîâàíèå Áóññèíåñêà), ñ ó÷åòîì (1)

ïðèõîäèì ê áîëåå ïðîñòîìó Óð×Ï ñ ïîñòîÿííûìè êîý��èöèåíòàìè:

uϕϕ + uψψ =
1

a
uϕ. (2)

Ïðåîáðàçîâàíèå Áóññèíåñêà ïåðåâîäèò ëþáîé ïëîñêèé êîíòóð â ïîòåíöè-

àëüíîì ïîòîêå â ðàçðåç ïî îñè ϕ îäíîâðåìåííî ñ ïðèâåäåíèåì èñõîäíîãî

óðàâíåíèÿ ê áîëåå ïðîñòîìó âèäó (2). Ñëåäîâàòåëüíî, çàäà÷à òåïëîîáìåíà ïî-

òåíöèàëüíîãî îáòåêàíèÿ ýòîãî êîíòóðà ñâîäèòñÿ ê çàäà÷å òåïëîîáìåíà ïðî-

äîëüíîãî îáòåêàíèÿ èäåàëüíîé æèäêîñòüþ ïëîñêîé ïëàñòèíû (ñì. ëèíåéíîå

Óð×Ï 5.3.4.1, â êîòîðîì a ñëåäóåò ïåðåîáîçíà÷èòü íà 1/a è ïîëîæèòü b= c=0).

6.

1

r2
(r2ur)r +

1

r2 sin θ
(sin θuθ)θ = cos θ ur − sin θ

r
uθ.

Ýòî Óð×Ï ïîëó÷àåòñÿ èç óðàâíåíèÿ uxx + uyy + uzz = ux ïóòåì ïåðåõîäà ê

ñ�åðè÷åñêîé ñèñòåìå êîîðäèíàò â îñåñèììåòðè÷íîì ñëó÷àå.
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Îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ, óäîâëåòâîðÿþùåå óñëîâèþ çàòóõàíèÿ ðå-

øåíèÿ ïðè r → ∞ èìååò âèä

u(r, θ) =
(
π

r

)1/2
exp

(
r cos θ

2

) ∞∑

n=0

AnKn+ 1
2

(
r

2

)
Pn(cos θ),

ãäå An � ïðîèçâîëüíûå ïîñòîÿííûå. Ìíîãî÷ëåíû Ëåæàíäðà Pn(ξ) è ìîäè�è-

öèðîâàííûå �óíêöèè Áåññåëÿ Kn+ 1
2
(z) îïðåäåëÿþòñÿ �îðìóëàìè

Pn(ξ)=
1

n! 2n
dn

dξn
(ξ2−1)n, Kn+ 1

2

(
r

2

)
=
(
π

r

)1/2
exp

(
− r

2

) n∑

m=0

(n+m)!

(n−m)!m! rm
.

5.3.5. Óðàâíåíèÿ òåïëî- è ìàññîïåðåíîñà â àíèçîòðîïíûõ ñðåäàõ

1. (axnux)x +(bymuy)y = 0.

Äâóìåðíîå óðàâíåíèå òåïëî- è ìàññîïåðåíîñà â íåîäíîðîäíîé àíèçîòðîïíîé

ñðåäå, ãäå a1(x) = axn è a2(y) = bym � ãëàâíûå êîý��èöèåíòû òåìïåðàòóðî-

ïðîâîäíîñòè.

1◦. ×àñòíûå ðåøåíèÿ (A, B, C �ïðîèçâîëüíûå ïîñòîÿííûå):

u = Ax1−n +By1−m + C,

u = A
[

x2−n

a(2− n)
− y2−m

b(2−m)

]
+B,

u = Ax1−ny1−m +B.

2◦. Ïðè n 6= 2 è m 6= 2 èìåþòñÿ ÷àñòíûå ðåøåíèÿ âèäà

u = u(ξ), ξ =
[
b(2−m)2x2−n + a(2− n)2y2−m

]1/2
,

ãäå �óíêöèÿ u = u(ξ) îïèñûâàåòñÿ ëèíåéíûì ÎÄÓ âòîðîãî ïîðÿäêà

u′′ξξ +
A

ξ
u′ξ = 0, A =

4− nm

(2− n)(2−m)
. (1)

Îáùåå ðåøåíèå ÎÄÓ (1) îïðåäåëÿåòñÿ �îðìóëàìè

u(ξ) =

{
C1ξ

1−A + C2 ïðè A 6= 1,

C1 ln ξ + C2 ïðè A = 1,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

3◦. Èìåþòñÿ ðåøåíèÿ â âèäå ïðîèçâåäåíèÿ �óíêöèé ðàçíûõ àðãóìåíòîâ

u = ϕ(x)ψ(y), (2)

ãäå ϕ(x) è ψ(y) îïèñûâàþòñÿ ñëåäóþùèìè ëèíåéíûìè ÎÄÓ âòîðîãî ïîðÿäêà

(A1 �ïðîèçâîëüíàÿ ïîñòîÿííàÿ):

(axnϕ′
x)

′
x = −A1ϕ, (3)

(bymψ′
y)

′
y = A1ψ. (4)
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Îáùåå ðåøåíèå ÎÄÓ (3) çàïèñûâàåòñÿ òàê:

ϕ(x) =





x
1−n
2

[
C1Jν

(
βx

2−n
2

)
+C2Yν

(
βx

2−n
2

)]
ïðè A1 > 0,

x
1−n
2

[
C1Iν

(
βx

2−n
2

)
+ C2Kν

(
βx

2−n
2

)]
ïðè A1 < 0,

ν =
|1− n|
2− n

, β =
2

2− n

√
|A1|
a
,

ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå, Jν(z) è Yν(z) � �óíêöèè Áåññåëÿ,

Iν(z) è Kν(z)�ìîäè�èöèðîâàííûå �óíêöèè Áåññåëÿ.

Îáùåå ðåøåíèå ÎÄÓ (4) èìååò âèä

ψ(y) =





y
1−m
2

[
C1Jσ

(
µy

2−m
2

)
+ C2Yσ

(
µy

2−m
2

)]
ïðè A1 < 0,

y
1−m
2

[
C1Iσ

(
µy

2−m
2

)
+ C2Kσ

(
µy

2−m
2

)]
ïðè A1 > 0,

σ =
|1−m|
2−m

, µ =
2

2−m

√
|A1|
b
,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

Ñóììà ðåøåíèé âèäà (2), ñîîòâåòñòâóþùèõ ðàçëè÷íûì çíà÷åíèÿì ïàðàìåò-

ðà A1, òàêæå ÿâëÿåòñÿ ðåøåíèåì èñõîäíîãî óðàâíåíèÿ; ðåøåíèÿ íåêîòîðûõ

êðàåâûõ çàäà÷ ìîãóò áûòü ïîëó÷åíû ñ ïîìîùüþ òàêèõ ðåøåíèé ìåòîäîì ðàç-

äåëåíèÿ ïåðåìåííûõ.

4◦. Ñì. òàêæå ï. 4◦ óðàâíåíèÿ 5.3.5.3 ïðè c = 0.

2. (axnux)x + (bymuy)y = c.

Ïîäñòàíîâêà

u = w(x, y) +
c

a(2− n)
x2−n

ïðèâîäèò ê ëèíåéíîìó îäíîðîäíîìó Óð×Ï âèäà 5.3.5.1:

(axnwx)x + (bymwy)y = 0.

3. (axnux)x + (bymuy)y = cu.

Äâóìåðíîå óðàâíåíèå òåîðèè òåïëî- è ìàññîïåðåíîñà ñ ëèíåéíûì èñòî÷íèêîì

â íåîäíîðîäíîé àíèçîòðîïíîé ñðåäå.

1◦. Ïðè n 6= 2 è m 6= 2 èìåþòñÿ ÷àñòíûå ðåøåíèÿ âèäà

u = u(ξ), ξ =
[
b(2−m)2x2−n + a(2− n)2y2−m

]1/2
.

Çäåñü �óíêöèÿ u = u(ξ) îïèñûâàåòñÿ ëèíåéíûì ÎÄÓ âòîðîãî ïîðÿäêà

u′′ξξ +
A

ξ
u′ξ = Bu, (1)

ãäå

A =
4− nm

(2− n)(2−m)
, B =

4c

ab(2− n)2(2−m)2
.
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Îáùåå ðåøåíèå ÎÄÓ (1) îïðåäåëÿåòñÿ �îðìóëàìè

u(ξ) = ξ
1−A
2

[
C1Jν

(
ξ
√

|B|
)
+ C2Yν

(
ξ
√

|B|
)]

ïðè B < 0,

u(ξ) = ξ
1−A
2

[
C1Iν

(
ξ
√
B
)
+ C2Kν

(
ξ
√
B
)]

ïðè B > 0,

ãäå ν= 1
2 |1−A|; C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå; Jν(z) è Yν(z)��óíêöèè

Áåññåëÿ; Iν(z) è Kν(z)�ìîäè�èöèðîâàííûå �óíêöèè Áåññåëÿ.

2◦. Èìåþòñÿ ðåøåíèÿ â âèäå ïðîèçâåäåíèÿ �óíêöèé ðàçíûõ àðãóìåíòîâ

u = ϕ(x)ψ(y),

ãäå ϕ(x) è ψ(y) îïèñûâàþòñÿ ñëåäóþùèìè ëèíåéíûìè ÎÄÓ âòîðîãî ïîðÿäêà

(A1 �ïðîèçâîëüíàÿ ïîñòîÿííàÿ):

(axnϕ′
x)

′
x = A1ϕ, (bymψ′

y)
′
y = (c−A1)ψ. (2)

Îáùèå ðåøåíèÿ ÎÄÓ (2) âûðàæàþòñÿ ÷åðåç �óíêöèè Áåññåëÿ èëè ìîäè�èöè-

ðîâàííûå �óíêöèè Áåññåëÿ; ñì. ï. 3◦ óðàâíåíèÿ 5.3.5.1.

3◦. Èìåþòñÿ ðåøåíèÿ â âèäå ñóììû �óíêöèé ðàçíûõ àðãóìåíòîâ

u = f(x) + g(y),

ãäå f(x) è g(y) îïèñûâàþòñÿ ñëåäóþùèìè ëèíåéíûìè ÎÄÓ âòîðîãî ïîðÿäêà

(A2 �ïðîèçâîëüíàÿ ïîñòîÿííàÿ):

(axnf ′x)
′
x − cf = A2, (bymg′y)

′
y − cg = −A2. (3)

Îáùèå ðåøåíèÿ ÎÄÓ (3) âûðàæàþòñÿ ÷åðåç �óíêöèè Áåññåëÿ èëè ìîäè�èöè-

ðîâàííûå �óíêöèè Áåññåëÿ.

4◦. Ïðåîáðàçîâàíèå

x
2−n
2 = Ar cos θ, y

2−m
2 = Br sin θ,

ãäå A2 = a(2− n)2 è B2 = b(2−m)2, ïðèâîäèò ê ëèíåéíîìó Óð×Ï

urr+
4−nm

(2−n)(2−m)

1

r
ur+

1

r2
uθθ− 2

r2
(nm−n−m) cos2θ+(n−m)

(2−n)(2−m) sin2θ
uθ=4cu,

êîòîðîå äîïóñêàåò ðåøåíèÿ ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ

âèäà u = F1(r)F2(θ).

4. (aeβxux)x + (beµyuy)y = 0.

Äâóìåðíîå óðàâíåíèå òåïëî- è ìàññîïåðåíîñà â íåîäíîðîäíîé àíèçîòðîïíîé

ñðåäå, ãäå a1(x) = aeβx è a2(y) = beµy �ãëàâíûå êîý��èöèåíòû òåìïåðàòóðî-

ïðîâîäíîñòè.
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1◦. ×àñòíûå ðåøåíèÿ (A, B, C �ïðîèçâîëüíûå ïîñòîÿííûå):

u = Ae−βx +Be−µy + C,

u =
A

aβ2
(βx+ 1)e−βx − A

bµ2
(µy + 1)e−µy +B,

u = Ae−βx−µy +B.

2◦. Èìåþòñÿ ðåøåíèÿ â âèäå ïðîèçâåäåíèÿ �óíêöèé ðàçíûõ àðãóìåíòîâ

u = ϕ(x)ψ(y), (1)

ãäå ϕ(x) è ψ(y) îïèñûâàþòñÿ ñëåäóþùèìè ëèíåéíûìè ÎÄÓ âòîðîãî ïîðÿäêà

(A1 �ïðîèçâîëüíàÿ ïîñòîÿííàÿ):

(aeβxϕ′
x)

′
x = −A1ϕ, (2)

(beµyψ′
y)

′
y = A1ψ. (3)

Îáùåå ðåøåíèå ÎÄÓ (2) îïðåäåëÿåòñÿ �îðìóëàìè

ϕ(x) =

{
e−βx/2

[
C1J1

(
ke−βx/2

)
+ C2Y1

(
ke−βx/2

)]
ïðè A1 > 0,

e−βx/2
[
C1I1

(
ke−βx/2

)
+ C2K1

(
ke−βx/2

)]
ïðè A1 < 0,

ãäå k = −(2/β)
√

|A1|/a; C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå; J1(z) è Y1(z)�
�óíêöèè Áåññåëÿ; I1(z) è K1(z)�ìîäè�èöèðîâàííûå �óíêöèè Áåññåëÿ.

Îáùåå ðåøåíèå ÎÄÓ (3) èìååò âèä

ψ(y) =

{
e−µy/2

[
C1J1

(
se−µy/2

)
+ C2Y1

(
se−µy/2

)]
ïðè A1 < 0,

e−µy/2
[
C1I1

(
se−µy/2

)
+ C2K1

(
se−µy/2

)]
ïðè A1 > 0,

ãäå s = −(2/µ)
√

|A1|/b; C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

Ñóììû ðåøåíèé âèäà (1) äëÿ ðàçëè÷íûõ çíà÷åíèé ïàðàìåòðà A1 òàêæå

ÿâëÿþòñÿ ðåøåíèÿìè èñõîäíîãî Óð×Ï.

3◦. Ñì. òàêæå ï. 3◦ óðàâíåíèÿ 5.3.5.6 ïðè c = 0.

5. (aeβxux)x + (beµyuy)y = c.

Ïîäñòàíîâêà

u = w(x, y)− c

aβ2
(βx+ 1)e−βx

ïðèâîäèò ê ëèíåéíîìó îäíîðîäíîìó óðàâíåíèþ âèäà 5.3.5.4:

(aeβxwx)x + (beµywy)y = 0.

6. (aeβxux)x + (beµyuy)y = cu.

Äâóìåðíîå óðàâíåíèå òåîðèè òåïëî- è ìàññîïåðåíîñà ñ ëèíåéíûì èñòî÷íèêîì

â íåîäíîðîäíîé àíèçîòðîïíîé ñðåäå.
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1◦. Ïðè βµ 6= 0 èìåþòñÿ ÷àñòíûå ðåøåíèÿ âèäà

u = u(ξ), ξ =
(
bµ2e−βx + aβ2e−µy)1/2,

ãäå u = u(ξ) îïèñûâàåòñÿ ëèíåéíûì ÎÄÓ

u′′ξξ −
1

ξ
u′ξ = Bu, B =

4c

abβ2µ2
.

Î ðåøåíèè ýòîãî ÎÄÓ ñì. ï. 1◦ óðàâíåíèÿ 5.3.5.3 ïðè A = −1.

2◦. Èñõîäíîå Óð×Ï äîïóñêàåò ðåøåíèÿ ñ ìóëüòèïëèêàòèâíûì è àääèòèâ-

íûì ðàçäåëåíèåì ïåðåìåííûõ, ñì. óðàâíåíèå 5.3.5.11 ïðè f(x) = aeβx è g(y) =
= beµy .

3◦. Ïðåîáðàçîâàíèå

e−βx/2 = Ar cos θ, e−µy/2 = Br sin θ,

ãäå A2 = aβ2 è B2 = bµ2 ïðèâîäèò ê Óð×Ï

urr − 1

r
ur +

1

r2
uθθ − 2

r2
ctg 2θ uθ = 4cu,

êîòîðîå èìååò ðåøåíèÿ ñ ðàçäåëåíèåì ïåðåìåííûõ âèäà u(r, θ) = F1(r)F2(θ).

7. (axnux)x + (beβyuy)y = cu.

1◦. Ïðè n 6= 2 è β 6= 0 èìåþòñÿ ÷àñòíûå ðåøåíèÿ âèäà

u = u(r), r2 =
x2−n

a(2− n)2
+

e−βy

bβ2
,

ãäå �óíêöèÿ u = u(r) îïèñûâàåòñÿ ëèíåéíûì ÎÄÓ

u′′rr +
n

2− n

1

r
u′r = 4cu.

Î ðåøåíèè ýòîãî ÎÄÓ ñì. ï. 1◦ óðàâíåíèÿ 5.3.5.3.

2◦. Èñõîäíîå Óð×Ï äîïóñêàåò ðåøåíèÿ ñ ìóëüòèïëèêàòèâíûì è àääèòèâ-

íûì ðàçäåëåíèåì ïåðåìåííûõ, ñì. óðàâíåíèå 5.3.5.11 ïðè f(x) = axn è g(y) =
= beβy .

3◦. Ïðåîáðàçîâàíèå

x1−
1
2
n = Ar cos θ, e−

1
2
βy = Br sin θ,

ãäå A2 = a(2− n)2 è B2 = bβ2, ïðèâîäèò ê Óð×Ï

urr +
n

2− n

1

r
ur +

1

r2
uθθ − 2

r2
(1− n) cos 2θ + 1

(2− n) sin 2θ
uθ = 4cu,

êîòîðîå èìååò ðåøåíèÿ ñ ðàçäåëåíèåì ïåðåìåííûõ âèäà u = F1(r)F2(θ).
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8. [f(x)ux]x + uyy = 0.

1◦. ×àñòíûå ðåøåíèÿ:

u = C1y
2 + C2y − 2

∫
C1x+ C3

f(x)
dx+ C4,

u = C1y
3 + C2y − 6y

∫
C1x+ C3

f(x)
dx+C4,

u = [C1Φ(x) + C2]y + C3Φ(x) + C4, Φ(x) =
∫

dx

f(x)
,

u = [C1Φ(x) + C2]y
2 + C3Φ(x) + C4 − 2

∫ {
1

f(x)

∫
[C1Φ(x) + C2] dx

}
dx,

ãäå C1, C2, C3, C4, C5 �ïðîèçâîëüíûå ïîñòîÿííûå.

2◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = (C1e
λy + C2e

−λy)H(x),

ãäå C1, C2, λ�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ H = H(x) îïèñûâàåòñÿ
ëèíåéíûì ÎÄÓ: [f(x)H ′

x]
′
x + λ2H = 0.

3◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ, ïåðèîäè÷å-

ñêîå ïî y:
u = [C1 sin(λy) + C2 cos(λy)]Z(x),

ãäå C1, C2, λ� ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ Z = Z(x) îïèñûâàåòñÿ
ëèíåéíûì ÎÄÓ: [f(x)Z ′

x]
′
x − λ2Z = 0.

4◦. ×àñòíûå ðåøåíèÿ 
 îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ, ñîäåðæà-

ùèå ÷åòíûå ñòåïåíè y:

u =
n∑

k=0

ζk(x)y
2k,

ãäå �óíêöèè ζk = ζk(x) îïðåäåëÿþòñÿ ñ ïîìîùüþ ðåêóððåíòíûõ ñîîòíîøåíèé

ζn(x) = AnΦ(x) +Bn, Φ(x) =
∫

dx

f(x)
,

ζk−1(x) = AkΦ(x) +Bk − 2k(2k − 1)
∫

1

f(x)

{∫
ζk(x) dx

}
dx,

ãäå Ak è Bk �ïðîèçâîëüíûå ïîñòîÿííûå (k = n, . . . , 1).

5◦. ×àñòíûå ðåøåíèÿ 
 îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ, ñîäåðæà-

ùèå íå÷åòíûå ñòåïåíè y:

u =
n∑

k=0

ηk(x)y
2k+1,

ãäå �óíêöèè ηk = ηk(x) îïðåäåëÿþòñÿ ñ ïîìîùüþ ðåêóððåíòíûõ ñîîòíîøåíèé

ηn(x) = AnΦ(x) +Bn, Φ(x) =
∫

dx

f(x)
,

ηk−1(x) = AkΦ(x) +Bk − 2k(2k + 1)
∫

1

f(x)

{∫
ηk(x) dx

}
dx,
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ãäå Ak è Bk �ïðîèçâîëüíûå ïîñòîÿííûå (k = n, . . . , 1).

9. [f(x)ux]x + [g(y)uy]y = 0.

Äâóìåðíîå óðàâíåíèå òåïëî- è ìàññîïåðåíîñà â íåîäíîðîäíîé àíèçîòðîïíîé

ñðåäå, ãäå f = f(x) è g = g(y)�ãëàâíûå êîý��èöèåíòû òåìïåðàòóðîïðîâîäíî-

ñòè.

1◦. ×àñòíûå ðåøåíèÿ:

u = A1

∫
dx

f(x)
+B1

∫
dy

g(y)
+ C1,

u = A2

∫
x dx

f(x)
−A2

∫
y dy

g(y)
+B2,

u = A3

∫
dx

f(x)

∫
dy

g(y)
+B3,

ãäå Ak, Bk, C1�ïðîèçâîëüíûå ïîñòîÿííûå. Ëèíåéíûå êîìáèíàöèè ýòèõ ðåøå-

íèé òàêæå ÿâëÿþòñÿ ðåøåíèÿìè èñõîäíîãî Óð×Ï.

2◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = ϕ(x)ψ(y), (1)

ãäå �óíêöèè ϕ(x) è ψ(y) îïèñûâàþòñÿ ëèíåéíûìè ÎÄÓ âòîðîãî ïîðÿäêà (A�

ïðîèçâîëüíàÿ ïîñòîÿííàÿ):

(fϕ′
x)

′
x = Aϕ, f = f(x),

(gψ′
y)

′
y = −Aψ, g = g(y).

(2)

Ñóììû ðåøåíèé âèäà (1) äëÿ ðàçëè÷íûõ çíà÷åíèé ïàðàìåòðà A1 òàêæå ÿâëÿ-

þòñÿ ðåøåíèÿìè èñõîäíîãî Óð×Ï (èñïîëüçóÿ ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ,

ìîæíî ïîëó÷èòü ðåøåíèÿ íåêîòîðûõ êðàåâûõ çàäà÷).

10. [f(x)ux]x + [g(y)uy]y = β.

Ïîäñòàíîâêà

u = w(x, y) + β
∫

x dx

f(x)

ïðèâîäèò ê ëèíåéíîìó îäíîðîäíîìó Óð×Ï âèäà 5.3.5.9:

[f(x)wx]x + [g(y)wy ]y = 0.

11. [f(x)ux]x + [g(y)uy]y = βu.

Äâóìåðíîå óðàâíåíèå òåîðèè òåïëî- è ìàññîïåðåíîñà ñ ëèíåéíûì èñòî÷íèêîì

â íåîäíîðîäíîé àíèçîòðîïíîé ñðåäå, ãäå f = f(x) è g = g(y) � ãëàâíûå

êîý��èöèåíòû òåìïåðàòóðîïðîâîäíîñòè.
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1◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = ϕ(x)ψ(y), (1)

ãäå �óíêöèè ϕ(x) è ψ(y) îïèñûâàþòñÿ ëèíåéíûìè ÎÄÓ âòîðîãî ïîðÿäêà (A�

ïðîèçâîëüíàÿ ïîñòîÿííàÿ):

(fϕ′
x)

′
x = Aϕ, f = f(x),

(gψ′
y)

′
y = (β −A)ψ, g = g(y).

(2)

Ñóììû ðåøåíèé âèäà (1) äëÿ ðàçëè÷íûõ çíà÷åíèé ïàðàìåòðà A â (2) òàêæå ÿâ-

ëÿþòñÿ ðåøåíèÿìè èñõîäíîãî Óð×Ï (èñïîëüçóÿ ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ,

ìîæíî ïîëó÷èòü ðåøåíèÿ íåêîòîðûõ êðàåâûõ çàäà÷).

2◦. �åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = Φ(x) + Ψ(y),

ãäå �óíêöèè Φ(x) è Ψ(y) îïèñûâàþòñÿ ëèíåéíûìè ÎÄÓ âòîðîãî ïîðÿäêà (C �

ïðîèçâîëüíàÿ ïîñòîÿííàÿ):

(fΦ′
x)

′
x − βΦ = C, f = f(x),

(gΨ′
y)

′
y − βΨ = −C, g = g(y).

Â ÷àñòíîì ñëó÷àå β = 0 ðåøåíèÿ ýòèõ óðàâíåíèé ìîãóò áûòü ïðåäñòàâëåíû â

âèäå

Φ(x) = C
∫

x dx

f(x)
+A1

∫
dx

f(x)
+B1,

Ψ(y) = −C
∫

y dy

g(y)
+A2

∫
dy

g(y)
+B2,

ãäå A1, A2, B1, B2 �ïðîèçâîëüíûå ïîñòîÿííûå.

5.3.6. Óðàâíåíèå Òðèêîìè è ðîäñòâåííûå óðàâíåíèÿ

1. yuxx +uyy = 0.

Óðàâíåíèå Òðèêîìè. Èñïîëüçóåòñÿ äëÿ îïèñàíèÿ îêîëîçâóêîâûõ òå÷åíèé ãàçà.

1◦. ×àñòíûå ðåøåíèÿ:

u = Axy +Bx+ Cy +D,

u = A(3x2 − y3) +B(x3 − xy3) + C(6yx2 − y4),

ãäå A, B, C , D�ïðîèçâîëüíûå ïîñòîÿííûå.

2◦. ×àñòíûå ðåøåíèÿ 
 îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ, ñîäåðæà-

ùèå ÷åòíûå ñòåïåíè x:

u =

n∑

k=0

ϕk(y)x
2k,

ãäå �óíêöèè ϕk =ϕk(y) îïðåäåëÿþòñÿ ñ ïîìîùüþ ðåêóððåíòíûõ ñîîòíîøåíèé

ϕn(y) = Any +Bn, ϕk−1(y) = Aky +Bk − 2k(2k − 1)
∫ y

0
(y − t)tϕk(t) dt;

Ak è Bk �ïðîèçâîëüíûå ïîñòîÿííûå (k = n, . . . , 1).
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3◦. ×àñòíûå ðåøåíèÿ 
 îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ, ñîäåðæà-

ùèå íå÷åòíûå ñòåïåíè x:

u =
n∑

k=0

ψk(y)x
2k+1,

ãäå �óíêöèè ψk =ψk(y) îïðåäåëÿþòñÿ ñ ïîìîùüþ ðåêóððåíòíûõ ñîîòíîøåíèé

ψn(y) = Any +Bn, ψk−1(y) = Aky +Bk − 2k(2k + 1)
∫ y

0
(y − t)tψk(t) dt;

Ak è Bk �ïðîèçâîëüíûå ïîñòîÿííûå (k = n, . . . , 1).

4◦. �åøåíèÿ ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u =
[
A sh(3λx) +B ch(3λx)

]√
y
[
CJ1/3(2λy

3/2) +DY1/3(2λy
3/2)

]
,

u =
[
A sin(3λx) +B cos(3λx)

]√
y
[
CI1/3(2λy

3/2) +DK1/3(2λy
3/2)

]
,

ãäå A, B, C , D, λ � ïðîèçâîëüíûå ïîñòîÿííûå, J1/3(z) è Y1/3(z) � �óíêöèè

Áåññåëÿ, I1/3(z) è K1/3(z)�ìîäè�èöèðîâàííûå �óíêöèè Áåññåëÿ.

5◦. Ïðè y > 0 ñì. òàêæå óðàâíåíèå 5.3.6.2 ïðè n = 1.

2. ynuxx + uyy = 0.

1◦. ×àñòíûå ðåøåíèÿ:

u = Axy +Bx+ Cy +D,

u = Ax2 − 2A

(n+ 1)(n+ 2)
yn+2,

u = Ax3 − 6A

(n+ 1)(n+ 2)
xyn+2,

u = Ayx2 − 2A

(n+ 2)(n+ 3)
yn+3,

ãäå A, B, C , D�ïðîèçâîëüíûå ïîñòîÿííûå.

2◦. ×àñòíûå ðåøåíèÿ 
 îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ, ñîäåðæà-

ùèå ÷åòíûå ñòåïåíè x:

u =

m∑

k=0

ϕk(y)x
2k,

ãäå �óíêöèè ϕk =ϕk(y) îïðåäåëÿþòñÿ ñ ïîìîùüþ ðåêóððåíòíûõ ñîîòíîøåíèé

ϕm(y) = Amy +Bm, ϕk−1(y) = Aky +Bk − 2k(2k − 1)
∫ y

a
(y − t)tnϕk(t) dt;

Ak è Bk �ïðîèçâîëüíûå ïîñòîÿííûå (k = m, . . . , 1), a�ëþáîå ÷èñëî.

3◦. ×àñòíûå ðåøåíèÿ 
 îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ, ñîäåðæà-

ùèå íå÷åòíûå ñòåïåíè x:

u =
m∑

k=0

ψk(y)x
2k+1,
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ãäå �óíêöèè ψk =ψk(y) îïðåäåëÿþòñÿ ñ ïîìîùüþ ðåêóððåíòíûõ ñîîòíîøåíèé

ψm(y) = Amy +Bm, ψk−1(y) = Aky +Bk − 2k(2k + 1)
∫ y

a
(y − t)tnψk(t) dt;

Ak è Bk �ïðîèçâîëüíûå ïîñòîÿííûå (k = m, . . . , 1), a�ëþáîå ÷èñëî.

4◦. �åøåíèÿ ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u=
[
A sh(λqx)+B ch(λqx)

]√
y
[
CJ 1

2q
(λyq)+DY 1

2q
(λyq)

]
, q= 1

2 (n+2),

u=
[
A sin(λqx)+B cos(λqx)

]√
y
[
CI 1

2q
(λyq)+DK 1

2q
(λyq)

]
,

ãäå A, B, C , D, λ�ïðîèçâîëüíûå ïîñòîÿííûå, Jν(z) è Yν(z)��óíêöèè Áåññå-

ëÿ, Iν(z) è Kν(z)�ìîäè�èöèðîâàííûå �óíêöèè Áåññåëÿ.

5◦. Ôóíäàìåíòàëüíûå ðåøåíèÿ (ïðè y > 0):

u1(x, y, x0, y0) = k1(r
2
1)

−βF (β, β, 2β; 1− ξ), β =
n

2(n+ 2)
, ξ =

r22
r21
,

u2(x, y, x0, y0) = k2(r
2
1)

−β(1− ξ)1−2βF (1− β, 1− β, 2− 2β; 1− ξ).

Çäåñü F (a, b, c; ξ)�ãèïåðãåîìåòðè÷åñêàÿ �óíêöèÿ è èñïîëüçîâàíû îáîçíà÷åíèÿ

r21 = (x− x0)
2 +

4

(n+ 2)2

(
y
n+2
2 + y

n+2
2

0

)
, k1 =

1

4π

(
4

n+ 2

)2β Γ2(β)

Γ(2β)
,

r22 = (x− x0)
2 +

4

(n+ 2)2

(
y
n+2
2 − y

n+2
2

0

)
, k2 =

1

4π

(
4

n+ 2

)2β Γ2(1− β)

Γ(2− 2β)
,

ãäå Γ(β)�ãàììà-�óíêöèÿ, x0 è y0�ïðîèçâîëüíûå ïîñòîÿííûå.

Ôóíäàìåíòàëüíûå ðåøåíèÿ óäîâëåòâîðÿþò óñëîâèÿì

∂u1
∂y

∣∣
y=0

= 0, u2
∣∣
y=0

= 0 (x è x0 �ëþáîå, y0 > 0).

3. uxx + f(x)uyy = 0.

1◦. ×àñòíûå ðåøåíèÿ:

u = C1xy + C2y + C3x+ C4,

u = C1y
2 + C2xy + C3y + C4x− 2C1

∫ x

a
(x− t)f(t) dt+ C5,

u = C1y
3 + C2xy + C3y + C4x− 6C1y

∫ x

a
(x− t)f(t) dt+ C5,

u = (C1x+ C2)y
2 + C3xy + C4y + C5x− 2

∫ x

a
(x− t)(C1t+ C2)f(t) dt+ C6,

ãäå C1, C2, C3, C4, C5, C6�ïðîèçâîëüíûå ïîñòîÿííûå, a�ëþáîå ÷èñëî.

2◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = (C1e
λy + C2e

−λy)H(x),

ãäå C1, C2, λ�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ H = H(x) îïèñûâàåòñÿ
ëèíåéíûì ÎÄÓ: H ′′

xx + λ2f(x)H = 0.
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3◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = [C1 sin(λy) + C2 cos(λy)]Z(x),

ãäå C1, C2, λ� ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ Z = Z(x) îïèñûâàåòñÿ
ëèíåéíûì ÎÄÓ: Z ′′

xx − λ2f(x)Z = 0.

4◦. ×àñòíûå ðåøåíèÿ 
 îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ, ñîäåðæà-

ùèå ÷åòíûå ñòåïåíè y:

u =
n∑

k=0

ϕk(x)y
2k,

ãäå �óíêöèè ϕk =ϕk(x) îïðåäåëÿþòñÿ ñ ïîìîùüþ ðåêóððåíòíûõ ñîîòíîøåíèé

ϕn(x) = Anx+Bn, ϕk−1(x) = Akx+Bk − 2k(2k − 1)
∫ x

a
(x− t)f(t)ϕk(t) dt;

Ak è Bk �ïðîèçâîëüíûå ïîñòîÿííûå (k = n, . . . , 1), a�ëþáîå ÷èñëî.

5◦. ×àñòíûå ðåøåíèÿ 
 îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ, ñîäåðæà-

ùèå íå÷åòíûå ñòåïåíè y:

u =

n∑

k=0

ψk(x)y
2k+1,

ãäå �óíêöèè ψk =ψk(x) îïðåäåëÿþòñÿ ñ ïîìîùüþ ðåêóððåíòíûõ ñîîòíîøåíèé

ψn(x) = Anx+Bn, ψk−1(x) = Akx+Bk − 2k(2k +1)
∫ x

a
(x− t)f(t)ψk(t) dt;

Ak è Bk �ïðîèçâîëüíûå ïîñòîÿííûå (k = n, . . . , 1), a�ëþáîå ÷èñëî.

4. [f1(x)ux]x + [f2(y)uy]y + λ
[[
g1(x) + g2(y)

]]
u = 0.

Ýòî óðàâíåíèå âñòðå÷àåòñÿ â òåîðèè êîëåáàíèé íåîäíîðîäíûõ ìåìáðàí. Åãî

ðåøåíèÿ èùóòñÿ ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ â âèäå u = ϕ(x)ψ(y).

5.4. Ëèíåéíûå óðàâíåíèÿ ÷åòâåðòîãî ïîðÿäêà

5.4.1. Óðàâíåíèå ïîïåðå÷íûõ êîëåáàíèé óïðóãîãî ñòåðæíÿ

utt + a2uxxxx = 0

Ýòî óðàâíåíèå âñòðå÷àåòñÿ â çàäà÷àõ î ñâîáîäíûõ ïîïåðå÷íûõ êîëåáàíèÿõ

òîíêîãî óïðóãîãî ñòåðæíÿ.

◮ ×àñòíûå ðåøåíèÿ.

u = (C1x
3 + C2x

2 +C3x+ C4)t+ C5x
3 + C6x

2 +C7x+ C8,

u = 12a2C1t
2 +C2t− C1x

4 + C3x
3 + C4x

2 + C5x+ C6,

u =
[
C1 sin(λx) + C2 cos(λx) + C3 sh(λx) + C4 ch(λx)

]
sin(λ2at),

u =
[
C1 sin(λx) + C2 cos(λx) + C3 sh(λx) + C4 ch(λx)

]
cos(λ2at),
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ãäå C1, . . . , C8 è λ�ïðîèçâîëüíûå ïîñòîÿííûå. Çäåñü ïåðâîå ðåøåíèå ÿâëÿåòñÿ

âûðîæäåííûì, âòîðîå ðåøåíèå ÿâëÿåòñÿ ðåøåíèåì ñ àääèòèâíûì ðàçäåëåíèåì

ïåðåìåííûõ, à ïîñëåäíèå äâà ðåøåíèÿ ÿâëÿþòñÿ ðåøåíèÿìè ñ ìóëüòèïëèêà-

òèâíûì ðàçäåëåíèåì ïåðåìåííûõ.

◮ Îáëàñòü: −∞ < x < ∞. Çàäà÷à Êîøè.

Çàäàíû íà÷àëüíûå óñëîâèÿ:

u = f(x) ïðè t = 0, ut = ag′′(x) ïðè t = 0.

�åøåíèå Áóññèíåñêà:

u =
1√
2π

∫ ∞

−∞
f
(
x− 2ξ

√
at

)(
cos ξ2 + sin ξ2

)
dξ +

+
1

a
√
2π

∫ ∞

−∞
g
(
x− 2ξ

√
at

)(
cos ξ2 − sin ξ2

)
dξ.

◮ Îáëàñòü: 0 6 x<∞. Ñâîáîäíûå êîëåáàíèÿ ïîëóáåñêîíå÷íîãî ñòåðæíÿ.

Ñëåäóþùèå óñëîâèÿ çàäàíû:

u = 0 ïðè t = 0, ut = 0 ïðè t = 0 (íà÷àëüíûå óñëîâèÿ),

u = f(t) ïðè x = 0, uxx = 0 ïðè x = 0 (ãðàíè÷íûå óñëîâèÿ).

�åøåíèå Áóññèíåñêà:

u =
1√
π

∫ ∞

x/
√
2at
f
(
t− x2

2aξ2

)(
sin

ξ2

2
+ cos

ξ2

2

)
dξ.

◮ Îáëàñòü: 0 6 x 6 l. �àçëè÷íûå íà÷àëüíî-êðàåâûå çàäà÷è.

�åøåíèÿ óðàâíåíèÿ ïîïåðå÷íûõ êîëåáàíèé óïðóãîãî ñòåðæíÿ äëÿ ðàçëè÷íûõ

êðàåâûõ çàäà÷ ñì. â ðàçä. 5.4.2 ïðè Φ ≡ 0.

5.4.2. Íåîäíîðîäíîå óðàâíåíèå âèäà utt + a2uxxxx = Φ(x, t)

Ýòî óðàâíåíèå âñòðå÷àåòñÿ â çàäà÷àõ î âûíóæäåííûõ êîëåáàíèÿõ òîíêîãî óïðó-

ãîãî ñòåðæíÿ.

◮ Îáëàñòü: 0 6 x 6 l. Ïðåäñòàâëåíèå ðåøåíèÿ ÷åðåç �óíêöèþ �ðèíà.

Áóäåì ðàññìàòðèâàòü êðàåâûå çàäà÷è î âûíóæäåííûõ êîëåáàíèÿõ óïðóãîãî

ñòåðæíÿ â îáëàñòè 0 6 x 6 l ñ íà÷àëüíûìè óñëîâèÿìè îáùåãî âèäà

u = f(x) ïðè t = 0, ut = g(x) ïðè t = 0
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è ðàçëè÷íûìè îäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè. �åøåíèå ýòèõ çàäà÷ ìîæ-

íî ïðåäñòàâèòü ñ ïîìîùüþ �óíêöèè �ðèíà ñëåäóþùèì îáðàçîì:

u=
∂

∂t

∫ l

0
f(ξ)G(x, ξ, t) dξ+

∫ l

0
g(ξ)G(x, ξ, t) dξ+

∫ t

0

∫ l

0
Φ(ξ, τ)G(x, ξ, t−τ) dξ dτ.

Íèæå ïðèâåäåíû �óíêöèè �ðèíà äëÿ óðàâíåíèÿ ïîïåðå÷íûõ êîëåáàíèé

óïðóãîãî ñòåðæíÿ äëÿ îäíîðîäíûõ ãðàíè÷íûõ óñëîâèé.

◮ Îáà êîíöà ñòåðæíÿ æåñòêî çàêðåïëåíû.

Çàäàíû ãðàíè÷íûå óñëîâèÿ:

u = ux = 0 ïðè x = 0, u = ux = 0 ïðè x = l.

Ôóíêöèÿ �ðèíà:

G(x, ξ, t) =
4

al

∞∑

n=1

λ2
n[

ϕ′′
n(l)

]2 ϕn(x)ϕn(ξ) sin(λ
2
nat),

ãäå

ϕn(x) =
[
sh(λnl)− sin(λnl)

][
ch(λnx)− cos(λnx)

]
−

−
[
ch(λnl)− cos(λnl)

][
sh(λnx)− sin(λnx)

]

à λn � ïîëîæèòåëüíûå êîðíè òðàíñöåíäåíòíîãî óðàâíåíèÿ ch(λl) cos(λl) = 1.
×èñëåííûå çíà÷åíèÿ êîðíåé ìîæíî îïðåäåëÿòü ïî �îðìóëàì

λn =
µn

l
, ãäå µ1 = 4.730, µ2 = 7.859, µn =

π

2
(2n+ 1) ïðè n > 3.

◮ Îáà êîíöà ñòåðæíÿ çàêðåïëåíû íà øàðíèðàõ.

Çàäàíû ãðàíè÷íûå óñëîâèÿ:

u = uxx = 0 ïðè x = 0, u = uxx = 0 ïðè x = l.

Ôóíêöèÿ �ðèíà:

G(x, ξ, t) =
2l

aπ2

∞∑

n=1

1

n2
sin(λnx) sin(λnξ) sin(λ

2
nat), λn =

πn

l
.

◮ Îäèí êîíåö ñòåðæíÿ çàêðåïëåí æåñòêî, à äðóãîé�øàðíèðíî.

Çàäàíû ãðàíè÷íûå óñëîâèÿ:

u = ux = 0 ïðè x = 0, u = uxx = 0 ïðè x = l.

Ôóíêöèÿ �ðèíà:

G(x, ξ, t) =
2

al

∞∑

n=1

λ2n
ϕn(x)ϕn(ξ)

|ϕ′
n(l)ϕ′′′

n (l)| sin(λ
2
nat),

ãäå

ϕn(x) =
[
sh(λnl)− sin(λnl)

][
ch(λnx)− cos(λnx)

]
−

−
[
ch(λnl)− cos(λnl)

][
sh(λnx)− sin(λnx)

]

à λn�ïîëîæèòåëüíûå êîðíè òðàíñöåíäåíòíîãî óðàâíåíèÿ tg(λl)− th(λl) = 0.
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◮ Îäèí êîíåö ñòåðæíÿ çàêðåïëåí æåñòêî, à äðóãîé� ñâîáîäåí.

Çàäàíû ãðàíè÷íûå óñëîâèÿ:

u = ux = 0 ïðè x = 0, uxx = uxxx = 0 ïðè x = l.

Ôóíêöèÿ �ðèíà:

G(x, ξ, t) =
4

al

∞∑

n=1

ϕn(x)ϕn(ξ)

λ2
nϕ2

n(l)
sin(λ2nat),

ãäå

ϕn(x) =
[
sh(λnl) + sin(λnl)

][
ch(λnx)− cos(λnx)

]
−

−
[
ch(λnl) + cos(λnl)

][
sh(λnx)− sin(λnx)

]

à λn�ïîëîæèòåëüíûå êîðíè òðàíñöåíäåíòíîãî óðàâíåíèÿ ch(λl) cos(λl) =−1.

◮ Îäèí êîíåö ñòåðæíÿ çàêðåïëåí øàðíèðíî, à äðóãîé� ñâîáîäåí.

Çàäàíû ãðàíè÷íûå óñëîâèÿ:

u = uxx = 0 ïðè x = 0, uxx = uxxx = 0 ïðè x = l.

Ôóíêöèÿ �ðèíà:

G(x, ξ, t) =
4

al

∞∑

n=1

ϕn(x)ϕn(ξ)

λ2
nϕ2

n(l)
sin(λ2nat),

ãäå

ϕn(x) = sin(λnl) sh(λnx) + sh(λnl) sin(λnx)

à λn�ïîëîæèòåëüíûå êîðíè òðàíñöåíäåíòíîãî óðàâíåíèÿ tg(λl)− th(λl) = 0.

5.4.3. Áèãàðìîíè÷åñêîå óðàâíåíèå ∆∆u = 0

Áèãàðìîíè÷åñêîå óðàâíåíèå âñòðå÷àåòñÿ â ïëîñêèõ çàäà÷àõ òåîðèè óïðóãîñòè

(u � �óíêöèÿ íàïðÿæåíèÿ Ýéðè). Îíî èñïîëüçóåòñÿ òàêæå äëÿ îïèñàíèÿ ìåä-

ëåííûõ òå÷åíèé âÿçêîé íåñæèìàåìîé æèäêîñòè (u��óíêöèÿ òîêà).

Â ïðÿìîóãîëüíîé äåêàðòîâîé ñèñòåìå êîîðäèíàò äâóìåðíîå áèãàðìîíè÷å-

ñêîå óðàâíåíèå èìååò âèä

uxxxx + 2uxxyy + uyyyy = 0.

◮ ×àñòíûå ðåøåíèÿ.

u = (A ch βx+B sh βx+ Cx ch βx+Dx sh βx)(a cos βy + b sin βy),

u = (A cos βx+B sin βx+Cx cos βx+Dx sin βx)(a ch βy + b shβy),

u = Ar2 ln r +Br2 + C ln r +D, r =
√

(x− a)2 + (y − b)2,

ãäå A, B, C , D, a, b, β �ïðîèçâîëüíûå ïîñòîÿííûå.
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◮ �àçëè÷íûå ïðåäñòàâëåíèÿ îáùåãî ðåøåíèÿ.

1◦. �àçëè÷íûå ñïîñîáû ïðåäñòàâëåíèÿ îáùåãî ðåøåíèÿ ÷åðåç ãàðìîíè÷å-

ñêèå �óíêöèè:

u = xu1 + u2,

u = yu1 + u2,

u = (x2 + y2)u1 + u2,

ãäå u1 = u1(x, y) è u2 = u2(x, y)� ïðîèçâîëüíûå �óíêöèè, óäîâëåòâîðÿþùèå

óðàâíåíèþ Ëàïëàñà ∆uk = 0 (k = 1, 2).

2◦. Êîìïëåêñíàÿ �îðìà ïðåäñòàâëåíèÿ îáùåãî ðåøåíèÿ:

u = Re
[
zf(z) + g(z)

]
,

ãäå f(z) è g(z)�ïðîèçâîëüíûå àíàëèòè÷åñêèå �óíêöèè êîìïëåêñíîãî ïåðåìåí-
íîãî z = x+ iy; z = x− iy, i2 = −1. Ñèìâîë Re[A] îáîçíà÷àåò äåéñòâèòåëüíóþ
÷àñòü êîìïëåêñíîé âåëè÷èíû A.

◮ Êðàåâûå çàäà÷è äëÿ ïîëóïëîñêîñòè.

1◦. Îáëàñòü: −∞<x<∞, 06 y <∞. Íà ãðàíèöå çàäàíà èñêîìàÿ �óíêöèÿ

è åå ïðîèçâîäíàÿ ïî íîðìàëè:

u = 0 ïðè y = 0, uy = f(x) ïðè y = 0.

�åøåíèå:

u(x, y) =
∫ ∞

−∞
f(ξ)G(x− ξ, y) dξ, G(x, y) =

1

π

y2

x2 + y2
.

2◦. Îáëàñòü: −∞ < x < ∞, 0 6 y < ∞. Íà ãðàíèöå çàäàíû ïðîèçâîäíûå

èñêîìîé âåëè÷èíû:

ux = f(x) ïðè y = 0, uy = g(x) ïðè y = 0.

�åøåíèå:

u =
1

π

∫ ∞

−∞
f(ξ)

[
arctg

(
x− ξ

y

)
+

y(x− ξ)

(x− ξ)2 + y2

]
dξ +

y2

π

∫ ∞

−∞
g(ξ)dξ

(x− ξ)2 + y2
+ C,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

◮ Êðàåâàÿ çàäà÷à äëÿ êðóãà.

Îáëàñòü: 06 r6 a, 06 ϕ6 2π. Çàäàíû ãðàíè÷íûå óñëîâèÿ â ïîëÿðíîé ñèñòåìå

êîîðäèíàò:

u = f(ϕ) ïðè r = a, ur = g(ϕ) ïðè r = a.

�åøåíèå:

u =
1

2πa
(r2−a2)2

[ ∫ 2π

0

[a−r cos(η−ϕ)]f(η) dη
[r2+a2−2ar cos(η−ϕ)]2 −

1

2

∫ 2π

0

g(η) dη

r2+a2−2ar cos(η−ϕ)

]
.
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5.4.4. Íåîäíîðîäíîå áèãàðìîíè÷åñêîå óðàâíåíèå∆∆u=Φ(x, y)

◮ Îáëàñòü: −∞ < x < ∞, −∞ < y < ∞.

�åøåíèå:

u=
∫ ∞

−∞

∫ ∞

−∞
Φ(ξ, η)E (x−ξ, y−η) dξ dη, E (x, y)=

1

8π
(x2+y2) ln

√
x2 + y2.

◮ Îáëàñòü: −∞ < x < ∞, 0 6 y < ∞. Êðàåâàÿ çàäà÷à.

�àññìàòðèâàåòñÿ ïîëóïëîñêîñòü. Íà ãðàíèöå çàäàíû ïðîèçâîäíûå:

ux = f(x) ïðè y = 0, uy = g(x) ïðè y = 0.

�åøåíèå:

u =
1

π

∫ ∞

−∞
f(ξ)

[
arctg

(
x− ξ

y

)
+

y(x− ξ)

(x− ξ)2 + y2

]
dξ +

y2

π

∫ ∞

−∞
g(ξ) dξ

(x− ξ)2 + y2
+

+
1

8π

∫ ∞

−∞
dξ

∫ ∞

0

[
1

2
(R2

+ −R2
−)−R2

− ln
R+

R−

]
Φ(ξ, η) dη + C,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ,

R2
+ = (x− ξ)2 + (y + η)2, R2

− = (x− ξ)2 + (y − η)2.

◮ Îáëàñòü: 06 x6 l1, 06 y 6 l2. Êðàÿ ïëàñòèíêè øàðíèðíî çàêðåïëåíû.

�àññìàòðèâàåòñÿ ïðÿìîóãîëüíèê. Çàäàíû ãðàíè÷íûå óñëîâèÿ:

u = uxx = 0 ïðè x = 0, u = uxx = 0 ïðè x = l1,

u = uyy = 0 ïðè y = 0, u = uyy = 0 ïðè y = l2.

�åøåíèå:

u(x, y) =
∫ l1

0

∫ l2

0
Φ(ξ, η)G(x, y, ξ, η) dη dξ,

ãäå

G(x, y, ξ, η) =
4

l1l2

∞∑

n=1

∞∑

k=1

sin(pnx) sin(qky) sin(pnξ) sin(qkη)

(p2n+q
2
k)

2
, pn =

πn

l1
, qk =

πk

l2
.

◮ Áîëüøå òî÷íûõ ðåøåíèé ëèíåéíûõ óðàâíåíèé è çàäà÷ ìàòåìàòè÷åñêîé �è-

çèêè ìîæíî íàéòè â ñïåöèàëèçèðîâàííûõ ñïðàâî÷íèêàõ Ïîëÿíèí (2017), Polya-

nin (2002), Polyanin & Nazaikinskii (2016). Îñíîâíûå ìåòîäû ïîèñêà òî÷íûõ

ðåøåíèé ëèíåéíûõ Óð×Ï îïèñàíû, íàïðèìåð, â êíèãàõ Òèõîíîâ & Ñàìàðñêèé

(1972), Polyanin & Nazaikinskii (2016).
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6. Íåëèíåéíûå óðàâíåíèÿ

ìàòåìàòè÷åñêîé �èçèêè

◮ Ïðåäâàðèòåëüíûå çàìå÷àíèÿ. Íåëèíåéíûìè óðàâíåíèÿìè ìàòåìàòè÷åñêîé

�èçèêè îáû÷íî íàçûâàþòñÿ íåëèíåéíûå óðàâíåíèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè

âòîðîãî è áîëåå âûñîêèõ ïîðÿäêîâ, êîòîðûå èñïîëüçóþòñÿ äëÿ îïèñàíèÿ ïðè-

ðîäíûõ ÿâëåíèé èëè ïðîöåññîâ.

Ïîä òî÷íûìè ðåøåíèÿìè íåëèíåéíûõ óðàâíåíèé ìàòåìàòè÷åñêîé �èçèêè

ïîíèìàþòñÿ ñëåäóþùèå ðåøåíèÿ:

• ðåøåíèÿ, êîòîðûå âûðàæàþòñÿ ÷åðåç ýëåìåíòàðíûå �óíêöèè, �óíêöèè,

âõîäÿùèå â óðàâíåíèå (ýòî íåîáõîäèìî, êîãäà ðàññìàòðèâàåìîå óðàâíå-

íèå çàâèñèò îò ïðîèçâîëüíûõ �óíêöèé), è íåîïðåäåëåííûå èíòåãðàëû,

• ðåøåíèÿ, êîòîðûå âûðàæàþòñÿ ÷åðåç ðåøåíèÿ îáûêíîâåííûõ äè��åðåí-

öèàëüíûõ óðàâíåíèé èëè ñèñòåì òàêèõ óðàâíåíèé.

Îòìåòèì, ÷òî òî÷íûå ðåøåíèÿ ìîãóò áûòü ïðåäñòàâëåíû â ÿâíîé, íåÿâíîé

èëè ïàðàìåòðè÷åñêîé �îðìå. Èíîãäà òî÷íîå ðåøåíèå äîïîëíèòåëüíî ìîæåò

ñîäåðæàòü ïðîèçâîëüíûå �óíêöèè (àíàëîãè÷íûå ïîñòîÿííûì èíòåãðèðîâàíèÿ

â ðåøåíèÿõ ÎÄÓ), êîòîðûå íå âõîäÿò â ðàññìàòðèâàåìîå óðàâíåíèå.

Â äàííîé ãëàâå äàåòñÿ êðàòêîå îïèñàíèå òî÷íûõ ðåøåíèé ðàçëè÷íûõ íåëè-

íåéíûõ óðàâíåíèé ìàòåìàòè÷åñêîé �èçèêè ñ äâóìÿ íåçàâèñèìûìè ïåðåìåííû-

ìè è íåêîòîðûõ äðóãèõ íåëèíåéíûõ Óð×Ï âòîðîãî è áîëåå âûñîêèõ ïîðÿäêîâ.

6.1. Óðàâíåíèÿ ïàðàáîëè÷åñêîãî òèïà

6.1.1. Êâàçèëèíåéíûå óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ

èñòî÷íèêîì âèäà ut = uxx + f(u)

◮ Óðàâíåíèÿ ýòîãî âèäà äîïóñêàþò òî÷íûå ðåøåíèÿ òèïà áåãóùåé âîëíû

u = u(z), z = κx+ λt, ãäå κ è λ�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ u(z)
îïèñûâàåòñÿ àâòîíîìíûì ÎÄÓ âòîðîãî ïîðÿäêà aκ2u′′zz − λu′z + f(u) = 0.

1. ut = auxx − bu2
.

1◦. Òî÷íûå ðåøåíèÿ:

u =
a

b

12(4−
√
6 )x2+ 12(4−

√
6 )C1x+ 120(12 − 5

√
6 )at+ 12(2−

√
6 )C2 + 6C2

1[
x2 + C1x+ 10(3−

√
6 )at+ C2

]2 ,

u =
a

b

12(4 +
√
6 )x2+ 12(4 +

√
6 )C1x+ 120(12 + 5

√
6 )at+ 12(2 +

√
6 )C2 + 6C2

1[
x2 + C1x+ 10(3 +

√
6 )at+ C2

]2 ,

250
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ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

2◦. Àâòîìîäåëüíîå ðåøåíèå:

u = t−1U(ξ), ξ = xt−1/2,

ãäå �óíêöèÿ U = U(ξ) îïèñûâàåòñÿ ÎÄÓ âòîðîãî ïîðÿäêà

aU ′′
ξξ +

1
2 ξU

′
ξ + U − bU2 = 0

2. ut = uxx + au(1− u).

Óðàâíåíèå Ôèøåðà. Ýòî óðàâíåíèå âñòðå÷àåòñÿ â òåîðèè ìàññî- è òåïëîîáìåíà,

áèîëîãèè è ýêîëîãèè.

�åøåíèÿ òèïà áåãóùåé âîëíû (C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ):

u(x, t) =
[
1 + C exp

(
− 5

6 at± 1
6

√
6a x

)]−2
,

u(x, t) =
1 + 2C exp

(
− 5

6
at± 1

6

√
−6a x

)
[
1 +C exp

(
− 5

6
at± 1

6

√
−6ax

)]2 .

3. ut = auxx − bu3
.

1◦. Òî÷íûå ðåøåíèÿ:

u(x, t) = ±
√

2a

b

2C1x+ C2

C1x2 + C2x+ 6aC1t+ C3
.

2◦. Àâòîìîäåëüíîå ðåøåíèå:

u = t−1/2θ(ξ), ξ = xt−1/2,

ãäå �óíêöèÿ θ(ξ) îïèñûâàåòñÿ ÎÄÓ:

aθ′′ξξ +
1
2 ξθ

′
ξ +

1
2 θ − bθ3 = 0.

3◦. �åøåíèå:
u = xU(ζ), ζ = t+

1

6a
x2,

ãäå �óíêöèÿ U(ζ) îïèñûâàåòñÿ ÎÄÓ: U ′′
ζζ − 9abU3 = 0.

4. ut = uxx + au− bu3
.

1◦. Òî÷íûå ðåøåíèÿ ïðè a > 0 è b > 0:

u(x, t) = ±
√

a

b

C1 exp
(

1
2

√
2ax

)
− C2 exp

(
− 1

2

√
2a x

)

C1 exp
(

1
2

√
2a x

)
+ C2 exp

(
− 1

2

√
2a x

)
+ C3 exp

(
− 3

2
at
) ,

u(x, t) = ±
√

a

b

[
2C1 exp

(√
2ax

)
+ C2 exp

(
1
2

√
2a x− 3

2
at
)

C1 exp
(√

2a x
)
+ C2 exp

(
1
2

√
2a x− 3

2
at
)
+ C3

− 1
]
,

ãäå C1, C2, C3�ïðîèçâîëüíûå ïîñòîÿííûå.
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2◦. Òî÷íûå ðåøåíèÿ ïðè a < 0 è b > 0:

u(x, t) = ±
√

|a|
b

sin
(

1
2

√
2|a|x+C1

)

cos
(

1
2

√
2|a|x+C1

)
+ C2 exp

(
− 3

2
at
) .

3◦. �åøåíèå ïðè a > 0 (îáîáùàåò ðåøåíèå èç ï. 1◦):

u =
[
C1 exp

(
1
2

√
2a x+ 3

2 at
)
− C2 exp

(
− 1

2

√
2a x+ 3

2 at
)]
U(z),

z = C1 exp
(
1
2

√
2a x+ 3

2 at
)
+ C2 exp

(
− 1

2

√
2a x+ 3

2 at
)
+C3,

ãäå C1, C2, C3 �ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ U = U(z) îïèñûâàåòñÿ
àâòîíîìíûì ÎÄÓ: aU ′′

zz = 2bU3
, ðåøåíèå êîòîðîãî ìîæíî çàïèñàòü â íåÿâíîé

�îðìå.

4◦. �åøåíèå ïðè a < 0 (îáîáùàåò ðåøåíèå èç ï. 2◦):

u = exp
(
3
2 at

)
sin

(
1
2

√
2|a| x+ C1

)
V (ξ),

ξ = exp
(
3
2 at

)
cos

(
1
2

√
2|a| x+ C1

)
+C2,

ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ V = V (ξ) îïèñûâàåòñÿ
àâòîíîìíûì ÎÄÓ: aV ′′

ξξ =−2bV 3
, ðåøåíèå êîòîðîãî ìîæíî çàïèñàòü â íåÿâíîé

�îðìå.

5. ut = uxx − u(1− u)(a− u).

Óðàâíåíèå ÔèòöÕüþ�Íàãóìî. Ýòî óðàâíåíèå âñòðå÷àåòñÿ ãåíåòèêå, áèîëîãèè

è áèî�èçèêå.

�åøåíèÿ:

u(x, t) =
A exp(z1) + aB exp(z2)

A exp(z1) +B exp(z2) + C
,

z1 = ±
√
2
2 x+

(
1
2 − a

)
t, z2 = ±

√
2
2 ax+ a

(
1
2 a− 1

)
t,

ãäå A, B, C �ïðîèçâîëüíûå ïîñòîÿííûå.

6. ut = uxx + au+ buk
.

Óðàâíåíèå Êîëìîãîðîâà � Ïåòðîâñêîãî � Ïèñêóíîâà (÷àñòíûé ñëó÷àé). Ýòî

óðàâíåíèå âñòðå÷àåòñÿ â òåîðèè ìàññî- è òåïëîîáìåíà, òåîðèè ãîðåíèÿ, áèîëî-

ãèè è ýêîëîãèè.

1◦. �åøåíèÿ òèïà áåãóùåé âîëíû (çíàêè âûáèðàþòñÿ ïðîèçâîëüíûì îáðà-

çîì):

u(x, t) =
[
±β + C exp(λt± µx)

] 2
1−k ,

β =
√
− b

a
, λ =

a(1− k)(k + 3)

2(k + 1)
, µ =

√
a(1− k)2

2(k + 1)
.

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.
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2◦. Àâòîìîäåëüíîå ðåøåíèå ïðè a = 0:

u(x, t) = t1/(1−k)U(z), z = xt−1/2,

ãäå �óíêöèÿ U = U(z) îïèñûâàåòñÿ ÎÄÓ:

U ′′
zz +

1

2
zU ′

z +
1

1− k
U + bUk = 0.

7. ut = uxx + au+ buk + cu2k−1
.

1◦. �åøåíèÿ òèïà áåãóùåé âîëíû:

u(x, t) =
[
β + C exp(λt+ µx)

] 1
1−k ,

λ =
1− k

k

[
a(1 + k) +

b

β

]
, µ = ±(1− k)

√
1

k

(
a+

b

β

)
,

(1)

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à β �ëþáîé êîðåíü êâàäðàòíîãî óðàâíåíèÿ

aβ2 + bβ + c = 0. (2)

Â îáùåì ñëó÷àå �îðìóëû (1)�(2) äàþò ÷åòûðå òî÷íûõ ðåøåíèÿ èñõîäíîãî

Óð×Ï.

2◦. Ïîäñòàíîâêà

v = u1−k

ïðèâîäèò ê Óð×Ï ñ êâàäðàòè÷íîé íåëèíåéíîñòüþ

vvt = vvxx +
k

1− k
v2x + a(1− k)v2 + b(1− k)v + c(1− k). (3)

�åøåíèÿì (1) ñîîòâåòñòâóþò ÷àñòíûå ðåøåíèÿ Óð×Ï (3), êîòîðûå èìåþò

âèä v = β + C exp(λt+ µx).

Ïðè a= 0 óðàâíåíèå (3) èìååò òàêæå äðóãèå ðåøåíèÿ òèïà áåãóùåé âîëíû:

v(x, t) = (1− k)
(
bt±

√
− c

k
x
)
+ C.

8. ut = uxx + a+ beλu.

1◦. �åøåíèÿ òèïà áåãóùåé âîëíû ïðè a 6= 0 (çíàêè ïëþñ èëè ìèíóñ âûáè-

ðàþòñÿ ïðîèçâîëüíî):

u(x, t) = − 2

λ
ln
[
±β + C exp

(
±µx− 1

2 aλt
)]
, β =

√
− b

a
, µ =

√
aλ

2
,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.
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2◦. Ïðè a = 0 ñóùåñòâóåò òî÷íîå ðåøåíèå âèäà

u = w(z) − 1

λ
ln t, z =

x√
t
,

ãäå �óíêöèÿ w = w(z) îïèñûâàåòñÿ ÎÄÓ:

w′′
zz +

1

2
zw′

z +
1

λ
+ beλw = 0.

9. ut = uxx + a+ beλu + ce2λu.

Óðàâíåíèÿ òàêîãî âèäà âñòðå÷àþòñÿ â çàäà÷àõ ìàññî- è òåïëîîáìåíà è òåîðèè

ãîðåíèÿ.

1◦. �åøåíèÿ òèïà áåãóùåé âîëíû ïðè a 6= 0:

u(x, t) = − 1

λ
ln
[
β + C exp(±µx− aλt)

]
, µ =

1

β

√
−cλ,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à β îïðåäåëÿåòñÿ èç êâàäðàòíîãî óðàâíåíèÿ

aβ2 + bβ + c = 0.

2◦. �åøåíèÿ òèïà áåãóùåé âîëíû ïðè a = 0:

u(x, t) = − 1

λ
ln
(
±
√
−cλ x− bλt+ C

)
.

10. ut = uxx + au lnu.

�åøåíèÿ ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = exp
(
Aeatx+

A2

a
e2at +Beat

)
,

u(x, t) = exp
[
1
2 − 1

4 a(x+A)2 +Beat
]
,

u(x, t) = exp
[
− a(x+ A)2

4(1 +Be−at)
+

1

2B
eat ln(1 +Be−at) + Ceat

]
,

ãäå A, B, C �ïðîèçâîëüíûå ïîñòîÿííûå.

11. ut = uxx + au ln2 u.

1◦. Ïîäñòàíîâêà u = ew ïðèâîäèò ê Óð×Ï ñ êâàäðàòè÷íîé íåëèíåéíîñòüþ

wt = wxx + w2
x + aw2. (1)

2◦. Òî÷íûå ðåøåíèÿ óðàâíåíèÿ (1) ïðè a < 0:

w(x, t) = C1 exp
(
−at± x

√
−a

)
,

w(x, t) =
1

C1 − at
+

C2

(C1 − at)2
exp

(
−at± x

√
−a

)
,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå. Ïåðâîå ðåøåíèå � ýòî ðåøåíèå òèïà

áåãóùåé âîëíû, à âòîðîå � ðåøåíèå ñ îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ.

3◦. Óðàâíåíèå (1) èìååò òàêæå ðåøåíèÿ ñ îáîáùåííûì ðàçäåëåíèåì ïåðå-

ìåííûõ âèäà

w(x, t) = ϕ(t) + ψ(t)
[
C1 exp(−x

√
−a ) + C2 exp(x

√
−a )

]
ïðè a < 0,

w(x, t) = ϕ(t) + ψ(t)
[
C1 sin(x

√
a ) + C2 cos(x

√
a )

]
ïðè a > 0,

ãäå �óíêöèè ϕ è ψ îïèñûâàþòñÿ íåêîòîðûìè ÎÄÓ.



6.1. Óðàâíåíèÿ ïàðàáîëè÷åñêîãî òèïà 255

6.1.2. �åàêöèîííî-äè��óçèîííûå óðàâíåíèÿ âèäà

ut = [f(u)ux]x + g(u)

◮ Óðàâíåíèÿ ýòîãî âèäà äîïóñêàþò òî÷íûå ðåøåíèÿ òèïà áåãóùåé âîëíû

u = u(z), z = κx+ λt, ãäå κ è λ�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ u(z)
îïèñûâàåòñÿ àâòîíîìíûì ÎÄÓ âòîðîãî ïîðÿäêà κ2[f(u)u′z]

′
z−λu′z+f(u)= 0.

1. ut = a(ukux)x.

Ýòî óðàâíåíèå âñòðå÷àåòñÿ â íåëèíåéíûõ çàäà÷àõ òåïëîïðîâîäíîñòè, äè��ó-

çèè è �èëüòðàöèè. Çíà÷åíèÿ k>0 ñîîòâåòñòâóþò ìåäëåííîé äè��óçèè, à k<0�
áûñòðîé äè��óçèè.

1◦. �åøåíèÿ:

u(x, t) =
[
kλ

a
(±x+λt)+A

] 1
k
,

u(x, t) =
[

k(x−A)2

2a(k+2)(B− t)

] 1
k
,

u(x, t) =
[
A|t+B|−

k
k+2 − k

2a(k+2)

(x+C)2

t+B

] 1
k
,

u(x, t) =
[
k(x+A)2

ϕ(t)
+B|x+A|

k
k+1 |ϕ(t)|−

k(2k+3)
2(k+1)2

] 1
k
, ϕ(t) = C− 2a(k+2)t,

ãäå A, B, C , λ � ïðîèçâîëüíûå ïîñòîÿííûå. Âòîðîå ðåøåíèå ïðè B > 0
ñîîòâåòñòâóåò ðåæèìó ñ îáîñòðåíèåì (ýòî ðåøåíèå íåîãðàíè÷åííî âîçðàñòàåò

íà êîíå÷íîì èíòåðâàëå âðåìåíè).

2◦. Ñóùåñòâóþò ðåøåíèÿ ñëåäóþùèõ âèäîâ:

u(x, t) = (t+ C)−1/kF (x) (ðåøåíèå ñ ðàçäåëåíèåì ïåðåìåííûõ);

u(x, t) = tλG(ξ), ξ = xt−
kλ+1

2
(àâòîìîäåëüíîå ðåøåíèå);

u(x, t) = e−2λtH(η), η = xekλt (îáîáùåííîå àâòîìîäåëüíîå ðåøåíèå);

u(x, t) = t−1/kU(ζ), ζ = x+ λ ln t,

ãäå C è λ�ïðîèçâîëüíûå ïîñòîÿííûå.

2. ut = a(ukux)x + bu.

Ïðåîáðàçîâàíèå u(x, t)= ebtv(x, τ), τ =
1

bk
ebkt+C ïðèâîäèò ðàññìàòðèâàåìîå

óðàâíåíèå ê Óð×Ï âèäà 6.1.2.1:

vτ = a(vkvx)x.

3. ut = a(ukux)x + buk+1
.

1◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè a= b= 1,
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k > 0:

u(x, t) =





[
2(k + 1)

k(k + 2)

cos2(πx/L)

(t0 − t)

]1/k
ïðè |x| 6 L

2
,

0 ïðè |x| > L

2
,

ãäå L = 2π(k + 1)1/2/k. Ýòî ðåøåíèå ëîêàëèçîâàíî íà èíòåðâàëå |x| < L/2 è

îïèñûâàåò ðåæèì ñ îáîñòðåíèåì, êîòîðûé ñóùåñòâóåò íà êîíå÷íîì èíòåðâàëå

âðåìåíè t ∈ [0, t0).

2◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) =
(
Aeµx +Be−µx +D

kλt+ C

)1/k
,

B =
λ2(k + 1)2

4b2A(k + 2)2
, D = − λ(k + 1)

b(k + 2)
, µ = k

√
− b

a(k + 1)
,

ãäå A, C , λ�ïðîèçâîëüíûå ïîñòîÿííûå, ab(k + 1) < 0.

3◦. �åøåíèÿ ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ (ñ÷èòàåòñÿ, ÷òî

ab(k + 1) < 0):

u(x, t) =
[
F (t) +C2|F (t)|

k+2
k+1 eλx

]1/k
, F (t) =

1

C1 − bkt
, λ = ±k

√
−b

a(k + 1)
,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

4◦. Ñóùåñòâóþò ðåøåíèÿ ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ ñëå-

äóþùèõ âèäîâ:

u(x, t) =
[
f(t) + g(t)(Aeλx +Be−λx)

]1/k
, λ = k

√
−b

a(k + 1)
;

u(x, t) =
[
f(t) + g(t) cos(λx+ C)

]1/k
, λ = k

√
b

a(k + 1)
,

ãäå A, B, C �ïðîèçâîëüíûå ïîñòîÿííûå.

4. ut = a(ukux)x + buk+1 + cu.

1◦. �åøåíèÿ ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = ect
[
A cos(βx) +B sin(βx)

] 1
k+1

ïðè b(k + 1)/a = β2 > 0,

u(x, t) = ect
[
A exp(βx) +B exp(−βx)

] 1
k+1

ïðè b(k + 1)/a = −β2 < 0,

ãäå A è B �ïðîèçâîëüíûå ïîñòîÿííûå.

2◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè k = −1:

u = A exp
(
ct− b

2a
x2 +Bx

)
,

ãäå A è B �ïðîèçâîëüíûå ïîñòîÿííûå.
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3◦. Ïðåîáðàçîâàíèå

u = ectw(x, τ), τ =
1

ck
eckt + const

ïðèâîäèò ê áîëåå ïðîñòîìó óðàâíåíèþ âèäà 6.1.2.3:

wτ = a(wkwx)x + bwk+1.

5. ut = a(ukux)x + bu1−k
.

�åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t)=
[
(x+ A)2

F (t)
+B|F (t)|−

k
k+2 − bk2

4a(k + 1)
F (t)

]1/k
, F (t)=C− 2a(k + 2)

k
t,

ãäå A, B, C �ïðîèçâîëüíûå ïîñòîÿííûå.

6. ut = a(ukux)x + b+ cu−k
.

�åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ:

u =
[
c(k + 1)t− b(k + 1)

2a
x2 + C1x+C2

] 1
k+1

,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

7. ut = a(ukux)x + buk+1 + cu+ du1−k
.

�åøåíèÿ ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ:

u =
{
ϕ(t)

[
C1 cos(βx) + C2 sin(βx)

]
+ ψ(t)

}1/k
ïðè ab(k + 1) > 0,

u =
{
ϕ(t)

[
C1 ch(βx) + C2 sh(βx)

]
+ ψ(t)

}1/k
ïðè ab(k + 1) < 0,

(1)

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå,

β =

√
|b|k2

|a(k + 1)| ,

à �óíêöèè ϕ = ϕ(t) è ψ = ψ(t) îïèñûâàþòñÿ ñèñòåìîé ÎÄÓ:

ϕ′
t =

bk(k + 2)

k + 1
ϕψ + ckϕ,

ψ′
t = k(bψ2 + cψ + d) +

bk

k + 1
(C2

1 ± C2
2 )ϕ

2.
(2)

Çäåñü âåðõíèé çíàê âî âòîðîì óðàâíåíèè ñîîòâåòñòâóåò ïåðâîìó ðåøåíèþ â (1),

à íèæíèé� âòîðîìó ðåøåíèþ â (1).

Ïðè C1 = C2 ïîñëåäíåå óðàâíåíèå â (2) (äëÿ íèæíåãî çíàêà) ìîæåò áûòü

óäîâëåòâîðåíî, åñëè ïîëîæèòü ψ= 
onst, ãäå ψ�êîðåíü êâàäðàòíîãî óðàâíåíèÿ

bψ2+cψ+d=0. Â ýòîì ñëó÷àå îáùåå ðåøåíèå ïåðâîãî óðàâíåíèÿ (2) èìååò âèä

ϕ = C3 exp
[(

bk(k + 2)

k + 1
ψ + ck

)
t
]
,



258 6. ÍÅËÈÍÅÉÍÛÅ Ó�ÀÂÍÅÍÈß ÌÀÒÅÌÀÒÈ×ÅÑÊÎÉ ÔÈÇÈÊÈ

ãäå C3�ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

8. ut = a(u2kux)x + bu1−k
.

�åøåíèÿ òèïà îáîáùåííîé áåãóùåé âîëíû:

u(x, t) =
[
± x+C1√

C2 − st
− bk2

3a(k + 1)
(C2 − st)

]1/k
, s =

2a(k + 1)

k
,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

9. ut = a(u2kux)x + bu+ cu1−k
.

�åøåíèÿ òèïà îáîáùåííîé áåãóùåé âîëíû ïðè b 6= 0:

u(x, t)=
[
ϕ(t)(±x+C1)+ckϕ(t)

∫
dt

ϕ(t)

]1/k
, ϕ(t)=

[
C2e

−2bkt− a(k + 1)

bk2

]−1/2
,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

10. ut = a(ukux)x + bum
.

Ñóùåñòâóþò ðåøåíèÿ ñëåäóþùèõ âèäîâ:

u(x, t) = U(z), z = ±x+ λt (ðåøåíèå òèïà áåãóùåé âîëíû);

u(x, t) = t
1

1−m V (ξ), ξ = xt
m−k−1
2(1−m)

(àâòîìîäåëüíîå ðåøåíèå).

11. ut = [(au2k + buk)ux]x.

×àñòíûé ñëó÷àé Óð×Ï 6.1.2.24 ïðè f(u) = au2k + buk.

1◦. �åøåíèÿ òèïà áåãóùåé âîëíû:

u(x, t) =
(
±
√
2C1kx+ 2aC2

1kt+ C2 − b

a

)1/k
,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

2◦. Àâòîìîäåëüíûå ðåøåíèÿ:

u(x, t) =
[
± x+C1√

C2 − st
− b

a(k + 1)

]1/k
, s =

2a(k + 1)

k
.

12. ut = [(au2k + buk)ux]x + cu1−k
.

�åøåíèÿ òèïà îáîáùåííîé áåãóùåé âîëíû:

u(x, t) =
[
± x+ C1√

C2 − st
− ck2

3a(k + 1)
(C2 − st)− b

a(k + 1)

]1/k
, s =

2a(k + 1)

k
,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.
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13. ut = [(au2k + buk)ux]x + cu+ du1−k
.

�åøåíèÿ òèïà îáîáùåííîé áåãóùåé âîëíû:

u(x, t) =
[
ϕ(t)(±x+ C1) +

b

k
ϕ(t)

∫
ϕ(t) dt + dkϕ(t)

∫
dt

ϕ(t)

]1/k
,

ϕ(t) =
[
C2e

−2ckt − a(k + 1)

ck2

]−1/2
,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

14. ut = a(eλuux)x.

1◦. Òî÷íûå ðåøåíèÿ:

u(x, t) =
2

λ
ln
( ±x+A√

B − 2at

)
,

u(x, t) =
1

λ
ln

A+Bx− Cx2

D + 2aCt
,

ãäå A, B, C , D�ïðîèçâîëüíûå ïîñòîÿííûå.

2◦. Ñóùåñòâóþò ðåøåíèÿ ñëåäóþùèõ âèäîâ:

u(x, t) = F (z), z = kx+ βt (ðåøåíèå òèïà áåãóùåé âîëíû);

u(x, t) = G(ξ), ξ = xt−1/2
(àâòîìîäåëüíîå ðåøåíèå);

u(x, t) = H(η) + 2kt, η = xe−kλt;

u(x, t) = U(ζ)− λ−1 ln t, ζ = x+ k ln t,

ãäå k è β �ïðîèçâîëüíûå ïîñòîÿííûå.

15. ut = a(eλuux)x + b.

1◦. �åøåíèÿ ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) =
1

λ
ln(C1x+ C2) + bt+ C3,

u(x, t) =
2

λ
ln(x+ C1)− ln

(
C2e

−bλt − 2a

bλ

)
.

2◦. Ïðåîáðàçîâàíèå

u(x, t) = w(x, τ) + bt, τ =
1

bλ
ebλt + C

ïðèâîäèò ðàññìàòðèâàåìîå Óð×Ï ê óðàâíåíèþ âèäà 6.1.2.14:

wτ = a(eλwwx)x.

16. ut = (aeλuux)x + beβu.

1◦. �åøåíèå òèïà áåãóùåé âîëíû:

u = u(z), z = k2x+ k1t,
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ãäå k1 è k2�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ u(z) îïèñûâàåòñÿ àâòîíîì-
íûì ÎÄÓ:

ak22(e
λuu′z)

′
z − k1u

′
z + beβu = 0.

2◦. �åøåíèå:

u = U(ξ)− 1

β
ln t, ξ = xt

λ−β
2β ,

ãäå �óíêöèÿ U(ξ) îïèñûâàåòñÿ ÎÄÓ:

λ− β

2β
ξU ′

ξ −
1

β
= (aeλUU ′

ξ)
′
ξ + beβU .

17. ut = a(eλuux)x + beλu + c+ de−λu
.

�åøåíèÿ ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ:

u =
1

λ
ln
{
eσt

[
C1 cos(x

√
β ) + C2 sin(x

√
β )

]
+ γ

}
ïðè abλ > 0,

u =
1

λ
ln
{
eσt

[
C1 ch(x

√
−β ) + C2 sh(x

√
−β )

]
+ γ

}
ïðè abλ < 0.

Çäåñü C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå,

σ = λ(bγ + c), β = bλ/a,

ãäå γ = γ1,2 �êîðíè êâàäðàòíîãî óðàâíåíèÿ bγ2 + cγ + d = 0.

18. ut = a(ueλuux)x.

×àñòíûé ñëó÷àé Óð×Ï 6.1.2.24 ïðè f(u) = aueλu.
�åøåíèå òèïà áåãóùåé âîëíû:

u(x, t) =
1

λ
ln
(
C1x+

a

λ
C2
1 t+ C2

)
,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

19. ut = a(ueλuux)x + b.

�åøåíèå òèïà îáîáùåííîé áåãóùåé âîëíû:

u(x, t) =
1

λ
ln
(
C1e

bλtx+
aC2

1

bλ2
e2bλt + C2e

bλt
)
,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

20. ut = a(ueλuux)x + be−λu
.

�åøåíèå òèïà áåãóùåé âîëíû:

u(x, t) =
1

λ
ln
[
C1x+

(
aC2

1

λ
+ bλ

)
t+ C2

]
,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.
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21. ut = a(ueλuux)x + b+ ce−λu
.

�åøåíèå òèïà îáîáùåííîé áåãóùåé âîëíû:

u(x, t) =
1

λ
ln
(
C1e

bλtx+
aC2

1

bλ2
e2bλt + C2e

bλt − c

b

)
,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

22. ut = [(ae2λu + bueλu)ux]x.

×àñòíûé ñëó÷àé Óð×Ï 6.1.2.24 ïðè f(u) = ae2λu + bueλu.
Àâòîìîäåëüíûå ðåøåíèÿ:

u(x, t) =
1

λ
ln
( ±x+ C1√

C2 − 2at
− b

aλ

)
,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

23. ut = [(ae2λu + bueλu)ux]x + c.

�åøåíèÿ òèïà îáîáùåííîé áåãóùåé âîëíû:

u(x, t)=
1

λ
ln
[
±ϕ(t)x+C1ϕ(t)+

b

λ
ϕ(t)

∫
ϕ(t)dt

]
, ϕ(t)=

(
C2e

−2cλt− a

cλ

)−1/2
,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

24. ut = [f(u)ux]x.

Ýòî óðàâíåíèå âñòðå÷àåòñÿ â íåëèíåéíûõ çàäà÷àõ òåïëîïðîâîäíîñòè, äè��ó-

çèè è �èëüòðàöèè.

1◦. �åøåíèå òèïà áåãóùåé âîëíû â íåÿâíîì âèäå:

k2
∫

f(u) du

λu+ C1
= kx+ λt+ C2,

ãäå C1, C2, k, λ � ïðîèçâîëüíûå ïîñòîÿííûå. Çíà÷åíèþ λ = 0 ñîîòâåòñòâóåò

ñòàöèîíàðíîå ðåøåíèå.

2◦. Àâòîìîäåëüíîå ðåøåíèå:

u = u(z), z = xt−1/2,

ãäå �óíêöèÿ u(z) îïèñûâàåòñÿ ÎÄÓ: [f(u)u′z]
′
z +

1
2 zu

′
z = 0.

25. ut = [f(u)ux]x + g(u).

�åàêöèîííî-äè��óçèîííîå óðàâíåíèå îáùåãî âèäà. Ýòî Óð×Ï ÷àñòî âñòðå÷à-

åòñÿ â çàäà÷àõ ìàññî- è òåïëîîáìåíà ñ îáúåìíîé ðåàêöèåé è ìàòåìàòè÷åñêîé

áèîëîãèè.

1◦. �åøåíèÿ òèïà áåãóùåé âîëíû:

u = u(z), z = ±x+ λt,

ãäå �óíêöèÿ u(z) îïèñûâàåòñÿ àâòîíîìíûì ÎÄÓ: [f(u)u′z ]
′
z − λu′z + g(u) = 0.
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2◦. Ïóñòü �óíêöèÿ f = f(u) ïðîèçâîëüíà, à �óíêöèÿ g= g(u) îïðåäåëÿåòñÿ
âûðàæåíèåì

g(u) =
A

f(u)
+B,

ãäå A è B�ñâîáîäíûå ïàðàìåòðû. Â ýòîì ñëó÷àå ñóùåñòâóåò ðåøåíèå ñ �óíê-

öèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ, êîòîðîå ìîæíî ïðåäñòàâèòü â íåÿâíîì

âèäå ∫
f(u) du = At− 1

2
Bx2 + C1x+C2,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

3◦. Ïóñòü �óíêöèÿ f = f(u) ïðîèçâîëüíà, à �óíêöèÿ g= g(u) îïðåäåëÿåòñÿ
âûðàæåíèåì

g(u) =
aF (u) + b

f(u)
+ c[aF (u) + b], F (u) =

∫
f(u) du,

ãäå a, b, c� ñâîáîäíûå ïàðàìåòðû. Òîãäà ñóùåñòâóåò ðåøåíèå ñ �óíêöèîíàëü-

íûì ðàçäåëåíèåì ïåðåìåííûõ, êîòîðîå ìîæíî ïðåäñòàâèòü â íåÿâíîì âèäå

∫
f(u) du = eat

[
C1 cos(x

√
ac ) + C2 sin(x

√
ac )

]
− b

a
ïðè ac > 0,

∫
f(u) du = eat

[
C1 ch(x

√
−ac ) + C2 sh(x

√
−ac )

]
− b

a
ïðè ac < 0.

4◦. Ïóñòü �óíêöèÿ g = g(u) ïðîèçâîëüíà, à �óíêöèÿ f = f(u) îïðåäåëÿåòñÿ
âûðàæåíèåì

f(u) =
A1A2u+B

g(u)
+

A2A3

g(u)

∫
Z du, (1)

Z = −A2

∫
du

g(u)
, (2)

ãäå A1, A2, A3, B � ñâîáîäíûå ïàðàìåòðû. Òîãäà ñóùåñòâóþò ðåøåíèÿ òèïà

îáîáùåííîé áåãóùåé âîëíû âèäà

u = u(Z), Z =
±x+ C2√
2A3t+C1

− A1

A3
− A2

3A3
(2A3t+ C1),

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ u(Z) îïðåäåëÿåòñÿ ïóòåì
îáðàùåíèÿ çàâèñèìîñòè (2).

5◦. Ïóñòü �óíêöèÿ g = g(u) ïðîèçâîëüíà, à �óíêöèÿ f = f(u) îïðåäåëÿåòñÿ
âûðàæåíèåì

f(u) =
1

g(u)

(
A1u+A3

∫
Z du

)
exp

[
−A4

∫
du

g(u)

]
, (3)

Z =
1

A4
exp

[
−A4

∫
du

g(u)

]
− A2

A4
, (4)

ãäå A1, A2, A3, A4�ñâîáîäíûå ïàðàìåòðû (A4 6=0). Òîãäà ñóùåñòâóþò ðåøåíèÿ
òèïà îáîáùåííîé áåãóùåé âîëíû âèäà

u = u(Z), Z = ϕ(t)x+ ψ(t),
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ãäå �óíêöèÿ u(Z) îïðåäåëÿåòñÿ ïóòåì îáðàùåíèÿ çàâèñèìîñòè (4), à �óíêöèè

ϕ(t) è ψ(t) îïèñûâàþòñÿ �îðìóëàìè

ϕ(t) = ±
(
C1e

2A4t− A3

A4

)−1/2
, ψ(t) = −ϕ(t)

[
A1

∫
ϕ(t) dt+A2

∫
dt

ϕ(t)
+C2

]
,

C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå.

6◦. Ïóñòü �óíêöèè f(u) è g(u) çàäàíû �îðìóëàìè

f(u) = uϕ′
u(u), g(u) = a

[
u+ 2

ϕ(u)

ϕ′
u(u)

]
,

ãäå ϕ(u)�ïðîèçâîëüíàÿ �óíêöèÿ, a�ñâîáîäíûé ïàðàìåòð. Òîãäà ñóùåñòâóþò

ðåøåíèÿ ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ, êîòîðûå ìîæíî ïðåä-

ñòàâèòü â íåÿâíîì âèäå

ϕ(u) = C1e
2at − 1

2 a(x+ C2)
2.

7◦. Ïóñòü �óíêöèè f(u) è g(u) çàäàíû �îðìóëàìè

f(u) = A
V (z)

V ′
z (z)

, g(u) = B
[
2z−1/2V ′

z(z) + z−3/2V (z)
]
,

ãäå V (z)�ïðîèçâîëüíàÿ �óíêöèÿ, A è B �ñâîáîäíûå ïàðàìåòðû (AB 6= 0), à
�óíêöèÿ z = z(u) îïðåäåëÿåòñÿ íåÿâíî

u =
∫
z−1/2V ′

z (z) dz +C1; (5)

C1 � ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Òîãäà ñóùåñòâóåò ðåøåíèå ñ �óíêöèîíàëüíûì

ðàçäåëåíèåì ïåðåìåííûõ âèäà (5), ãäå

z = − (x+C3)
2

4At+ C2
+ 2Bt+

BC2

2A
,

C2 è C3�ïðîèçâîëüíûå ïîñòîÿííûå.

6.1.3. Äðóãèå íåëèíåéíûå óðàâíåíèÿ

ðåàêöèîííî-äè��óçèîííîãî òèïà

1. ut = [a(x)ux]x + b(x)u+ cu lnu.

�åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = exp
(
Aect

)
ϕ(x),

ãäå A � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ ϕ = ϕ(x) îïèñûâàåòñÿ ÎÄÓ

âòîðîãî ïîðÿäêà [a(x)ϕ′
x]

′
x + b(x)ϕ + cϕ lnϕ = 0.

2. ut = [a(x)ux]x +
x2

a(x)
f(u).

�åøåíèå:

u = U(z), z = t+
∫

x dx

a(x)
,
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ãäå �óíêöèÿ U = U(z) îïèñûâàåòñÿ àâòîíîìíûì ÎÄÓ âòîðîãî ïîðÿäêà âèäà

2.3.1.1: U ′′
zz + f(U) = 0.

3. ut = x−n[xnf(u)ux]x + g(u).

Ýòî íåëèíåéíîå óðàâíåíèå ìàññî- è òåïëîïåðåíîñà â ðàäèàëüíî-ñèììåòðè÷íîì

ñëó÷àå (çíà÷åíèÿ n = 1 è n = 2 ñîîòâåòñòâóþò ïëîñêîé è ïðîñòðàíñòâåííîé

çàäà÷àì). Ïðè n = 0 ñì. óðàâíåíèå 6.1.2.25.

1◦. Ïóñòü �óíêöèÿ f = f(u) ïðîèçâîëüíà, à �óíêöèÿ g= g(u) îïðåäåëÿåòñÿ
âûðàæåíèåì

g(u) =
(

a

f(u)
+ b

)(∫
f(u) du+ c

)
,

ãäå a, b, c�ñâîáîäíûå ïàðàìåòðû. Â ýòîì ñëó÷àå ñóùåñòâóåò ðåøåíèå ñ �óíê-

öèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ, êîòîðîå ìîæíî ïðåäñòàâèòü â íåÿâíîì

âèäå ∫
f(u) du+ c = eatz(x),

ãäå �óíêöèÿ z = z(x) îïèñûâàåòñÿ ëèíåéíûì ÎÄÓ:

z′′xx +
n

x
z′x + bz = 0.

Îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ ìîæåò áûòü âûðàæåíî ÷åðåç �óíêöèè Áåññåëÿ

èëè ìîäè�èöèðîâàííûå �óíêöèè Áåññåëÿ.

2◦. Ïóñòü �óíêöèè f(u) è g(u) çàäàíû �îðìóëàìè

f(u) = uϕ′
u(u), g(u) = a(n+ 1)u+ 2a

ϕ(u)

ϕ′
u(u)

,

ãäå ϕ(u)�ïðîèçâîëüíàÿ �óíêöèÿ (øòðèõ îçíà÷àåò ïðîèçâîäíóþ ïî u). Â ýòîì

ñëó÷àå ñóùåñòâóåò ðåøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ, êî-

òîðîå ìîæíî ïðåäñòàâèòü â íåÿâíîì âèäå

ϕ(u) = Ce2at − 1
2 ax

2,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

3◦. Ïóñòü �óíêöèè f(u) è g(u) çàäàíû �îðìóëàìè

f(u) = aϕ−
n+1
2 ϕ′

∫
ϕ
n+1
2 du, g(u) = b

ϕ

ϕ′
,

ãäå ϕ = ϕ(u) � ïðîèçâîëüíàÿ �óíêöèÿ (øòðèõ îçíà÷àåò ïðîèçâîäíóþ ïî u).
Â ýòîì ñëó÷àå ñóùåñòâóåò ðåøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåí-

íûõ, êîòîðîå ìîæíî ïðåäñòàâèòü â íåÿâíîì âèäå

ϕ(u) =
bx2

Ce−bt − 4a
.

4◦. Ïóñòü �óíêöèè f(u) è g(u) çàäàíû �îðìóëàìè

f(u) = A
V (z)

V ′
z (z)

, g(u) = B
[
2z−

n+1
2 V ′

z(z) + (n+ 1)z−
n+3
2 V (z)

]
,
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ãäå V (z)�ïðîèçâîëüíàÿ �óíêöèÿ, A è B�ïðîèçâîëüíûå ïîñòîÿííûå (AB 6=0),
à �óíêöèÿ z = z(u) çàäàåòñÿ íåÿâíî ñ ïîìîùüþ âûðàæåíèÿ

u =
∫
z−

n+1
2 V ′

z (z) dz + C1; (∗)

C1 � ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Òîãäà ñóùåñòâóåò ðåøåíèå ñ �óíêöèîíàëüíûì

ðàçäåëåíèåì ïåðåìåííûõ âèäà (∗), ãäå

z = − x2

4At+ C2
+ 2Bt+

BC2

2A
,

C2 �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

5◦. Àâòîìîäåëüíîå ðåøåíèå ïðè g(u) ≡ 0:

u = u(z), z = xt−1/2,

ãäå �óíêöèÿ u(z) îïèñûâàåòñÿ ÎÄÓ: z−n[znf(u)u′z]
′
z +

1
2 zu

′
z = 0.

4. ut = [a(x)ukux]x + b(x)uk+1
.

�åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = (t+ C)−1/kϕ(x),

ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ ϕ = ϕ(x) îïèñûâàåòñÿ ÎÄÓ:

[a(x)ϕkϕ′
x]

′
x + b(x)ϕk+1 + (1/k)ϕ = 0.

5. ut = [xkf(u)ux]x + xk−2g(u), k 6= 2.

Àâòîìîäåëüíîå ðåøåíèå:

u = U(z), z = x(t+ C)
1
k−2 ,

ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ U = U(z) îïèñûâàåòñÿ ÎÄÓ

âòîðîãî ïîðÿäêà

[zkf(U)U ′
z]
′
z +

1

2− k
zU ′

z + zk−2g(U) = 0.

6. ut = [x2f(u)ux]x + g(u).

�åøåíèå:

u = U(z), z = lnx+ λt

ãäå λ � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ U = U(z) îïèñûâàåòñÿ ÎÄÓ:

[f(U)U ′
z]
′
z + [f(U)− λ]U ′

z + g(U) = 0.

7. ut = [a(x)eλuux]x + b(x)eλu.

�åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u =
1

λ
lnϕ(x) − 1

λ
ln(t+ C),
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ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ ϕ = ϕ(x) îïèñûâàåòñÿ ëèíåéíûì
ÎÄÓ: [a(x)ϕ′

x]
′
x + λb(x)ϕ + 1 = 0.

8. ut = [eλxf(u)ux]x + eλxg(u), λ 6= 0.

�åøåíèå:

u = U(z), z = λx+ ln t

ãäå λ � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ U = U(z) îïèñûâàåòñÿ ÎÄÓ:

λ2[ezf(U)U ′
z]
′
z − U ′

z + ezg(U) = 0.

9. ut = [a(x)f(u)ux]x + b(x) +
k

f(u)
.

�åøåíèå â íåÿâíîì âèäå:

∫
f(u) du = kt−

∫
1

a(x)

(∫
b(x) dx

)
dx+ C1

∫
dx

a(x)
+ C2,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

10. ut = [a(x)f(u)ux]x + k
a′

x(x)√
a(x)

u.

�åøåíèå â íåÿâíîì âèäå:

∫
f(u)

u
du = 4k2t− 2k

∫
dx√
a(x)

+ C,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

6.1.4. Óðàâíåíèå Áþðãåðñà è äðóãèå óðàâíåíèÿ

êîíâåêòèâíî-äè��óçèîííîãî òèïà

1. ut = uxx +uux.

Óðàâíåíèå Áþðãåðñà, èñïîëüçóåòñÿ äëÿ îïèñàíèÿ âîëíîâûõ ïðîöåññîâ â àêó-

ñòèêå è ãèäðîäèíàìèêå.

1◦. Òî÷íûå ðåøåíèÿ:

u(x, t) = λ+
2

x+ λt+ A
,

u(x, t) =
4x+ 2A

x2 + Ax+ 2t+B
,

u(x, t) =
6(x2 + 2t+ A)

x3 + 6xt+ 3Ax+B
,

u(x, t) =
2λ

1 +A exp(−λ2t− λx)
,

u(x, t) = −λ+A
exp

[
A(x− λt)]−B

exp
[
A(x− λt)

]
+B

,

u(x, t) =
2λ cos(λx+ A)

B exp(λ2t) + sin(λx+ A)
,

ãäå A, B, λ�ïðîèçâîëüíûå ïîñòîÿííûå.
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2◦. Äðóãèå ðåøåíèÿ ìîæíî ïîëó÷èòü, èñïîëüçóÿ ñëåäóþùóþ �îðìóëó (ïðå-

îáðàçîâàíèå Õîï�à�Êîóëà):

u(x, t) =
2

Z
Zx,

ãäå Z = Z(x, t) � ëþáîå ðåøåíèå ëèíåéíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè

Zt = Zxx (ñì. ðàçä. 5.1.1).

3◦. �åøåíèå çàäà÷è Êîøè äëÿ óðàâíåíèÿ Áþðãåðñà ñ íà÷àëüíûì óñëîâèåì

u = f(x) ïðè t = 0 (−∞ < x <∞)

ìîæíî ïðåäñòàâèòü â âèäå

u(x, t)= 2
∂

∂x
lnZ(x, t), Z(x, t)=

1√
4πt

∫ ∞

−∞
exp

[
− (x− ξ)2

4t
− 1

2

∫ ξ

0
f(ζ) dζ

]
dξ.

2. ut = ax−n(xnukux)x.

Ýòî óðàâíåíèå âñòðå÷àåòñÿ â íåëèíåéíûõ çàäà÷àõ òåïëî- è ìàññîîáìåíà è

äðóãèõ ïðèëîæåíèÿõ. Ïðè n = 0 ñì. óðàâíåíèå 6.1.2.1. Çíà÷åíèþ n = 1
ñîîòâåòñòâóþò äâóìåðíûå çàäà÷è ñ îñåâîé ñèììåòðèåé, à n = 2� òðåõìåðíûå

çàäà÷è ñ ðàäèàëüíîé ñèììåòðèåé. Ïðè n = 5 äàííîå óðàâíåíèå âñòðå÷àåòñÿ â

òåîðèè ñòàòè÷åñêîé òóðáóëåíòíîñòè.

1◦. Òî÷íûå ðåøåíèÿ:

u(x, t) =
(

kx2

A− st

) 1
k
, s = 2a(nk + k + 2),

u(x, t) =
(
A|st+B|−

k(n+1)
nk+k+2 − kx2

st+B

) 1
k
, s = 2a(nk + k + 2),

u(x, t) =
[
A exp

(
− 4aλ

k
t
)
+ λx2

] 1
k
, n = − k + 2

k
,

ãäå A, B, λ�ïðîèçâîëüíûå ïîñòîÿííûå.

2◦. Òî÷íûå ðåøåíèÿ ïðè k = − 2

n+ 1
:

u(x, t) = e−aλ(n+1)t
[

λ

n+ 1

(
C + x2e−2aλt

)]− n+1
2
,

u(x, t) = t
1+n
1−n

(
ξ2

n− 1
ln

ξ

C

)− n+1
2
, ξ = xt

1+n
2(1−n) ,

ãäå C è λ�ïðîèçâîëüíûå ïîñòîÿííûå.

3. ut = [a(x)ux]x − xf(u)ux.

�åøåíèå â íåÿâíîì âèäå:

∫ (∫
f(u) du+ C1

)−1
du = t+

∫
x dx

a(x)
+ C2,
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ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

4. ut = [a(x)f(u)ux]x − 1
2
a′x(x)f(u)ux.

�åøåíèå â íåÿâíîì âèäå:

∫
f(u)

u
du = C2

1 t+ C1

∫
dx√
a(x)

+ C2,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

5. ut = [a(x)ukux]x + b(x)ukux.

�åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = (t+ C)−1/kϕ(x),

ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ ϕ = ϕ(x) îïèñûâàåòñÿ ÎÄÓ:

[a(x)ϕkϕ′
x]

′
x + b(x)ϕkϕ′

x + (1/k)ϕ = 0.

6. ut = [xkf(u)ux]x + xk−1g(u)ux, k 6= 2.

Àâòîìîäåëüíîå ðåøåíèå:

u = U(z), z = x(t+ C)
1
k−2 ,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ U = U(z) îïèñûâàåòñÿ ÎÄÓ:

[zkf(U)U ′
z]
′
z +

1

2− k
zU ′

z + zk−1g(U)U ′
z = 0.

7. ut = [x2f(u)ux]x + xg(u)ux.

�åøåíèå:

u = U(z), z = lnx+ λt

ãäå λ � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ U = U(z) îïèñûâàåòñÿ ÎÄÓ:

[f(U)U ′
z]
′
z + [f(U) + g(U)− λ]U ′

z = 0. Ýòî óðàâíåíèå ïîäñòàíîâêîé U ′
z = θ(U)

ñâîäèòñÿ ê ÎÄÓ ïåðâîãî ïîðÿäêà ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè.

8. ut = [a(x)eλuux]x + b(x)eλuux.

�åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u =
1

λ
lnϕ(x) − 1

λ
ln(t+ C),

ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ ϕ = ϕ(x) îïèñûâàåòñÿ ÎÄÓ:

[a(x)ϕ′
x]

′
x + b(x)ϕ′

x +1 = 0. Ýòî óðàâíåíèå ïîäñòàíîâêîé ϕ′
x = θ(x) ñâîäèòñÿ ê

ëèíåéíîìó ÎÄÓ ïåðâîãî ïîðÿäêà.

9. ut = [eλxf(u)ux]x + eλxg(u)ux, λ 6= 0.

�åøåíèå:

u = U(z), z = λx+ ln t

ãäå λ � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ U = U(z) îïèñûâàåòñÿ ÎÄÓ:

λ2[ezf(U)U ′
z]
′
z + [λezg(U) − 1]U ′

z = 0.
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6.1.5. Íåëèíåéíûå óðàâíåíèÿ Øðåäèíãåðà

◮ Â óðàâíåíèÿõ 6.1.5.1�6.1.5.3 èñêîìàÿ ïåðåìåííàÿ u ÿâëÿåòñÿ êîìïëåêñíîé

�óíêöèåé äåéñòâèòåëüíûõ ïåðåìåííûõ x è t; i2 = −1.

1. iut + uxx + a|u|2u = 0.

Óðàâíåíèå Øðåäèíãåðà ñ êóáè÷åñêîé íåëèíåéíîñòüþ. Çäåñü a�äåéñòâèòåëüíîå

÷èñëî. Äàííîå óðàâíåíèå âñòðå÷àåòñÿ â ðàçëè÷íûõ îáëàñòÿõ �èçèêè, âêëþ÷àÿ

íåëèíåéíóþ îïòèêó, ñâåðõïðîâîäèìîñòü è �èçèêó ïëàçìû.

1◦. Òî÷íûå ðåøåíèÿ:

u(x, t) = C1 exp
{
i [C2x+ (aC2

1 − C2
2 )t+ C3]

}
,

u(x, t) = ±C1

√
2

a

exp[i(C2
1 t+ C2)]

ch(C1x+ C3)
,

u(x, t) = ±A
√

2

a

exp[iBx+ i(A2 −B2)t+ iC1]

ch(Ax− 2ABt+ C2)
,

u(x, t) =
C1√
t
exp

[
i
(x+ C2)

2

4t
+ i(aC2

1 ln t+ C3)
]
,

ãäå A, B, C1, C2, C3�ïðîèçâîëüíûå âåùåñòâåííûå êîíñòàíòû. Âòîðîå è òðåòüå

ðåøåíèÿ ñïðàâåäëèâû ïðè a > 0.

2◦. N -ñîëèòîííûå ðåøåíèÿ ïðè a > 0:

u(x, t) =

√
2

a

detR(x, t)

detM(x, t)
.

Çäåñü M(x, t)�ìàòðèöà ðàçìåðíîñòè N ×N ñ ýëåìåíòàìè

Mn,m(x, t) =
1 + gn(x, t)gn(x, t)

λn − λm

, gn(x, t) = γne
i(λnx−λ2nt), n, m = 1, . . . , N,

ãäå λn è γn � ïðîèçâîëüíûå êîìïëåêñíûå ÷èñëà, óäîâëåòâîðÿþùèå îãðàíè÷å-

íèÿì Imλn > 0 (λn 6= λm, åñëè n 6= m) è γn 6= 0; ÷åðòà íàä ñèìâîëîì îáîçíà-

÷àåò êîìïëåêñíîå ñîïðÿæåíèå. Êâàäðàòíàÿ ìàòðèöà R(x, t) èìååò ðàçìåðíîñòü
N + 1; îíà ïîëó÷àåòñÿ ïóòåì äîáàâëåíèÿ ê M(x, t) ñòîëáöà ñïðàâà è ñòðîêè

âíèçó. Ýëåìåíòû ìàòðèöû R îïðåäåëÿþòñÿ òàê:

Rn,m(x, t) =Mn,m(x, t) ïðè n,m = 1, . . . , N (îñíîâíàÿ ÷àñòü ìàòðèöû),

Rn,N+1(x, t) = gn(x, t) ïðè n = 1, . . . , N (êðàéíèé ïðàâûé ñòîëáåö),

RN+1,n(x, t) = 1 ïðè n = 1, . . . , N (íèæíÿÿ ñòðîêà),

RN+1,N+1(x, t) = 0 (íèæíèé ïðàâûé ýëåìåíò).

Ïðèâåäåííîå âûøå ðåøåíèå ìîæíî ïðåäñòàâèòü ïðè t → ±∞ êàê ñóììó

N îäíîñîëèòîííûõ ðåøåíèé.
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3◦. Î äðóãèõ òî÷íûõ ðåøåíèÿõ ñì. óðàâíåíèå 6.1.5.2 ïðè n=1 è óðàâíåíèå
6.1.5.3 ïðè f(u) = au2.

2. iut + uxx + a|u|2ku = 0.

Óðàâíåíèå Øðåäèíãåðà ñî ñòåïåííîé íåëèíåéíîñòüþ. Çäåñü a è k � äåéñòâè-

òåëüíûå ÷èñëà.

1◦. Òî÷íûå ðåøåíèÿ:

u(x, t) = C1 exp
{
i [C2x+ (a|C1|2k − C2

2 )t+ C3]
}
,

u(x, t) = ±
[

(k + 1)C2
1

a ch2(C1kx+ C2)

] 1
2k

exp[i(C2
1 t+ C3)],

u(x, t) =
C1√
t
exp

[
i
(x+ C2)

2

4t
+ i

(
aC2k

1

1− k
t1−k + C3

)]
,

ãäå C1, C2, C3�ïðîèçâîëüíûå âåùåñòâåííûå êîíñòàíòû.

2◦. Èìååòñÿ àâòîìîäåëüíîå ðåøåíèå âèäà u= t−1/(2k)Z(ξ), ãäå ξ = xt−1/2
.

3◦. Î äðóãèõ òî÷íûõ ðåøåíèÿ ñì. óðàâíåíèå 6.1.5.3 ïðè f(u) = au2k.

3. iut + uxx + f(|u|)u = 0.

Óðàâíåíèå Øðåäèíãåðà îáùåãî âèäà. Çäåñü f(w) � äåéñòâèòåëüíàÿ �óíêöèÿ

äåéñòâèòåëüíîé ïåðåìåííîé.

1◦. Ïóñòü u(x, t)�ðåøåíèå óðàâíåíèÿ Øðåäèíãåðà. Òîãäà �óíêöèÿ

u1 = e−i(λx+λ
2t+C1)u(x+ 2λt+ C2, t+ C3),

ãäå C1, C2, C3, λ � ïðîèçâîëüíûå âåùåñòâåííûå êîíñòàíòû, òàêæå ÿâëÿåòñÿ

ðåøåíèåì ýòîãî óðàâíåíèÿ.

2◦. �åøåíèå òèïà áåãóùåé âîëíû:

u(x, t) = C1 exp
[
iϕ(x, t)

]
, ϕ(x, t) = C2x− C2

2 t+ f(|C1|)t+ C3.

3◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = Z(x)ei(C1t+C2),

ãäå �óíêöèÿ Z = Z(x) îïðåäåëÿåòñÿ íåÿâíî ñ ïîìîùüþ ñîîòíîøåíèÿ

∫
dZ√

C1Z2 − 2F (Z) + C3

= C4 ± x, F (Z) =
∫
Zf(|Z|) dZ.

Çäåñü C1, . . . , C4 �ïðîèçâîëüíûå âåùåñòâåííûå êîíñòàíòû.

4◦. �åøåíèå:

u(x, t) = U(ξ)ei(Ax+Bt+C), ξ = x− 2At, (1)
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ãäå �óíêöèÿ U = U(ξ) îïèñûâàåòñÿ àâòîíîìíûì ÎÄÓ:

U ′′
ξξ + f(|U |)U − (A2 +B)U = 0.

Èíòåãðèðóÿ, ïîëó÷èì îáùåå ðåøåíèå â íåÿâíîì âèäå:

∫
dU√

(A2 +B)U2 − 2F (U) + C1

= C2 ± ξ, F (U) =
∫
Uf(|U |) dU. (2)

Ñîîòíîøåíèÿ (1) è (2) ñîäåðæàò ïðîèçâîëüíûå äåéñòâèòåëüíûå êîíñòàíòû A,
B, C , C1, C2.

5◦. �åøåíèå (A, B, C �ïðîèçâîëüíûå ïîñòîÿííûå):

u(x, t) = ψ(z) exp
[
i(Axt− 2

3A
2t3 +Bt+ C)

]
, z = x−At2,

ãäå �óíêöèÿ ψ = ψ(z) îïèñûâàåòñÿ ÎÄÓ: ψ′′
zz + f(|ψ|)ψ − (Az +B)ψ = 0.

6◦. Òî÷íûå ðåøåíèÿ:

u(x, t) = ± 1√
C1t

exp
[
iϕ(x, t)

]
, ϕ(x, t) =

(x+ C2)
2

4t
+

∫
f
(
|C1t|−1/2

)
dt+C3,

ãäå C1, C2, C3�ïðîèçâîëüíûå âåùåñòâåííûå êîíñòàíòû.

7◦. �åøåíèå:

u(x, t) = θ(x) exp
[
iϕ(x, t)

]
, ϕ(x, t) = C1t+ C2

∫
dx

θ2(x)
+ C3,

ãäå C1, C2, C3 � ïðîèçâîëüíûå âåùåñòâåííûå êîíñòàíòû, à �óíêöèÿ θ = θ(x)
îïèñûâàåòñÿ àâòîíîìíûì ÎÄÓ: θ′′xx − C1θ − C2

2θ
−3 + f(|θ|)θ = 0.

8◦. Ñóùåñòâóåò òî÷íîå ðåøåíèå âèäà

u(x, t) = ϕ(z) exp
[
iAt+ iψ(z)

]
, z = κx+ λt,

ãäå A, κ, λ� ïðîèçâîëüíûå âåùåñòâåííûå êîíñòàíòû, à �óíêöèè ϕ(z) è ψ(z)
îïèñûâàþòñÿ ñèñòåìîé ÎÄÓ (êîòîðàÿ çäåñü íå ïðèâîäèòñÿ).

6.2. Óðàâíåíèÿ ãèïåðáîëè÷åñêîãî òèïà

6.2.1. Íåëèíåéíûå óðàâíåíèÿ òèïà Êëåéíà��îðäîíà âèäà

utt = auxx + f(u)

1. utt = uxx + auk
.

1◦. Òî÷íûå ðåøåíèÿ:

u(x, t) =
[

a(1− k)2

2(1 + k)(C2
2 − C2

1)
(C1x+C2t+ C3)

2
] 1
1−k

;

u(x, t) =
{

1
4 a(1− k)2[(t+ C1)

2 − (x+ C2)
2]
} 1

1−k ,

ãäå C1, C2, C3�ïðîèçâîëüíûå ïîñòîÿííûå.
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2◦. �åøåíèÿ èç ï. 1◦ ÿâëÿþòñÿ ÷àñòíûìè ñëó÷àÿìè áîëåå îáùèõ ðåøåíèé

âèäà

u(x, t) = F (z), z = C1x+ C2t;

u(x, t) = G(ρ), ρ = (t+C1)
2 − (x+ C2)

2.

3◦. Àâòîìîäåëüíîå ðåøåíèå:

u(x, t) = (t+ C1)
2

1−k θ(ζ), ζ =
x+C2

t+ C1
,

ãäå �óíêöèÿ θ(ζ) îïèñûâàåòñÿ ÎÄÓ:

(1− ζ2)θ′′ζζ +
2(1 + k)

1− k
ζθ′ζ −

2(1 + k)

(1− k)2
θ + aθk = 0.

2. utt = uxx + au+ buk
.

1◦. �åøåíèÿ òèïà áåãóùåé âîëíû ïðè a > 0:

u =
[
2b sh2 z

a(k + 1)

] 1
1−k

, z =
√
a

2
(1− k)(x shC1 ± t chC1) + C2 ïðè b(k + 1) > 0,

u =
[
− 2b ch2 z

a(k + 1)

] 1
1−k

, z =
√
a

2
(1− k)(x shC1 ± t chC1) + C2 ïðè b(k + 1) < 0,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

2◦. �åøåíèÿ òèïà áåãóùåé âîëíû ïðè a < 0 è b(k + 1) > 0:

u =
[
− 2b cos2 z

a(k + 1)

] 1
1−k

, z =

√
|a|
2

(1− k)(x shC1 ± t chC1) + C2.

3◦. Î äðóãèõ òî÷íûõ ðåøåíèÿõ ðàññìàòðèâàåìîãî Óð×Ï ñì. óðàâíåíèå

6.2.1.8 ïðè f(u) = au+ buk.

3. utt = uxx + auk + bu2k−1
.

Òî÷íûå ðåøåíèÿ:

u(x, t) =
[
a(1− k)2

2(k + 1)
(x shC1 ± t chC1 + C2)

2 − b(k + 1)

2ak

] 1
1−k

,

u(x, t) =
{

1

4
a(1− k)2

[
(t+ C1)

2 − (x+ C2)
2
]
− b

ak

} 1
1−k

,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

4. utt = a2uxx + beβu.

1◦. �åøåíèÿ òèïà áåãóùåé âîëíû:

u(x, t) =
1

β
ln
[

2(B2 − a2A2)

bβ(Ax+Bt+C)2

]
,

u(x, t) =
1

β
ln
[

2(a2A2 −B2)

bβ ch2(Ax+Bt+C)

]
,

u(x, t) =
1

β
ln
[

2(B2 − a2A2)

bβ sh2(Ax+Bt+ C)

]
,

u(x, t) =
1

β
ln
[

2(B2 − a2A2)

bβ cos2(Ax+Bt+ C)

]
,



6.2. Óðàâíåíèÿ ãèïåðáîëè÷åñêîãî òèïà 273

ãäå A, B, C �ïðîèçâîëüíûå ïîñòîÿííûå.

2◦. �åøåíèÿ ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) =
1

β
ln
(
8a2C

bβ

)
− 2

β
ln
∣∣(x+A)2 − a2(t+B)2 + C

∣∣,

u(x, t) = − 2

β
ln
[
C1e

λx ±
√
2bβ

2aλ
sh(aλt+ C2)

]
,

u(x, t) = − 2

β
ln
[
C1e

λx ±
√
−2bβ

2aλ
ch(aλt+ C2)

]
,

u(x, t) = − 2

β
ln
[
C1e

aλt ±
√−2bβ

2aλ
sh(λx+ C2)

]
,

u(x, t) = − 2

β
ln
[
C1e

aλt ±
√
2bβ

2aλ
ch(λx+ C2)

]
,

ãäå A, B, C , C1, C2, λ�ïðîèçâîëüíûå ïîñòîÿííûå.

3◦. Îáùåå ðåøåíèå:

u(x, t) =
1

β

[
f(z) + g(y)

]
− 2

β
ln
∣∣∣k

∫
exp

[
f(z)

]
dz − bβ

8a2k

∫
exp

[
g(y)

]
dy

∣∣∣,
z = x− at, y = x+ at,

ãäå f = f(z) è g= g(y)�ïðîèçâîëüíûå �óíêöèè, k�ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

5. utt = uxx + aeβu + be2βu.

1◦. �åøåíèÿ òèïà áåãóùåé âîëíû:

u(x, t) = − 1

β
ln
[

aβ

C2
1 −C2

2

+C3E+
a2β2 + bβ(C2

1 −C2
2)

4C3(C2
1 −C2

2)
2E

]
, E = exp(C1x+C2t);

u(x, t) = − 1

β
ln
[

aβ

C2
2 −C2

1

+

√
a2β2 + bβ(C2

2 −C2
1 )

C2
2 −C2

1

sin(C1x+C2t+C3)
]
,

ãäå C1, C2, C3�ïðîèçâîëüíûå ïîñòîÿííûå.

2◦. Î äðóãèõ òî÷íûõ ðåøåíèÿõ ðàññìàòðèâàåìîãî Óð×Ï ñì. óðàâíåíèå

6.2.1.8 ïðè f(u) = aeβu + be2βu.

6. utt = auxx + b sh(λu).

Óðàâíåíèå sh-�îðäîíà.

1◦. �åøåíèÿ òèïà áåãóùåé âîëíû:

u(x, t) = ± 2

λ
ln
[
tg

bλ(kx+ µt+ θ0)

2
√
bλ(µ2 − ak2)

]
,

u(x, t) = ± 4

λ
Arth

[
exp

bλ(kx+ µt+ θ0)√
bλ(µ2 − ak2)

]
,

ãäå k, µ, θ0 � ïðîèçâîëüíûå ïîñòîÿííûå. Â îáåèõ �îðìóëàõ ñ÷èòàåòñÿ, ÷òî

bλ(µ2 − ak2) > 0.
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2◦. �åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) =
4

λ
Arth

[
f(t)g(x)

]
, Arth z =

1

2
ln

1 + z

1− z
,

ãäå �óíêöèè f = f(t) è g = g(x) îïèñûâàþòñÿ àâòîíîìíûìè ÎÄÓ ïåðâîãî

ïîðÿäêà

(f ′t)
2 = Af4 +Bf2 +C, a(g′x)

2 = Cg4 + (B − bλ)g2 +A,

ãäå A, B, C �ïðîèçâîëüíûå ïîñòîÿííûå.

3◦. Î äðóãèõ òî÷íûõ ðåøåíèÿõ ðàññìàòðèâàåìîãî Óð×Ï ñì. óðàâíåíèå

6.2.1.8 with f(u) = b sh(λu).

7. utt = auxx + b sin(λu).

Óðàâíåíèå ñèíóñ-�îðäîíà. Âñòðå÷àåòñÿ â äè��åðåíöèàëüíîé ãåîìåòðèè è ðàç-

ëè÷íûõ îáëàñòÿõ �èçèêè.

1◦. �åøåíèÿ òèïà áåãóùåé âîëíû:

u(x, t) =
4

λ
arctg

{
exp

[
± bλ(kx+ µt+ θ0)√

bλ(µ2 − ak2)

]}
ïðè bλ(µ2 − ak2) > 0,

u(x, t) = − π

λ
+

4

λ
arctg

{
exp

[
± bλ(kx+ µt+ θ0)√

bλ(ak2 − µ2)

]}
ïðè bλ(µ2 − ak2) < 0,

ãäå k, µ, θ0 �ïðîèçâîëüíûå ïîñòîÿííûå. Ïåðâîå ðåøåíèå ñîîòâåòñòâóåò îäíî-

ñîëèòîííîìó ðåøåíèþ.

2◦. �åøåíèÿ ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) =
4

λ
arctg

[
µ sh(kx+ A)

k
√
a ch(µt+B)

]
, µ2 = ak2 + bλ > 0;

u(x, t) =
4

λ
arctg

[
µ sin(kx+ A)

k
√
a ch(µt+B)

]
, µ2 = bλ− ak2 > 0;

u(x, t) =
4

λ
arctg

[
γ

µ

eµ(t+A) + ak2e−µ(t+A)

ekγ(x+B) + e−kγ(x+B)

]
, µ2 = ak2γ2 + bλ > 0,

ãäå A, B, k, γ �ïðîèçâîëüíûå ïîñòîÿííûå.

3◦. Äâóõñîëèòîííîå ïåðèîäè÷åñêîå ðåøåíèå èìååò âèä (ïðè a = 1, b = −1,
λ = 1):

w = 4arctg
[ √

1− ω2

ω ch
(√

1− ω2 x sinωt
)
]
,

ãäå ω�ïðîèçâîëüíàÿ ïîñòîÿííàÿ (0 < ω < 1).

4◦. N -ñîëèòîííîå ðåøåíèå îïèñûâàåòñÿ �îðìóëàìè (ïðè a = 1, b = −1,
λ = 1):

u(x, t) = arccos
[
1− 2

(
∂2

∂x2
− ∂2

∂t2

)
(lnF )

]
, F = det

[
Mij

]
,

Mij =
2

ai + aj
ch
(
zi + zj

2

)
, zi = ± x− µit+ Ci√

1− µ2
i

, ai = ±
√

1− µi

1 + µi
,

ãäå µi è Ci�ïðîèçâîëüíûå ïîñòîÿííûå.
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5◦. Î äðóãèõ òî÷íûõ ðåøåíèé èñõîäíîãî Óð×Ï ñì. óðàâíåíèå 6.2.1.8 ïðè

f(u) = b sin(λu).

6◦. Óðàâíåíèå ñèíóñà-�îðäîíà èíòåãðèðóåòñÿ ìåòîäîì îáðàòíîé çàäà÷è ðàñ-

ñåÿíèÿ, ñì. êíèãó Çàõàðîâà è äð. (1980).

8. utt = uxx + f(u).

Íåëèíåéíîå óðàâíåíèå Êëåéíà ��îðäîíà îáùåãî âèäà.

1◦. Ïóñòü u = u(x, t)�ðåøåíèå ðàññìàòðèâàåìîãî óðàâíåíèÿ. Òîãäà �óíê-

öèè

u1 = u(±x+ C1,±t+ C2),

u2 = u(x ch β + t sh β, t ch β + x sh β),

ãäå C1, C2, β � ïðîèçâîëüíûå ïîñòîÿííûå, òàêæå ÿâëÿþòñÿ ðåøåíèÿìè ýòîãî

óðàâíåíèÿ (çíàêè ïëþñ èëè ìèíóñ â u1 âûáèðàþòñÿ ïðîèçâîëüíî).

2◦. �åøåíèå òèïà áåãóùåé âîëíû â íåÿâíîì âèäå:

∫ [
C1 +

2

λ2 − κ2

∫
f(u) du

]−1/2
du = κx+ λt+ C2,

ãäå C1, C2, κ, λ�ïðîèçâîëüíûå ïîñòîÿííûå.

3◦. �åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = u(ξ), ξ = 1
4 (t+ C1)

2 − 1
4 (x+ C2)

2,

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ u=u(ξ) îïèñûâàåòñÿ ÎÄÓ:
ξu′′ξξ + u′ξ − f(u) = 0.

6.2.2. Äðóãèå íåëèíåéíûå óðàâíåíèÿ âîëíîâîãî òèïà

1. utt = a(uux)x.

1◦. Òî÷íûå ðåøåíèÿ:

u(x, t) = 1
2 aA

2t2 +Bt+Ax+ C,

u(x, t) = 1
12 aA

−2(At+B)4 + Ct+D + x(At+B),

u(x, t) =
1

a

(
x+A

t+B

)2
,

u(x, t) = (At+B)
√
Cx+D,

u(x, t) = ±
√
A(x+ aλt) +B + aλ2,

ãäå A, B, C , D, λ�ïðîèçâîëüíûå ïîñòîÿííûå.

2◦. �åøåíèå ñ îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ, êâàäðàòè÷íîå ïî x:

u(x, t) =
1

at2
x2 +

(
C1

t2
+C2t

3
)
x+

aC2
1

4t2
+

C3

t
+ C4t

2 +
1

2
aC1C2t

3 +
1

54
aC2

2 t
8,

ãäå C1, . . . , C4 �ïðîèçâîëüíûå ïîñòîÿííûå.
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3◦. �åøåíèå:

u = U(z) + 4aC2
1 t

2 + 4aC1C2t, z = x+ aC1t
2 + aC2t,

ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ U(z) îïèñûâàåòñÿ ÎÄÓ

ïåðâîãî ïîðÿäêà (U − aC2
2 )U

′
z − 2C1U = 8C2

1z + C3.

4◦. Ñì. òàêæå óðàâíåíèå 6.2.2.11 ïðè f(u) = au.

2. utt = a(ukux)x + bum
.

Ñóùåñòâóþò ðåøåíèÿ ñëåäóþùèõ âèäîâ:

u(x, t) = U(z), z = C1x+ C2t (ðåøåíèå òèïà áåãóùåé âîëíû);

u(x, t) = t
2

1−m V (ξ), ξ = xt
m−k−1
1−m

(àâòîìîäåëüíîå ðåøåíèå),

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

3. utt = a(eλuux)x, a > 0.

1◦. �åøåíèÿ ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) =
1

λ
ln |Ax+B|+ Ct+D,

u(x, t) =
2

λ
ln |Ax+B| − 2

λ
ln | ±A

√
a t+ C|,

u(x, t) =
1

λ
ln(aA2x2 +Bx+C)− 2

λ
ln(aAt+D),

u(x, t) =
1

λ
ln(Ax2 +Bx+ C) +

1

λ
ln
[

p2

aA cos2(pt+ q)

]
,

u(x, t) =
1

λ
ln(Ax2 +Bx+ C) +

1

λ
ln
[

p2

aA sh2(pt+ q)

]
,

u(x, t) =
1

λ
ln(Ax2 +Bx+ C) +

1

λ
ln
[ −p2
aA ch2(pt+ q)

]
,

ãäå A, B, C , D, p, q�ïðîèçâîëüíûå ïîñòîÿííûå.

2◦. Ñóùåñòâóþò ðåøåíèÿ ñëåäóþùèõ âèäîâ:

u(x, t) = F (z), z = kx+ βt (ðåøåíèå òèïà áåãóùåé âîëíû);

u(x, t) = G(ξ), ξ = x/t (àâòîìîäåëüíîå ðåøåíèå);

u(x, t) = H(η) + 2(k − 1)λ−1 ln t, η = xt−k;

u(x, t) = U(ζ)− 2λ−1 ln |t|, ζ = x+ k ln |t|;
u(x, t) = V (ζ)− 2λ−1t, η = xet,

ãäå k è β �ïðîèçâîëüíûå ïîñòîÿííûå.

4. utt = (aeλuux)x + beβu.

1◦. �åøåíèå òèïà áåãóùåé âîëíû:

u = u(z), z = k2x+ k1t,
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ãäå k1 è k2�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ u(z) îïèñûâàåòñÿ àâòîíîì-
íûì ÎÄÓ âòîðîãî ïîðÿäêà

k21u
′′
zz − ak22(e

λuu′z)
′
z = beβu.

Ïîäñòàíîâêà Θ(u) = (u′z)
2
ïðèâîäèò ê ëèíåéíîìó ÎÄÓ ïåðâîãî ïîðÿäêà

(k21 − ak22e
λu)Θ′

u − 2ak22λe
λuΘ = 2beβu.

2◦. �åøåíèå:

u = U(ξ)− 2

β
ln t, ξ = xt

λ−β
β ,

ãäå �óíêöèÿ U(ξ) îïèñûâàåòñÿ ÎÄÓ âòîðîãî ïîðÿäêà

2

β
+

(λ− β)(λ− 2β)

β2
ξU ′

ξ +
(λ− β)2

β2
ξ2U ′′

ξξ = (aeλUU ′
ξ)

′
ξ + beβU .

5. utt = (axkux)x + f(u).

Ýòî óðàâíåíèå îïèñûâàåò ðàñïðîñòðàíåíèå íåëèíåéíûõ âîëí â íåîäíîðîäíîé

ñðåäå.

1◦. �åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè k 6= 2:

u = U(ζ), ζ2 = s
[
1

4
(t+C)2 − x2−k

a(2− k)2

]
,

ãäå ïîñòîÿííàÿ s è âûðàæåíèå â êâàäðàòíûõ ñêîáêàõ äîëæíû èìåòü îäèíàêîâûå

çíàêè, C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ U(ζ) îïèñûâàåòñÿ ÎÄÓ:

U ′′
ζζ +

2

(2− k)ζ
U ′
ζ =

4

s
f(U).

2◦. �åøåíèå ïðè k = 2:

u = u(z), z = At+B ln |x|,

ãäå A è B � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ u = u(z) îïèñûâàåòñÿ

àâòîíîìíûì ÎÄÓ:

(aB2 −A2)u′′zz + aBu′z + f(u) = 0.

�åøåíèå ýòîãî óðàâíåíèÿ ïðè A = ±B√
a â íåÿâíîì âèäå:

aB
∫

du

f(u)
= −z + C,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

6. utt = ax−n(xnux)x + f(u), a > 0.

Çíà÷åíèÿ n = 1 è n = 2 ñîîòâåòñòâóþò íåëèíåéíûì âîëíàì ñ îñåâîé è

ðàäèàëüíîé ñèììåòðèåé.
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�åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = u(ξ), ξ =
√
ak(t+ C)2 − kx2,

ãäå u(ξ) îïèñûâàåòñÿ ÎÄÓ: u′′ξξ + (1 + n)ξ−1u′ξ = (ak)−1f(u).

7. utt = (aeλxux)x + f(u).

�åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = U(z), z =
[
4ke−λx − akλ2(t+ C)2

]1/2
, k = ±1,

ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ U(z) îïèñûâàåòñÿ àâòîíîìíûì

ÎÄÓ âòîðîãî ïîðÿäêà âèäà 2.3.1.1:

U ′′
zz +

1

akλ2
f(U) = 0.

8. utt = [a(x)ux]x + b(x)u+ cu lnu.

�åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = ϕ(x)ψ(t),

ãäå �óíêöèè ϕ = ϕ(x) è ψ = ψ(t) îïèñûâàþòñÿ ÎÄÓ âòîðîãî ïîðÿäêà

[a(x)ϕ′
x]

′
x + b(x)ϕ+ cϕ lnϕ = 0,

ψ′′
tt − cψ lnψ = 0.

9. utt = [a(x)ux]x − a′

x(x)√
a(x)

f(u).

�åøåíèÿ â íåÿâíîì âèäå:

∫
du

f(u)
= ±2t+ 2

∫
dx√
a(x)

+ C,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

10. utt = [a(x)ukux]x + b(x)uk+1
.

�åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = ϕ(x)ψ(t),

ãäå �óíêöèè ϕ = ϕ(x) è ψ = ψ(t) îïèñûâàþòñÿ ÎÄÓ âòîðîãî ïîðÿäêà

[a(x)ϕkϕ′
x]

′
x + b(x)ϕk+1 = Cϕ,

ψ′′
tt = Cψk+1,

C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

11. utt = [f(u)ux]x.

Ýòî óðàâíåíèå âñòðå÷àåòñÿ â çàäà÷àõ âîëíîâîé è ãàçîâîé äèíàìèêè.
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1◦. �åøåíèå òèïà áåãóùåé âîëíû â íåÿâíîì âèäå:

λ2u−
∫
f(u) du = A(x+ λt) +B,

ãäå A, B, λ�ïðîèçâîëüíûå ïîñòîÿííûå.

2◦. Àâòîìîäåëüíîå ðåøåíèå:

u = u(z), z =
x+ A

t+B
,

ãäå �óíêöèÿ u(z) îïèñûâàåòñÿ ÎÄÓ: (z2u′z)
′
z = [f(u)u′z]

′
z, êîòîðîå äîïóñêàåò

ïåðâûé èíòåãðàë [
z2 − f(u)

]
u′z = C.

Â ÷àñòíîì ñëó÷àå C = 0 ïîëó÷èì ðåøåíèå â íåÿâíîì âèäå: z2 = f(u).

3◦. �åøåíèÿ â íåÿâíîì âèäå:

x− t
√
f(u) = ϕ1(u),

x+ t
√
f(u) = ϕ2(u),

ãäå ϕ1(u) è ϕ2(u)�ïðîèçâîëüíûå �óíêöèè.

4◦. Èñõîäíîå óðàâíåíèå ìîæíî ïðåäñòàâèòü â âèäå ñèñòåìû Óð×Ï ïåðâîãî

ïîðÿäêà

f(u)ux = vt, ut = vx. (1)

Ïðåîáðàçîâàíèå ãîäîãðà�à

x = x(u, v), t = t(u, v),

ãäå u è v ïðèíèìàþòñÿ çà íåçàâèñèìûå ïåðåìåííûå, à x è t � çà çàâèñèìûå

ïåðåìåííûå, ïðèâîäèò (1) ê ëèíåéíîé ñèñòåìå Óð×Ï ïåðâîãî ïîðÿäêà

f(u)tv = xu, xv = tu. (2)

Èñêëþ÷àÿ t, ïðèõîäèì ê ëèíåéíîìó Óð×Ï âòîðîãî ïîðÿäêà äëÿ x = x(u, v):

[xu/f(u)]u − xvv = 0.

Àíàëîãè÷íî èç ñèñòåìû (2) ïîëó÷àåì äðóãîå ëèíåéíîå Óð×Ï äëÿ t= t(u, v):

tuu − f(u)tvv = 0.

12. utt = [xkf(u)ux]x + xk−2g(u), k 6= 2.

Àâòîìîäåëüíîå ðåøåíèå:

u = U(z), z = x(t+ C)
2
k−2 ,
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ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ U = U(z) îïèñûâàåòñÿ ÎÄÓ

âòîðîãî ïîðÿäêà

4

(2− k)2
z(zU ′

z)
′
z +

2

2− k
zU ′

z = [zkf(U)U ′
z]
′
z + zk−2g(U).

13. utt = [x2f(u)ux]x + g(u).

�åøåíèå:

u = U(z), z = lnx+ λt

ãäå λ� ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ U = U(z) îïèñûâàåòñÿ àâòîíîì-
íûì ÎÄÓ âòîðîãî ïîðÿäêà [f(U)U ′

z]
′
z + [f(U)− λ2]U ′

z + g(U) = 0.

14. utt = [a(x)eλuux]x + b(x)eλu.

�åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u =
1

λ
lnϕ(x) − 2

λ
ln(t+ C),

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ ϕ = ϕ(x) îïèñûâàåòñÿ ëèíåéíûì
ÎÄÓ âòîðîãî ïîðÿäêà [a(x)ϕ′

x]
′
x + λb(x)ϕ − 2 = 0.

15. utt = [eλxf(u)ux]x + eλxg(u), λ 6= 0.

�åøåíèå:

u = U(z), z = λx+ 2 ln t

ãäå λ � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ U = U(z) îïèñûâàåòñÿ ÎÄÓ

âòîðîãî ïîðÿäêà 4U ′′
zz − 2U ′

z = λ2[ezf(U)U ′
z]
′
z + ezg(U).

16. utt = auxuxx.

Óðàâíåíèå �óäåðëåÿ. Ýòî óðàâíåíèå èñïîëüçóåòñÿ äëÿ îïèñàíèÿ òðàíñçâóêîâûõ

òå÷åíèé ãàçà, ãäå γ = a− 1� ïîêàçàòåëü àäèàáàòû.

1◦. Âûðîæäåííîå ðåøåíèå:

u = (C1t+ C2)x+ C3t+ C4,

ãäå C1, . . . , C4 �ïðîèçâîëüíûå ïîñòîÿííûå. Â ýòîì ñëó÷àå utt = uxx = 0.

2◦. �åøåíèÿ ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u =
1

2
aC1t

2 + C2t+ C3 ± 1

3C1
(2C1x+ C4)

3/2.

3◦. �åøåíèå Òèòîâà:

u = ϕ1(t)x
3 + ϕ2(t)x

3/2 + ϕ3(t),

ãäå �óíêöèÿ ϕn = ϕn(t) îïèñûâàåòñÿ ñèñòåìîé ÎÄÓ âòîðîãî ïîðÿäêà

ϕ′′
1 − 18aϕ2

1 = 0,

ϕ′′
2 − 45

4 aϕ1ϕ2 = 0,

ϕ′′
3 − 9

8 aϕ
2
2 = 0.
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Ìîæíî ïîêàçàòü, ÷òî ýòà ñèñòåìà äîïóñêàåò òî÷íîå ðåøåíèå

ϕ1 =
1

3a
(t+ C1)

−2,

ϕ2 = C2(t+ C1)
5/2 + C3(t+ C1)

−3/2,

ϕ3 =
3a

112
C2
2 (t+ C1)

7 +
3

8
aC2C3(t+ C1)

3 +
9

16
aC2

3 (t+ C1)
−1 + C4t+ C5,

ãäå C1, . . . , C5 �ïðîèçâîëüíûå ïîñòîÿííûå.

4◦. �åøåíèå ñ îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ â âèäå êóáè÷åñêîãî

ìíîãî÷ëåíà ïî x:

u = ψ1(t) + ψ2(t)x+ ψ3(t)x
2 + ψ4(t)x

3,

ãäå �óíêöèè ψn = ψn(t) îïèñûâàåòñÿ ñèñòåìîé ÎÄÓ âòîðîãî ïîðÿäêà

ψ′′
1 = 2aψ2ψ3,

ψ′′
2 = 2a(3ψ2ψ4 + 2ψ2

3),

ψ′′
3 = 18aψ3ψ4,

ψ′′
4 = 18aψ2

4 .

Ýòó ñèñòåìó ëåãêî ïðîèíòåãðèðîâàòü ïðè ψ4 = 0, ÷òî äàåò äâà ïðîñòûõ ðåøå-

íèÿ, êâàäðàòè÷íûõ ïî x:

u = C1x
2 + 2aC2

1 t
2x+ 1

3 a
2C3

1 t
4,

u = C1tx
2 + ( 1

3 aC
2
1 t

4 + C2t+ C3)x+

+ 1
63 a

2C3
1 t

7 + 1
6 aC1C2t

4 + 1
3 aC1C3t

3 + C4t+ C5.

5◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = ϕ(x)ψ(t),

ãäå �óíêöèè ϕ(x) è ψ(t) îïèñûâàþòñÿ àâòîíîìíûìè ÎÄÓ ïåðâîãî ïîðÿäêà

(ϕ′
x)

3 = 3
2C1ϕ

2 + C3, (ψ′
t)
2 = 2

3 aC1ψ
3 +C2,

C1, C2, C3�ïðîèçâîëüíûå ïîñòîÿííûå. �àçðåøèâ ýòè óðàâíåíèÿ îòíîñèòåëüíî

ïðîèçâîäíûõ, ïîëó÷èì ÎÄÓ ñ ðàçäåëåíèåì ïåðåìåííûõ. Îáùèå ðåøåíèÿ ýòèõ

ÎÄÓ ìîãóò áûòü çàïèñàíû â íåÿâíîì âèäå.

6◦. Àâòîìîäåëüíîå ðåøåíèå:

u = t−3β−2U(z), z = tβx,

ãäå β �ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ U(z) îïèñûâàåòñÿ ÎÄÓ:

3(β + 1)(3β + 2)U − 5β(β + 1)zU ′
z + β2z2U ′′

zz = aU ′
zU

′′
zz.

17. utt = f(ux)uxx.

1◦. Âûðîæäåííîå ðåøåíèå:

u(x, t) = Axt+Bx+ Ct+D,

ãäå A, B, C , D�ïðîèçâîëüíûå ïîñòîÿííûå.
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2◦. �åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = At2 +Bt+ ϕ(x),

ãäå A è B�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ϕ= ϕ(x) îïèñûâàåòñÿ ÎÄÓ:
2A = f(ϕ′

x)ϕ
′′
xx. Åãî îáùåå ðåøåíèå ìîæíî ïðåäñòàâèòü â ïàðàìåòðè÷åñêîé

�îðìå

x =
1

2A

∫
f(ξ) dξ + C1, ϕ =

1

2A

∫
ξf(ξ) dξ + C2,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

3◦. �åøåíèå áîëåå îáùåãî âèäà

u(x, t) = At2 +Bt+ ϕ(z), z = x+ λt,

ãäå A, B, λ � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ϕ = ϕ(z) îïèñûâàåòñÿ

ÎÄÓ: 2A =
[
f(ϕ′

z) − λ2
]
ϕ′′
zz. Åãî îáùåå ðåøåíèå ìîæíî ïðåäñòàâèòü â

ïàðàìåòðè÷åñêîé �îðìå

z =
1

2A

∫
f(ξ) dξ − λ2

2A
ξ + C1, ϕ =

1

2A

∫
ξf(ξ) dξ − λ2

4A
ξ2 +C2,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

4◦. Àâòîìîäåëüíîå ðåøåíèå:

u = xψ(y), y = x/t,

ãäå �óíêöèÿ ψ = ψ(y) îïèñûâàåòñÿ ÎÄÓ:

[f(yψ′
y + ψ)− y2](yψ′′

yy + 2ψ′
y) = 0.

Ïðèðàâíèâàÿ âûðàæåíèå â êâàäðàòíûõ ñêîáêàõ ê íóëþ, ïîëó÷èì ÎÄÓ ïåðâîãî

ïîðÿäêà

f(yψ′
y + ψ)− y2 = 0.

Îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ â ïàðàìåòðè÷åñêîé �îðìå:

y = ±
√
f(τ), ψ =

1

2
√
f(τ )

∫
τf ′

τ (τ )√
f(τ )

dτ + C.

5◦. Ïðåîáðàçîâàíèå Ëåæàíäðà

w(z, τ) = tz + xτ − u(x, t), z = ut, τ = ux,

ãäå w�íîâàÿ çàâèñèìàÿ ïåðåìåííàÿ, z è τ �íîâûå íåçàâèñèìûå ïåðåìåííûå,

ïðèâîäèò ê ëèíåéíîìó Óð×Ï

wττ = f(τ)wzz.

6◦. Ïîäñòàíîâêà v(x, t) = ux ïðèâîäèò ê Óð×Ï âèäà 6.2.2.11:

vtt = [f(v)vx]x.
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6.3. Óðàâíåíèÿ ýëëèïòè÷åñêîãî òèïà

6.3.1. Óðàâíåíèå òåïëîïðîâîäíîñòè ñ íåëèíåéíûì èñòî÷íèêîì

âèäà uxx + uyy = f(u)

1. uxx +uyy = au+ buk
.

1◦. �åøåíèå òèïà áåãóùåé âîëíû ïðè a > 0 è b(k + 1) > 0:

u(x, y) =
[

2b sh2 z

a(k + 1)

] 1
1−k

, z = 1
2

√
a (1− k)(x sinA+ y cosA) +B,

ãäå A è B �ïðîèçâîëüíûå ïîñòîÿííûå.

2◦. �åøåíèå òèïà áåãóùåé âîëíû ïðè a > 0 è b(k + 1) < 0:

u(x, y) =
[
− 2b ch2 z

a(k + 1)

] 1
1−k

, z = 1
2

√
a (1− k)(x sinA+ y cosA) +B.

3◦. �åøåíèå òèïà áåãóùåé âîëíû ïðè a < 0 è b(k + 1) > 0:

u(x, y) =
[
− 2b cos2 z

a(k + 1)

] 1
1−k

, z = 1
2

√
|a| (1− k)(x sinA+ y cosA) +B.

4◦. Ïðè a = 0 èìååòñÿ àâòîìîäåëüíîå ðåøåíèå âèäà u = x
2

1−k F (z), ãäå
z = y/x.

5◦. Î äðóãèõ òî÷íûõ ðåøåíèÿõ ðàññìàòðèâàåìîãî Óð×Ï ñì. óðàâíåíèå

6.3.1.7 ïðè f(u) = au+ buk.

2. uxx + uyy = auk + bu2k−1
.

Òî÷íûå ðåøåíèÿ:

u(x, y) =
[
a(1− k)2

2(k + 1)
(x sinC1 + y cosC1 + C2)

2 − b(k + 1)

2ak

] 1
1−k

,

u(x, y) =
{

1

4
a(1− k)2

[
(x+ C1)

2 + (y + C2)
2
]
− b

ak

} 1
1−k

,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

3. uxx + uyy = aeβu.

Ýòî óðàâíåíèå âñòðå÷àåòñÿ â òåîðèè ãîðåíèÿ è ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì óðàâ-

íåíèÿ 6.3.1.7 ïðè f(u) = aeβu.
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1◦. Òî÷íûå ðåøåíèÿ:

u(x, y) =
1

β
ln
[

2(A2 +B2)

aβ(Ax+By +C)2

]
ïðè aβ > 0,

u(x, y) =
1

β
ln
[

2(A2 +B2)

aβ sh2(Ax+By + C)

]
ïðè aβ > 0,

u(x, y) =
1

β
ln
[ −2(A2 +B2)

aβ ch2(Ax+By +C)

]
ïðè aβ < 0,

u(x, y) =
1

β
ln
[

2(A2 +B2)

aβ cos2(Ax+By + C)

]
ïðè aβ > 0,

u(x, y) =
1

β
ln
(
8C

aβ

)
− 2

β
ln
∣∣(x+A)2 + (y +B)2 − C

∣∣,

ãäå A, B, C � ïðîèçâîëüíûå ïîñòîÿííûå. Ïåðâûå ÷åòûðå ðåøåíèÿ îòíîñÿòñÿ

ê ðåøåíèÿì òèïà áåãóùåé âîëíû, à ïîñëåäíåå ÿâëÿåòñÿ ðàäèàëüíî-ñèììåòðè÷-

íûì ðåøåíèåì ñ öåíòðîì â òî÷êå (−A,−B).

2◦. �åøåíèÿ ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, y) = − 2

β
ln
[
C1e

ky ±
√
2aβ

2k
cos(kx+ C2)

]
,

u(x, y) =
1

β
ln

2k2(B2 − A2)

aβ[A ch(kx+ C1) +B sin(ky +C2)]2
,

u(x, y) =
1

β
ln

2k2(A2 +B2)

aβ[A sh(kx+ C1) +B cos(ky + C2)]2
,

ãäå A, B, C1, C2, k�ïðîèçâîëüíûå ïîñòîÿííûå (x è y ìîæíî ïîìåíÿòü ìåñòà-
ìè, ÷òî äàåò åùå òðè ðåøåíèÿ).

3◦. Îáùåå ðåøåíèå:

u(x, y) = − 2

β
ln

∣∣1− 2aβΦ(z)Φ(z)
∣∣

4|Φ′
z(z)|

,

ãäå Φ = Φ(z) � ïðîèçâîëüíàÿ àíàëèòè÷åñêàÿ �óíêöèÿ êîìïëåêñíîé ïåðåìåí-

íîé z = x + iy ñ íåíóëåâîé ïðîèçâîäíîé, ÷åðòà íàä ñèìâîëîì îáîçíà÷àåò

êîìïëåêñíî-ñîïðÿæåííóþ �óíêöèþ.

4. uxx + uyy = aeβu + be2βu.

1◦. �åøåíèÿ òèïà áåãóùåé âîëíû:

u = − 1

β
ln
[
− aβ

A2+B2
+C exp(Ax+By)+

a2β2−bβ(A2+B2)

4C(A2+B2)2
exp(−Ax−By)

]
,

u = − 1

β
ln
[

aβ

A2+B2
+

√
a2β2+bβ(A2+B2)

A2+B2
sin(Ax+By+C)

]
,

ãäå A, B, C �ïðîèçâîëüíûå ïîñòîÿííûå.

2◦. Î äðóãèõ òî÷íûõ ðåøåíèÿõ ðàññìàòðèâàåìîãî Óð×Ï ñì. óðàâíåíèå

6.3.1.7 ïðè f(u) = aeβu + be2βu.
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5. uxx + uyy = au ln(βu).

1◦. Òî÷íûå ðåøåíèÿ:

u=
1

β
exp

[
1
4 a(x+A)2 + 1

4 a(y+B)2+1
]
,

u=
1

β
exp

[
A(x+B)2 ±

√
Aa− 4A2 (x+B)(y+C)+ ( 1

4 a−A)(y+C)2+ 1
2

]
,

ãäå A, B, C �ïðîèçâîëüíûå ïîñòîÿííûå.

2◦. Èìåþòñÿ òî÷íûå ðåøåíèÿ âèäà

u(x, y) = F (z), z = C1x+ C2y,

u(x, y) = G(r), r =
√

(x+ C1)2 + (y + C2)2,

u(x, y) = f(x)g(y).

6. uxx + uyy = a sin(βu).

1◦. �åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè a = β = 1:

u(x, y) = 4 arctg
(
ctgA

chF

chG

)
, F =

cosA√
1 +B2

(x−By), G=
sinA√
1 +B2

(y+Bx),

ãäå A è B �ïðîèçâîëüíûå ïîñòîÿííûå.

2◦. �åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, y) =
4

β
arctg

[
f(x)g(y)

]
,

ãäå �óíêöèè f = f(x) è g = g(y) îïèñûâàþòñÿ àâòîíîìíûìè ÎÄÓ ïåðâîãî

ïîðÿäêà

(f ′x)
2 = Af4 +Bf2 + C, (g′y)

2 = Cg4 + (aβ −B)g2 +A,

A, B, C �ïðîèçâîëüíûå ïîñòîÿííûå.

3◦. Î äðóãèõ òî÷íûõ ðåøåíèÿõ ðàññìàòðèâàåìîãî Óð×Ï ñì. óðàâíåíèå

6.3.1.7 ïðè f(u) = a sin(βu).

7. uxx + uyy = f(u).

Ñòàöèîíàðíîå óðàâíåíèå òåïëîïðîâîäíîñòè ñ íåëèíåéíûì èñòî÷íèêîì îáùå-

ãî âèäà.

1◦. Ïóñòü u = u(x, y)�ðåøåíèå ðàññìàòðèâàåìîãî óðàâíåíèÿ. Òîãäà �óíê-

öèè

u1 = u(±x+ C1,±y + C2),

u2 = u(x cos β − y sin β, x sin β + y cosβ),

ãäå C1, C2, β � ïðîèçâîëüíûå ïîñòîÿííûå, òàêæå ÿâëÿþòñÿ ðåøåíèÿìè ýòîãî

óðàâíåíèÿ (çíàêè ïëþñ èëè ìèíóñ â u1 âûáèðàþòñÿ ïðîèçâîëüíî).



286 6. ÍÅËÈÍÅÉÍÛÅ Ó�ÀÂÍÅÍÈß ÌÀÒÅÌÀÒÈ×ÅÑÊÎÉ ÔÈÇÈÊÈ

2◦. �åøåíèå òèïà áåãóùåé âîëíû â íåÿâíîì âèäå:

∫ [
C +

2

A2 +B2
F (u)

]−1/2
du = Ax+By +D, F (u) =

∫
f(u) du,

ãäå A, B, C , D�ïðîèçâîëüíûå ïîñòîÿííûå.

3◦. �åøåíèå ñ öåíòðàëüíîé ñèììåòðèåé îòíîñèòåëüíî òî÷êè (−C1,−C2):

u = u(ζ), ζ =
√

(x+ C1)2 + (y + C2)2,

ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ u = u(ζ) îïèñûâàåòñÿ

ÎÄÓ: u′′ζζ + ζ−1u′ζ = f(u).

6.3.2. Ñòàöèîíàðíûå óðàâíåíèÿ àíèçîòðîïíîé

òåïëîïðîâîäíîñòè âèäà [f(x)ux]x + [g(y)uy]y = h(u)

1. (axnux)x +(bymuy)y = f(u), ab > 0.

�åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè n 6= 2 è m 6= 2:

u = u(r), r =
[
b(2−m)2x2−n + a(2− n)2y2−m

]1/2
.

Çäåñü �óíêöèÿ u(r) îïèñûâàåòñÿ ÎÄÓ âòîðîãî ïîðÿäêà

u′′rr +Ar−1u′r = Bf(u),

ãäå A =
4− nm

(2− n)(2−m)
, B =

4

ab(2− n)2(2−m)2
.

2. auxx + (beµyuy)y = f(u), ab > 0.

�åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè µ 6= 0:

u = u(ξ), ξ =
[
bµ2(x+ C1)

2 + 4ae−µy
]1/2

,

ãäå C1�ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ u(ξ) çàäàåòñÿ íåÿâíî ñ ïîìîùüþ
âûðàæåíèé

∫ [
C2 +

2

abµ2
F (u)

]−1/2
du = C3 ± ξ, F (u) =

∫
f(u) du,

C2 è C3�ïðîèçâîëüíûå ïîñòîÿííûå.

3. (aeβxux)x + (beµyuy)y = f(u), ab > 0.

�åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè βµ 6= 0:

u = u(ξ), ξ =
(
bµ2e−βx + aβ2e−µy

)1/2
,

ãäå �óíêöèÿ u(ξ) îïèñûâàåòñÿ ÎÄÓ âòîðîãî ïîðÿäêà

u′′ξξ − ξ−1u′ξ = Af(u), A = 4/(abβ2µ2).
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4. [f(x)ux]x + [g(y)uy]y = ku lnu.

�åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, y) = ϕ(x)ψ(y),

ãäå �óíêöèè ϕ(x) è ψ(y) îïèñûâàþòñÿ ÎÄÓ âòîðîãî ïîðÿäêà

[f(x)ϕ′
x]

′
x = kϕ lnϕ+ Cϕ, [g(y)ψ′

y ]
′
y = kψ lnψ − Cψ,

C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

6.3.3. Ñòàöèîíàðíûå óðàâíåíèÿ àíèçîòðîïíîé

òåïëîïðîâîäíîñòè âèäà [f(u)ux]x + [g(u)uy]y = h(u)

1. uxx + [(au+ b)uy]y = 0.

Ñòàöèîíàðíîå óðàâíåíèå Õîõëîâà�Çàáîëîöêîé. Âñòðå÷àåòñÿ â àêóñòèêå è íåëè-

íåéíîé ìåõàíèêå.

1◦. Òî÷íûå ðåøåíèÿ:

u(x, y) = Ay − 1
2A

2ax2 + C1x+ C2,

u(x, y) = (Ax+B)y − a

12A2
(Ax+B)4 + C1x+ C2,

u(x, y) = − 1

a

(
y + A

x+B

)2
+

C1

x+B
+ C2(x+B)2 − b

a
,

u(x, y) = − 1

a

[
b+ λ2 ±

√
A(y + λx) +B

]
,

u(x, y) = (Ax+B)
√
C1y + C2 − b

a
,

ãäå A, B, C1, C2, λ�ïðîèçâîëüíûå ïîñòîÿííûå.

2◦. �åøåíèå ñ îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ, êâàäðàòè÷íîå ïî y
(îáîáùàåò òðåòüå ðåøåíèå â ï. 1◦):

u(x, y) = − 1

a(x+A)2
y2+

[
B1

(x+A)2
+B2(x+A)

3
]
y+

C1

x+A
+

+C2(x+A)
2− b

a
− aB2

1

4(x+A)2
− 1

2
aB1B2(x+A)

3− 1

54
aB2

2(x+A)
8,

ãäå A, B1, B2, C1, C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

3◦. Ñì. òàêæå óðàâíåíèå 6.3.3.5 ïðè f(u) = 1 è g(u) = au+ b.

2. a(ukux)x + b(umuy)y = 0.

1◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, y) = f(x)g(y).

Ôóíêöèè f(x) è g(y) îïèñûâàþòñÿ àâòîíîìíûìè ÎÄÓ âòîðîãî ïîðÿäêà

(fkf ′x)
′
x = Abfm+1, (gmg′y)

′
y = −Aagk+1,

ãäå A�ïðîèçâîëüíàÿ ïîñòîÿííàÿ.
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2◦. Èìåþòñÿ òî÷íûå ðåøåíèÿ âèäà

u(x, y) = F (z), z = C1x+ C2y ðåøåíèå òèïà áåãóùåé âîëíû,

u(x, y) = x−2sG(ξ), ξ = yx(m−k)s−1
àâòîìîäåëüíîå ðåøåíèå,

u(x, y) = x
2

k−mH(η), η = y + s lnx,

u(x, y) = e2xQ(ζ), ζ = ye(k−m)x,

ãäå C1, C2, s�ïðîèçâîëüíûå ïîñòîÿííûå.

3◦. Ñì. òàêæå Óð×Ï 6.3.3.5 ïðè f(u) = auk è g(u) = bum.

3. a(ukux) + b(umuy)y = cun
.

Èìåþòñÿ òî÷íûå ðåøåíèÿ âèäà

u(x, y) = F (z), z = C1x+ C2y ðåøåíèå òèïà áåãóùåé âîëíû;

u(x, y) = x
2

k−n+1 U(z), z = yx
n−m−1
k−n+1

àâòîìîäåëüíîå ðåøåíèå.

4. uxx + (aeβuuy)y = 0, a > 0.

1◦. �åøåíèÿ ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, y) =
1

β
ln(Ay +B) + Cx+D,

u(x, y) =
1

β
ln(−aA2y2 +By + C)− 2

β
ln(−aAx+D),

u(x, y) =
1

β
ln(Ay2 +By + C) +

1

β
ln
[

p2

aA ch2(px+ q)

]
,

u(x, y) =
1

β
ln(Ay2 +By + C) +

1

β
ln
[

p2

−aA cos2(px+ q)

]
,

u(x, y) =
1

β
ln(Ay2 +By + C) +

1

β
ln
[

p2

−aA sh2(px+ q)

]
,

ãäå A, B, C , D, p, q�ïðîèçâîëüíûå ïîñòîÿííûå.

2◦. Èìåþòñÿ òî÷íûå ðåøåíèÿ âèäà

u(x, y) = F (r), r = C1x+ C2y;

u(x, y) = G(z), z = y/x;

u(x, y) = H(ξ)− 2(k + 1)β−1 ln |x|, ξ = y|x|k;
u(x, y) = U(η)− 2β−1 ln |x|, η = y + k ln |x|;
u(x, y) = V (ζ)− 2β−1x, ζ = yex,

ãäå C1, C2, k�ïðîèçâîëüíûå ïîñòîÿííûå.

3◦. Î äðóãèõ ðåøåíèÿõ ýòîãî Óð×Ï ñì. óðàâíåíèå 6.3.3.5 ïðè f(u) = 1 è

g(u) = aeβu.

5. [f(u)ux]x + [g(u)uy]y = 0.

Ñòàöèîíàðíîå óðàâíåíèå àíèçîòðîïíîé òåïëîïðîâîäíîñòè (äè��óçèè).
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1◦. �åøåíèå òèïà áåãóùåé âîëíû â íåÿâíîì âèäå:

∫ [
A2f(u) +B2g(u)

]
du = C1(Ax+By) + C2,

ãäå A, B, C1, C2�ïðîèçâîëüíûå ïîñòîÿííûå.

2◦. Àâòîìîäåëüíîå ðåøåíèå:

u = u(ζ), ζ =
x+A

y +B
,

ãäå �óíêöèÿ u(ζ) îïèñûâàåòñÿ ÎÄÓ:

[f(u)u′ζ ]
′
ζ + [ζ2g(u)u′ζ ]

′
ζ = 0. (1)

Èíòåãðèðóÿ (1) è ïðèíèìàÿ u çà íåçàâèñèìóþ ïåðåìåííóþ, ïîëó÷èì óðàâíåíèå

�èêêàòè Cζ ′u = g(u)ζ2 + f(u), ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

3◦. Èñõîäíîå óðàâíåíèå ìîæíî ïðåäñòàâèòü â âèäå ñèñòåìû Óð×Ï ïåðâîãî

ïîðÿäêà

f(u)ux = vy, −g(u)uy = vx. (2)

Ïðåîáðàçîâàíèå ãîäîãðà�à

x = x(u, v), y = y(u, v),

ãäå u, v ðàññìàòðèâàþòñÿ êàê íåçàâèñèìûå ïåðåìåííûå, à x, y�êàê çàâèñèìûå,

ïðèâîäèò (2) ê ëèíåéíîé ñèñòåìå Óð×Ï

f(u)yv = xu, −g(u)xv = yu. (3)

Èñêëþ÷àÿ y, ïðèõîäèì ê ëèíåéíîìó Óð×Ï âòîðîãî ïîðÿäêà äëÿ x = x(u, v):

[xu/f(u)]u + g(u)xvv = 0.

Òî÷íî òàê æå èç ñèñòåìû (3) ìîæíî ïîëó÷èòü äðóãîå ëèíåéíîå Óð×Ï âòî-

ðîãî ïîðÿäêà äëÿ y = y(u, v).

4◦. Äëÿ ñïåöèàëüíîãî ÷àñòíîãî ñëó÷àÿ g(u) = kf(u) ïðåîáðàçîâàíèå

x̄ = x, ȳ = k−1/2y, ū =
∫
f(u) du

ïðèâîäèò ê óðàâíåíèþ Ëàïëàñà ∆ū = 0, ãäå ∆�îïåðàòîð Ëàïëàñà â ïåðåìåí-

íûõ x̄ è ȳ.

6.4. Äðóãèå íåëèíåéíûå óðàâíåíèÿ âòîðîãî ïîðÿäêà

6.4.1. Óðàâíåíèÿ îêîëîçâóêîâîãî òå÷åíèÿ ãàçà

1. auxuxx +uyy = 0.

Óðàâíåíèå ñòàöèîíàðíîãî îêîëîçâóêîâîãî òå÷åíèÿ ãàçà.
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1◦. Ïóñòü u(x, y)�ðåøåíèå ðàññìàòðèâàåìîãî óðàâíåíèÿ. Òîãäà �óíêöèÿ

u1 = C−3
1 C2

2u(C1x+ C3, C2y + C4) + C5y + C6,

ãäå C1, . . . , C6 � ïðîèçâîëüíûå ïîñòîÿííûå, òàêæå ÿâëÿåòñÿ ðåøåíèåì ýòîãî

óðàâíåíèÿ.

2◦. Òî÷íûå ðåøåíèÿ:

u = C1xy+C2x+C3y+C4,

u = − (x+C1)
3

3a(y+C2)2
+C3y+C4,

u =
a2C3

1

39
(y+A)13+

2

3
aC2

1 (y+A)
8(x+B)+3C1(y+A)

3(x+B)2− (x+B)3

3a(y+A)2
,

u = −aC1y
2+C2y+C3± 4

3C1
(C1x+C4)

3/2,

u = −aA3y2− B2

aA2
x+C1y+C2± 4

3
(Ax+By+C3)

3/2,

u =
1

3
(Ay+B)(2C1x+C2)

3/2− aC3
1

12A2
(Ay+B)4+C3y+C4,

u = − 9aA2

y+C1
+4A

(
x+C2

y+C1

)3/2
− (x+C2)

3

3a(y+C1)2
+C3y+C4,

u = − 3

7
aA2(y+C1)

7+4A(x+C2)
3/2(y+C1)

5/2− (x+C2)
3

3a(y+C1)2
+C3y+C4,

ãäå A, B, C1, . . . , C4 � ïðîèçâîëüíûå ïîñòîÿííûå (ïåðâîå ðåøåíèå ÿâëÿåòñÿ

âûðîæäåííûì).

3◦. Ñóùåñòâóþò ðåøåíèÿ ñëåäóþùèõ âèäîâ:

u = y−3k−2U(z), z = xyk;

u = ϕ1(y) + ϕ2(y)x
3/2 + ϕ3(y)x

3;

u = ψ1(y) + ψ2(y)x+ ψ3(y)x
2 + ψ4(y)x

3;

u = ψ1(y)ϕ(x) + ψ2(y),

ãäå k �ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Çäåñü ïåðâîå ðåøåíèå ÿâëÿåòñÿ àâòîìîäåëü-

íûì, à îñòàëüíûå òðè ðåøåíèÿ�ðåøåíèÿìè ñ îáîáùåííûì ðàçäåëåíèåì ïåðå-

ìåííûõ.

2. uyy +
a

y
uy + buxuxx = 0.

1◦. Ïóñòü u(x, y)�ðåøåíèå ðàññìàòðèâàåìîãî óðàâíåíèÿ. Òîãäà �óíêöèÿ

u1 = C−3
1 C2

2u(C1x+C3, C2y) + C4y
1−a + C5,

ãäå C1, . . . , C5 � ïðîèçâîëüíûå ïîñòîÿííûå, òàêæå ÿâëÿåòñÿ ðåøåíèåì ýòîãî

óðàâíåíèÿ.
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2◦. �åøåíèÿ ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = − bC1

4(a+ 1)
y2 + C2y

1−a + C3 ± 2

3C1
(C1x+ C4)

3/2,

ãäå C1, . . . , C4 �ïðîèçâîëüíûå ïîñòîÿííûå.

3◦. �åøåíèÿ ñ îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ:

u = − 9A2b

16(k + 1)(2k + 1 + a)
y2k+2 +Ayk(x+ C)3/2 +

a− 3

9b

(x+ C)3

y2
,

ãäå A è C �ïðîèçâîëüíûå ïîñòîÿííûå, à k = k1,2 �êîðíè êâàäðàòíîãî óðàâíå-

íèÿ k2 + (a− 1)k + 5
4 (a− 3) = 0.

4◦. �åøåíèå ñ îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ:

u = (Ay1−a +B)(2C1x+ C2)
3/2 + 9bC3

1θ(y),

θ(y) = − B2

2(a+ 1)
y2 − AB

3− a
y3−a − A2

2(2− a)(3− a)
y4−2a + C3y

1−a + C4,

ãäå A, B, C1, C2, C3, C4�ïðîèçâîëüíûå ïîñòîÿííûå.

5◦. Ñóùåñòâóþò ðåøåíèÿ ñëåäóþùèõ âèäîâ:

u = y−3m−2U(z), z = xym;

u = ϕ1(y) + ϕ2(y)x
3/2 + ϕ3(y)x

3;

u = ψ1(y) + ψ2(y)x+ ψ3(y)x
2 + ψ4(y)x

3;

u = ψ1(y)ϕ(x) + ψ2(y),

ãäå m � ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Çäåñü ïåðâîå ðåøåíèå ÿâëÿåòñÿ àâòîìî-

äåëüíûì, à îñòàëüíûå òðè ðåøåíèÿ � ðåøåíèÿìè ñ îáîáùåííûì ðàçäåëåíèåì

ïåðåìåííûõ.

6.4.2. Óðàâíåíèÿ òèïà Ìîíæà�Àìïåðà

1. uxy −uxxuyy = 0.

Îäíîðîäíîå óðàâíåíèå Ìîíæà�Àìïåðà.

1◦. Îáùåå ðåøåíèå â ïàðàìåòðè÷åñêîì âèäå:

u = tx+ ϕ(t)y + ψ(t),

x+ ϕ′(t)y + ψ′(t) = 0,

ãäå t�ïàðàìåòð, ϕ=ϕ(t) è ψ=ψ(t)�ïðîèçâîëüíûå �óíêöèè, øòðèõ îçíà÷àåò

ïðîèçâîäíóþ ïî t.

2◦. Òî÷íûå ðåøåíèÿ, ñîäåðæàùèå îäíó ïðîèçâîëüíóþ �óíêöèþ:

u = ϕ(C1x+C2y) + C3x+ C4y + C5,

u = (C1x+ C2y)ϕ
(
y

x

)
+ C3x+ C4y + C5,

u = (C1x+ C2y + C3)ϕ
(
C4x+ C5y + C6

C1x+ C2y + C3

)
+ C7x+ C8y + C9,

ãäå C1, . . . , C9�ïðîèçâîëüíûå ïîñòîÿííûå, ϕ= ϕ(z)�ïðîèçâîëüíàÿ �óíêöèÿ.
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3◦. Ñì. òàêæå �óðñà (1933), Õàáèðîâ (1990), Ibragimov (1994), Polyanin &

Zaitsev (2012).

2. uxy − uxxuyy = A.

Íåîäíîðîäíîå óðàâíåíèå Ìîíæà�Àìïåðà.

1◦. Îáùåå ðåøåíèå â ïàðàìåòðè÷åñêîì âèäå ïðè A = a2 > 0 (�óðñà, 1933):

x =
β − λ

2a
, y =

ψ′(λ)− ϕ′(β)

2a
, u =

(β + λ)[ψ′(λ)− ϕ′(β)] + 2ϕ(β) − 2ψ(λ)

4a
,

ãäå β è λ�ïàðàìåòðû, ϕ = ϕ(β) è ψ = ψ(λ)�ïðîèçâîëüíûå �óíêöèè.

2◦. Òî÷íûå ðåøåíèÿ:

u = ±
√
A

C2
x(C1x+ C2y) + ϕ(C1x+ C2y) + C3x+ C4y,

u = C1y
2 + C2xy +

1

4C1
(C2

2 −A)x2 + C3y + C4x+ C5,

u =
1

x+C1

(
C2y

2 +C3y +
C2

3

4C2

)
− A

12C2
(x3 + 3C1x

2) + C4y + C5x+ C6,

u = ± 2
√
A

3C1C2
(C1x− C2

2y
2 + C3)

3/2 + C4x+ C5y + C6,

ãäå C1, . . . , C6�ïðîèçâîëüíûå ïîñòîÿííûå, ϕ= ϕ(z)�ïðîèçâîëüíàÿ �óíêöèÿ.

3. u2
xy − uxxuyy = f(x).

1◦. �åøåíèå ñ îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ, êâàäðàòè÷íîå ïî y:

u=C1y
2+C2xy+

C2
2

4C1
x2− 1

2C1

∫ x

0
(x− t)f(t)dt+C3y+C4x+C5,

u=
1

x+C1

(
C2y

2+C3y+
C2

3

4C2

)
− 1

2C2

∫ x

0
(x− t)(t+C1)f(t)dt+C4y+C5x+C6,

ãäå C1, . . . , C6 �ïðîèçâîëüíûå ïîñòîÿííûå.

2◦. �åøåíèÿ ñ îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ ïðè f(x) > 0:

u = ±y
∫ √

f(x) dx+ ϕ(x) + C1y,

ãäå ϕ(x)�ïðîèçâîëüíàÿ �óíêöèÿ.

4. u2
xy − uxxuyy = f(x)yk.

1◦. �åøåíèÿ ñ îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ:

u=
C1y

k+2

(k+1)(k+2)
− 1

C1

∫ x

a
(x− t)f(t)dt+C2x+C3y+C4,

u=
yk+2

(C1x+C2)k+1
− 1

(k+1)(k+2)

∫ x

a
(x− t)(C1t+C2)

k+1f(t)dt+C3x+C4y+C5,

ãäå C1, . . . , C5 �ïðîèçâîëüíûå ïîñòîÿííûå.
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2◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = ϕ(x)y
k+2
2 ,

ãäå �óíêöèÿ ϕ = ϕ(x) îïèñûâàåòñÿ ÎÄÓ:

k(k + 2)ϕϕ′′
xx − (k + 2)2(ϕ′

x)
2 + 4f(x) = 0.

5. u2
xy − uxxuyy = f(x)eλy.

1◦. �åøåíèÿ ñ îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ:

u = C1

∫ x

a
(x− t)f(t) dt+ C2x− 1

C1λ2
eλy + C3y + C4,

u = C1e
βx+λy − 1

C1λ2

∫ x

a
(x− t)e−βtf(t) dt+ C2x+ C3y + C4,

ãäå C1, . . . , C4 è β �ïðîèçâîëüíûå ïîñòîÿííûå.

2◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = ϕ(x) exp
(
1
2 λy

)
,

ãäå �óíêöèÿ ϕ = ϕ(x) îïèñûâàåòñÿ ÎÄÓ:

ϕϕ′′
xx − (ϕ′

x)
2 + 4λ−2f(x) = 0.

6. u2
xy − uxxuyy = f(u).

�åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = U(z), z = ax2 + bxy + cy2 + kx+ sy,

ãäå a, b, c, k, s�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ U(z) îïèñûâàåòñÿ ÎÄÓ:

2
[
(4ac− b2)z + as2 + ck2 − bks

]
U ′
zU

′′
zz + (4ac− b2)(U ′

z)
2 + f(U) = 0.

6.5. Íåëèíåéíûå óðàâíåíèÿ ñòàðøèõ ïîðÿäêîâ

6.5.1. Óðàâíåíèÿ òðåòüåãî ïîðÿäêà

◮ Óðàâíåíèå Êîðòåâåãà�Ôðèçà è ðîäñòâåííûå óðàâíåíèÿ.

1. ut +uxxx − 6uux = 0.

Óðàâíåíèå Êîðòåâåãà � Ôðèçà. Âñòðå÷àåòñÿ âî ìíîãèõ ðàçäåëàõ íåëèíåéíîé

ìåõàíèêè è òåîðåòè÷åñêîé �èçèêè.

1◦. Ïóñòü u(x, t)�ðåøåíèå óðàâíåíèÿ Êîðòåâåãà �Ôðèçà. Òîãäà �óíêöèÿ

u1 = C2
1u(C1x+ 6C1C2t+ C3, C

3
1 t+ C4) + C2,

ãäå C1, . . . , C4 � ïðîèçâîëüíûå ïîñòîÿííûå, òàêæå ÿâëÿåòñÿ ðåøåíèåì ýòîãî

óðàâíåíèÿ.
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2◦. Îäíîñîëèòîííîå ðåøåíèå (ýòî ðåøåíèå òèïà áåãóùåé âîëíû):

u(x, t) = − a

2 ch2
[
1
2

√
a (x− at− b)

] ,

ãäå a è b�ïðîèçâîëüíûå ïîñòîÿííûå.

3◦. Äâóõñîëèòîííîå ðåøåíèå:

u(x, t) = −2
∂2

∂x2
ln
(
1 +B1e

θ1 +B2e
θ2 +AB1B2e

θ1+θ2
)
,

θ1 = a1x− a31t, θ2 = a2x− a32t, A =
(
a1 − a2
a1 + a2

)2
,

ãäå B1, B2, a1, a2 �ïðîèçâîëüíûå ïîñòîÿííûå.

4◦. N -ñîëèòîííîå ðåøåíèå:

u(x, t) = −2
∂2

∂x2

{
ln det[I+C(x, t)]

}
.

Çäåñü I � åäèíè÷íàÿ ìàòðèöà ðàçìåðíîñòè N × N è C(x, t) � ñèììåòðè÷íàÿ

ìàòðèöà ðàçìåðíîñòè N ×N ñ ýëåìåíòàìè

Cmn(x, t) =

√
ρm(t)ρn(t)

pm + pn
exp

[
−(pm + pn)x

]
,

ãäå íîðìèðóþùèå �óíêöèè ρn(t) îïðåäåëÿþòñÿ �îðìóëàìè

ρn(t) = ρn(0) exp
(
8p3nt

)
, n = 1, 2, . . . , N,

êîòîðûå ñîäåðæàò 2N ïðîèçâîëüíûõ êîíñòàíò pn è ρn(0).
Ïðèâåäåííîå âûøå ðåøåíèå ïðè t → ±∞ ïðèáëèæåíî ìîæíî ïðåäñòàâèòü

â âèäå ñóììû N îäíîñîëèòîííûõ ðåøåíèé.

5◦. �åøåíèå òèïà ¾îäèí ñîëèòîí + îäèí ïîëþñ¿:

u(x, t) = −2p2
[
ch−2(pz)− (1 + px)−2 th2(pz)

][
1− (1 + px)−1 th(pz)

]−2
,

z = x− 4p2t− c,

ãäå p è c�ïðîèçâîëüíûå ïîñòîÿííûå.

6◦. �àöèîíàëüíûå ðåøåíèÿ (àëãåáðàè÷åñêèå ñîëèòîíû):

u(x, t) =
6x(x3 − 24t)

(x3 + 12t)2
,

u(x, t) = −2
∂2

∂x2
ln(x6 + 60x3t− 720t2).

7◦. Ñóùåñòâóåò àâòîìîäåëüíîå ðåøåíèå âèäà u= t−2/3U(z), ãäå z= t−1/3x.

8◦. �åøåíèå:

u(x, t) = 2ϕ(z) + 2C1t, z = x+ 6C1t
2 + C2t,

ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ϕ(z) îïèñûâàåòñÿ ÎÄÓ

âòîðîãî ïîðÿäêà ϕ′′
zz = 6ϕ2 −C2ϕ−C1z + C3.
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9◦. Óðàâíåíèå Êîðòåâåãà � äå Ôðèçà èíòåãðèðóåòñÿ ìåòîäîì îáðàòíîé çà-

äà÷è ðàññåÿíèÿ. Ëþáàÿ äîñòàòî÷íî áûñòðî óáûâàþùàÿ �óíêöèÿ F = F (x, y; t)
ïðè x → +∞, îäíîâðåìåííî óäîâëåòâîðÿþùàÿ äâóì ëèíåéíûì óðàâíåíèÿì â

÷àñòíûõ ïðîèçâîäíûõ

∂2F

∂x2
− ∂2F

∂y2
= 0,

∂F

∂t
+

(
∂

∂x
+

∂

∂y

)3
F = 0

ïîðîæäàåò ðåøåíèå óðàâíåíèÿ Êîðòåâåãà�äå Ôðèçà â âèäå

u = −2
d

dx
K(x, x; t),

ãäå K(x, y; t) ÿâëÿåòñÿ ðåøåíèåì ëèíåéíîãî èíòåãðàëüíîãî óðàâíåíèÿ �åëü-

�àíäà�Ëåâèòàíà�Ìàð÷åíêî

K(x, y; t) + F (x, y; t) +
∫ ∞

x
K(x, z; t)F (z, y; t) dz = 0.

Âðåìÿ t �èãóðèðóåò â ýòîì óðàâíåíèè êàê ïàðàìåòð.

10◦. Ñì. òàêæå Çàõàðîâ è äð. (1980), Êàëîäæåðî & Äåãàñïåðèñ (1985), Ablo-

witz & Segur (1981), Bullough & Caudrey (1980), Dodd et al. (1982), Gardner et

al. (1967), Hirota (1971).

2. ut + uxxx − 6uux +
1

2t
u = 0.

Öèëèíäðè÷åñêîå óðàâíåíèå Êîðòåâåãà �Ôðèçà.

Ïðåîáðàçîâàíèå

u(x, t) = − x

12t
− 1

2t
u(z, τ), x =

z

τ
, t = − 1

2τ 2

ïðèâîäèò ê óðàâíåíèþ Êîðòåâåãà �Ôðèçà 6.5.1.1:

uτ + uzzz − 6uuz = 0.

3. ut + uxxx + 6u2ux = 0.

Ìîäè�èöèðîâàííîå óðàâíåíèå Êîðòåâåãà �Ôðèçà.

1◦. Îäíîñîëèòîííîå ðåøåíèå:

u(x, t) = a+
k2√

4a2 + k2 ch z + 2a
, z = kx− (6a2k + k3)t+ b,

ãäå a, b, k�ïðîèçâîëüíûå ïîñòîÿííûå.

2◦. Äâóõñîëèòîííîå ðåøåíèå:

u(x, t) = 2
a1e

θ1 + a2e
θ2 + Aa2e

2θ1+θ2 + Aa1e
θ1+2θ2

1 + e2θ1 + e2θ2 + 2(1− A)eθ1+θ2 + A2e2(θ1+θ2)
,

θ1 = a1x− a31t+ b1, θ2 = a2x− a32t+ b2, A =
(
a1 − a2
a1 + a2

)2
,

ãäå a1, a2, b1, b2 �ïðîèçâîëüíûå ïîñòîÿííûå.
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3◦. �àöèîíàëüíûå ðåøåíèÿ (àëãåáðàè÷åñêèå ñîëèòîíû):

u(x, t) = a− 4a

4a2z2 + 1
, z = x− 6a2t,

u(x, t) = a− 12a
(
z4 + 3

2
a−2z2 − 3

16
a−4 − 24tz

)

4a2
(
z3 + 12t− 3

4
a−2z

)2
+ 3

(
z2 + 1

4
a−2

)2 ,

ãäå a�ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

4◦. Èìååòñÿ àâòîìîäåëüíîå ðåøåíèå âèäà u = t−1/3U(z), ãäå z = t−1/3x.

5◦. �åøåíèÿ òèïà áåãóùåé âîëíû, ñîäåðæàùèå ãèïåðáîëè÷åñêèå �óíêöèè:

u = ± 1
2

√
c
{
2− th2

[
1
2

√
c (x− ct+ b)

]
− cth2

[
1
2

√
c (x− ct+ b)

]}1/2
,

ãäå b è c > 0�ïðîèçâîëüíûå ïîñòîÿííûå.

6◦. �åøåíèÿ òèïà áåãóùåé âîëíû, ñîäåðæàùèå òðèãîíîìåòðè÷åñêèå �óíê-

öèè:

u = ± 2
√
c/3 cos2

[
1
2

√
c (x− ct+ b)

]

3− 2 cos2
[
1
2

√
c (x− ct+ b)

] .

Ïîëàãàÿ u = 0 ïðè

1
2

√
c |x − ct + b| > π

2 , ïîëó÷èì ðåøåíèÿ, ëîêàëèçîâàííûå

íà èíòåðâàëå äëèíû 2π/
√
c.

4. ut = [f(u)ux]xx +
a

f(u)
+ b.

�åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ â íåÿâíîì âèäå:

∫
f(u) du = at− 1

6
bx3 + C1x

2 + C2x+ C3,

ãäå C1, C2, C3�ïðîèçâîëüíûå ïîñòîÿííûå.

5. ut = [f(u)ux]xx +
aF (u) + b

f(u)
+ c[aF (u) + b], F (u) =

∫∫
f(u)du.

1◦. �åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ â íåÿâíîì âèäå

ïðè a 6= 0: ∫
f(u) du =

1

a
[ρ(x)eat − b],

ãäå

ρ(x)=




C1 + C2x+C3x

2
ïðè c = 0,

C1e
−kx+ ekx/2

(
C2 cos

kx
√
3

2
+ C3 sin

kx
√
3

2

)
, k = (ac)1/3 ïðè c 6= 0,

C1, C2, C3�ïðîèçâîëüíûå ïîñòîÿííûå.

2◦. �åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ â íåÿâíîì âèäå

ïðè a = 0: ∫
f(u) du = bt+ C1 + C2x+ C3x

2 − 1
6 bcx

3.
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◮ Óðàâíåíèÿ ãèäðîäèíàìèêè.

6. uxt +u2
x −uuxx = auxxx + f(t).

Ýòî óðàâíåíèå îïèñûâàåò íåêîòîðûå êëàññû òî÷íûõ ðåøåíèé äâóìåðíûõ óðàâ-

íåíèé Íàâüå �Ñòîêñà. Ôóíêöèÿ f = f(t) ìîæåò áûòü çàäàíà ïðîèçâîëüíî.

1◦. Ïóñòü u = u(x, t)�ðåøåíèå ðàññìàòðèâàåìîãî óðàâíåíèÿ. Òîãäà �óíê-

öèÿ

u1 = u(x+ ψ(t), t) + ψ′
t(t),

ãäå ψ(t)�ïðîèçâîëüíàÿ �óíêöèÿ, òàêæå ÿâëÿåòñÿ ðåøåíèåì ýòîãî óðàâíåíèÿ.

2◦. Òî÷íûå ðåøåíèÿ ïðè f(t) ≡ 0:

u(x, t) =
C1x

C1t+C2
+ ψ(t),

u(x, t) =
6a

x+ ψ(t)
+ ψ′

t(t),

u(x, t) = C1 exp
[
−λx+ λψ(t)

]
− ψ′

t(t) + aλ,

ãäå ψ(t)�ïðîèçâîëüíàÿ �óíêöèÿ, C1, C2, λ�ïðîèçâîëüíûå ïîñòîÿííûå. Ïåð-

âîå ðåøåíèå ÿâëÿåòñÿ ¾íåâÿçêèì¿ (íå çàâèñèò îò a).

3◦. �åøåíèÿ ñ îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ ïðè f(t) = Ae−βt,
A > 0, β > 0:

u(x, t) = Be−
1
2
βt sin[λx+ λψ(t)] + ψ′

t(t),

u(x, t) = Be−
1
2
βt cos[λx+ λψ(t)] + ψ′

t(t),
B = ±

√
2Aa

β
, λ =

√
β

2a
,

ãäå ψ(t)�ïðîèçâîëüíàÿ �óíêöèÿ.

4◦. �åøåíèÿ ñ îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ ïðè f(t) = Aeβt,
A > 0, β > 0:

u(x, t) = Be
1
2
βt sh[λx+ λψ(t)] + ψ′

t(t), B = ±
√

2Aa

β
, λ =

√
β

2a
,

ãäå ψ(t)�ïðîèçâîëüíàÿ �óíêöèÿ.

5◦. �åøåíèÿ ñ îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ ïðè f(t) = Aeβt,
A < 0, β > 0:

u(x, t) = Be
1
2
βt ch[λx+ λψ(t)] + ψ′

t(t), B = ±
√

2|A|a
β

, λ =

√
β

2a
,

ãäå ψ(t)�ïðîèçâîëüíàÿ �óíêöèÿ.

6◦. �åøåíèÿ ñ îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ ïðè f(t) = Aeβt,
A�ëþáîå, β > 0:

u(x, t) = ψ(t)eλx − Aeβt−λx

4λ2ψ(t)
+

ψ′
t(t)

λψ(t)
− aλ, λ = ±

√
β

2a
,

ãäå ψ(t)�ïðîèçâîëüíàÿ �óíêöèÿ.
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7◦. Àâòîìîäåëüíîå ðåøåíèå ïðè f(t) = At−2
:

u(x, t) = t−1/2
[
θ(z)− 1

2 z
]
, z = xt−1/2,

ãäå �óíêöèÿ θ = θ(z) îïèñûâàåòñÿ àâòîíîìíûì ÎÄÓ:

3
4 −A− 2θ′z + (θ′z)

2 − θθ′′zz = aθ′′′zzz,

ïîðÿäîê êîòîðîãî ìîæíî ïîíèçèòü íà åäèíèöó.

8◦. �åøåíèå òèïà áåãóùåé âîëíû ïðè f(t) = A:

u = U(ξ), ξ = x+ λt,

ãäå �óíêöèÿ U(ξ) îïèñûâàåòñÿ àâòîíîìíûì ÎÄÓ:

−A+ λU ′′
ξξ + (U ′

ξ)
2 − UU ′′

ξξ = aU ′′′
ξξξ,

ïîðÿäîê êîòîðîãî ìîæíî ïîíèçèòü íà åäèíèöó.

9◦. �àññìàòðèâàåìîå óðàâíåíèå äîïóñêàåò ïîíèæåíèå ïîðÿäêà. Îáîçíà÷èì

η = ux, Φ = uxx. (3)

Ïåðåíåñåì ÷ëåí −u2x â ïðàâóþ ÷àñòü èñõîäíîãî Óð×Ï, çàòåì ïîäåëèì ïîëó÷åí-

íîå óðàâíåíèå íà uxx = Φ è ïðîäè��åðåíöèðóåì ïî x. Ó÷èòûâàÿ (3), ïîëó÷èì

Φt

Φ
− uxtΦx

Φ2
+ η =

∂

∂x

aΦx + η2 + q(t)η + p(t)

Φ
. (4)

Çàìåíèì â (4) ñòàðûå ïåðåìåííûå t, x, u = u(x, t) íà íîâûå ïåðåìåííûå
t, η, Φ = Φ(t, η), ãäå η è Φ îïðåäåëåíû �îðìóëàìè (3) (ýòî ïðåîáðàçîâàíèå

Êðîêêî). Ïðè ýòîì ïðîèçâîäíûå ïðåîáðàçóþòñÿ ñëåäóþùèì îáðàçîì:

∂

∂x
=

∂η

∂x

∂

∂η
= uxx

∂

∂η
= Φ

∂

∂η
,

∂

∂t
=

∂

∂t
+

∂η

∂t

∂

∂η
=

∂

∂t
+ uxt

∂

∂η
.

Â ðåçóëüòàòå óðàâíåíèå (4) ñâîäèòñÿ ê íåëèíåéíîìó Óð×Ï âòîðîãî ïîðÿäêà

Φt + [f(t)− η2]Φη + ηΦ = aΦ2Φηη. (5)

Îòìåòèì, ÷òî â âûðîæäåííîì ñëó÷àå (íåâÿçêàÿ æèäêîñòü ïðè a = 0) èñõîä-
íîå íåëèíåéíîå Óð×Ï âòîðîãî ïîðÿäêà ñâîäèòñÿ ê ëèíåéíîìó Óð×Ï ïåðâîãî

ïîðÿäêà (5), êîòîðîå ìîæíî ïðîèíòåãðèðîâàòü ìåòîäîì õàðàêòåðèñòèê.

7. uyuxy − uxuyy = auyyy .

Óðàâíåíèå ñòàöèîíàðíîãî ëàìèíàðíîãî ïîãðàíè÷íîãî ñëîÿ íà ïëîñêîé ïëàñòèíå

(u��óíêöèÿ òîêà, a�êèíåìàòè÷åñêàÿ âÿçêîñòü æèäêîñòè).

1◦. Ïóñòü u(x, y)�ðåøåíèå ðàññìàòðèâàåìîãî óðàâíåíèÿ. Òîãäà �óíêöèÿ

u1 = C1u
(
C2x+ C3, C1C2y + ϕ(x)

)
+ C4,

ãäå ϕ(x) � ïðîèçâîëüíàÿ �óíêöèÿ, C1, . . . , C5 � ïðîèçâîëüíûå ïîñòîÿííûå,

òàêæå ÿâëÿåòñÿ ðåøåíèåì ýòîãî óðàâíåíèÿ.



6.5. Íåëèíåéíûå óðàâíåíèÿ ñòàðøèõ ïîðÿäêîâ 299

2◦. Òî÷íûå ðåøåíèÿ, ñîäåðæàùèå ïðîèçâîëüíûå �óíêöèè:

u(x, y) = C1y + ϕ(x),

u(x, y) = C1y
2 + ϕ(x)y +

1

4C1
ϕ2(x) + C2,

u(x, y) =
6ax+ C1

y + ϕ(x)
+

C2

[y + ϕ(x)]2
+ C3,

u(x, y) = ϕ(x) exp(−C1y) + aC1x+ C2,

u(x, y) = C1 exp
[
−C2y − C2ϕ(x)

]
+ C3y + C3ϕ(x) + aC2x+ C4,

u(x, y) = 6aC1x
1/3 th ξ + C2, ξ = C1

y

x2/3
+ ϕ(x),

u(x, y) = −6aC1x
1/3 tg ξ + C2, ξ = C1

y

x2/3
+ ϕ(x),

ãäå C1, . . . , C4 � ïðîèçâîëüíûå ïîñòîÿííûå, ϕ(x) � ïðîèçâîëüíàÿ �óíêöèÿ.

Ïåðâûå äâà ðåøåíèÿ ÿâëÿþòñÿ âûðîæäåííûìè�îíè íå çàâèñÿò îò a è ñîîòâåò-
ñòâóþò òå÷åíèÿì íåâÿçêîé æèäêîñòè.

3◦. �åøåíèå ñ îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ, ëèíåéíîå ïî x:

u(x, y) = xF (y) +G(y), (1)

ãäå �óíêöèè F = F (y) è G = G(y) îïèñûâàþòñÿ ñèñòåìîé àâòîíîìíûõ ÎÄÓ:

(F ′
y)

2 − FF ′′
yy = aF ′′′

yyy , (2)

F ′
yG

′
y − FG′′

yy = aG′′′
yyy . (3)

Óðàâíåíèå (2) èìååò ÷àñòíûå ðåøåíèÿ

F = 6a(y + C)−1,

F = Ceλy − aλ,

ãäå C è λ�ïðîèçâîëüíûå ïîñòîÿííûå.

Ïóñòü F = F (y) � íåêîòîðîå ðåøåíèå óðàâíåíèÿ (2) (F 6≡ const). Òîãäà
ñîîòâåòñòâóþùåå îáùåå ðåøåíèå óðàâíåíèÿ (3) èìååò âèä

G(y)=C1+C2F +C3

(
F
∫
ψdy−

∫
Fψdy

)
, ãäå ψ=

1

(F ′
y)2

exp
(
− 1

a

∫
F dy

)
.

4◦. Â òàáë. 6.1 ïðèâåäåíû íåêîòîðûå äðóãèå òî÷íûå ðåøåíèÿ óðàâíåíèÿ

ãèäðîäèíàìè÷åñêîãî ïîãðàíè÷íîãî ñëîÿ. �åøåíèå 1 ÿâëÿåòñÿ àâòîìîäåëüíûì,

à ðåøåíèå 2�îáîáùåííî-àâòîìîäåëüíûì. �åøåíèå 3 ïðè β = 0 âûðîæäàåòñÿ â
àâòîìîäåëüíîå ðåøåíèå (ñì. ðåøåíèå 1 ïðè λ = −1). ÎÄÓ 1-3 äëÿ �óíêöèè F
ÿâëÿþòñÿ àâòîíîìíûìè è îáîáùåííî-îäíîðîäíûìè, ïîýòîìó èõ ïîðÿäîê ìîæ-

íî ïîíèçèòü íà äâå åäèíèöû.

8. uyuxy − uxuyy = auyyy + f(x).

Óðàâíåíèå ãèäðîäèíàìè÷åñêîãî ïîãðàíè÷íîãî ñëîÿ ñ ãðàäèåíòîì äàâëåíèÿ. Ïðè

f(x) ≡ 0 ñì. óðàâíåíèå 6.5.1.7.
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Òàáëèöà 6.1. Òî÷íûå ðåøåíèÿ óðàâíåíèÿ ëàìèíàðíîãî ïîãðàíè÷íîãî ñëîÿ (C1, C2, C3,

β, λ�ïðîèçâîëüíûå ïîñòîÿííûå).

No.

Âèä ðåøåíèÿ u = u(x, y) ÎÄÓ äëÿ �óíêöèè U = U(z)

1
u = xλ+1U(z), z = xλy (2λ+ 1)(U ′

z)
2 − (λ+ 1)UU ′′

zz = aU ′′′
zzz

2
u = eλxU(z), z = eλxy 2λ(U ′

z)
2 − λUU ′′

zz = aU ′′′
zzz

3

u = U(z) + β ln |x|, z = y/x −(U ′
z)

2 − βU ′′
zz = aU ′′′

zzz

1◦. Ïóñòü u(x, y)�ðåøåíèå ðàññìàòðèâàåìîãî óðàâíåíèÿ. Òîãäà �óíêöèè

u1 = ±u(x,±y + ϕ(x)) + C,

ãäå áåðóòñÿ ëèáî âåðõíèå, ëèáî íèæíèå çíàêè, ϕ(x)� ïðîèçâîëüíàÿ �óíêöèÿ,

C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ, òàêæå ÿâëÿþòñÿ ðåøåíèÿìè ýòîãî óðàâíåíèÿ.

2◦. Âûðîæäåííûå ðåøåíèÿ (ëèíåéíûå è êâàäðàòè÷íûå ïî y) äëÿ ïðîèçâîëü-
íîé f(x):

u(x, y) = ±y
[
2
∫
f(x) dx+C1

]1/2
+ ϕ(x),

u(x, y) = C1y
2 + ϕ(x)y +

1

4C1

[
ϕ2(x)− 2

∫
f(x) dx

]
+ C2,

ãäå ϕ(x) � ïðîèçâîëüíàÿ �óíêöèÿ, C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå. Ýòè

ðåøåíèÿ íå çàâèñÿò îò a è ñîîòâåòñòâóþò òå÷åíèÿì íåâÿçêîé æèäêîñòè.

3◦. �åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè f(x) = b:

u = kx+ U(y), U(y) =




C1 exp

(
− k

a
y
)
− b

2k
y2 + C2y + C3 ïðè k 6= 0,

− b

6a
y3 + C1y

2 +C2y + C3 ïðè k = 0,

ãäå C1, C2, C3, k�ïðîèçâîëüíûå ïîñòîÿííûå.

4◦. �åøåíèå ñ îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ ïðè f(x) = bx+ c:

u(x, y) = xF (y) +G(y),

ãäå �óíêöèè F = F (y) è G = G(y) îïèñûâàþòñÿ ñèñòåìîé àâòîíîìíûõ ÎÄÓ:

(F ′
y)

2 − FF ′′
yy = aF ′′′

yyy + b, F ′
yG

′
y − FG′′

yy = aG′′′
yyy + c.

5◦. Òî÷íûå ðåøåíèÿ ïðè f(x) = −bx−5/3
:

u(x, y) =
6ax

y + ϕ(x)
±

√
3b

x1/3
[y + ϕ(x)],

ãäå ϕ(x)�ïðîèçâîëüíàÿ �óíêöèÿ.
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6◦. Òî÷íûå ðåøåíèÿ ïðè f(x) = bx−1/3 − cx−5/3
:

u(x, y) = ±
√
3c z + x2/3θ(z), z = yx−1/3,

ãäå �óíêöèÿ θ=θ(z) îïèñûâàåòñÿ àâòîíîìíûì ÎÄÓ:

1
3 (θ

′
z)

2− 2
3 θθ

′′
zz=aθ

′′′
zzz+b.

7◦. �åøåíèå ñ îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ ïðè f(x) = beβx:

u(x, y) = ϕ(x)eλy − b

2βλ2ϕ(x)
eβx−λy − aλx+

2aλ2

β
y +

2aλ

β
ln |ϕ(x)|,

ãäå ϕ(x)�ïðîèçâîëüíàÿ �óíêöèÿ, λ�ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

8◦. Â òàáë. 6.2 ïðèâåäåíû íåêîòîðûå äðóãèå òî÷íûå ðåøåíèÿ óðàâíåíèÿ

ïîãðàíè÷íîãî ñëîÿ ñ ãðàäèåíòîì äàâëåíèÿ.

Òàáëèöà 6.2. Òî÷íûå ðåøåíèÿ óðàâíåíèÿ ãèäðîäèíàìè÷åñêîãî ïîãðàíè÷íîãî ñëîÿ ñ

ãðàäèåíòîì äàâëåíèÿ (b, k, β �ïðîèçâîëüíûå ïîñòîÿííûå).

No.

Ôóíêöèÿ f(x) Âèä ðåøåíèÿ u = u(x, y) ÎÄÓ äëÿ �óíêöèè U = U(z)

1
f(x) = bxk

u = x
k+3
4 U(z), z = x

k−1
4 y

k+1
2

(U ′
z)

2 − k+3
4
UU ′′

zz = aU ′′′
zzz + b

2
f(x) = beβx u = e

1

4
βxU(z), z = e

1

4
βxy

1
2
β(U ′

z)
2 − 1

4
βUU ′′

zz = aU ′′′
zzz + b

3

f(x) = bx−3 u = U(z) + β ln |x|, z = y/x −(U ′
z)

2 − βU ′′
zz = aU ′′′

zzz + b

9◦. Íèæå ïðèâåäåíû äâà ïðåîáðàçîâàíèÿ, ïîíèæàþùèå ïîðÿäîê óðàâíåíèÿ

ïîãðàíè÷íîãî ñëîÿ.

Ïðåîáðàçîâàíèå Ìèçåñà

ξ = x, η = u, Φ(ξ, η) = uy, ãäå u = u(x, y),

ïðèâîäèò ê íåëèíåéíîìó Óð×Ï âòîðîãî ïîðÿäêà

ΦΦξ = aΦ(ΦΦη)η + f(ξ).

Ïðåîáðàçîâàíèå Êðîêêî

ξ = x, ζ = uy, Ψ(ξ, ζ) = uyy, ãäå u = u(x, y),

ïðèâîäèò ê íåëèíåéíîìó Óð×Ï âòîðîãî ïîðÿäêà

ζΨξ = f(ξ)Ψζ + aΨ2Ψζζ .

10◦. Ñì. òàêæå Ïàâëîâñêèé (1961), Burde (1996), Polyanin & Zaitsev (2012).

9. uy(∆u)x − ux(∆u)y = 0, ∆u = uxx + uyy .

Óðàâíåíèå äâèæåíèÿ èäåàëüíîé æèäêîñòè. Ê ýòîìó Óð×Ï ñâîäÿòñÿ äâóìåðíûå

ñòàöèîíàðíûå óðàâíåíèÿ Ýéëåðà (u��óíêöèÿ òîêà).
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1◦. Ïóñòü u(x, y)�ðåøåíèå ðàññìàòðèâàåìîãî óðàâíåíèÿ. Òîãäà �óíêöèè

u1 = C1u(C2x+C3, C2y + C4) + C5,

u2 = u(x cosα+ y sinα, −x sinα+ y cosα),

ãäå C1, . . . , C5 è α � ïðîèçâîëüíûå ïîñòîÿííûå, òàêæå ÿâëÿþòñÿ ðåøåíèÿìè

ýòîãî óðàâíåíèÿ.

2◦. Òî÷íûå ðåøåíèÿ îáùåãî âèäà, ñîäåðæàùèå îäíó ïðîèçâîëüíóþ �óíê-

öèþ:

u(x, y) = ϕ1(ξ), ξ = a1x+ b1y;

u(x, y) = ϕ2(r), r =
√

(x− a2)2 + (y − b2)2;

ãäå ϕ1(ξ) è ϕ2(r)� ïðîèçâîëüíûå �óíêöèè, a1, b1, a2, b2 � ïðîèçâîëüíûå ïî-

ñòîÿííûå.

3◦. Ëþáûå ðåøåíèÿ ñëåäóþùèõ ëèíåéíûõ Óð×Ï:

∆u = 0 (óðàâíåíèå Ëàïëàñà),

∆u = C (óðàâíåíèå Ïóàññîíà),

∆u = λu (óðàâíåíèå �åëüìãîëüöà),

∆u = λu+ C (íåîäíîðîäíîå óðàâíåíèå �åëüìãîëüöà),

ãäå C è λ�ïðîèçâîëüíûå ïîñòîÿííûå, òàêæå ÿâëÿþòñÿ ðåøåíèÿìè ðàññìàòðè-

âàåìîãî óðàâíåíèÿ.

�åøåíèÿ óðàâíåíèÿ Ëàïëàñà ∆u= 0 ñîîòâåòñòâóþò áåçâèõðåâûì (ïîòåíöè-

àëüíûì) ðåøåíèÿì èñõîäíîãî óðàâíåíèÿ.

4◦. Â ëåâîé ÷àñòè ðàññìàòðèâàåìîãî óðàâíåíèÿ ñòîèò ÿêîáèàí �óíêöèé u è
v = ∆u. �àâåíñòâî ÿêîáèàíà íóëþ îçíà÷àåò, ÷òî ýòè âåëè÷èíû �óíêöèîíàëüíî

çàâèñèìû, ò. å. v äîëæíà âûðàæàòüñÿ ÷åðåç u:

∆u = f(u), (1)

ãäå f(u)�ïðîèçâîëüíàÿ �óíêöèÿ. Ëþáîå ðåøåíèå íåëèíåéíîãî Óð×Ï âòîðîãî

ïîðÿäêà (1) äëÿ ëþáîé �óíêöèè f(u) ÿâëÿåòñÿ ðåøåíèåì èñõîäíîãî óðàâíåíèÿ.

5◦. �åøåíèÿ ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, y) = A1x
2 +A2x+B1y

2 +B2y + C,

u(x, y) = A1 exp(λx) +A2 exp(−λx) +B1 exp(λy) +B2 exp(−λy) + C,

u(x, y) = A1 sin(λx) +A2 cos(λx) +B1 sin(λy) +B2 cos(λy) + C,

ãäå A1, A2, B1, B2, C , λ� ïðîèçâîëüíûå ïîñòîÿííûå. Ýòè ðåøåíèÿ ÿâëÿþòñÿ

÷àñòíûìè ñëó÷àÿìè ðåøåíèé èç ï. 3◦.



6.5. Íåëèíåéíûå óðàâíåíèÿ ñòàðøèõ ïîðÿäêîâ 303

6◦. �åøåíèÿ ñ îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, y) = (Ax+B)e−λy + C,

u(x, y) =
[
A1 sin(βx) +A2 cos(βx)

][
B1 sin(λy) +B2 cos(λy)

]
+ C,

u(x, y) =
[
A1 sin(βx) +A2 cos(βx)

][
B1 sh(λy) +B2 ch(λy)

]
+ C,

u(x, y) =
[
A1 sh(βx) +A2 ch(βx)

][
B1 sin(λy) +B2 cos(λy)

]
+ C,

u(x, y) =
[
A1 sh(βx) +A2 ch(βx)

][
B1 sh(λy) +B2 ch(λy)

]
+ C,

u(x, y) = Aeαx+βy +Beγx+λy + C, α2 + β2 = γ2 + λ2,

ãäå A, B, C , D, k, β, λ � ïðîèçâîëüíûå ïîñòîÿííûå. Ýòè ðåøåíèÿ ÿâëÿþòñÿ

÷àñòíûìè ñëó÷àÿìè ðåøåíèé èç ï. 3◦.

7◦. �åøåíèå:

u(x, y) = F (z)x+G(z), z = y + kx,

ãäå k�ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèè F =F (z) è G=G(z) îïèñûâàþòñÿ
àâòîíîìíîé ñèñòåìîé ÎÄÓ òðåòüåãî ïîðÿäêà

F ′
zF

′′
zz − FF ′′′

zzz = 0, (2)

G′
zF

′′
zz − FG′′′

zzz =
2k

(k2 + 1)
FF ′′

zz. (3)

Â ðåçóëüòàòå îäíîêðàòíîãî èíòåãðèðîâàíèÿ ïîëó÷èì ñèñòåìó ÎÄÓ âòîðîãî ïî-

ðÿäêà

(F ′
z)

2 − FF ′′
zz = A1, (4)

G′
zF

′
z − FG′′

zz =
2k

k2 + 1

∫
FF ′′

zz dz +A2, (5)

ãäå A1 è A2�ïðîèçâîëüíûå ïîñòîÿííûå.

Àâòîíîìíîå óðàâíåíèå (4) ñ çàìåíîé ïåðåìåííîé Q(F ) = (F ′
z)

2
ñâîäèòñÿ ê

ëèíåéíîìó ÎÄÓ ïåðâîãî ïîðÿäêà.

Îáùåå ðåøåíèå ÎÄÓ (2) (èëè (4)) ìîæíî ïðåäñòàâèòü â âèäå

F (z) = B1z +B2, A1 = B2
1 ;

F (z) = B1 exp(λz) +B2 exp(−λz), A1 = −4λ2B1B2;

F (z) = B1 sin(λz) +B2 cos(λz), A1 = λ2(B2
1 +B2

2),

ãäå B1, B2, λ�ïðîèçâîëüíûå ïîñòîÿííûå.

Îáùåå ðåøåíèå ÎÄÓ (3) (èëè (5)) îïèñûâàåòñÿ �îðìóëàìè

G = C1

∫
F dz −

∫
F
(∫

ψ dz

F 2

)
dz + C2,

F = F (z), ψ =
2k

k2 + 1

∫
FF ′′

zz dz +A2,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.
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8◦. �àññìàòðèâàåìîå Óð×Ï èìååò òàêæå òî÷íûå ðåøåíèÿ âèäà

u(x, y) = xaU(ζ), ζ = y/x;

u(x, y) = eaxV (ρ), ρ = bx+ cy;

u(x, y) =W (ζ) + a ln |x|, ζ = y/x,

ãäå a, b, c�ïðîèçâîëüíûå ïîñòîÿííûå.

6.5.2. Óðàâíåíèÿ ÷åòâåðòîãî ïîðÿäêà

1. utt +(uux)x +uxxxx = 0.

Óðàâíåíèå Áóññèíåñêà. Ýòî óðàâíåíèå âñòðå÷àåòñÿ â ãèäðîäèíàìèêå è íåêîòî-

ðûõ �èçè÷åñêèõ ïðèëîæåíèÿõ.

1◦. Ïóñòü u(x, t)�ðåøåíèå ðàññìàòðèâàåìîãî óðàâíåíèÿ. Òîãäà �óíêöèè

u1 = C2
1u(C1x+ C2,±C2

1 t+ C3),

ãäå C1, C2, C3 � ïðîèçâîëüíûå ïîñòîÿííûå, òàêæå ÿâëÿþòñÿ ðåøåíèÿìè ýòîãî

óðàâíåíèÿ.

2◦. Òî÷íûå ðåøåíèÿ:

u(x, t) = 2C1x− 2C2
1 t

2 + C2t+ C3,

u(x, t) = (C1t+ C2)x− 1

12C2
1

(C1t+ C2)
4 + C3t+ C4,

u(x, t) = − (x+C1)
2

(t+C2)2
+

C3

t+ C2
+ C4(t+ C2)

2,

u(x, t) = − x2

t2
+ C1t

3x− C2
1

54
t8 + C2t

2 +
C4

t
,

u(x, t) = − (x+C1)
2

(t+C2)2
− 12

(x+ C1)2
,

u(x, t) = −3λ2 cos−2
[
1
2 λ(x± λt) + C1

]
,

ãäå C1, . . . , C4 è λ�ïðîèçâîëüíûå ïîñòîÿííûå.

3◦. �åøåíèå òèïà áåãóùåé âîëíû (îáîáùàåò ïîñëåäíåå ðåøåíèå èç ï. 2◦):

u(x, t) = U(ζ), ζ = x+ λt,

ãäå �óíêöèÿ U(ζ) îïèñûâàåòñÿ ÎÄÓ: U ′′
ζζ + U2 + 2λ2U + C1ζ + C2 = 0.

4◦. Àâòîìîäåëüíîå ðåøåíèå:

u(x, t) = t−1θ(z), z = xt−1/2,

ãäå �óíêöèÿ θ= θ(z) îïèñûâàåòñÿ ÎÄÓ: θ′′′′zzzz+(θθ′z)
′
z+

1
4 z

2θ′′zz+
7
4 zθ

′
z+2θ=0.
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5◦. Èìåþòñÿ òî÷íûå ðåøåíèÿ âèäà

u(x, t) = (x+ C)2F (t)− 12(x+ C)−2;

u(x, t) = G(ξ)− 4C2
1 t

2 − 4C1C2t, ξ = x− C1t
2 − C2t;

u(x, t) =
1

t
H(η)− 1

4

(
x

t
+ Ct

)2
, η =

x√
t
− 1

3
Ct3/2;

u(x, t) = (a1t+ a0)
2U(ζ)−

(
a1x+ b1
a1t+ a0

)2
, ζ = x(a1t+ a0) + b1t+ b0,

ãäå C , C1, C2, a1, a0, b1, b0 �ïðîèçâîëüíûå ïîñòîÿííûå.

6◦. Óðàâíåíèå Áóññèíåñêà èíòåãðèðóåòñÿ ìåòîäîì îáðàòíîé çàäà÷è ðàññåÿ-

íèÿ. Ëþáàÿ áûñòðî óáûâàþùàÿ �óíêöèÿ F = F (x, y; t) ïðè x → +∞, óäîâëå-

òâîðÿþùàÿ îäíîâðåìåííî äâóì ëèíåéíûì Óð×Ï

1√
3

∂F

∂t
+

∂2F

∂x2
− ∂2F

∂y2
= 0,

∂3F

∂x3
+

∂3F

∂y3
= 0

ïîðîæäàåò ðåøåíèå óðàâíåíèÿ Áóññèíåñêà, êîòîðîå ìîæíî ïðåäñòàâèòü â âèäå

u = 12
d

dx
K(x, x; t),

ãäå K(x, y; t) ÿâëÿåòñÿ ðåøåíèåì ëèíåéíîãî èíòåãðàëüíîãî óðàâíåíèÿ �åëü-

�àíäà�Ëåâèòàíà�Ìàð÷åíêî

K(x, y; t) + F (x, y; t) +
∫ ∞

x
K(x, s; t)F (s, y; t) ds = 0.

Âðåìÿ t �èãóðèðóåò â ýòîì óðàâíåíèè êàê ïàðàìåòð.

7◦. Ñì. òàêæå Çàõàðîâ & Øàáàò (1974), Ablowitz & Segur (1981), Clarkson

& Kruskal (1989).

2. uy(∆u)x − ux(∆u)y = a∆∆u, ∆u = uxx + uyy .

Äâóìåðíîå ñòàöèîíàðíîå óðàâíåíèå äâèæåíèÿ âÿçêîé íåñæèìàåìîé æèäêî-

ñòè. Îíî âûâîäèòñÿ èç óðàâíåíèé Íàâüå�Ñòîêñà ïóòåì ïåðåõîäà îò êîìïîíåíò

ñêîðîñòåé ê �óíêöèè òîêà u.

1◦. Ïóñòü u(x, y)�ðåøåíèå ðàññìàòðèâàåìîãî óðàâíåíèÿ. Òîãäà �óíêöèè

u1 = −u(y, x),
u2 = u(C1x+ C2, C1y + C3) + C4,

u3 = u(x cosα+ y sinα, −x sinα+ y cosα),

ãäå C1, . . . , C4 è α � ïðîèçâîëüíûå ïîñòîÿííûå, òàêæå ÿâëÿþòñÿ ðåøåíèÿìè

ýòîãî óðàâíåíèÿ.

2◦. Ëþáîå ðåøåíèå óðàâíåíèÿ Ïóàññîíà

∆u = C,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ, òàêæå ÿâëÿåòñÿ ðåøåíèåì ðàññìàòðèâàåìîãî

Óð×Ï (ýòî ¾íåâÿçêèå¿ ðåøåíèÿ).
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3◦. �åøåíèÿ ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(y) = C1y
3 + C2y

2 + C3y + C4,

u(x, y) = C1x
2 + C2x+ C3y

2 + C4y + C5,

u(x, y) = C1 exp(−λy) + C2y
2 + C3y + C4 + aλx,

u(x, y) = C1 exp(λx)− aλx+ C2 exp(λy) + aλy + C3,

u(x, y) = C1 exp(λx) + aλx+ C2 exp(−λy) + aλy + C3,

ãäå C1, . . . , C5, λ�ïðîèçâîëüíûå ïîñòîÿííûå.

4◦. �åøåíèÿ ñ îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, y) = A(kx+ λy)3 +B(kx+ λy)2 + C(kx+ λy) +D,

u(x, y) = Ae−λ(y+kx) +B(y + kx)2 + C(y + kx) + aλ(k2 + 1)x+D,

u(x, y) = 6ax(y + λ)−1 +A(y + λ)3 +B(y + λ)−1 + C(y + λ)−2 +D,

u(x, y) = (Ax+B)e−λy + aλx+ C,

u(x, y) =
[
A sh(βx) +B ch(βx)

]
e−λy + a

λ
(β2 + λ2)x+ C,

u(x, y) =
[
A sin(βx) +B cos(βx)

]
e−λy + a

λ
(λ2 − β2)x+ C,

u(x, y) = Aeλy+βx +Beγx + aγy +
a

λ
γ(β − γ)x+ C, γ = ±

√
λ2 + β2,

ãäå A, B, C , D, k, β, λ�ïðîèçâîëüíûå ïîñòîÿííûå.

5◦. �åøåíèå ñ îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ, ëèíåéíîå ïî x:

u(x, y) = F (y)x+G(y),

ãäå �óíêöèè F = F (y) è G = G(y) îïðåäåëÿþòñÿ àâòîíîìíîé ñèñòåìîé ÎÄÓ

÷åòâåðòîãî ïîðÿäêà

F ′
yF

′′
yy − FF ′′′

yyy = aF ′′′′
yyyy , (1)

G′
yF

′′
yy − FG′′′

yyy = aG′′′′
yyyy . (2)

Óðàâíåíèå (1) èìååò ñëåäóþùèå ÷àñòíûå ðåøåíèÿ:

F = by + c,

F = 6a(y + b)−1,

F = be−λy + aλ,

ãäå b, c, λ�ïðîèçâîëüíûå ïîñòîÿííûå.

Ïóñòü F = F (y) � íåêîòîðîå ðåøåíèå óðàâíåíèÿ (1) (F 6≡ const). Òîãäà
ñîîòâåòñòâóþùåå îáùåå ðåøåíèå ÎÄÓ (2) ìîæíî çàïèñàòü â âèäå

G =
∫
U dy + C4, U = C1U1 + C2U2 + C3

(
U2

∫
U1

Φ
dy − U1

∫
U2

Φ
dy

)
,
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ãäå C1, C2, C3, C4 �ïðîèçâîëüíûå ïîñòîÿííûå, è

U1 =

{
F ′′
yy ïðè F ′′

yy 6≡ 0,

F ïðè F ′′
yy ≡ 0,

U2 = U1

∫
Φ dy

U2
1

, Φ = exp
(
− 1

a

∫
F dy

)
.

6◦. Èìååòñÿ òî÷íîå ðåøåíèå âèäà (îáîáùàåò ðåøåíèå èç ï. 5◦):

u(x, y) = F (z)x+G(z), z = y + kx, k�ëþáîå ÷èñëî.

7◦. Àâòîìîäåëüíîå ðåøåíèå:

u =
∫
F (z) dz +C1, z = arctg

(
x

y

)
,

ãäå �óíêöèÿ F îïèñûâàåòñÿ àâòîíîìíûì ÎÄÓ ïåðâîãî ïîðÿäêà 3a(F ′
z)

2−2F 3+
+ 12aF 2 + C2F + C3 = 0 (C1, C2, C3�ïðîèçâîëüíûå ïîñòîÿííûå).

8◦. Èìååòñÿ òî÷íîå ðåøåíèå âèäà (îáîáùàåò ðåøåíèå èç ï. 7◦):

u = C1 ln |x|+
∫
V (z) dz + C2, z = arctg

(
x

y

)
.

◮ Áîëüøå òî÷íûõ ðåøåíèé íåëèíåéíûõ óðàâíåíèé ìàòåìàòè÷åñêîé �èçèêè è

äðóãèõ íåëèíåéíûõ Óð×Ï ìîæíî íàéòè â ñïåöèàëèçèðîâàííûõ ñïðàâî÷íèêàõ

Ïîëÿíèí & Çàéöåâ (2017), Polyanin & Zaitsev (2004, 2012). Îñíîâíûå ìåòîäû

ïîèñêà òî÷íûõ ðåøåíèé íåëèíåéíûõ Óð×Ï âòîðîãî è áîëåå âûñîêèõ ïîðÿäêîâ

îïèñàíû, íàïðèìåð, â êíèãàõ Îâñÿííèêîâ (1978), Ïîëÿíèí & Æóðîâ (2020),

Ïîëÿíèí, Çàéöåâ, Æóðîâ (2005), Galaktionov & Svirsh
hevskii (2007), Ibragimov

(1994), Polyanin & Zaitsev (2012).
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7. Ñèñòåìû óðàâíåíèé ñ ÷àñòíûìè

ïðîèçâîäíûìè

Ïðåäâàðèòåëüíûå çàìå÷àíèÿ. Â äàííîé ãëàâå îïèñàíû òî÷íûå ðåøåíèÿ ðàç-

ëè÷íûõ ëèíåéíûõ è íåëèíåéíûõ ñèñòåì, ñîñòîÿùèõ èç äâóõ ñâÿçàííûõ óðàâ-

íåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè ïåðâîãî è âòîðîãî ïîðÿäêîâ, à òàêæå íåêîòî-

ðûõ íåëèíåéíûõ ñèñòåì Óð×Ï îáùåãî âèäà. �àññìàòðèâàþòñÿ òàêæå ðåäóêöèè,

ïðèâîäÿùèå ê îäíîìó ÎÄÓ, ê ñèñòåìàì ÎÄÓ, ê îäíîìó Óð×Ï èëè ê äâóì

íåçàâèñèìûì Óð×Ï.

7.1. Ñèñòåìû äâóõ Óð×Ï ïåðâîãî ïîðÿäêà

7.1.1. Ëèíåéíûå ñèñòåìû äâóõ Óð×Ï ïåðâîãî ïîðÿäêà

1. ut = aux + f1(t)u+ g1(t)w, wt = awx + f2(t)u+ g2(t)w.

Ëèíåéíàÿ îäíîðîäíàÿ ñèñòåìà Óð×Ï ïåðâîãî ïîðÿäêà ñ ïåðåìåííûìè êîý��è-

öèåíòàìè.

Îáùåå ðåøåíèå:

u = ϕ1(t)U(x+ at) + ϕ2(t)W (x+ at),

w = ψ1(t)U(x+ at) + ψ2(t)W (x+ at),

ãäå U=U(z) èW =W (z)�ïðîèçâîëüíûå �óíêöèè, à ïàðû �óíêöèé ϕ1= ϕ1(t),
ψ1 = ψ1(t) è ϕ2 = ϕ2(t), ψ2 = ψ2(t) ÿâëÿþòñÿ ëèíåéíî íåçàâèñèìûìè (�óí-

äàìåíòàëüíûìè) ðåøåíèÿìè ëèíåéíîé îäíîðîäíîé ñèñòåìû ÎÄÓ ïåðâîãî ïî-

ðÿäêà

ϕ′
t = f1(t)ϕ+ g1(t)ψ, ψ′

t = f2(t)ϕ+ g2(t)ψ.

2. ut = a(t)ux + f1(t)u+ g1(t)w + h1(t),

wt = a(t)wx + f2(t)u+ g2(t)w + h2(t).

Ëèíåéíàÿ íåîäíîðîäíàÿ ñèñòåìà Óð×Ï ïåðâîãî ïîðÿäêà ñ ïåðåìåííûìè êîý�-

�èöèåíòàìè.

Îáùåå ðåøåíèå:

u = ϕ1(t)U(z) + ϕ2(t)W (z) + u0(t),

w = ψ1(t)U(z) + ψ2(t)W (z) + w0(t),
z = x+

∫
a(t) dt,

ãäå U =U(z) èW =W (z)�ïðîèçâîëüíûå �óíêöèè, ïàðû �óíêöèé ϕ1= ϕ1(t),
ψ1 = ψ1(t) è ϕ2 = ϕ2(t), ψ2 = ψ2(t) ÿâëÿþòñÿ ëèíåéíî íåçàâèñèìûìè (�óí-

309
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äàìåíòàëüíûìè) ðåøåíèÿìè ëèíåéíîé îäíîðîäíîé ñèñòåìû ÎÄÓ ïåðâîãî ïî-

ðÿäêà

ϕ′
t = f1(t)ϕ+ g1(t)ψ, ψ′

t = f2(t)ϕ+ g2(t)ψ.

à u0 = u0(t), w0 = w0(t)� ëþáîå ðåøåíèå ëèíåéíîé íåîäíîðîäíîé ñèñòåìû

ÎÄÓ

u′0 = f1(t)u0 + g1(t)w0 + h1(t), w′
0 = f2(t)u0 + g2(t)w0 + h2(t).

7.1.2. Íåëèíåéíûå ñèñòåìû âèäà ux = F (u,w), wt = G(u,w)

Ïðåäâàðèòåëüíûå çàìå÷àíèÿ. Òàêèå ñèñòåìû óðàâíåíèé âîçíèêàþò â òåîðèè

õèìè÷åñêèõ ðåàêòîðîâ, òåîðèè ìàññîïåðåíîñà â ïîðèñòûõ ñðåäàõ è õðîìàòî-

ãðà�èè.

Îòìåòèì, ÷òî áîëåå îáùèå ñèñòåìû Óð×Ï ïåðâîãî ïîðÿäêà

uτ + a1uξ = F (u,w), wτ + a2wξ = G(u,w),

îïèñûâàþùèå êîíâåêòèâíûé ìàññîïåðåíîñ â äâóõêîìïîíåíòíîé ñðåäå ñ îáú-

åìíîé õèìè÷åñêîé ðåàêöèåé, ãäå äè��óçèåé îáîèõ êîìïîíåíòîâ ìîæíî ïðåíå-

áðå÷ü, ñâîäèòñÿ ê ðàññìàòðèâàåìîé ñèñòåìå ïóòåì ïåðåõîäà îò ξ è τ ê õàðàêòå-
ðèñòè÷åñêèì ïåðåìåííûì x è t, êîòîðûå îïðåäåëÿþòñÿ òàê:

x =
ξ − a2τ

a1 − a2
, t =

ξ − a1τ

a2 − a1
(a1 6= a2).

Åñëè ïåðâàÿ (ñîîòâåòñòâåííî âòîðàÿ) êîìïîíåíòà íåïîäâèæíà, òî a1 = 0 (ñîîò-
âåòñòâåííî, a2 = 0).

�àññìàòðèâàåìûå ñèñòåìû Óð×Ï èíâàðèàíòíû îòíîñèòåëüíî ïåðåíîñîâ ïî

íåçàâèñèìûì ïåðåìåííûì è, ñëåäîâàòåëüíî, äîïóñêàþò ðåøåíèÿ òèïà áåãóùåé

âîëíû: u = u(kx − λt), w = w(kx − λt). Òàêèå ðåøåíèÿ, à òàêæå âûðîæäåí-
íûå ðåøåíèÿ, êîãäà îäíà èç èñêîìûõ �óíêöèé òîæäåñòâåííî ðàâíà íóëþ èëè

ïîñòîÿííà, â äàëüíåéøåì íå ðàññìàòðèâàþòñÿ.

Íèæå f(z), g(z), h(z), r(z)�ïðîèçâîëüíûå �óíêöèè ñâîåãî àðãóìåíòà, z =
z(u,w). Ñèñòåìû Óð×Ï ðàñïîëîæåíû â ïîðÿäêå óñëîæíåíèÿ èõ àðãóìåíòîâ.

1. ux = auw, wt = buw.

Îáùåå ðåøåíèå:

u = − ψ′
t(t)

aϕ(x) + bψ(t)
, w = − ϕ′

x(x)

aϕ(x) + bψ(t)
,

ãäå ϕ(x) è ψ(t)�ïðîèçâîëüíûå �óíêöèè.

2. ux = auw, wt = buk
.

Îáùåå ðåøåíèå (ϕ(x) è ψ(t)�ïðîèçâîëüíûå �óíêöèè):

u =
[
1

b
ψ′
t(t)E(x)

]1/k[
ψ(t) +

1

2
ak

∫
E(x) dx

]−2/k
,

w = ϕ(x)− E(x)
[
ψ(t) +

1

2
ak

∫
E(x) dx

]−1
, E(x) = exp

[
ak

∫
ϕ(x) dx

]
.
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3. ux = auwn, wt = bukw.

Îáùåå ðåøåíèå:

u =
( −ψ′

t(t)

bnψ(t)− akϕ(x)

)1/k
, w =

(
ϕ′

x(x)

bnψ(t)− akϕ(x)

)1/n
,

ãäå ϕ(x) è ψ(t)�ïðîèçâîëüíûå �óíêöèè.

4. ux = au1−kwn, wt = bukw1−n
.

Ïðåîáðàçîâàíèå U = uk, W = wn ïðèâîäèò ê ëèíåéíîé ñèñòåìå Óð×Ï ñ

ïîñòîÿííûìè êîý��èöèåíòàìè:

Ux = akW, Wt = bnU.

Èñêëþ÷èâ �óíêöèþ W , ïîëó÷èì ëèíåéíîå óðàâíåíèå ãèïåðáîëè÷åñêîãî òèïà

Uxt = abknU .

5. ux = aw, wt = beλu.

Èñêëþ÷àÿ w, ïîëó÷èì óðàâíåíèå Ëèóâèëëÿ

uxt = abeλu,

îáùåå ðåøåíèå êîòîðîãî èìååò âèä

u =
1

λ

[
ϕ(x) + ψ(y)

]
− 2

λ
ln
∣∣∣k

∫
exp

[
ϕ(x)

]
dx+

abλ

2k

∫
exp

[
ψ(y)

]
dy

∣∣∣,

ãäå ϕ(x) è ψ(y)�ïðîèçâîëüíûå �óíêöèè, k�ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

6. ux = uf(w), wt = ukg(w).

1◦. Ïðåîáðàçîâàíèå çàâèñèìûõ ïåðåìåííûõ

U = uk, W =
∫

dw

g(w)
(1)

ïðèâîäèò ê áîëåå ïðîñòîé ñèñòåìå Óð×Ï

Ux = Φ(W )U, Wt = U, (2)

ãäå �óíêöèÿ Φ(W ) îïðåäåëÿåòñÿ ïàðàìåòðè÷åñêè �îðìóëàìè

Φ = kf(w), W =
∫

dw

g(w)
, (3)

â êîòîðûõ w èãðàåò ðîëü ïàðàìåòðà. Çàìåíèâ U â ïåðâîì óðàâíåíèè ñèñòå-

ìû (2) ëåâîé ÷àñòüþ âòîðîãî óðàâíåíèÿ, ïðèõîäèì ê Óð×Ï âòîðîãî ïîðÿäêà

äëÿ W :

Wxt = Φ(W )Wt.
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Èíòåãðèðîâàíèå ïî t äàåò

Wx =
∫

Φ(W ) dW + θ(x), (4)

ãäå θ(x)�ïðîèçâîëüíàÿ �óíêöèÿ.

Âîçâðàùàÿñü â (4) ê èñõîäíîé ïåðåìåííîé w ïî �îðìóëàì (1) è (3), ïîëó÷èì

wx = kg(w)
∫
f(w)

g(w)
dw + θ(x)g(w). (5)

Ïåðâûé èíòåãðàë (5) ìîæíî ðàññìàòðèâàòü êàê ÎÄÓ ïåðâîãî ïîðÿäêà îòíî-

ñèòåëüíî x. Ïðè íàõîæäåíèè åå îáùåãî ðåøåíèÿ êîíñòàíòó èíòåãðèðîâàíèÿ C
ñëåäóåò çàìåíèòü ïðîèçâîëüíîé �óíêöèåé âðåìåíè ψ(t), òàê êàê w çàâèñèò îò

x è t.

2◦. ×àñòíîìó ñëó÷àþ θ(x) = const â (5) ñîîòâåòñòâóþò ñïåöèàëüíûå ðåøå-
íèÿ âèäà

w = w(z), u = [ψ′
t(t)]

1/kv(z), z = x+ ψ(t)

ñîäåðæàùèå îäíó ïðîèçâîëüíóþ �óíêöèþ ψ(t), ãäå øòðèõ îáîçíà÷àåò ïðîèç-

âîäíóþ. Ôóíêöèè w(z) è v(z) îïèñûâàþòñÿ àâòîíîìíîé ñèñòåìîé ÎÄÓ

v′z = f(w)v, w′
z = g(w)vk ,

îáùåå ðåøåíèå êîòîðîé ìîæíî çàïèñàòü â íåÿâíîì âèäå

∫
dw

g(w)[kF (w) + C1]
= z + C2, v = [kF (w) + C1]

1/k, F (w) =
∫
f(w)

g(w)
dw.

7. ux = f(a1u+ b1w), wt = g(a2u+ b2w).

Áóäåì ñ÷èòàòü, ÷òî ∆ = a1b2 − a2b1 6= 0.

�åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u =
1

∆
[b2ϕ(x)− b1ψ(t)], w =

1

∆
[a1ψ(t)− a2ϕ(x)],

ãäå �óíêöèè ϕ(x) è ψ(t) îïèñûâàþòñÿ àâòîíîìíûìè ÎÄÓ

b2
∆
ϕ′
x = f(ϕ),

a1
∆
ψ′
t = g(ψ).

Èíòåãðèðóÿ, ïîëó÷èì

b2
∆

∫
dϕ

f(ϕ)
= x+ C1,

a1
∆

∫
dψ

g(ψ)
= t+ C2.

8. ux = f(au+ bw), wt = g(au+ bw).

Òî÷íîå ðåøåíèå:

u = b(k1x− λ1t) + y(ξ), w = −a(k1x− λ1t) + z(ξ), ξ = k2x− λ2t,
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ãäå k1, k2, λ1, λ2 �ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè y(ξ) è z(ξ) îïèñûâà-
þòñÿ àâòîíîìíîé ñèñòåìîé ÎÄÓ

k2y
′
ξ + bk1 = f(ay + bz), −λ2z′ξ + aλ1 = g(ay + bz).

Ýòà ñèñòåìà èìååò ïðîñòîå ÷àñòíîå ðåøåíèå y = y0, z = z0, ãäå y0 è z0 �
íåêîòîðûå êîíñòàíòû.

9. ux = f(au−bw), wt = ug(au−bw)+wh(au−bw)+r(au−bw).

Çäåñü f(z), g(z), h(z), r(z)�ïðîèçâîëüíûå �óíêöèè.

�åøåíèå ñ îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ:

u = ϕ(t) + bθ(t)x, w = ψ(t) + aθ(t)x,

ãäå �óíêöèè ϕ=ϕ(t), ψ=ψ(t), θ= θ(t) îïèñûâàþòñÿ ñìåøàííîé ñèñòåìîé, êî-
òîðàÿ ñîäåðæèò îäíî àëãåáðàè÷åñêîå (òðàíñöåíäåíòíîå) óðàâíåíèå è äâà ÎÄÓ:

bθ = f(aϕ− bψ),

aθ′t = bθg(aϕ− bψ) + aθh(aϕ− bψ),

ψ′
t = ϕg(aϕ − bψ) + ψh(aϕ − bψ) + r(aϕ− bψ).

10. ux = f(au− bw) + cw,

wt = ug(au− bw) + wh(au− bw) + r(au− bw).

Çäåñü f(z), g(z), h(z), r(z)�ïðîèçâîëüíûå �óíêöèè.

�åøåíèå ñ îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ:

u = ϕ(t) + bθ(t)eλx, w = ψ(t) + aθ(t)eλx, λ = ac/b,

ãäå �óíêöèè ϕ=ϕ(t), ψ=ψ(t), θ= θ(t) îïèñûâàþòñÿ ñìåøàííîé ñèñòåìîé, êî-
òîðàÿ ñîäåðæèò îäíî àëãåáðàè÷åñêîå (òðàíñöåíäåíòíîå) óðàâíåíèå è äâà ÎÄÓ:

f(aϕ− bψ) + cψ = 0,

ψ′
t = ϕg(aϕ − bψ) + ψh(aϕ − bψ) + r(aϕ− bψ),

aθ′t = bθg(aϕ− bψ) + aθh(aϕ− bψ).

11. ux = eλuf(λu− σw), wt = eσwg(λu− σw).

Òî÷íîå ðåøåíèå:

u = y(ξ)− 1

λ
ln(C1t+ C2), w = z(ξ) − 1

σ
ln(C1t+ C2), ξ =

x+ C3

C1t+C2
,

ãäå �óíêöèè y(ξ) è z(ξ) îïèñûâàþòñÿ ñèñòåìîé ÎÄÓ

y′ξ = eλyf(λy − σz), −C1ξz
′
ξ − (C1/σ) = eσzg(λy − σz).

12. ux = ukf(unwm), wt = wsg(unwm).

Àâòîìîäåëüíîå ðåøåíèå ïðè s 6= 1 è n 6= 0:

u = t
m

n(s−1) y(ξ), w = t
− 1
s−1 z(ξ), ξ = xt

m(k−1)
n(s−1) ,
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ãäå �óíêöèè y(ξ) è z(ξ) îïèñûâàþòñÿ ñèñòåìîé ÎÄÓ

y′ξ = ykf(ynzm), m(k − 1)ξz′ξ − nz = n(s− 1)zsg(ynzm).

13. ux = ukf(unwm), wt = wg(unwm).

1◦. Òî÷íîå ðåøåíèå:

u = emty(ξ), w = e−ntz(ξ), ξ = em(k−1)tx,

ãäå �óíêöèè y(ξ) è z(ξ) îïèñûâàþòñÿ ñèñòåìîé ÎÄÓ

y′ξ = ykf(ynzm), m(k − 1)ξz′ξ − nz = zg(ynzm).

2◦. Ïðè k 6= 1 èìååòñÿ òî÷íîå ðåøåíèå

u = x
− 1
k−1 ϕ(ζ), w = x

n
m(k−1) ψ(ζ), ζ = t+ a ln |x|,

ãäå a� ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèè ϕ(ζ) è ψ(ζ) îïèñûâàþòñÿ ñèñòå-
ìîé ÎÄÓ

aϕ′
ζ +

1

1− k
ϕ = ϕkf(ϕnψm), ψ′

ζ = ψg(ϕnψm).

14. ux = uf(unwm), wt = wg(unwm).

Òî÷íîå ðåøåíèå:

u = em(kx−λt)y(ξ), w = e−n(kx−λt)z(ξ), ξ = αx− βt,

ãäå k, α, β, λ�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè y(ξ) è z(ξ) îïèñûâàþòñÿ
àâòîíîìíîé ñèñòåìîé ÎÄÓ

αy′ξ + kmy = yf(ynzm), −βz′ξ + nλz = zg(ynzm).

15. ux = uf(unwm), wt = wg(ukws).

Ïóñòü ∆ = sn− km 6= 0.
�åøåíèÿ ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u =
[
ϕ(x)

]s/∆[
ψ(t)

]−m/∆
, w =

[
ϕ(x)

]−k/∆[
ψ(t)

]n/∆
,

ãäå �óíêöèè ϕ(x) è ψ(t) îïèñûâàþòñÿ àâòîíîìíûìè ÎÄÓ

s

∆
ϕ′
x = ϕf(ϕ),

n

∆
ψ′
t = ψg(ψ).

Èíòåãðèðóÿ, ïîëó÷èì

s

∆

∫
dϕ

ϕf(ϕ)
= x+ C1,

n

∆

∫
dψ

ψg(ψ)
= t+ C2.

16. ux = au lnu+ uf(unwm), wt = wg(unwm).

Òî÷íîå ðåøåíèå:

u = exp
(
Cmeax

)
y(ξ), w = exp

(
−Cneax

)
z(ξ), ξ = kx− λt,
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ãäå C , k, λ � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè y(ξ) è z(ξ) îïèñûâàþòñÿ
àâòîíîìíîé ñèñòåìîé ÎÄÓ

ky′ξ = ay ln y + yf(ynzm), −λz′ξ = zg(ynzm).

17. ux = uf(aun + bw), wt = ukg(aun + bw).

Òî÷íîå ðåøåíèå:

u = (C1t+ C2)
1

n−k θ(x), w = ϕ(x)− a

b
(C1t+ C2)

n
n−k [θ(x)]n,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè θ = θ(x) è ϕ = ϕ(x) îïè-
ñûâàþòñÿ ñìåøàííîé ñèñòåìîé äè��åðåíöèàëüíî-àëãåáðàè÷åñêèõ óðàâíåíèé

θ′x = θf(bϕ), θn−k = b(k − n)

aC1n
g(bϕ).

7.1.3. Ñèñòåìû ãàçîäèíàìè÷åñêîãî òèïà, ëèíåàðèçóåìûå

ïðåîáðàçîâàíèåì ãîäîãðà�à

1. ut = wx, wt = −uux.

Óðàâíåíèÿ ñòàöèîíàðíîãî îêîëîçâóêîâîãî ïëîñêîïàðàëëåëüíîãî òå÷åíèÿ ãàçà.

Ýòî ÷àñòíûé ñëó÷àé ñèñòåìû 7.1.3.6, ãäå íåçàâèñèìûå ïåðåìåííûå èãðàþò ðîëü

ïðîñòðàíñòâåííûõ ïåðåìåííûõ x è t = y.

1◦. Òî÷íûå ðåøåíèÿ:

u = − (x+ C1)
2

(t+ C2)2
, w =

2

3

(x+ C1)
3

(t+ C2)3
+ C3,

u = − 1

C2
1

x2℘(C1t+ C2), w = − 1

3C1
x3℘′(C1t+ C2) + C3,

ãäå C1, C2, C3 � ïðîèçâîëüíûå ïîñòîÿííûå, ℘(z) = ℘(z, 0, 4) � ýëëèïòè÷åñêàÿ

�óíêöèÿ Âåéåðøòðàññà, øòðèõ îáîçíà÷àåò ïðîèçâîäíóþ ïî àðãóìåíòó.

3◦. �åøåíèå:

u = u(z), w = −C ln t−
∫
zu′z(z) dz, z =

x

t
,

ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ u îïèñûâàåòñÿ ÎÄÓ ïåðâîãî

ïîðÿäêà (z2 + u)u′z = C .

4◦. �àññìàòðèâàåìàÿ ñèñòåìà ëèíåàðèçóåòñÿ ñ ïîìîùüþ ïðåîáðàçîâàíèÿ

ãîäîãðà�à

tu − xw = 0, xu + utw = 0, (1)

ãäå u è w ïðèíèìàþòñÿ çà íåçàâèñèìûå ïåðåìåííûå, à x è t � çà çàâèñèìûå

ïåðåìåííûå. Èñêëþ÷àÿ x èç (1), ïîëó÷èì ëèíåéíîå Óð×Ï âòîðîãî ïîðÿäêà

tuu + utww = 0. (2)
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Ýòî óðàâíåíèå äîïóñêàåò ïîëèíîìèàëüíûå ðåøåíèÿ ïî ïåðåìåííîé w âèäà

t =
n∑
k=0

ϕk(u)w
k
. Íåêîòîðûå ïîëèíîìèàëüíûå ðåøåíèÿ óðàâíåíèÿ (2) è ñîîò-

âåòñòâóþùèå ðåøåíèÿ ñèñòåìû (1) ïðèâåäåíû íèæå:

a) t = C1uw +C2u+ C3w + C4,

x = C1(
1
2w

2 − 1
3 u

3) + C2(w − 1
2 u

2) + C5;

b) t = C1(w
2 − 1

3 u
3) + C2uw + C3u+ C4w + C5,

x = −C1u
2w + C2(

1
2w

2 − 1
3 u

3) + C3w − 1
2C4u

2 + C6;

c) t = C1(w
3 − u3w) + C2uw + C3u+ C4w + C5,

x = C1(
1
5 u

5 − 3
2 u

2w2) +C2(
1
2w

2 − 1
3 u

3) + C3w − 1
2C4u

2 + C6,

ãäå C1, . . . , C6 �ïðîèçâîëüíûå ïîñòîÿííûå. Ýòè ðåøåíèÿ îïðåäåëÿþò òî÷íûå

ðåøåíèÿ èñõîäíîé ñèñòåìû â íåÿâíîé �îðìå.

2. ut − wx = 0, wt − [f(u)]x = 0.

×àñòíûé ñëó÷àé ñèñòåìû 7.1.3.6. Äàííàÿ ñèñòåìà îïèñûâàåò íåëèíåéíûå îä-

íîìåðíûå ïðîäîëüíûå êîëåáàíèÿ óïðóãîãî ñòåðæíÿ, ãäå u� äå�îðìàöèÿ, w �

ñêîðîñòü äå�îðìàöèè, f(u)�íàïðÿæåíèå. Óñëîâèå f ′(u) > 0 âûðàæàåò ãèïåð-
áîëè÷íîñòü ñèñòåìû, ãäå øòðèõ îáîçíà÷àåò ïðîèçâîäíóþ ïî u.

1◦. Òðèâèàëüíûå ðåøåíèÿ:

u = C1, w = C2,

ãäå C1, C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

2◦. Àâòîìîäåëüíûå ðåøåíèÿ, çàâèñÿùèå îò îòíîøåíèÿ íåçàâèñèìûõ ïåðå-

ìåííûõ x/t:

w −
∫ √

f ′(u) du = C1,
√
f ′(u) = − x

t
;

w +
∫ √

f ′(u) du = C2,
√
f ′(u) = x

t
,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

3◦. Òî÷íûå ðåøåíèÿ â íåÿâíîì âèäå:

w −
∫ √

f ′(u) du = C1, x+ t
√
f ′(u) = Φ1(u);

w +
∫ √

f ′(u) du = C2, x− t
√
f ′(u) = Φ2(u),

ãäå Φ1(u) è Φ2(u) � ïðîèçâîëüíûå �óíêöèè, C1 è C2 � ïðîèçâîëüíûå ïîñòî-

ÿííûå. Ýòè ðåøåíèÿ îïèñûâàþò ïðîñòûå âîëíû �èìàíà è õàðàêòåðèçóþòñÿ

�óíêöèîíàëüíîé ñâÿçüþ ìåæäó íåèçâåñòíûìè u = u(w). Â ÷àñòíûõ ñëó÷àÿõ

Φm(w) ≡ 0 ýòè �îðìóëû ïåðåõîäÿò â àâòîìîäåëüíûå ðåøåíèÿ èç ï. 2◦.
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4◦. Ñèñòåìó ìîæíî ëèíåàðèçîâàòü, èñïîëüçóÿ ïðåîáðàçîâàíèå ãîäîãðà�à

(ïîäðîáíîñòè ñì. â ï. 5◦ ñèñòåìû 7.1.3.6). Â ðåçóëüòàòå ïîëó÷èì

tu − xw = 0, xu − f ′(u)tw = 0, (1)

ãäå u è w ðàññìàòðèâàþòñÿ êàê íåçàâèñèìûå ïåðåìåííûå, à x è t�êàê çàâèñè-

ìûå ïåðåìåííûå.

Èñêëþ÷àÿ x èç (1), èìååì

tuu = f ′(u)tww. (2)

Ýòî ëèíåéíîå Óð×Ï âòîðîãî ïîðÿäêà äîïóñêàåò ïîëèíîìèàëüíûå ðåøåíèÿ

ïî w: t =
n∑
k=0

ϕk(u)w
k
. Íåêîòîðûå ïîëèíîìèàëüíûå ðåøåíèÿ óðàâíåíèÿ (2) è

ñîîòâåòñòâóþùèå ðåøåíèÿ ñèñòåìû (1) ïðèâåäåíû íèæå:

a) t = C1uw + C2u+ C3w + C4,

x = 1
2C1w

2 + C2w + (C1u+ C3)f(u)− C1

∫
f(u) du+ C5;

b) t = C1w
2 + C2uw + C3w + C4u+ 2C1

∫
f(u) du+ C5,

x = 2C1f(u)w + 1
2C2w

2 + C4w + (C2u+ C3)f(u)− C2

∫
f(u) du+ C6;

c) t = C1w
3 + C2uw + C3u+ C4w + 6C1w

∫
f(u) du+ C5,

x = 3C1w
2f(u)+ 1

2C2w
2+C3w+

∫ [
C2u+ C4+ 6C1

∫
f(u) du

]
f ′u(u) du+ C6,

ãäå C1, . . . , C6 �ïðîèçâîëüíûå ïîñòîÿííûå.

5◦. Èñêëþ÷åíèå w èç èñõîäíîé ñèñòåìû ïðèâîäèò ê íåëèíåéíîìó âîëíîâî-

ìó óðàâíåíèþ âèäà 6.2.2.11:

utt = [f ′(u)ux]x.

3. ut + uux + bwx = 0, wt + uwx + wux = 0.

Óðàâíåíèÿ ìåëêîé âîäû. ×àñòíûé ñëó÷àé óðàâíåíèÿ 7.1.3.4 ïðè n= 2 è a= 1
2 b,

ãäå u � óñðåäíåííàÿ ãîðèçîíòàëüíàÿ ñêîðîñòü, w � âûñîòà óðîâíÿ âîäû, b �
óñêîðåíèå ñâîáîäíîãî ïàäåíèÿ.

4. ut + uux + anwn−2wx = 0, wt + wux + uwx = 0.

Ñïåöèàëüíûé ñëó÷àé ñèñòåìû 7.1.3.5 ïðè p(w) = awn + b. Îïèñûâàåò îäíî-

ìåðíîå ïîëèòðîïè÷åñêîå òå÷åíèå èäåàëüíîãî ãàçà, ãäå u� ñêîðîñòü ãàçà, w �

ïëîòíîñòü ãàçà.

Äëÿ n 6= 1 èñõîäíóþ ñèñòåìó Óð×Ï ÷àñòî çàïèñûâàþò â âèäå

ut + uux +
2

n− 1
ccx = 0, ct + ucx +

n− 1

2
cux = 0, (1)

ãäå c =
√
p′(w) =

√
anwn−1

�ñêîðîñòü çâóêà.
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1◦. Ïóñòü u = u(x, t), w = w(x, t) � ðåøåíèå ðàññìàòðèâàåìîé ñèñòåìû.

Òîãäà ïàðà �óíêöèé

u1 = Bn−1
1 u(B1−n

1 B2x+B1−n
1 B2B3t+B4, B2t+B5)−B3,

w1 = B2
1w(B

1−n
1 B2x+B1−n

1 B2B3t+B4, B2t+B5),

ãäå B1, . . . , B5 � ïðîèçâîëüíûå ïîñòîÿííûå, òàêæå ÿâëÿåòñÿ ðåøåíèåì ýòîé

ñèñòåìû.

2◦. Òðèâèàëüíûå ðåøåíèÿ:

u = B1, w = B2,

ãäå B1 è B2 �ïðîèçâîëüíûå ïîñòîÿííûå.

3◦. Àâòîìîäåëüíûå ðåøåíèÿ, çàâèñÿùèå îò îòíîøåíèÿ çàâèñèìûõ ïåðåìåí-
íûõ x/t:

u =
2

n+ 1

x

t
+B1, c =

n− 1

n+ 1

x

t
−B1, c =

√
anwn−1;

u =
2

n+ 1

x

t
+B2, c = B2 − n− 1

n+ 1

x

t
, c =

√
anwn−1,

ãäå B1 è B2 �ïðîèçâîëüíûå ïîñòîÿííûå.

Çàìå÷àíèå 7.1. �åøåíèÿ èç ïóíêòîâ 2◦ è 3◦, êîòîðûå ñîîòâåòñòâóþùèì îáðàçîì

¾ñêëååíû¿ âäîëü ïðÿìûõ x/t = const, ïîçâîëÿþò ñòðîèòü ðåøåíèÿ ìíîãèõ çàäà÷

ãàçîâîé äèíàìèêè.

4◦. Àâòîìîäåëüíûå ðåøåíèÿ áîëåå îáùåãî âèäà:

u = tk(1−n)U(z), w = t−2kW (z), z = tnk−k−1x,

ãäå k�ïðîèçâîëüíàÿ ïîñòîÿííàÿ à �óíêöèè U(z) è W (z) îïèñûâàþòñÿ ñèñòå-
ìîé ÎÄÓ

k(1− n)U + (nk − k − 1)zU ′
z + UU ′

z + anW n−2W ′
z = 0,

−2kW + (nk − k − 1)zW ′
z +WU ′

z + UW ′
z = 0.

5◦. Òî÷íûå ðåøåíèÿ â íåÿâíîé �îðìå:

u =
2

n− 1
c+B1, x− t

(
n+ 1

n− 1
c+B1

)
= Φ1(w), c =

√
anwn−1;

u = − 2

n− 1
c−B2, x+ t

(
n+ 1

n− 1
c+B2

)
= Φ2(w), c =

√
anwn−1,

ãäå Φm(w) � ïðîèçâîëüíûå �óíêöèè, à Bm � ïðîèçâîëüíûå ïîñòîÿííûå

(m=1, 2). Ýòè ðåøåíèÿ îïèñûâàþò ïðîñòûå âîëíû �èìàíà è õàðàêòåðèçóþòñÿ

�óíêöèîíàëüíîé ñâÿçüþ ìåæäó íåèçâåñòíûìè �óíêöèÿìè u=u(w). Â ÷àñòíûõ

ñëó÷àÿõ Φm(w) ≡ 0 ýòè �îðìóëû ïåðåõîäÿò â àâòîìîäåëüíûå ðåøåíèÿ èç ï. 3◦.

6◦. Ïðè n = 3 îáùåå ðåøåíèå ñèñòåìû (1) ìîæíî ïðåäñòàâèòü â íåÿâíîé

�îðìå

x = (u+ c)t+ F1(u+ c),

x = (u− c)t+ F2(u− c),

ãäå F1(z1) è F2(z2)�ïðîèçâîëüíûå �óíêöèè.
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7◦. �àññìàòðèâàåìóþ ñèñòåìó ìîæíî ëèíåàðèçîâàòü ñ ïîìîùüþ ïðåîáðà-

çîâàíèÿ ãîäîãðà�à (ïîäðîáíîñòè ñì. â ï. 5◦ ñèñòåìû 7.1.3.6):

utw − xw − anwn−2tu = 0, wtw − utu + xu = 0. (2)

Çäåñü â êà÷åñòâå íåçàâèñèìûõ ïåðåìåííûõ ïðèíÿòû u è w, à â êà÷åñòâå èñ-

êîìûõ �óíêöèé � x è t. Äëÿ ïðîèçâîëüíîãî n îáùåå ðåøåíèå ñèñòåìû (2)

âûðàæàåòñÿ ÷åðåç ãèïåðãåîìåòðè÷åñêóþ �óíêöèþ �àóññà.

5. ut + uux +
1

w
[f(w)]x = 0, wt + wux + uwx = 0.

Ñïåöèàëüíûé ñëó÷àé ñèñòåìû 7.1.3.6. Äàííàÿ ñèñòåìà îïèñûâàåò îäíîìåðíûå

áàðîòðîïíûå òå÷åíèÿ èäåàëüíîãî ñæèìàåìîãî ãàçà, ãäå u�ñêîðîñòü ãàçà, w�

ïëîòíîñòü ãàçà, f(w) � äàâëåíèå. Ñêîðîñòü çâóêà îïðåäåëÿåòñÿ âûðàæåíèåì

c =
√
f ′(w), ãäå øòðèõ îáîçíà÷àåò ïðîèçâîäíóþ, à c > 0 óêàçûâàåò íà ãèïåð-

áîëè÷íîñòü ñèñòåìû.

1◦. Ïóñòü u = u(x, t), w = w(x, t) � ðåøåíèå ðàññìàòðèâàåìîé ñèñòåìû.

Òîãäà ïàðà �óíêöèé

u1=u(C1x+C1C2t+C3, C1t+C4)−C2, w1=w(C1x+C1C2t+C3, C1t+C4),

ãäå C1, . . . , C4 � ïðîèçâîëüíûå ïîñòîÿííûå, òàêæå ÿâëÿåòñÿ ðåøåíèåì ýòîé

ñèñòåìû.

2◦. Òðèâèàëüíûå ðåøåíèÿ:

u = C1, w = C2,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

3◦. �åøåíèå:
u =

x+ C1

t+ C2
, w =

C3

t+ C2
,

ãäå C1, C2, C3�ïðîèçâîëüíûå ïîñòîÿííûå.

4◦. Àâòîìîäåëüíûå ðåøåíèÿ, çàâèñÿùèå îò îòíîøåíèÿ íåçàâèñèìûõ ïåðå-

ìåííûõ x/t, â íåÿâíîé �îðìå:

u =
∫ √

f ′(w) dw
w

+A1,
∫ √

f ′(w) dw
w

+
√
f ′(w) +A1 =

x

t
;

u = −
∫ √

f ′(w) dw
w

−A2,
∫ √

f ′(w) dw
w

+
√
f ′(w) +A2 = − x

t
,

ãäå A1 è A2�ïðîèçâîëüíûå ïîñòîÿííûå.

Çàìå÷àíèå 7.2. �åøåíèÿ èç ïï. 2◦ è 4◦, êîòîðûå ñîîòâåòñòâóþùèì îáðàçîì ¾ñêëå-

åíû¿ âäîëü ïðÿìûõ x/t= const, ïîçâîëÿþò ñòðîèòü ðåøåíèÿ ìíîãèõ çàäà÷ ãàçîâîé äè-
íàìèêè è, â ÷àñòíîñòè, ïîçâîëÿþò ïîëó÷àòü ðåøåíèÿ çàäà÷è î ðàñïàäå ïðîèçâîëüíîãî

ðàçðûâà.
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5◦. �åøåíèå:

u = C1t+ C2 + θ(z), w =
C3

θ(z)
, z = x− 1

2
C1t

2 − C2t,

ãäå �óíêöèÿ θ = θ(z) îïðåäåëÿåòñÿ íåÿâíî

C1z +
1

2
θ2 −

∫
g
(
C3

θ

)
dθ

θ
= C4, g(w) = f ′(w),

C1, C2, C3, C4 �ïðîèçâîëüíûå ïîñòîÿííûå.

6◦. Òî÷íûå ðåøåíèÿ â íåÿâíîé �îðìå:

u =
∫ √

f ′(w) dw
w

+A1, x− t
[ ∫ √

f ′(w) dw
w

+
√
f ′(w) +A1

]
= Φ1(w);

u = −
∫ √

f ′(w) dw
w

−A2, x+ t
[ ∫ √

f ′(w) dw
w

+
√
f ′(w) +A2

]
= Φ2(w),

ãäå Φ1(w) è Φ2(w)� ïðîèçâîëüíûå �óíêöèè, A1 è A2 � ïðîèçâîëüíûå ïîñòî-

ÿííûå. Ýòè ðåøåíèÿ îïèñûâàþò ïðîñòûå âîëíû �èìàíà è õàðàêòåðèçóþòñÿ

�óíêöèîíàëüíîé ñâÿçüþ ìåæäó íåèçâåñòíûìè �óíêöèÿìè u=u(w). Â ÷àñòíûõ

ñëó÷àÿõ Φm(w) ≡ 0 ýòè �îðìóëû ïåðåõîäÿò â àâòîìîäåëüíûå ðåøåíèÿ èç ï. 4◦.

7◦. Èñõîäíóþ ñèñòåìó ìîæíî ëèíåàðèçîâàòü ñ ïîìîùüþ ïðåîáðàçîâàíèÿ

ãîäîãðà�à (ïîäðîáíîñòè ñì. â ï. 5◦ ñèñòåìû 7.1.3.6).

6. f1(u,w)ut + g1(u,w)wt + h1(u,w)ux + k1(u,w)wx = 0,

f2(u,w)ut + g2(u,w)wt + h2(u,w)ux + k2(u,w)wx = 0.

1◦. Ïóñòü u = u(x, t), w = w(x, t) � ðåøåíèå ðàññìàòðèâàåìîé ñèñòåìû.

Òîãäà ïàðà �óíêöèé

u1 = u(C1x+ C2, C1t+ C3), w1 = w(C1x+ C2, C1t+ C3),

ãäå C1, C2, C3 � ïðîèçâîëüíûå ïîñòîÿííûå, òàêæå ÿâëÿåòñÿ ðåøåíèåì ýòîé

ñèñòåìû.

2◦. Äëÿ ëþáûõ �óíêöèé fj(u,w), gj(u,w), hj(u,w), kj(u,w) (j = 1, 2)
ðàññìàòðèâàåìàÿ ñèñòåìà äîïóñêàåò òðèâèàëüíûå ðåøåíèÿ

u = C1, w = C2,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

3◦. Ñèñòåìà äîïóñêàåò àâòîìîäåëüíûå ðåøåíèÿ âèäà

u = u(ξ), w = w(ξ), ξ = x/t.

4◦. Èùåì òî÷íûå ðåøåíèÿ, êîòîðûå îáîáùàþò ðåøåíèÿ èç ï. 3◦ è õàðàêòå-
ðèçóþòñÿ �óíêöèîíàëüíîé ñâÿçüþ ìåæäó íåèçâåñòíûìè âåëè÷èíàìè:

w = w(u). (1)
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Ïîäñòàâèâ (1) â èñõîäíóþ ñèñòåìó, ïîëó÷èì äâà óðàâíåíèÿ äëÿ îäíîé �óíêöèè

u = u(x, t):
(f1 + g1w

′
u)ut + (h1 + k1w

′
u)ux = 0,

(f2 + g2w
′
u)ut + (h2 + k2w

′
u)ux = 0.

(2)

Ñîîòíîøåíèå (1) íåîáõîäèìî âûáèðàòü òàê, ÷òîáû óðàâíåíèÿ (2) áûëè ñîâìåñò-

íû. Ýòî óñëîâèå ïðèâîäèò ê ñëåäóþùåìó íåëèíåéíîìó ÎÄÓ ïåðâîãî ïîðÿäêà

äëÿ w(u):

(g1k2 − g2k1)(w
′
u)

2 + (f1k2 + g1h2 − f2k1 − g2h1)w
′
u + f1h2 − f2h1 = 0. (3)

�àññìàòðèâàÿ (3) êàê êâàäðàòíîå óðàâíåíèå îòíîñèòåëüíî ïðîèçâîäíîé w′
u,

ïîòðåáóåì ïîëîæèòåëüíîñòè åãî äèñêðèìèíàíòà (÷òî ñîîòâåòñòâóåò óñëîâèþ

ãèïåðáîëè÷íîñòè ñèñòåìû):

(f1k2 + g1h2 − f2k1 − g2h1)
2 − 4(f1h2 − f2h1)(g1k2 − g2k1) > 0. (4)

Â ýòîì ñëó÷àå óðàâíåíèå (3) èìååò äâà ðàçëè÷íûõ äåéñòâèòåëüíûõ êîðíÿ è

ýêâèâàëåíòíî äâóì ðàçëè÷íûì ÎÄÓ ïåðâîãî ïîðÿäêà, ðàçðåøåííûì îòíîñè-

òåëüíî ïðîèçâîäíîé:

w′
u = Λm(u,w), m = 1, 2. (5)

Îïðåäåëèâ ðåøåíèå w = w(u) ýòîãî óðàâíåíèÿ (êàæäîìó m = 1, 2 îòâå÷àåò

ñâîå ðåøåíèå), ïîäñòàâèì åãî â ëþáîå óðàâíåíèå èç (2), ÷òîáû ïîëó÷èòü êâà-

çèëèíåéíîå Óð×Ï äëÿ u = u(x, t):

(f1 + g1Λm)ut + (h1 + k1Λm)ux = 0, w = w(u). (6)

Îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ ìîæíî ïîëó÷èòü ìåòîäîì õàðàêòåðèñòèê (ñì.

ðàçä. 4.2.1).

�åøåíèÿ óðàâíåíèé (5) è (6) ïðè m = 1, 2, çàâèñÿùèå îò ïðîèçâîëüíîé

�óíêöèè è ïðîèçâîëüíîé êîíñòàíòû, íàçûâàþòñÿ ïðîñòûìè âîëíàìè �èìàíà.

5◦. Ñäåëàåì ïðåîáðàçîâàíèå ãîäîãðà�à

x = x(u,w), t = t(u,w). (7)

Çäåñü u è w ðàññìàòðèâàþòñÿ êàê íåçàâèñèìûå ïåðåìåííûå, à x è t� êàê çà-

âèñèìûå ïåðåìåííûå. Äè��åðåíöèðóÿ ñîîòíîøåíèÿ (7) ïî x è t (êàê ñëîæíûå
�óíêöèè) è èñêëþ÷àÿ ÷àñòíûå ïðîèçâîäíûå ut, wt, ux è wx èç ïîëó÷åííûõ

óðàâíåíèé, èìååì

ut = −Jxw, wt = Jxu, ux = Jtw, wx = −Jtu, (8)

ãäå J = uxwt − utwx �ÿêîáèàí �óíêöèé u = u(x, t) è w = w(x, t). Çàìåíèâ â
èñõîäíîé ñèñòåìå ïðîèçâîäíûå ñ ïîìîùüþ (8), à çàòåì ðàçäåëèâ íà J , ïðèõî-
äèì ê ëèíåéíîé ñèñòåìå Óð×Ï ïåðâîãî ïîðÿäêà

g1(u,w)xu − k1(u,w)tu − f1(u,w)xw + h1(u,w)tw = 0,

g2(u,w)xu − k2(u,w)tu − f2(u,w)xw + h2(u,w)tw = 0.
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Çàìå÷àíèå 7.3. Ïðåîáðàçîâàíèå ãîäîãðà�à (7) íåïðèìåíèìî, åñëè J ≡ 0. Â ýòîì

âûðîæäåííîì ñëó÷àå u è w áóäóò �óíêöèîíàëüíî çàâèñèìû è, ñëåäîâàòåëüíî, íå

ìîãóò èñïîëüçîâàòüñÿ êàê íåçàâèñèìûå ïåðåìåííûå. Ïðè J ≡ 0 âûïîëíÿåòñÿ ñîîò-

íîøåíèå (1), îïðåäåëÿþùåå ïðîñòûå âîëíû �èìàíà. Ñëåäîâàòåëüíî, èñïîëüçîâàíèå

ïðåîáðàçîâàíèå ãîäîãðà�à (7) ïðèâîäèò ê ïîòåðå ðåøåíèé (1), îïèñûâàþùèõ ïðîñòûå

âîëíû �èìàíà.

7.2. Ëèíåéíûå ñèñòåìû äâóõ Óð×Ï âòîðîãî ïîðÿäêà

1. ut = auxx + b1u+ c1w, wt = awxx + b2u+ c2w.

Ëèíåéíàÿ ñèñòåìà Óð×Ï âòîðîãî ïîðÿäêà ïàðàáîëè÷åñêîãî òèïà ñ ïîñòîÿí-

íûìè êîý��èöèåíòàìè.

Îáùåå ðåøåíèå:

u =
b1 − λ2

b2(λ1 − λ2)
eλ1tU − b1 − λ1

b2(λ1 − λ2)
eλ2tW, w =

1

λ1 − λ2

(
eλ1tU − eλ2tW

)
,

ãäå λ1 è λ2 �êîðíè êâàäðàòíîãî óðàâíåíèÿ

λ2 − (b1 + c2)λ+ b1c2 − b2c1 = 0,

à �óíêöèè U =U(x, t) èW =W (x, t) îïèñûâàþòñÿ íåçàâèñèìûìè ëèíåéíûìè
óðàâíåíèÿìè òåïëîïðîâîäíîñòè

Ut = aUxx, Wt = aWxx.

2. ut = auxx + f1(t)u+ g1(t)w, wt = awxx + f2(t)u+ g2(t)w.

Ëèíåéíàÿ ñèñòåìà Óð×Ï âòîðîãî ïîðÿäêà ïàðàáîëè÷åñêîãî òèïà ñ ïåðåìåí-

íûìè êîý��èöèåíòàìè.

Îáùåå ðåøåíèå:

u = ϕ1(t)U(x, t) + ϕ2(t)W (x, t), w = ψ1(t)U(x, t) + ψ2(t)W (x, t),

ãäå ïàðû �óíêöèé ϕ1 = ϕ1(t), ψ1 = ψ1(t) è ϕ2 = ϕ2(t), ψ2 = ψ2(t) ÿâëÿþòñÿ
ëèíåéíî íåçàâèñèìûìè (�óíäàìåíòàëüíûìè) ðåøåíèÿìè ñèñòåìû ëèíåéíûõ

ÎÄÓ ïåðâîãî ïîðÿäêà

ϕ′
t = f1(t)ϕ+ g1(t)ψ, ψ′

t = f2(t)ϕ+ g2(t)ψ,

à �óíêöèè U =U(x, t) èW =W (x, t) îïèñûâàþòñÿ íåçàâèñèìûìè ëèíåéíûìè
óðàâíåíèÿìè òåïëîïðîâîäíîñòè

Ut = aUxx, Wt = aWxx.

3. utt = kuxx + a1u+ b1w, wtt = kwxx + a2u+ b2w.

Ëèíåéíàÿ ñèñòåìà Óð×Ï âòîðîãî ïîðÿäêà ãèïåðáîëè÷åñêîãî òèïà ñ ïîñòîÿí-

íûìè êîý��èöèåíòàìè.
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Îáùåå ðåøåíèå:

u =
a1 − λ2

a2(λ1 − λ2)
U − a1 − λ1

a2(λ1 − λ2)
W, w =

1

λ1 − λ2

(
U −W

)
,

ãäå λ1 è λ2 �êîðíè êâàäðàòíîãî óðàâíåíèÿ

λ2 − (a1 + b2)λ+ a1b2 − a2b1 = 0,

à �óíêöèè θn = θn(x, t) îïèñûâàþòñÿ íåçàâèñèìûìè ëèíåéíûìè óðàâíåíèÿìè
Êëåéíà��îðäîíà

Utt = kUxx + λ1U, Wtt = kWxx + λ2W.

4. uxx + uyy = a1u+ b1w, wxx + wyy = a2u+ b2w.

Ëèíåéíàÿ ñèñòåìà Óð×Ï âòîðîãî ïîðÿäêà ýëëèïòè÷åñêîãî òèïà ñ ïîñòîÿííû-

ìè êîý��èöèåíòàìè.

Îáùåå ðåøåíèå:

u =
a1 − λ2

a2(λ1 − λ2)
U − a1 − λ1

a2(λ1 − λ2)
W, w =

1

λ1 − λ2

(
U −W

)
,

ãäå λ1 è λ2 �êîðíè êâàäðàòíîãî óðàâíåíèÿ

λ2 − (a1 + b2)λ+ a1b2 − a2b1 = 0,

à �óíêöèè θn= θn(x, y) îïèñûâàþòñÿ íåçàâèñèìûìè óðàâíåíèÿìè �åëüìãîëüöà

Uxx + Uyy = λ1U, Wxx +Wyy = λ2W.

7.3. Íåëèíåéíûå ñèñòåìû äâóõ Óð×Ï âòîðîãî ïîðÿäêà

7.3.1. �åàêöèîííî-äè��óçèîííûå ñèñòåìû âèäà

ut = auxx + F (u,w), wt = bwxx +G(u,w)

Ïðåäâàðèòåëüíûå çàìå÷àíèÿ. �åàêöèîííî-äè��óçèîííûå ñèñòåìû äàííîãî

âèäà ÷àñòî èñïîëüçóþòñÿ â òåîðèè òåïëîìàññîïåðåíîñà â õèìè÷åñêè àêòèâíûõ

ñðåäàõ, òåîðèè õèìè÷åñêèõ ðåàêòîðîâ, òåîðèè ãîðåíèÿ, ìàòåìàòè÷åñêîé áèîëî-

ãèè, áèî�èçèêå.

�àññìàòðèâàåìûå ñèñòåìû èíâàðèàíòíû îòíîñèòåëüíî ïðåîáðàçîâàíèé ïå-

ðåíîñà ïî íåçàâèñèìûì ïåðåìåííûì (à òàêæå ïðè çàìåíå x íà−x) è äîïóñêàþò
ðåøåíèÿ òèïà áåãóùåé âîëíû u = u(kx−λt), w = w(kx−λt). Òàêèå ðåøåíèÿ,
à òàêæå ðåøåíèÿ, â êîòîðûõ îäíà èç íåèçâåñòíûõ �óíêöèé òîæäåñòâåííî ðàâíà

íóëþ, äàëåå â ýòîì ðàçäåëå íå ðàññìàòðèâàþòñÿ.

Ïðèâåäåííûå íèæå �óíêöèè f(ϕ), g(ϕ), h(ϕ) ÿâëÿþòñÿ ïðîèçâîëüíûìè

�óíêöèÿìè ñâîåãî àðãóìåíòà ϕ = ϕ(u,w); óðàâíåíèÿ ðàñïîëîæåíû â ïîðÿäêå

óñëîæíåíèÿ ýòîãî àðãóìåíòà.
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◮ Ïðîèçâîëüíûå �óíêöèè çàâèñÿò îò ëèíåéíîé êîìáèíàöèè èñêîìûõ

âåëè÷èí.

1. ut = auxx +uekw/uf(u), wt = awxx + ekw/u[wf(u)+ g(u)].

Òî÷íîå ðåøåíèå:

u = y(ξ), w = − 2

k
ln |bx| y(ξ) + z(ξ), ξ =

x+ C3√
C1t+ C2

,

ãäå C1, C2, C3, b� ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè y = y(ξ) è z = z(ξ)
îïèñûâàþòñÿ ñèñòåìîé ÎÄÓ

ay′′ξξ +
1

2
C1ξy

′
ξ +

1

b2ξ2
y exp

(
k
z

y

)
f(y) = 0,

az′′ξξ +
1

2
C1ξz

′
ξ −

4a

kξ
y′ξ +

2a

kξ2
y +

1

b2ξ2
exp

(
k
z

y

)
[zf(y) + g(y)] = 0.

2. ut = a1uxx + f(bu+ cw), wt = a2wxx + g(bu+ cw).

Òî÷íîå ðåøåíèå:

u = c(αx2 + βx+ γt) + y(ξ), w = −b(αx2 + βx+ γt) + z(ξ), ξ = kx− λt,

ãäå k, α, β, γ, λ�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè y(ξ) è z(ξ) îïèñûâà-
þòñÿ àâòîíîìíîé ñèñòåìîé ÎÄÓ

a1k
2y′′ξξ + λy′ξ + 2a1cα− cγ + f(by + cz) = 0,

a2k
2z′′ξξ + λz′ξ − 2a2bα+ bγ + g(by + cz) = 0.

3. ut = auxx + f(bu+ cw), wt = awxx + g(bu+ cw).

Òî÷íîå ðåøåíèå:

u = cθ(x, t) + y(ξ), w = −bθ(x, t) + z(ξ), ξ = kx− λt,

ãäå �óíêöèè y(ξ) è z(ξ) îïèñûâàþòñÿ àâòîíîìíîé ñèñòåìîé ÎÄÓ

ak2y′′ξξ + λy′ξ + f(by + cz) = 0, ak2z′′ξξ + λz′ξ + g(by + cz) = 0,

à �óíêöèÿ θ = θ(x, t) óäîâëåòâîðÿò ëèíåéíîìó óðàâíåíèþ òåïëîïðîâîäíîñòè

θt = aθxx.

4. ut = auxx + c2f(b1u+ c1w) + c1g(b2u+ c2w),

wt = awxx − b2f(b1u+ c1w)− b1g(b2u+ c2w).

Ñ÷èòàåòñÿ, ÷òî b1c2 − b2c1 6= 0.
Óìíîæàÿ óðàâíåíèÿ íà ïîäõîäÿùèå êîíñòàíòû è ñêëàäûâàÿ, ïîëó÷èì äâà

íåçàâèñèìûõ Óð×Ï:

Ut = aUxx + (b1c2 − b2c1)f(U), U = b1u+ c1w;

Wt = aWxx − (b1c2 − b2c1)g(W ), W = b2u+ c2w.



7.3. Íåëèíåéíûå ñèñòåìû äâóõ Óð×Ï âòîðîãî ïîðÿäêà 325

Â îáùåì ñëó÷àå ýòè Óð×Ï äîïóñêàþò ðåøåíèÿ òèïà áåãóùåé âîëíû, ðàñïðî-

ñòðàíÿþùèåñÿ ñ ðàçíûìè ñêîðîñòÿìè

U = U(k1x− λ1t), W =W (k2x− λ2t),

ãäå km è λm � ïðîèçâîëüíûå ïîñòîÿííûå. Ñîîòâåòñòâóþùåå ðåøåíèå èñõîä-

íîé ñèñòåìû ïðåäñòàâëÿåò ñîáîé ñóïåðïîçèöèþ (ëèíåéíóþ êîìáèíàöèþ) äâóõ

íåëèíåéíûõ áåãóùèõ âîëí.

5. ut = auxx + uf(bu− cw) + g(bu− cw),

wt = awxx + wf(bu− cw) + h(bu− cw).

1◦. Òî÷íîå ðåøåíèå:

u = ϕ(t) + c exp
[ ∫

f(bϕ− cψ) dt
]
θ(x, t),

w = ψ(t) + b exp
[ ∫

f(bϕ− cψ) dt
]
θ(x, t),

ãäå ϕ = ϕ(t) è ψ = ψ(t) îïèñûâàþòñÿ àâòîíîìíîé ñèñòåìîé ÎÄÓ

ϕ′
t = ϕf(bϕ− cψ) + g(bϕ− cψ), ψ′

t = ψf(bϕ− cψ) + h(bϕ− cψ),

à �óíêöèÿ θ = θ(x, t) óäîâëåòâîðÿò ëèíåéíîìó óðàâíåíèþ òåïëîïðîâîäíîñòè

θt = aθxx.

2◦. Óìíîæèì ïåðâîå óðàâíåíèå íà b, à âòîðîå óðàâíåíèå � íà −c, à çàòåì
ñëîæèì ïîëó÷åííûå Óð×Ï. Â ðåçóëüòàòå èìååì

ζt = aζxx + ζf(ζ) + bg(ζ)− ch(ζ), ζ = bu− cw. (1)

Ýòî óðàâíåíèå áóäåì ðàññìàòðèâàòü âìåñòå ñ ïåðâûì óðàâíåíèåì èñõîäíîé

ñèñòåìû

ut = auxx + uf(ζ) + g(ζ). (2)

Óðàâíåíèå (1) ìîæíî èññëåäîâàòü îòäåëüíî. Áîëüøîé ïåðå÷åíü òî÷íûõ ðå-

øåíèé óðàâíåíèé ýòîãî âèäà äëÿ ðàçëè÷íûõ êèíåòè÷åñêèõ �óíêöèé F (ζ) =
= ζf(ζ) + bg(ζ) − ch(ζ) ìîæíî íàéòè â êíèãå Polyanin & Zaitsev (2012).

Ïîëó÷èâ ðåøåíèå ζ = ζ(x, t) óðàâíåíèÿ (1), �óíêöèþ u = u(x, t) ìîæíî íàéòè
ïóòåì ðåøåíèÿ ëèíåéíîãî óðàâíåíèÿ (2), ïîñëå ÷åãî �óíêöèÿ w = w(x, t)
îïðåäåëÿåòñÿ ïî �îðìóëå w = (bu− ζ)/c.

Îòìåòèì äâà âàæíûõ ñëó÷àÿ, êîãäà óðàâíåíèå (1) äîïóñêàåò òî÷íûå ðåøå-

íèÿ:

(i) Â îáùåì ñëó÷àå óðàâíåíèå (1) èìååò ðåøåíèÿ òèïà áåãóùåé âîëíû ζ =
= ζ(z), ãäå z = kx−λt. Òîãäà ñîîòâåòñòâóþùèå òî÷íûå ðåøåíèÿ óðàâíåíèÿ (2)
ìîæíî èñêàòü â âèäå u = u0(z) +

∑
eβntun(z).

(ii) Åñëè âûïîëíÿåòñÿ óñëîâèå ζf(ζ) + bg(ζ)− ch(ζ) = k1ζ + k0, òî óðàâíå-
íèå (1) ÿâëÿåòñÿ ëèíåéíûì Óð×Ï

ζt = aζxx + k1ζ + k0,
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êîòîðîå ïîäñòàíîâêîé ζ = ek1tζ̄ − k0k
−1
1 ìîæíî ñâåñòè ê îáû÷íîìó ëèíåéíîìó

óðàâíåíèþ òåïëîïðîâîäíîñòè.

6. ut = auxx + eλuf(λu− σw), wt = bwxx + eσwg(λu− σw).

1◦. Òî÷íîå ðåøåíèå:

u = y(ξ)− 1

λ
ln(C1t+ C2), w = z(ξ) − 1

σ
ln(C1t+ C2), ξ =

x+ C3√
C1t+ C2

,

ãäå C1, C2, C3 � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè y = y(ξ) è z = z(ξ)
îïèñûâàþòñÿ ñèñòåìîé ÎÄÓ

ay′′ξξ +
1

2
C1ξy

′
ξ +

C1

λ
+ eλyf(λy − σz) = 0,

bz′′ξξ +
1

2
C1ξz

′
ξ +

C1

σ
+ eσzg(λy − σz) = 0.

2◦. Òî÷íîå ðåøåíèå ïðè b = a:

u = U(x, t), w =
λ

σ
U(x, t)− k

σ
,

ãäå k�êîðåíü àëãåáðàè÷åñêîãî (òðàíñöåíäåíòíîãî) óðàâíåíèÿ

λf(k) = σe−kg(k),

à �óíêöèÿ U(x, t) óäîâëåòâîðÿåò Óð×Ï

Ut = aUxx + f(k)eλU .

Ýòî óðàâíåíèå èìååò ÷àñòíîå ðåøåíèå âèäà

U = θ(ξ)− 1

λ
ln(C1t+ C2), ξ =

x+ C3√
C1t+ C2

,

ãäå �óíêöèÿ θ(ξ) îïèñûâàåòñÿ ÎÄÓ

aθ′′ξξ +
1

2
C1ξθ

′
ξ +

C1

λ
+ f(k)eλθ = 0.

◮ Ïðîèçâîëüíûå �óíêöèè çàâèñÿò îò îòíîøåíèÿ èñêîìûõ âåëè÷èí.

7. ut = auxx +uf
((
u

w

))
, wt = bwxx +wg

((
u

w

))
.

1◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = [C1 sin(kx) + C2 cos(kx)]ϕ(t), w = [C1 sin(kx) + C2 cos(kx)]ψ(t),

ãäå C1, C2, k � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè ϕ = ϕ(t) è ψ = ψ(t)
îïèñûâàþòñÿ àâòîíîìíîé ñèñòåìîé ÎÄÓ

ϕ′
t = −ak2ϕ+ ϕf(ϕ/ψ), ψ′

t = −bk2ψ + ψg(ϕ/ψ).
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2◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = [C1 exp(kx) +C2 exp(−kx)]U(t), w = [C1 exp(kx) +C2 exp(−kx)]W (t),

ãäå C1, C2, k � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè U = U(t) è W = W (t)
îïèñûâàþòñÿ àâòîíîìíîé ñèñòåìîé ÎÄÓ

U ′
t = ak2U + Uf(U/W ), W ′

t = bk2W +Wg(U/W ).

3◦. Âûðîæäåííîå ðåøåíèå:

u = (C1x+ C2)U(t), w = (C1x+ C2)W (t),

ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè U = U(t) è W = W (t)
îïèñûâàþòñÿ àâòîíîìíîé ñèñòåìîé ÎÄÓ

U ′
t = Uf(U/W ), W ′

t =Wg(U/W ).

Ýòó àâòîíîìíóþ ñèñòåìó ìîæíî ïðîèíòåãðèðîâàòü, ïîñêîëüêó ïîñëå èñêëþ÷å-

íèÿ t îíà ñâîäèòñÿ ê îäíîðîäíîìó ÎÄÓ ïåðâîãî ïîðÿäêà. Ñèñòåìû, ïðåäñòàâ-

ëåííûå â ïï. 1◦ è 2◦, ìîãóò áûòü ïðîèíòåãðèðîâàíû àíàëîãè÷íûì îáðàçîì.

4◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = e−λty(x), w = e−λtz(x),

ãäå λ�ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèè y = y(x) è z = z(x) îïèñûâàþòñÿ
àâòîíîìíîé ñèñòåìîé ÎÄÓ

ay′′xx + λy + yf(y/z) = 0, bz′′xx + λz + zg(y/z) = 0.

5◦. �åøåíèå (îáîáùåíèå ðåøåíèÿ èç ï. 4◦):

u = ekx−λty(ξ), w = ekx−λtz(ξ), ξ = βx− γt,

ãäå k, λ, β, γ � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè y = y(ξ) è z = z(ξ)
îïèñûâàþòñÿ àâòîíîìíîé ñèñòåìîé ÎÄÓ

aβ2y′′ξξ + (2akβ + γ)y′ξ + (ak2 + λ)y + yf(y/z) = 0,

bβ2z′′ξξ + (2bkβ + γ)z′ξ + (bk2 + λ)z + zg(y/z) = 0.

×àñòíîìó ñëó÷àþ k = λ = 0 ñîîòâåòñòâóåò ðåøåíèå òèïà áåãóùåé âîëíû.

Ïîëàãàÿ k = γ = 0, β = 1, ïîëó÷èì ðåøåíèå èç ï. 4◦.

8. ut = auxx + uf
((
u

w

))
, wt = awxx + wg

((
u

w

))
.

Ýòà ñèñòåìà Óð×Ï ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì ïðåäûäóùåé ñèñòåìû 7.3.1.7 ïðè

b= a è, ñëåäîâàòåëüíî, äîïóñêàåò âñå ïðèâåäåííûå âûøå ðåøåíèÿ. Êðîìå òîãî,
ó äàííîé ñèñòåìû èìåþòñÿ èíòåðåñíûå ñâîéñòâà è äðóãèå ðåøåíèÿ, êîòîðûå

ïðèâåäåíû íèæå.
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1◦. Ïóñòü u = u(x, t), w = w(x, t) � ðåøåíèå ðàññìàòðèâàåìîé ñèñòåìû.

Òîãäà �óíêöèè

u1 = Au(±x+ C1, t+C2), w1 = Aw(±x+ C1, t+ C2);

u2 = exp(λx+ aλ2t)u(x+ 2aλt, t), w2 = exp(λx+ aλ2t)w(x+ 2aλt, t),

ãäå A, C1, C2, λ�ïðîèçâîëüíûå ïîñòîÿííûå, òàêæå ÿâëÿþòñÿ ðåøåíèÿìè ýòîé

ñèñòåìû.

2◦. �åøåíèå òèïà òî÷å÷íîãî èñòî÷íèêà:

u = exp
(
− x2

4at

)
ϕ(t), w = exp

(
− x2

4at

)
ψ(t),

ãäå �óíêöèè ϕ = ϕ(t) è ψ = ψ(t) îïèñûâàþòñÿ àâòîíîìíîé ñèñòåìîé ÎÄÓ

ϕ′
t = − 1

2t
ϕ+ ϕf

(
ϕ

ψ

)
, ψ′

t = − 1

2t
ψ + ψg

(
ϕ

ψ

)
.

3◦. �åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = exp
(
kxt+ 2

3 ak
2t3 − λt

)
y(ξ),

w = exp
(
kxt+ 2

3 ak
2t3 − λt

)
z(ξ),

ξ = x+ akt2,

ãäå k è λ�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè y = y(ξ) è z = z(ξ) îïèñûâà-
þòñÿ àâòîíîìíîé ñèñòåìîé ÎÄÓ

ay′′ξξ + (λ− kξ)y + yf(y/z) = 0, az′′ξξ + (λ− kξ)z + zg(y/z) = 0.

4◦. Ïóñòü k�êîðåíü àëãåáðàè÷åñêîãî (òðàíñöåíäåíòíîãî) óðàâíåíèÿ

f(k) = g(k). (1)

Òî÷íîå ðåøåíèå:

u = keλtθ, w = eλtθ, λ = f(k),

ãäå �óíêöèÿ θ = θ(x, t) óäîâëåòâîðÿò ëèíåéíîìó óðàâíåíèþ òåïëîïðîâîäíîñòè

θt = aθxx.

5◦. Ïåðèîäè÷åñêîå ðåøåíèå:

u = Ak exp(−µx) sin(βx− 2aβµt+B),

w = A exp(−µx) sin(βx− 2aβµt+B),
β =

√
µ2 +

1

a
f(k),

ãäå A, B, µ�ïðîèçâîëüíûå ïîñòîÿííûå, à k�êîðåíü àëãåáðàè÷åñêîãî (òðàíñ-

öåíäåíòíîãî) óðàâíåíèÿ (1).
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6◦. Òî÷íîå ðåøåíèå:

u = ϕ(t) exp
[ ∫

g(ϕ(t)) dt
]
θ(x, t), w = exp

[ ∫
g(ϕ(t)) dt

]
θ(x, t),

ãäå �óíêöèÿ ϕ = ϕ(t) îïèñûâàåòñÿ ÎÄÓ ïåðâîãî ïîðÿäêà ñ ðàçäåëÿþùèìèñÿ

ïåðåìåííûìè

ϕ′
t = [f(ϕ)− g(ϕ)]ϕ, (2)

à �óíêöèÿ θ = θ(x, t) óäîâëåòâîðÿò ëèíåéíîìó óðàâíåíèþ òåïëîïðîâîäíîñòè

θt = aθxx.

×àñòíîìó ðåøåíèþ ϕ = k = const óðàâíåíèÿ (2) ñîîòâåòñòâóåò ðåøåíèå,

óêàçàííîå â ï. 4◦. Îáùåå ðåøåíèå óðàâíåíèÿ (2) ìîæíî ïðåäñòàâèòü â íåÿâíîì
âèäå ∫

dϕ

[f(ϕ) − g(ϕ)]ϕ
= t+ C.

7◦. Ïðåîáðàçîâàíèå

u = a1U + b1W, w = a2U + b2W,

ãäå an è bn �ïðîèçâîëüíûå ïîñòîÿííûå (n = 1, 2), ïðèâîäèò ê ñèñòåìå àíàëî-
ãè÷íîãî âèäà äëÿ U è W .

9. ut = auxx + uf
((
u

w

))
+ g

((
u

w

))
, wt = awxx + wf

((
u

w

))
+ h

((
u

w

))
.

Ïóñòü k�êîðåíü àëãåáðàè÷åñêîãî (òðàíñöåíäåíòíîãî) óðàâíåíèÿ

g(k) = kh(k).

1◦. �åøåíèå ïðè f(k) 6= 0:

u(x, t) = k
(
exp[f(k)t]θ(x, t)− h(k)

f(k)

)
, w(x, t) = exp[f(k)t]θ(x, t)− h(k)

f(k)
,

ãäå �óíêöèÿ θ = θ(x, t) óäîâëåòâîðÿò ëèíåéíîìó óðàâíåíèþ òåïëîïðîâîäíîñòè

θt = aθxx. (1)

2◦. �åøåíèå ïðè f(k) = 0:

u(x, t) = k[θ(x, t) + h(k)t], w(x, t) = θ(x, t) + h(k)t,

ãäå �óíêöèÿ θ = θ(x, t) óäîâëåòâîðÿò ëèíåéíîìó óðàâíåíèþ òåïëîïðîâîäíî-

ñòè (1).

10. ut = auxx+uf
((
u

w

))
+

u

w
h
((
u

w

))
, wt = awxx+wg

((
u

w

))
+h

((
u

w

))
.

Òî÷íîå ðåøåíèå:

u = ϕ(t)G(t)
[
θ(x, t) +

∫
h(ϕ)

G(t)
dt
]
, G(t) = exp

[ ∫
g(ϕ) dt

]
,

w = G(t)
[
θ(x, t) +

∫
h(ϕ)

G(t)
dt
]
,
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ãäå �óíêöèÿ ϕ = ϕ(t) îïèñûâàåòñÿ ÎÄÓ ïåðâîãî ïîðÿäêà ñ ðàçäåëÿþùèìèñÿ

ïåðåìåííûìè

ϕ′
t = [f(ϕ)− g(ϕ)]ϕ,

à �óíêöèÿ θ = θ(x, t) óäîâëåòâîðÿò ëèíåéíîìó óðàâíåíèþ òåïëîïðîâîäíîñòè

θt = aθxx.

11. ut=auxx+uf1

((
w

u

))
+wg1

((
w

u

))
, wt=awxx+uf2

((
w

u

))
+wg2

((
w

u

))
.

Òî÷íîå ðåøåíèå:

u = exp
{∫

[f1(ϕ) + ϕg1(ϕ)] dt
}
θ(x, t),

w = ϕ(t) exp
{∫

[f1(ϕ) + ϕg1(ϕ)] dt
}
θ(x, t),

ãäå �óíêöèÿ ϕ = ϕ(t) îïèñûâàåòñÿ ÎÄÓ ïåðâîãî ïîðÿäêà ñ ðàçäåëÿþùèìèñÿ

ïåðåìåííûìè

ϕ′
t = f2(ϕ) + ϕg2(ϕ) − ϕ[f1(ϕ) + ϕg1(ϕ)],

à �óíêöèÿ θ = θ(x, t) óäîâëåòâîðÿò ëèíåéíîìó óðàâíåíèþ òåïëîïðîâîäíîñòè

θt = aθxx.

12. ut = auxx + u3f
((
u

w

))
, wt = awxx + u3g

((
u

w

))
.

Òî÷íîå ðåøåíèå:

u = (x+C1)ϕ(z), w = (x+C1)ψ(z), z = t+
1

6a
(x+ C1)

2 +C2,

ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè ϕ = ϕ(z) è ψ = ψ(z)
îïèñûâàþòñÿ àâòîíîìíîé ñèñòåìîé ÎÄÓ

ϕ′′
zz + 9aϕ3f(ϕ/ψ) = 0, ψ′′

zz + 9aϕ3g(ϕ/ψ) = 0.

13. ut = uxx + au− u3f
((
u

w

))
, wt = wxx + aw − u3g

((
u

w

))
.

1◦. �åøåíèå ïðè a > 0:

u =
[
C1 exp

(
1
2

√
2a x+ 3

2 at
)
− C2 exp

(
− 1

2

√
2a x+ 3

2 at
)]
ϕ(z),

w =
[
C1 exp

(
1
2

√
2a x+ 3

2 at
)
− C2 exp

(
− 1

2

√
2a x+ 3

2 at
)]
ψ(z),

z = C1 exp
(
1
2

√
2a x+ 3

2 at
)
+ C2 exp

(
− 1

2

√
2a x+ 3

2 at
)
+ C3,

ãäå C1, C2, C3 � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè ϕ = ϕ(z) è ψ = ψ(z)
îïèñûâàþòñÿ àâòîíîìíîé ñèñòåìîé ÎÄÓ

aϕ′′
zz = 2ϕ3f(ϕ/ψ), aψ′′

zz = 2ϕ3g(ϕ/ψ).



7.3. Íåëèíåéíûå ñèñòåìû äâóõ Óð×Ï âòîðîãî ïîðÿäêà 331

2◦. �åøåíèå ïðè a < 0:

u = exp
(
3
2 at

)
sin

(
1
2

√
2|a| x+ C1

)
U(ξ),

w = exp
(
3
2 at

)
sin

(
1
2

√
2|a| x+ C1

)
W (ξ),

ξ = exp
(
3
2 at

)
cos

(
1
2

√
2|a| x+ C1

)
+ C2,

ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè U = U(ξ) è W = W (ξ)
îïèñûâàþòñÿ àâòîíîìíîé ñèñòåìîé ÎÄÓ

aU ′′
ξξ = −2U3f(U/W ), aW ′′

ξξ = −2U3g(U/W ).

14. ut = auxx + unf
((
u

w

))
, wt = bwxx + wng

((
u

w

))
.

Ïðè f(z) = kz−m è g(z) = −kzn−m ðàññìàòðèâàåìàÿ ñèñòåìà îïèñûâàåò õè-

ìè÷åñêóþ ðåàêöèþ n-ãî ïîðÿäêà (ïîðÿäêà n−m ïî êîìïîíåíòå u è ïîðÿäêà m
ïî êîìïîíåíòå w).

1◦. Àâòîìîäåëüíîå ðåøåíèå ïðè n 6= 1:

u = (C1t+ C2)
1

1−n y(ξ), w = (C1t+ C2)
1

1−n z(ξ), ξ =
x+ C3√
C1t+ C2

,

ãäå C1, C2, C3 � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè y = y(ξ) è z = z(ξ)
îïèñûâàþòñÿ ñèñòåìîé ÎÄÓ

ay′′ξξ+
1

2
C1ξy

′
ξ+

C1

n− 1
y+ynf

(
y

z

)
=0, bz′′ξξ+

1

2
C1ξz

′
ξ+

C1

n− 1
z+zng

(
y

z

)
=0.

2◦. �åøåíèå ïðè b = a:

u(x, t) = kθ(x, t), w(x, t) = θ(x, t),

ãäå k�êîðåíü àëãåáðàè÷åñêîãî (òðàíñöåíäåíòíîãî) óðàâíåíèÿ

kn−1f(k) = g(k),

à �óíêöèÿ θ = θ(x, t) óäîâëåòâîðÿåò óðàâíåíèþ òåïëîïðîâîäíîñòè ñ èñòî÷íè-

êîì ñòåïåííîãî âèäà

θt = aθxx + g(k)θn.

15. ut = auxx + uf
((
u

w

))
lnu+ ug

((
u

w

))
,

wt = awxx + wf
((
u

w

))
lnw + wh

((
u

w

))
.

Òî÷íîå ðåøåíèå:

u(x, t) = ϕ(t)ψ(t)θ(x, t), w(x, t) = ψ(t)θ(x, t),

ãäå �óíêöèè ϕ = ϕ(t) è ψ = ψ(t) îïèñûâàþòñÿ àâòîíîìíîé ñèñòåìîé ÎÄÓ

ïåðâîãî ïîðÿäêà

ϕ′
t = ϕ[g(ϕ) − h(ϕ) + f(ϕ) lnϕ], (1)

ψ′
t = ψ[h(ϕ) + f(ϕ) lnψ], (2)
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à �óíêöèÿ θ = θ(x, t) óäîâëåòâîðÿåò Óð×Ï

θt = aθxx + f(ϕ)θ ln θ. (3)

�åøåíèå ÎÄÓ (1) ìîæíî ïðåäñòàâèòü â íåÿâíîì âèäå. Óðàâíåíèå (2) ëåãêî

èíòåãðèðóåòñÿ, ò. ê. ñ çàìåíîé ïåðåìåííîé ψ = eζ îíî ñâîäèòñÿ ê ëèíåéíîìó

ÎÄÓ. Óð×Ï (3) äîïóñêàåò òî÷íûå ðåøåíèÿ âèäà

θ = exp
[
σ2(t)x

2 + σ1(t)x+ σ0(t)
]
,

ãäå �óíêöèè σn(t) îïèñûâàþòñÿ ñèñòåìîé ÎÄÓ

σ′2 = f(ϕ)σ2 + 4aσ22 ,

σ′1 = f(ϕ)σ1 + 4aσ1σ2,

σ′0 = f(ϕ)σ0 + aσ21 + 2aσ2.

Ýòó ñèñòåìó ìîæíî ïîñëåäîâàòåëüíî ïðîèíòåãðèðîâàòü, ò. ê. ïåðâîå óðàâíåíèå

ÿâëÿåòñÿ óðàâíåíèåì Áåðíóëëè, à âòîðîå è òðåòüå � ëèíåéíû îòíîñèòåëüíî

íåèçâåñòíîé �óíêöèè. Îòìåòèì âíèìàíèå, ÷òî ïåðâîå óðàâíåíèå èìååò ÷àñòíîå

ðåøåíèå σ2 = 0.

Çàìå÷àíèå 7.4. Óðàâíåíèå (1) èìååò ÷àñòíîå ðåøåíèå ϕ = k = const, ãäå k �
êîðåíü àëãåáðàè÷åñêîãî (òðàíñöåíäåíòíîãî) óðàâíåíèÿ g(k)− h(k) + f(k) ln k = 0.

16. ut = auxx + uf
((
w

u

))
− wg

((
w

u

))
+

u√
u2 + w2

h
((
w

u

))
,

wt = awxx + wf
((
w

u

))
+ ug

((
w

u

))
+

w√
u2 + w2

h
((
w

u

))
.

Òî÷íîå ðåøåíèå:

u = r(x, t) cosϕ(t), w = r(x, t) sinϕ(t),

ãäå �óíêöèÿ ϕ=ϕ(t) îïðåäåëÿåòñÿ èç ÎÄÓ ïåðâîãî ïîðÿäêà ñ ðàçäåëÿþùèìèñÿ

ïåðåìåííûìè

ϕ′
t = g(tgϕ),

à �óíêöèÿ r = r(x, t) îïèñûâàåòñÿ ëèíåéíûì Óð×Ï

rt = arxx + rf(tgϕ) + h(tgϕ).

Çàìåíà

r = F (t)
[
Z(x, t) +

∫
h(tgϕ) dt

F (t)

]
, F (t) = exp

[ ∫
f(tgϕ) dt

]

ïðèâîäèò ïîëó÷åííîå Óð×Ï ê ëèíåéíîìó óðàâíåíèþ òåïëîïðîâîäíîñòè

Zt = aZxx.
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17. ut = auxx + uf
((
w

u

))
+ wg

((
w

u

))
+

u√
u2 − w2

h
((
w

u

))
,

wt = awxx + wf
((
w

u

))
+ ug

((
w

u

))
+

w√
u2 − w2

h
((
w

u

))
.

Òî÷íîå ðåøåíèå:

u = r(x, t) chϕ(t), w = r(x, t) shϕ(t),

ãäå �óíêöèÿ ϕ=ϕ(t) îïðåäåëÿåòñÿ èç ÎÄÓ ïåðâîãî ïîðÿäêà ñ ðàçäåëÿþùèìèñÿ

ïåðåìåííûìè

ϕ′
t = g(thϕ),

à �óíêöèÿ r = r(x, t) îïèñûâàåòñÿ ëèíåéíûì Óð×Ï

rt = arxx + rf(thϕ) + h(thϕ).

Çàìåíà

r = F (t)
[
Z(x, t) +

∫
h(thϕ) dt

F (t)

]
, F (t) = exp

[ ∫
f(thϕ) dt

]

ïðèâîäèò ïîëó÷åííîå Óð×Ï ê ëèíåéíîìó óðàâíåíèþ òåïëîïðîâîäíîñòè

Zt = aZxx.

◮ Ïðîèçâîëüíûå �óíêöèè çàâèñÿò îò ïðîèçâåäåíèÿ ñòåïåíåé èñêîìûõ

âåëè÷èí.

18. ut = auxx +uf(unwm), wt = bwxx +wg(unwm).

Òî÷íîå ðåøåíèå:

u = em(kx−λt)y(ξ), w = e−n(kx−λt)z(ξ), ξ = βx− γt,

ãäå k, λ, β, γ � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè y = y(ξ) è z = z(ξ)
îïèñûâàþòñÿ àâòîíîìíîé ñèñòåìîé ÎÄÓ

aβ2y′′ξξ + (2akmβ + γ)y′ξ +m(ak2m+ λ)y + yf(ynzm) = 0,

bβ2z′′ξξ + (−2bknβ + γ)z′ξ + n(bk2n− λ)z + zg(ynzm) = 0.

×àñòíîìó ñëó÷àþ k = λ = 0 ñîîòâåòñòâóåò ðåøåíèå òèïà áåãóùåé âîëíû.

19. ut = auxx + u1+knf
((
unwm

))
, wt = bwxx + w1−kmg

((
unwm

))
.

Àâòîìîäåëüíîå ðåøåíèå:

u = (C1t+C2)
− 1
kn y(ξ), w = (C1t+ C2)

1
km z(ξ), ξ =

x+C3√
C1t+ C2

,

ãäå C1, C2, C3 � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè y = y(ξ) è z = z(ξ)
îïèñûâàþòñÿ ñèñòåìîé ÎÄÓ

ay′′ξξ +
1

2
C1ξy

′
ξ +

C1

kn
y + y1+knf

(
ynzm

)
= 0,

bz′′ξξ +
1

2
C1ξz

′
ξ −

C1

km
z + z1−kmg

(
ynzm

)
= 0.
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20. ut = auxx + cu lnu+ uf(unwm),

wt = bwxx + cw lnw + wg(unwm).

Òî÷íîå ðåøåíèå:

u = exp(Amect)y(ξ), w = exp(−Anect)z(ξ), ξ = kx− λt,

ãäå A, k, λ � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè y = y(ξ) è z = z(ξ)
îïèñûâàþòñÿ àâòîíîìíîé ñèñòåìîé ÎÄÓ

ak2y′′ξξ + λy′ξ + cy ln y + yf(ynzm) = 0,

bk2z′′ξξ + λz′ξ + cz ln z + zg(ynzm) = 0.

×àñòíîìó ñëó÷àþ A=0 ñîîòâåòñòâóåò ðåøåíèå òèïà áåãóùåé âîëíû. Ïðè λ=0
èìååì ðåøåíèå â âèäå ïðîèçâåäåíèÿ äâóõ �óíêöèé, çàâèñÿùèõ îò âðåìåíè t è
êîîðäèíàòû x.

◮ Ïðîèçâîëüíûå �óíêöèè çàâèñÿò îò ñóììû èëè ðàçíîñòè êâàäðàòîâ

èñêîìûõ âåëè÷èí.

21. ut = auxx +uf(u2 +w2)−wg(u2 +w2),

wt = awxx +ug(u2 +w2) +wf(u2 +w2).

1◦. �åøåíèå, ïåðèîäè÷åñêîå ïî ïðîñòðàíñòâåííîé êîîðäèíàòå:

u = ψ(t) cosϕ(x, t), w = ψ(t) sinϕ(x, t), ϕ(x, t) = C1x+
∫
g(ψ2) dt+C2,

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
ïåðâîãî ïîðÿäêà ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

ψ′
t = ψf(ψ2)− aC2

1ψ,

îáùåå ðåøåíèå êîòîðîãî ìîæíî ïðåäñòàâèòü â íåÿâíîé �îðìå

∫
dψ

ψf(ψ2)− aC2
1ψ

= t+ C3.

2◦. �åøåíèå, ïåðèîäè÷åñêîå ïî âðåìåíè:

u = r(x) cos
[
θ(x) + C1t+ C2

]
, w = r(x) sin

[
θ(x) + C1t+ C2

]
,

ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè r = r(x) è θ = θ(x)
îïèñûâàþòñÿ àâòîíîìíîé ñèñòåìîé ÎÄÓ

ar′′xx − ar(θ′x)
2 + rf(r2) = 0, arθ′′xx + 2ar′xθ

′
x − C1r + rg(r2) = 0.

3◦. �åøåíèå (îáîáùàåò ðåøåíèå èç ï. 2◦):

u = r(z) cos
[
θ(z) +C1t+C2

]
, w = r(z) sin

[
θ(z) +C1t+C2

]
, z = x+ λt,
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ãäå C1, C2, λ � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè r = r(z) è θ = θ(z)
îïèñûâàþòñÿ àâòîíîìíîé ñèñòåìîé ÎÄÓ

ar′′zz − ar(θ′z)
2 −λr′z + rf(r2) = 0, arθ′′zz+2ar′zθ

′
z −λrθ′z −C1r+ rg(r2) = 0.

22. ut = auxx + uf(u2 − w2) + wg(u2 − w2),

wt = awxx + ug(u2 − w2) + wf(u2 − w2).

1◦. Òî÷íîå ðåøåíèå:

u = ψ(t) chϕ(x, t), w = ψ(t) shϕ(x, t), ϕ(x, t) = C1x+
∫
g(ψ2) dt+ C2,

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
ïåðâîãî ïîðÿäêà ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

ψ′
t = ψf(ψ2) + aC2

1ψ,

îáùåå ðåøåíèå êîòîðîãî ìîæíî ïðåäñòàâèòü â íåÿâíîé �îðìå

∫
dψ

ψf(ψ2) + aC2
1ψ

= t+ C3.

2◦. Òî÷íîå ðåøåíèå:

u = r(x) ch
[
θ(x) + C1t+ C2

]
, w = r(x) sh

[
θ(x) + C1t+ C2

]
,

ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè r = r(x) è θ = θ(x)
îïèñûâàþòñÿ àâòîíîìíîé ñèñòåìîé ÎÄÓ

ar′′xx + ar(θ′x)
2 + rf(r2) = 0, arθ′′xx + 2ar′xθ

′
x + rg(r2)−C1r = 0.

3◦. �åøåíèå (îáîáùàåò ðåøåíèå èç ï. 2◦):

u = r(z) ch
[
θ(z) + C1t+ C2

]
, w = r(z) sh

[
θ(z) + C1t+ C2

]
, z = x+ λt,

ãäå C1, C2, λ � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè r = r(z) è θ = θ(z)
îïèñûâàþòñÿ àâòîíîìíîé ñèñòåìîé ÎÄÓ

ar′′zz + ar(θ′z)
2 −λr′z + rf(r2) = 0, arθ′′zz+2ar′zθ

′
z −λrθ′z −C1r+ rg(r2) = 0.

◮ Ïðîèçâîëüíûå �óíêöèè ñëîæíûì îáðàçîì çàâèñÿò îò èñêîìûõ

âåëè÷èí.

23. ut = auxx +uf(u2 +w2)−wg
((
w

u

))
,

wt = awxx +ug
((
w

u

))
+wf(u2 +w2).

Òî÷íîå ðåøåíèå:

u = r(x, t) cosϕ(t), w = r(x, t) sinϕ(t),



336 7. ÑÈÑÒÅÌÛ Ó�ÀÂÍÅÍÈÉ Ñ ×ÀÑÒÍÛÌÈ Ï�ÎÈÇÂÎÄÍÛÌÈ

ãäå �óíêöèÿ ϕ = ϕ(t) îïèñûâàåòñÿ àâòîíîìíûì ÎÄÓ

ϕ′
t = g(tgϕ), (1)

à �óíêöèÿ r = r(x, t) óäîâëåòâîðÿåò Óð×Ï

rt = arxx + rf(r2). (2)

Îáùåå ðåøåíèå óðàâíåíèÿ (1) ìîæíî ïðåäñòàâèòü â íåÿâíîì âèäå

∫
dϕ

g(tgϕ)
= t+ C.

Óð×Ï (2) èìååò òî÷íîå ðåøåíèå r = r(x), íå çàâèñÿùåå îò âðåìåíè. Êðîìå
òîãî, ýòî óðàâíåíèå äîïóñêàåò áîëåå ñëîæíîå ðåøåíèå òèïà áåãóùåé âîëíû

r = r(z), ãäå z = kx − λt (k è λ�ïðîèçâîëüíûå ïîñòîÿííûå), à �óíêöèÿ r(z)
îïèñûâàåòñÿ àâòîíîìíûì ÎÄÓ

ak2r′′zz + λr′z + rf(r2) = 0.

24. ut = auxx + uf(u2 − w2) + wg
((
w

u

))
,

wt = awxx + ug
((
w

u

))
+ wf(u2 − w2).

Òî÷íîå ðåøåíèå:

u = r(x, t) chϕ(t), w = r(x, t) shϕ(t),

ãäå �óíêöèÿ ϕ = ϕ(t) îïèñûâàåòñÿ àâòîíîìíûì ÎÄÓ

ϕ′
t = g(thϕ), (1)

à �óíêöèÿ r = r(x, t) óäîâëåòâîðÿåò Óð×Ï

rt = arxx + rf(r2). (2)

Îáùåå ðåøåíèå óðàâíåíèÿ (1) ìîæíî ïðåäñòàâèòü â íåÿâíîì âèäå

∫
dϕ

g(thϕ)
= t+ C.

Óðàâíåíèå (2) äîïóñêàåò òî÷íîå ðåøåíèå òèïà áåãóùåé âîëíû r = r(z), ãäå
z = kx − λt (k è λ�ïðîèçâîëüíûå ïîñòîÿííûå), à �óíêöèÿ r(z) îïèñûâàåòñÿ
àâòîíîìíûì ÎÄÓ

ak2r′′zz + λr′z + rf(r2) = 0.

Î äðóãèõ òî÷íûõ ðåøåíèÿõ óðàâíåíèÿ (2) äëÿ ðàçëè÷íûõ �óíêöèé f ñì. êíèãó

Polyanin & Zaitsev (2012).

25. ut = auxx+uf
((
u2+w2

))
−wg

((
u2+w2

))
−w arctg

((
w

u

))
h
((
u2+w2

))
,

wt = awxx+wf
((
u2+w2

))
+ug

((
u2+w2

))
+u arctg

((
w

u

))
h
((
u2+w2

))
.

�åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ (ïðè �èêñèðîâàííîì t
îíî îïðåäåëÿåò ñòðóêòóðó, ïåðèîäè÷åñêóþ ïî x):

u = r(t) cos
[
ϕ(t)x+ ψ(t)

]
, w = r(t) sin

[
ϕ(t)x+ ψ(t)

]
,
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ãäå �óíêöèè r = r(t), ϕ = ϕ(t), ψ = ψ(t) îïèñûâàþòñÿ àâòîíîìíîé ñèñòåìîé

ÎÄÓ

r′t = −arϕ2 + rf(r2), ϕ′
t = h(r2)ϕ, ψ′

t = h(r2)ψ + g(r2).

26. ut = auxx+uf
((
u2−w2

))
+wg

((
u2−w2

))
+w arth

((
w

u

))
h
((
u2−w2

))
,

wt = awxx+wf
((
u2−w2

))
+ug

((
u2−w2

))
+u arth

((
w

u

))
h
((
u2−w2

))
.

�åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = r(t) ch
[
ϕ(t)x + ψ(t)

]
, w = r(t) sh

[
ϕ(t)x+ ψ(t)

]
,

ãäå �óíêöèè r = r(t), ϕ = ϕ(t), ψ = ψ(t) îïèñûâàþòñÿ àâòîíîìíîé ñèñòåìîé

ÎÄÓ

r′t = arϕ2 + rf(r2), ϕ′
t = h(r2)ϕ, ψ′

t = h(r2)ψ + g(r2).

27. ut = auxx + uk+1f(ϕ), ϕ = u exp

((
− w

u

))
,

wt = awxx + uk+1[f(ϕ) lnu+ g(ϕ)].

Òî÷íîå ðåøåíèå:

u = (C1t+ C2)
− 1
k y(ξ), ξ =

x+C3√
C1t+ C2

,

w = (C1t+ C2)
− 1
k

[
z(ξ) − 1

k
ln(C1t+ C2)y(ξ)

]
,

ãäå C1, C2, C3 � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè y = y(ξ) è z = z(ξ)
îïèñûâàþòñÿ ñèñòåìîé ÎÄÓ

ay′′ξξ +
1

2
C1ξy

′
ξ +

C1

k
y + yk+1f(ϕ) = 0, ϕ = y exp

(
− z

y

)
,

az′′ξξ +
1

2
C1ξz

′
ξ +

C1

k
z +

C1

k
y + yk+1[f(ϕ) ln y + g(ϕ)] = 0.

7.3.2. �åàêöèîííî-äè��óçèîííûå ñèñòåìû âèäà

ut = ax−n(xnux)x + F (u,w), wt = bx−n(xnwx)x +G(u,w)

Ïðåäâàðèòåëüíûå çàìå÷àíèÿ. Ýòî íåëèíåéíûå ðåàêöèîííî-äè��óçèîííûå

ñèñòåìû Óð×Ï â ðàäèàëüíî-ñèììåòðè÷íîì ñëó÷àå (çíà÷åíèå n = 1 ñîîòâåò-

ñòâóåò ïëîñêîé çàäà÷å, à n = 2�ïðîñòðàíñòâåííîé).

◮ Ïðîèçâîëüíûå �óíêöèè çàâèñÿò îò ëèíåéíîé êîìáèíàöèè èñêîìûõ

âåëè÷èí.

1. ut = ax−n(xnux)x +uf(bu− cw)+ g(bu− cw),

wt = ax−n(xnwx)x +wf(bu− cw)+h(bu− cw).

1◦. Òî÷íîå ðåøåíèå:

u=ϕ(t)+c exp
[ ∫

f(bϕ−cψ) dt
]
θ(x, t), w=ψ(t)+b exp

[ ∫
f(bϕ−cψ) dt

]
θ(x, t),
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ãäå ϕ = ϕ(t) è ψ = ψ(t) îïèñûâàþòñÿ àâòîíîìíîé ñèñòåìîé ÎÄÓ

ϕ′
t = ϕf(bϕ− cψ) + g(bϕ − cψ),

ψ′
t = ψf(bϕ− cψ) + h(bϕ − cψ),

à �óíêöèÿ θ = θ(x, t) óäîâëåòâîðÿåò ëèíåéíîìó óðàâíåíèþ òåïëîïðîâîäíîñòè

θt = ax−n(xnθx)x. (1)

2◦. Óìíîæèì ïåðâîå óðàâíåíèå íà b, à âòîðîå óðàâíåíèå � íà −c, à çàòåì
ñëîæèì ïîëó÷åííûå Óð×Ï. Â ðåçóëüòàòå èìååì

ζt = ax−n(xnζx)x + ζf(ζ) + bg(ζ)− ch(ζ), ζ = bu− cw. (2)

Ýòî óðàâíåíèå áóäåì ðàññìàòðèâàòü âìåñòå ñ ïåðâûì óðàâíåíèåì èñõîäíîé

ñèñòåìû

ut = ax−n(xnux)x + uf(ζ) + g(ζ). (3)

Óðàâíåíèå (2) ìîæíî èññëåäîâàòü îòäåëüíî. Ïîëó÷èâ ðåøåíèå ζ = ζ(x, t)
óðàâíåíèÿ (2), �óíêöèþ u = u(x, t) ìîæíî íàéòè ïóòåì ðåøåíèÿ ëèíåéíîãî

óðàâíåíèÿ (3), ïîñëå ÷åãî �óíêöèÿ w = w(x, t) îïðåäåëÿåòñÿ ïî �îðìóëå w =
= (bu− ζ)/c.

Îòìåòèì äâà âàæíûõ ñëó÷àÿ, êîãäà óðàâíåíèå (2) äîïóñêàåò òî÷íûå ðåøå-

íèÿ:

(i) Â îáùåì ñëó÷àå óðàâíåíèå (2) èìååò ñòàöèîíàðíûå ðåøåíèÿ ζ = ζ(x).
Òîãäà ñîîòâåòñòâóþùèå òî÷íûå ðåøåíèÿ óðàâíåíèÿ (3) ìîæíî èñêàòü â âèäå

u = u0(x) +
∑
eβntun(x).

(ii) Åñëè âûïîëíÿåòñÿ óñëîâèå ζf(ζ)+ bg(ζ)− ch(ζ) = k1ζ + k0, òî óðàâíå-
íèå (2) ÿâëÿåòñÿ ëèíåéíûì Óð×Ï

ζt = ax−n(xnζx)x + k1ζ + k0,

êîòîðîå ïîäñòàíîâêîé ζ = ek1tζ̄ − k0k
−1
1 ìîæíî ñâåñòè ê áîëåå ïðîñòîìó

ëèíåéíîìó óðàâíåíèþ òåïëîïðîâîäíîñòè âèäà (1).

2. ut = ax−n(xnux)x + eλuf(λu− σw),

wt = bx−n(xnwx)x + eσwg(λu− σw).

Òî÷íîå ðåøåíèå:

u = y(ξ)− 1

λ
ln(C1t+ C2), w = z(ξ) − 1

σ
ln(C1t+ C2), ξ =

x√
C1t+ C2

,

ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè y = y(ξ) è z = z(ξ)
îïèñûâàþòñÿ ñèñòåìîé ÎÄÓ

aξ−n(ξny′ξ)
′
ξ +

1

2
C1ξy

′
ξ +

C1

λ
+ eλyf(λy − σz) = 0,

bξ−n(ξnz′ξ)
′
ξ +

1

2
C1ξz

′
ξ +

C1

σ
+ eσzg(λy − σz) = 0.



7.3. Íåëèíåéíûå ñèñòåìû äâóõ Óð×Ï âòîðîãî ïîðÿäêà 339

◮ Ïðîèçâîëüíûå �óíêöèè çàâèñÿò îò îòíîøåíèÿ èñêîìûõ âåëè÷èí.

3. ut = ax−n(xnux)x +uf
((
u

w

))
, wt = bx−n(xnwx)x +wg

((
u

w

))
.

1◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = x
1−n
2 [C1Jν(kx) + C2Yν(kx)]ϕ(t), ν = 1

2 |n− 1|,

w = x
1−n
2 [C1Jν(kx) + C2Yν(kx)]ψ(t),

ãäå C1, C2, k�ïðîèçâîëüíûå ïîñòîÿííûå, Jν(z) è Yν(z)��óíêöèè Áåññåëÿ, à

�óíêöèè ϕ = ϕ(t) è ψ = ψ(t) îïèñûâàþòñÿ àâòîíîìíîé ñèñòåìîé ÎÄÓ

ϕ′
t = −ak2ϕ+ ϕf(ϕ/ψ), ψ′

t = −bk2ψ + ψg(ϕ/ψ).

2◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = x
1−n
2 [C1Iν(kx) +C2Kν(kx)]ϕ(t), ν = 1

2 |n − 1|,

w = x
1−n
2 [C1Iν(kx) +C2Kν(kx)]ψ(t),

ãäå C1, C2, k�ïðîèçâîëüíûå ïîñòîÿííûå, Iν(z) è Kν(z)�ìîäè�èöèðîâàííûå

�óíêöèè Áåññåëÿ, à �óíêöèè ϕ = ϕ(t) è ψ = ψ(t) îïèñûâàþòñÿ àâòîíîìíîé

ñèñòåìîé ÎÄÓ

ϕ′
t = ak2ϕ+ ϕf(ϕ/ψ), ψ′

t = bk2ψ + ψg(ϕ/ψ).

3◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = e−λty(x), w = e−λtz(x),

ãäå λ�ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèè y = y(x) è z = z(x) îïèñûâàþòñÿ
ñèñòåìîé ÎÄÓ

ax−n(xny′x)
′
x + λy + yf(y/z) = 0, bx−n(xnz′x)

′
x + λz + zg(y/z) = 0.

4◦. ×àñòíûé ñëó÷àé óðàâíåíèÿ ïðè b= a. Ïóñòü k�êîðåíü àëãåáðàè÷åñêîãî

(òðàíñöåíäåíòíîãî) óðàâíåíèÿ

f(k) = g(k).

Òî÷íîå ðåøåíèå:

u = keλtθ, w = eλtθ, λ = f(k),

ãäå �óíêöèÿ θ = θ(x, t) óäîâëåòâîðÿò ëèíåéíîìó óðàâíåíèþ òåïëîïðîâîäíîñòè

θt = ax−n(xnθx)x. (1)

5◦. ×àñòíûé ñëó÷àé óðàâíåíèÿ ïðè b = a. Òî÷íîå ðåøåíèå:

u = ϕ(t) exp
[ ∫

g(ϕ(t)) dt
]
θ(x, t), w = exp

[ ∫
g(ϕ(t)) dt

]
θ(x, t),
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ãäå �óíêöèÿ ϕ = ϕ(t) îïèñûâàåòñÿ ÎÄÓ ïåðâîãî ïîðÿäêà ñ ðàçäåëÿþùèìèñÿ

ïåðåìåííûìè

ϕ′
t = [f(ϕ)− g(ϕ)]ϕ, (2)

à �óíêöèÿ θ = θ(x, t) óäîâëåòâîðÿò ëèíåéíîìó óðàâíåíèþ òåïëîïðîâîäíî-

ñòè (1).

×àñòíîìó ðåøåíèþ ϕ = k = const óðàâíåíèÿ (2) ñîîòâåòñòâóåò ðåøåíèå,

ïðåäñòàâëåííîå â ï. 4◦. Îáùåå ðåøåíèå óðàâíåíèÿ (2) ìîæíî çàïèñàòü â íåÿâ-
íîì âèäå ∫

dϕ

[f(ϕ) − g(ϕ)]ϕ
= t+ C.

4. ut = ax−n(xnux)x + uf
((
u

w

))
+

u

w
h
((
u

w

))
,

wt = ax−n(xnwx)x + wg
((
u

w

))
+ h

((
u

w

))
.

Òî÷íîå ðåøåíèå:

u = ϕ(t)G(t)
[
θ(x, t) +

∫
h(ϕ)

G(t)
dt
]
, G(t) = exp

[ ∫
g(ϕ) dt

]
,

w = G(t)
[
θ(x, t) +

∫
h(ϕ)

G(t)
dt
]
,

ãäå �óíêöèÿ ϕ = ϕ(t) îïèñûâàåòñÿ ÎÄÓ ïåðâîãî ïîðÿäêà ñ ðàçäåëÿþùèìèñÿ

ïåðåìåííûìè

ϕ′
t = [f(ϕ)− g(ϕ)]ϕ,

à �óíêöèÿ θ = θ(x, t) óäîâëåòâîðÿò ëèíåéíîìó óðàâíåíèþ òåïëîïðîâîäíîñòè

θt = ax−n(xnθx)x.

5. ut = ax−n(xnux)x + uf1

((
w

u

))
+ wg1

((
w

u

))
,

wt = ax−n(xnwx)x + uf2

((
w

u

))
+ wg2

((
w

u

))
.

Òî÷íîå ðåøåíèå:

u = exp
{∫

[f1(ϕ) + ϕg1(ϕ)] dt
}
θ(x, t),

w = ϕ(t) exp
{∫

[f1(ϕ) + ϕg1(ϕ)] dt
}
θ(x, t),

ãäå �óíêöèÿ ϕ = ϕ(t) îïèñûâàåòñÿ ÎÄÓ ïåðâîãî ïîðÿäêà ñ ðàçäåëÿþùèìèñÿ

ïåðåìåííûìè

ϕ′
t = f2(ϕ) + ϕg2(ϕ) − ϕ[f1(ϕ) + ϕg1(ϕ)],

à �óíêöèÿ θ = θ(x, t) óäîâëåòâîðÿò ëèíåéíîìó óðàâíåíèþ òåïëîïðîâîäíîñòè

θt = ax−n(xnθx)x.
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6. ut = ax−n(xnux)x + ukf
((
u

w

))
, wt = bx−n(xnwx)x + wkg

((
u

w

))
.

Àâòîìîäåëüíîå ðåøåíèå:

u = (C1t+ C2)
1

1−k y(ξ), w = (C1t+ C2)
1

1−k z(ξ), ξ =
x√

C1t+C2

,

ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè y = y(ξ) è z = z(ξ)
îïèñûâàþòñÿ ñèñòåìîé ÎÄÓ

aξ−n(ξny′ξ)
′
ξ +

1

2
C1ξy

′
ξ +

C1

k − 1
y + ykf(y/z) = 0,

bξ−n(ξnz′ξ)
′
ξ +

1

2
C1ξz

′
ξ +

C1

k − 1
z + zkg(y/z) = 0.

7. ut = ax−n(xnux)x + uf
((
u

w

))
lnu+ ug

((
u

w

))
,

wt = ax−n(xnwx)x + wf
((
u

w

))
lnw + wh

((
u

w

))
.

Òî÷íîå ðåøåíèå:

u = ϕ(t)ψ(t)θ(x, t), w = ψ(t)θ(x, t),

ãäå �óíêöèè ϕ = ϕ(t) è ψ = ψ(t) îïèñûâàþòñÿ àâòîíîìíîé ñèñòåìîé ÎÄÓ

ïåðâîãî ïîðÿäêà

ϕ′
t = ϕ[g(ϕ) − h(ϕ) + f(ϕ) lnϕ],

ψ′
t = ψ[h(ϕ) + f(ϕ) lnψ],

(1)

à �óíêöèÿ θ = θ(x, t) óäîâëåòâîðÿåò Óð×Ï

θt = ax−n(xnθx)x + f(ϕ)θ ln θ. (2)

Ïåðâîå óðàâíåíèå â (1) ÿâëÿåòñÿ ÎÄÓ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè, îáùåå

ðåøåíèå êîòîðîãî ìîæíî ïðåäñòàâèòü â íåÿâíîì âèäå. Âòîðîå óðàâíåíèå â (1)

ìîæíî ðåøèòü ñ ïîìîùüþ çàìåíû ψ = eζ , ÷òî ïðèâîäèò ê ëèíåéíîìó ÎÄÓ

äëÿ ζ . Óð×Ï (2) äîïóñêàåò òî÷íîå ðåøåíèå âèäà

θ = exp
[
σ1(t)x

2 + σ2(t)
]
,

ãäå �óíêöèè σn(t) îïèñûâàþòñÿ ñèñòåìîé ÎÄÓ

σ′1 = f(ϕ)σ1 + 4aσ21 ,

σ′2 = f(ϕ)σ2 + 2a(n+ 1)σ1.

Ýòó ñèñòåìó ìîæíî ïîñëåäîâàòåëüíî ïðîèíòåãðèðîâàòü, ïîñêîëüêó ïåðâîå ÎÄÓ

ÿâëÿåòñÿ óðàâíåíèåì Áåðíóëëè, à âòîðîå�ëèíåéíî îòíîñèòåëüíî èñêîìîé �óí-

êöèè.

Åñëè f = const, òî óðàâíåíèå (2) òàêæå èìååò ðåøåíèå òèïà áåãóùåé âîëíû
θ = θ(kx− λt).
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◮ Ïðîèçâîëüíûå �óíêöèè çàâèñÿò îò ïðîèçâåäåíèÿ ñòåïåíåé èñêîìûõ

âåëè÷èí.

8. ut = ax−n(xnux)x +uf(x,ukwm),

wt = bx−n(xnwx)x +wg(x,ukwm).

�åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = e−mλty(x), w = ekλtz(x),

ãäå λ�ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèè y = y(x) è z = z(x) îïèñûâàþòñÿ
ñèñòåìîé ÎÄÓ

ax−n(xny′x)
′
x +mλy + yf(x, ykzm) = 0,

bx−n(xnz′x)
′
x − kλz + zg(x, ykzm) = 0.

9. ut = ax−n(xnux)x + u1+knf
((
unwm

))
,

wt = bx−n(xnwx)x + w1−kmg
((
unwm

))
.

Àâòîìîäåëüíîå ðåøåíèå:

u = (C1t+C2)
− 1
kn y(ξ), w = (C1t+ C2)

1
km z(ξ), ξ =

x√
C1t+ C2

,

ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè y = y(ξ) è z = z(ξ)
îïèñûâàþòñÿ ñèñòåìîé ÎÄÓ

aξ−n(ξny′ξ)
′
ξ +

1

2
C1ξy

′
ξ +

C1

kn
y + y1+knf

(
ynzm

)
= 0,

bξ−n(ξnz′ξ)
′
ξ +

1

2
C1ξz

′
ξ −

C1

km
z + z1−kmg

(
ynzm

)
= 0.

10. ut = ax−n(xnux)x + cu lnu+ uf(x, ukwm),

wt = bx−n(xnwx)x + cw lnw + wg(x, ukwm).

�åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = exp(Amect)y(x), w = exp(−Akect)z(x),
ãäå A�ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèè y = y(x) è z = z(x) îïèñûâàþòñÿ
ñèñòåìîé ÎÄÓ

ax−n(xny′x)
′
x + cy ln y + yf(x, ykzm) = 0,

bx−n(xnz′x)
′
x + cz ln z + zg(x, ykzm) = 0.

◮ Ïðîèçâîëüíûå �óíêöèè çàâèñÿò îò ñóììû èëè ðàçíîñòè êâàäðàòîâ

èñêîìûõ �óíêöèé.

11. ut = ax−n(xnux)x +uf(u2 +w2)−wg(u2+w2),

wt = ax−n(xnwx)x +wf(u2 +w2)+ug(u2 +w2).

�åøåíèå, ïåðèîäè÷åñêîå ïî âðåìåíè:

u = r(x) cos
[
θ(x) + C1t+ C2

]
, w = r(x) sin

[
θ(x) + C1t+ C2

]
,
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ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè r = r(x) è θ = θ(x)
îïèñûâàþòñÿ ñèñòåìîé ÎÄÓ

ar′′xx − ar(θ′x)
2 +

an

x
r′x + rf(r2) = 0,

arθ′′xx + 2ar′xθ
′
x +

an

x
rθ′x + rg(r2)−C1r = 0.

12. ut = ax−n(xnux)x + uf(u2 − w2) + wg(u2 − w2),

wt = ax−n(xnwx)x + wf(u2 − w2) + ug(u2 − w2).

Òî÷íîå ðåøåíèå:

u = r(x) ch
[
θ(x) + C1t+ C2

]
, w = r(x) sh

[
θ(x) + C1t+ C2

]
,

ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè r = r(x) è θ = θ(x)
îïèñûâàþòñÿ ñèñòåìîé ÎÄÓ

ar′′xx + ar(θ′x)
2 +

an

x
r′x + rf(r2) = 0,

arθ′′xx + 2ar′xθ
′
x +

an

x
rθ′x + rg(r2)−C1r = 0.

◮ Ïðîèçâîëüíûå �óíêöèè èìåþò ðàçíûå àðãóìåíòû.

13. ut = ax−n(xnux)x +uf(u2 +w2)−wg
((
w

u

))
,

wt = ax−n(xnwx)x +wf(u2 +w2)+ug
((
w

u

))
.

Òî÷íîå ðåøåíèå:

u = r(x, t) cosϕ(t), w = r(x, t) sinϕ(t),

ãäå �óíêöèÿ ϕ = ϕ(t) îïèñûâàåòñÿ àâòîíîìíûì ÎÄÓ

ϕ′
t = g(tgϕ), (1)

à �óíêöèÿ r = r(x, t) óäîâëåòâîðÿåò Óð×Ï

rt = ax−n(xnrx)x + rf(r2). (2)

Îáùåå ðåøåíèå ÎÄÓ (1) ìîæíî ïðåäñòàâèòü â íåÿâíîì âèäå

∫
dϕ

g(tgϕ)
= t+ C.

Óð×Ï (2) äîïóñêàåò ñòàöèîíàðíîå ðåøåíèå r = r(x).

14. ut = ax−n(xnux)x + uf(u2 − w2) + wg
((
w

u

))
,

wt = ax−n(xnwx)x + wf(u2 − w2) + ug
((
w

u

))
.

Òî÷íîå ðåøåíèå:

u = r(x, t) chϕ(t), w = r(x, t) shϕ(t),
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ãäå �óíêöèÿ ϕ = ϕ(t) îïèñûâàåòñÿ àâòîíîìíûì ÎÄÓ

ϕ′
t = g(thϕ), (1)

à �óíêöèÿ r = r(x, t) óäîâëåòâîðÿåò Óð×Ï

rt = ax−n(xnrx)x + rf(r2). (2)

Îáùåå ðåøåíèå ÎÄÓ (1) ìîæíî ïðåäñòàâèòü â íåÿâíîì âèäå

∫
dϕ

g(thϕ)
= t+ C.

Óð×Ï (2) äîïóñêàåò ñòàöèîíàðíîå ðåøåíèå r = r(x).

7.3.3. Ñèñòåìû ãèïåðáîëè÷åñêèõ Óð×Ï âèäà

utt = ax−n(xnux)x + F (u,w), wtt = bx−n(xnwx)x +G(u,w)

◮ Ïðîèçâîëüíûå �óíêöèè çàâèñÿò îò ëèíåéíîé êîìáèíàöèè èç èñêîìûõ

âåëè÷èí.

1. utt = ax−n(xnux)x +uf(bu− cw)+ g(bu− cw),

wtt = ax−n(xnwx)x +wf(bu− cw)+h(bu− cw).

1◦. Òî÷íîå ðåøåíèå:

u = ϕ(t) + cθ(x, t), w = ψ(t) + bθ(x, t),

ãäå ϕ = ϕ(t) è ψ = ψ(t) îïèñûâàþòñÿ àâòîíîìíîé ñèñòåìîé ÎÄÓ

ϕ′′
tt = ϕf(bϕ− cψ) + g(bϕ− cψ), ψ′′

tt = ψf(bϕ− cψ) + h(bϕ − cψ),

à �óíêöèÿ θ = θ(x, t) îïèñûâàåòñÿ ëèíåéíûì Óð×Ï

θtt = ax−n(xnθx)x + f(bϕ− cψ)θ.

Ïðè f = const ðåøåíèÿ ýòîãî óðàâíåíèÿ ìîæíî íàéòè ìåòîäîì ðàçäåëåíèÿ

ïåðåìåííûõ.

2◦. Óìíîæèì ïåðâîå Óð×Ï íà b, à âòîðîå óðàâíåíèå � íà −c, à çàòåì ñëî-

æèì ïîëó÷åííûå óðàâíåíèÿ. Â ðåçóëüòàòå èìååì

ζtt = ax−n(xnζx)x + ζf(ζ) + bg(ζ)− ch(ζ), ζ = bu− cw. (1)

Ýòî óðàâíåíèå áóäåì ðàññìàòðèâàòü âìåñòå ñ ïåðâûì óðàâíåíèåì èñõîäíîé

ñèñòåìû

utt = ax−n(xnux)x + uf(ζ) + g(ζ). (2)

Óðàâíåíèå (1) ìîæíî èññëåäîâàòü îòäåëüíî. Ïîëó÷èâ ðåøåíèå ζ = ζ(x, t)
óðàâíåíèÿ (1), �óíêöèþ u = u(x, t) ìîæíî íàéòè ïóòåì ðåøåíèÿ ëèíåéíîãî

óðàâíåíèÿ (2), ïîñëå ÷åãî �óíêöèÿ w = w(x, t) îïðåäåëÿåòñÿ ïî �îðìóëå w =
= (bu− ζ)/c.
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Îòìåòèì òðè âàæíûõ ñëó÷àÿ, êîãäà óðàâíåíèå (1) äîïóñêàåò òî÷íûå ðåøå-

íèÿ:

(i) Â îáùåì ñëó÷àå óðàâíåíèå (1) èìååò ïðîñòðàíñòâåííî îäíîðîäíîå ðå-

øåíèå ζ = ζ(t). Ñîîòâåòñòâóþùåå ðåøåíèå èñõîäíîé ñèñòåìû â äðóãîé �îðìå

äàíî â ï. 1◦.
(ii) Â îáùåì ñëó÷àå óðàâíåíèå (1) äîïóñêàåò ñòàöèîíàðíûå ðåøåíèÿ ζ =

= ζ(x). Òîãäà ñîîòâåòñòâóþùèå òî÷íûå ðåøåíèÿ óðàâíåíèÿ (2) ìîæíî èñêàòü

â âèäå u = u0(x) +
∑
e−βntun(x) èëè u = u0(x) +

∑
cos(βnt)u

(1)
n (x) +

+
∑

sin(βnt)u
(2)
n (x).

(iii) Åñëè âûïîëíÿåòñÿ óñëîâèå ζf(ζ) + bg(ζ) − ch(ζ) = k1ζ + k0, òî óðàâ-
íåíèå (1) ÿâëÿåòñÿ ëèíåéíûì Óð×Ï

ζtt = ax−n(xnζx)x + k1ζ + k0,

ðåøåíèÿ êîòîðîãî ìîæíî íàéòè ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ.

2. utt = ax−n(xnux)x + eλuf(λu− σw),

wtt = bx−n(xnwx)x + eσwg(λu− σw).

1◦. Òî÷íîå ðåøåíèå:

u = y(ξ)− 2

λ
ln(C1t+ C2), w = z(ξ) − 2

σ
ln(C1t+ C2), ξ =

x

C1t+ C2
,

ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè y = y(ξ) è z = z(ξ)
îïèñûâàþòñÿ ñèñòåìîé ÎÄÓ

C2
1(ξ

2y′ξ)
′
ξ + 2C2

1λ
−1 = aξ−n(ξny′ξ)

′
ξ + eλyf(λy − σz),

C2
1 (ξ

2z′ξ)
′
ξ + 2C2

1σ
−1 = bξ−n(ξnz′ξ)

′
ξ + eσzg(λy − σz).

2◦. �åøåíèå ïðè b = a:

u = θ(x, t), w =
λ

σ
θ(x, t)− k

σ
,

ãäå k�êîðåíü àëãåáðàè÷åñêîãî (òðàíñöåíäåíòíîãî) óðàâíåíèÿ

λf(k) = σe−kg(k),

à �óíêöèÿ θ = θ(x, t) îïèñûâàåòñÿ Óð×Ï

θtt = ax−n(xnθx)x + f(k)eλθ.

Ýòî óðàâíåíèå ðàçðåøèìî ïðè n = 0, î åãî òî÷íûõ ðåøåíèÿõ ñì. Óð×Ï 6.2.1.4.

◮ Ïðîèçâîëüíûå �óíêöèè çàâèñÿò îò îòíîøåíèÿ èñêîìûõ âåëè÷èí.

3. utt = ax−n(xnux)x +uf
((
u

w

))
, wtt = bx−n(xnwx)x +wg

((
u

w

))
.

1◦. Ïåðèîäè÷åñêîå ðåøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåí-

íûõ:

u = [C1 cos(kt) + C2 sin(kt)]y(x), w = [C1 cos(kt) + C2 sin(kt)]z(x),
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ãäå C1, C2, k � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè y = y(x) è z = z(x)
îïèñûâàþòñÿ ñèñòåìîé ÎÄÓ

ax−n(xny′x)
′
x + k2y + yf(y/z) = 0, bx−n(xnz′x)

′
x + k2z + zg(y/z) = 0.

2◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = [C1 exp(kt) + C2 exp(−kt)]y(x), w = [C1 exp(kt) +C2 exp(−kt)]z(x),

ãäå C1, C2, k � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè y = y(x) è z = z(x)
îïèñûâàþòñÿ ñèñòåìîé ÎÄÓ

ax−n(xny′x)
′
x − k2y + yf(y/z) = 0, bx−n(xnz′x)

′
x − k2z + zg(y/z) = 0.

3◦. Âûðîæäåííîå ðåøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = (C1t+ C2)y(x), w = (C1t+ C2)z(x),

ãäå �óíêöèè y = y(x) è z = z(x) îïèñûâàþòñÿ ñèñòåìîé ÎÄÓ

ax−n(xny′x)
′
x + yf(y/z) = 0, bx−n(xnz′x)

′
x + zg(y/z) = 0.

4◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = x
1−n
2 [C1Jν(kx) + C2Yν(kx)]ϕ(t), ν = 1

2 |n− 1|,

w = x
1−n
2 [C1Jν(kx) + C2Yν(kx)]ψ(t),

ãäå C1, C2, k�ïðîèçâîëüíûå ïîñòîÿííûå, Jν(z) è Yν(z)��óíêöèè Áåññåëÿ, à

�óíêöèè ϕ = ϕ(t) è ψ = ψ(t) îïèñûâàþòñÿ àâòîíîìíîé ñèñòåìîé ÎÄÓ

ϕ′′
tt = −ak2ϕ+ ϕf(ϕ/ψ), ψ′′

tt = −bk2ψ + ψg(ϕ/ψ).

5◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = x
1−n
2 [C1Iν(kx) +C2Kν(kx)]ϕ(t), ν = 1

2 |n − 1|,

w = x
1−n
2 [C1Iν(kx) +C2Kν(kx)]ψ(t),

ãäå C1, C2, k�ïðîèçâîëüíûå ïîñòîÿííûå, Iν(z) è Kν(z)�ìîäè�èöèðîâàííûå

�óíêöèè Áåññåëÿ, à �óíêöèè ϕ = ϕ(t) è ψ = ψ(t) îïèñûâàþòñÿ àâòîíîìíîé

ñèñòåìîé ÎÄÓ

ϕ′′
tt = ak2ϕ+ ϕf(ϕ/ψ),

ψ′′
tt = bk2ψ + ψg(ϕ/ψ).

6◦. �åøåíèå ïðè b = a:

u = kθ(x, t), w = θ(x, t),
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ãäå k � êîðåíü àëãåáðàè÷åñêîãî (òðàíñöåíäåíòíîãî) óðàâíåíèÿ f(k) = g(k), à
�óíêöèÿ θ = θ(x, t) îïèñûâàåòñÿ ëèíåéíûì óðàâíåíèåì Êëåéíà��îðäîíà

θtt = ax−n(xnθx)x + f(k)θ.

4. utt = ax−n(xnux)x + uf
((
u

w

))
+

u

w
h
((
u

w

))
,

wtt = ax−n(xnwx)x + wg
((
u

w

))
+ h

((
u

w

))
.

Òî÷íîå ðåøåíèå:

u = kθ(x, t), w = θ(x, t),

ãäå k � êîðåíü àëãåáðàè÷åñêîãî (òðàíñöåíäåíòíîãî) óðàâíåíèÿ f(k) = g(k), à
�óíêöèÿ θ = θ(x, t) îïèñûâàåòñÿ ëèíåéíûì Óð×Ï

θtt = ax−n(xnθx)x + f(k)θ + h(k).

5. utt = ax−n(xnux)x + ukf
((
u

w

))
, wtt = bx−n(xnwx)x +wkg

((
u

w

))
.

Àâòîìîäåëüíîå ðåøåíèå:

u = (C1t+ C2)
2

1−k y(ξ), w = (C1t+ C2)
2

1−k z(ξ), ξ =
x

C1t+C2
,

ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè y = y(ξ) è z = z(ξ)
îïèñûâàþòñÿ ñèñòåìîé ÎÄÓ

C2
1ξ

2y′′ξξ +
2C2

1 (k + 1)

k − 1
ξy′ξ +

C2
1(k + 1)

(k − 1)2
y =

a

ξn
(ξny′ξ)

′
ξ + ykf

(
y

z

)
,

C2
1ξ

2z′′ξξ +
2C2

1 (k + 1)

k − 1
ξz′ξ +

C2
1 (k + 1)

(k − 1)2
z =

b

ξn
(ξnz′ξ)

′
ξ + zkg

(
y

z

)
.

◮ Äðóãèå ñèñòåìû Óð×Ï ãèïåðáîëè÷åñêîãî òèïà.

6. utt = ax−n(xnux)x +uf(x,ukwm),

wtt = bx−n(xnwx)x +wg(x,ukwm).

�åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = e−mλty(x), w = ekλtz(x),

ãäå λ�ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèè y = y(x) è z = z(x) îïèñûâàþòñÿ
ñèñòåìîé ÎÄÓ

ax−n(xny′x)
′
x −m2λ2y + yf(x, ykzm) = 0,

bx−n(xnz′x)
′
x − k2λ2z + zg(x, ykzm) = 0.

7. utt = ax−n(xnux)x + uf(u2 + w2) − wg(u2 + w2),

wtt = ax−n(xnwx)x + wf(u2 + w2) + ug(u2 + w2).

1◦. �åøåíèå, ïåðèîäè÷åñêîå ïî t:

u = r(x) cos
[
θ(x) + C1t+ C2

]
, w = r(x) sin

[
θ(x) + C1t+ C2

]
,
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ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè r = r(x) è θ(x) îïèñûâà-
þòñÿ ñèñòåìîé ÎÄÓ

ar′′xx − ar(θ′x)
2 +

an

x
r′x + C2

1r + rf(r2) = 0,

arθ′′xx + 2ar′xθ
′
x +

an

x
rθ′x + rg(r2) = 0.

2◦. Ïðè n = 0 ñóùåñòâóåò ðåøåíèå âèäà

u = r(z) cos
[
θ(z)+C1t+C2

]
, w = r(z) sin

[
θ(z)+C1t+C2

]
, z = kx−λt.

8. utt = ax−n(xnux)x + uf(u2 − w2) + wg(u2 − w2),

wtt = ax−n(xnwx)x + wf(u2 − w2) + ug(u2 − w2).

1◦. Òî÷íîå ðåøåíèå:

u = r(x) ch
[
θ(x) + C1t+ C2

]
, w = r(x) sh

[
θ(x) + C1t+ C2

]
,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè r = r(x) è θ(x) îïèñûâà-
þòñÿ ñèñòåìîé ÎÄÓ

ar′′xx + ar(θ′x)
2 +

an

x
r′x − C2

1r + rf(r2) = 0,

arθ′′xx + 2ar′xθ
′
x +

an

x
rθ′x + rg(r2) = 0.

2◦. Ïðè n = 0 ñóùåñòâóåò ðåøåíèå âèäà

u = r(z) ch
[
θ(z) +C1t+C2

]
, w = r(z) sh

[
θ(z) +C1t+C2

]
, z = kx− λt.

7.3.4. Ñèñòåìû ýëëèïòè÷åñêèõ Óð×Ï âèäà

∆u = F (u,w), ∆w = G(u,w)

◮ Ïðîèçâîëüíûå �óíêöèè çàâèñÿò îò ëèíåéíîé êîìáèíàöèè èñêîìûõ

âåëè÷èí.

1. uxx +uyy = uf(au− bw)+ g(au− bw),

wxx +wyy = wf(au− bw)+h(au− bw).

1◦. Òî÷íîå ðåøåíèå:

u = ϕ(x) + bθ(x, y), w = ψ(x) + aθ(x, y),

ãäå ϕ = ϕ(x) è ψ = ψ(x) îïèñûâàþòñÿ àâòîíîìíîé ñèñòåìîé ÎÄÓ

ϕ′′
xx = ϕf(aϕ− bψ) + g(aϕ − bψ),

ψ′′
xx = ψf(aϕ− bψ) + h(aϕ − bψ),

à �óíêöèÿ θ = θ(x, y) îïèñûâàåòñÿ ëèíåéíûì óðàâíåíèåì Øðåäèíãåðà ñïåöè-

àëüíîãî âèäà

θxx + θyy = F (x)θ, F (x) = f(aϕ− bψ).

�åøåíèÿ ýòîãî óðàâíåíèÿ ìîæíî íàéòè ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ.
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2◦. Óìíîæèì ïåðâîå Óð×Ï íà a, âòîðîå Óð×Ï � íà −b, à çàòåì ñëîæèì

ïîëó÷åííûå óðàâíåíèÿ. Â ðåçóëüòàòå èìååì

ζxx + ζyy = ζf(ζ) + ag(ζ)− bh(ζ), ζ = au− bw. (1)

Ýòî óðàâíåíèå áóäåì ðàññìàòðèâàòü âìåñòå ñ ïåðâûì óðàâíåíèåì èñõîäíîé

ñèñòåìû

uxx + uyy = uf(ζ) + g(ζ). (2)

Óðàâíåíèå (1) ìîæíî èññëåäîâàòü îòäåëüíî.

Îòìåòèì äâà âàæíûõ ñëó÷àÿ, êîãäà óðàâíåíèå (1) äîïóñêàåò òî÷íûå ðåøå-

íèÿ:

(i) Â îáùåì ñëó÷àå óðàâíåíèå (1) èìååò òî÷íîå ðåøåíèå òèïà áåãóùåé

âîëíû ζ = ζ(z), ãäå z = k1x+ k2y, à k1 è k2 �ïðîèçâîëüíûå ïîñòîÿííûå.

(ii) Ïðè âûïîëíåíèè óñëîâèÿ ζf(ζ) + ag(ζ) − bh(ζ) = c1ζ + c0 Óð×Ï (1)

ÿâëÿåòñÿ ëèíåéíûì óðàâíåíèåì �åëüìãîëüöà.

Ïîëó÷èâ ðåøåíèå ζ = ζ(x, y) óðàâíåíèÿ (1), �óíêöèþ u = u(x, y) îïðå-
äåëÿåì ïóòåì ðåøåíèÿ ëèíåéíîãî óðàâíåíèÿ (2), à çàòåì íàõîäèì �óíêöèþ

w = w(x, y) ïî �îðìóëå w = (bu− ζ)/c .

2. uxx + uyy = eλuf(λu− σw), wxx + wyy = eσwg(λu− σw).

1◦. Òî÷íîå ðåøåíèå:

u = U(ξ)− 2

λ
ln |x+ C1|, w =W (ξ)− 2

σ
ln |x+C1|, ξ =

y + C2

x+ C1
,

ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè U = U(ξ) è W = W (ξ)
îïèñûâàþòñÿ ñèñòåìîé ÎÄÓ

(1 + ξ2)U ′′
ξξ + 2ξU ′

ξ +
2

λ
= eλUf(λU − σW ),

(1 + ξ2)W ′′
ξξ + 2ξW ′

ξ +
2

σ
= eσW g(λU − σW ).

2◦. Òî÷íîå ðåøåíèå:

u = θ(x, y), w =
λ

σ
θ(x, y)− k

σ
,

ãäå k�êîðåíü àëãåáðàè÷åñêîãî (òðàíñöåíäåíòíîãî) óðàâíåíèÿ

λf(k) = σe−kg(k),

à �óíêöèÿ θ = θ(x, y) îïèñûâàåòñÿ èíòåãðèðóåì Óð×Ï

θxx + θyy = f(k)eλθ.

Ýòî óðàâíåíèå âñòðå÷àåòñÿ â òåîðèè ãîðåíèÿ, î åãî òî÷íûõ ðåøåíèÿõ ñì. óðàâ-

íåíèå 6.3.1.3.



350 7. ÑÈÑÒÅÌÛ Ó�ÀÂÍÅÍÈÉ Ñ ×ÀÑÒÍÛÌÈ Ï�ÎÈÇÂÎÄÍÛÌÈ

◮ Ïðîèçâîëüíûå �óíêöèè çàâèñÿò îò îòíîøåíèÿ íåèçâåñòíûõ âåëè÷èí.

3. uxx +uyy = uf
((
u

w

))
, wxx +wyy = wg

((
u

w

))
.

1◦. Ïðîñòðàíñòâåííî-ïåðèîäè÷åñêîå ðåøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäå-

ëåíèåì ïåðåìåííûõ (äðóãîå ðåøåíèå ïîëó÷àåòñÿ ïåðåñòàíîâêîé x è y):

u = [C1 sin(kx) + C2 cos(kx)]ϕ(y), w = [C1 sin(kx) + C2 cos(kx)]ψ(y),

ãäå C1, C2, k � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè ϕ = ϕ(y) è ψ = ψ(y)
îïèñûâàþòñÿ àâòîíîìíîé ñèñòåìîé ÎÄÓ

ϕ′′
yy = k2ϕ+ ϕf(ϕ/ψ), ψ′′

yy = k2ψ + ψg(ϕ/ψ).

2◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u= [C1 exp(kx)+C2 exp(−kx)]U(y), w= [C1 exp(kx)+C2 exp(−kx)]W (y),

ãäå C1, C2, k � ïðîèçâîëüíûå ïîñòîÿííûå à �óíêöèè U = U(y) è W = W (y)
îïèñûâàþòñÿ àâòîíîìíîé ñèñòåìîé ÎÄÓ

U ′′
yy = −k2U + Uf(U/W ), W ′′

yy = −k2W +Wg(U/W ).

3◦. Âûðîæäåííîå ðåøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = (C1x+ C2)U(y), w = (C1x+ C2)W (y),

ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè U = U(y) è W = W (y)
îïèñûâàþòñÿ àâòîíîìíîé ñèñòåìîé ÎÄÓ

U ′′
yy = Uf(U/W ), W ′′

yy =Wg(U/W ).

4◦. �åøåíèå ìóëüòèïëèêàòèâíîãî òèïà:

u = ea1x+b1yξ(z), w = ea1x+b1yη(z), z = a2x+ b2y,

ãäå a1, a2, b1, b2 � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè ξ = ξ(z) è η = η(z)
îïèñûâàþòñÿ àâòîíîìíîé ñèñòåìîé ÎÄÓ

(a22 + b22)ξ
′′
zz + 2(a1a2 + b1b2)ξ

′
z + (a21 + b21)ξ = ξf(ξ/η),

(a22 + b22)η
′′
zz + 2(a1a2 + b1b2)η

′
z + (a21 + b21)η = ηg(ξ/η).

5◦. Òî÷íîå ðåøåíèå:

u = kθ(x, y), w = θ(x, y),

ãäå k � êîðåíü àëãåáðàè÷åñêîãî (òðàíñöåíäåíòíîãî) óðàâíåíèÿ f(k) = g(k), à
�óíêöèÿ θ = θ(x, y) îïèñûâàåòñÿ óðàâíåíèåì �åëüìãîëüöà

θxx + θyy = f(k)θ.
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Î ðåøåíèÿõ ýòîãî ëèíåéíîãî Óð×Ï ñì. ðàçä. 5.3.3.

4. uxx + uyy = uf
((
u

w

))
+

u

w
h
((
u

w

))
, wxx +wyy = wg

((
u

w

))
+ h

((
u

w

))
.

Òî÷íîå ðåøåíèå:

u = kw, w = θ(x, y)− h(k)

f(k)
,

ãäå k�êîðåíü àëãåáðàè÷åñêîãî (òðàíñöåíäåíòíîãî) óðàâíåíèÿ

f(k) = g(k),

à �óíêöèÿ θ = θ(x, y) îïèñûâàåòñÿ óðàâíåíèåì �åëüìãîëüöà

θxx + θyy = f(k)θ.

Î ðåøåíèÿõ ýòîãî ëèíåéíîãî Óð×Ï ñì. ðàçä. 5.3.3.

5. uxx + uyy = unf
((
u

w

))
, wxx + wyy = wng

((
u

w

))
.

Ïðè f(z) = kz−m è g(z) = −kzn−m ñèñòåìà îïèñûâàåò õèìè÷åñêóþ ðåàêöèþ

n-ãî ïîðÿäêà (ïîðÿäêà n−m ïî êîìïîíåíòå u è ïîðÿäêà m ïî êîìïîíåíòå w);
Çíà÷åíèÿì n = 2, m = 1 ñîîòâåòñòâóåò ðåàêöèÿ âòîðîãî ïîðÿäêà, ÷àñòî âñòðå-

÷àþùàÿñÿ â ïðèëîæåíèÿõ.

1◦. Òî÷íîå ðåøåíèå:

u= r
2

1−n U(θ), w= r
2

1−nW (θ), r=
√

(x+ C1)2 + (y + C2)2, θ=
y + C2

x+ C1
,

ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè y = y(ξ) è z = z(ξ)
îïèñûâàþòñÿ àâòîíîìíîé ñèñòåìîé ÎÄÓ

U ′′
θθ +

4

(1− n)2
U = Unf

(
U

W

)
, W ′′

θθ +
4

(1− n)2
W =W ng

(
U

W

)
.

2◦. Òî÷íîå ðåøåíèå:

u = kζ(x, y), w = ζ(x, y),

ãäå k�êîðåíü àëãåáðàè÷åñêîãî (òðàíñöåíäåíòíîãî) óðàâíåíèÿ

kn−1f(k) = g(k),

à �óíêöèÿ ζ = ζ(x, y) óäîâëåòâîðÿåò Óð×Ï ñî ñòåïåííîé íåëèíåéíîñòüþ

ζxx + ζyy = g(k)ζn.
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◮ Äðóãèå ñèñòåìû Óð×Ï ýëëèïòè÷åñêîãî òèïà.

6. uxx +uyy = uf(unwm), wxx +wyy = wg(unwm).

�åøåíèå ìóëüòèïëèêàòèâíîãî òèïà:

u = em(a1x+b1y)ξ(z), w = e−n(a1x+b1y)η(z), z = a2x+ b2y,

ãäå a1, a2, b1, b2 � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè ξ = ξ(z) è η = η(z)
îïèñûâàþòñÿ àâòîíîìíîé ñèñòåìîé ÎÄÓ

(a22 + b22)ξ
′′
zz + 2m(a1a2 + b1b2)ξ

′
z +m2(a21 + b21)ξ = ξf(ξnηm),

(a22 + b22)η
′′
zz − 2n(a1a2 + b1b2)η

′
z + n2(a21 + b21)η = ηg(ξnηm).

7. uxx + uyy = uf(u2 + w2) − wg(u2 + w2),

wxx + wyy = wf(u2 + w2) + ug(u2 + w2).

1◦. �åøåíèå, ïåðèîäè÷åñêîå ïî y:

u = r(x) cos
[
θ(x) + C1y + C2

]
, w = r(x) sin

[
θ(x) + C1y + C2

]
,

ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè r = r(x) è θ = θ(x)
îïèñûâàþòñÿ àâòîíîìíîé ñèñòåìîé ÎÄÓ

r′′xx = r(θ′x)
2 +C2

1r + rf(r2),

rθ′′xx = −2r′xθ
′
x + rg(r2).

2◦. �åøåíèå (îáîáùàåò ðåøåíèå èç ï. 1◦):

u= r(z) cos
[
θ(z)+C1y+C2

]
, w= r(z) sin

[
θ(z)+C1y+C2

]
, z= k1x+k2y,

ãäå C1, C2, k1, k2 �ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè r = r(z) è θ = θ(z)
îïèñûâàþòñÿ àâòîíîìíîé ñèñòåìîé ÎÄÓ

(k21 + k22)r
′′
zz = k21r(θ

′
z)

2 + r(k2θ
′
z + C1)

2 + rf(r2),

(k21 + k22)rθ
′′
zz = −2

[
(k21 + k22)θ

′
z + C1k2

]
r′z + rg(r2).

8. uxx + uyy = uf(u2 − w2) + wg(u2 − w2),

wxx + wyy = wf(u2 − w2) + ug(u2 − w2).

Òî÷íîå ðåøåíèå:

u= r(z) ch
[
θ(z)+C1y+C2

]
, w= r(z) sh

[
θ(z)+C1y+C2

]
, z = k1x+k2y,

ãäå C1, C2, k1, k2 �ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè r = r(z) è θ = θ(z)
îïèñûâàþòñÿ àâòîíîìíîé ñèñòåìîé ÎÄÓ

(k21 + k22)r
′′
zz + k21r(θ

′
z)

2 + r(k2θ
′
z +C1)

2 = rf(r2),

(k21 + k22)rθ
′′
zz + 2

[
(k21 + k22)θ

′
z + C1k2

]
r′z = rg(r2).
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7.4. Ñèñòåìû Óð×Ï îáùåãî âèäà

7.4.1. Ëèíåéíûå ñèñòåìû

1. ut = L[u] + f1(t)u+ g1(t)w, wt = L[w]+ f2(t)u+ g2(t)w.

Çäåñü L�ïðîèçâîëüíûé ëèíåéíûé äè��åðåíöèàëüíûé îïåðàòîð ïî ïðîñòðàí-

ñòâåííûì ïåðåìåííûì x1, . . . , xn (ëþáîãî ïîðÿäêà ïî ïðîèçâîäíûì), êîý��è-

öèåíòû êîòîðîãî ìîãóò çàâèñåòü îò x1, . . . , xn, t. Ñ÷èòàåòñÿ, ÷òî L[const] = 0.
Òî÷íîå ðåøåíèå:

u = ϕ1(t)U(x1, . . . , xn, t) + ϕ2(t)W (x1, . . . , xn, t),

w = ψ1(t)U(x1, . . . , xn, t) + ψ2(t)W (x1, . . . , xn, t),

ãäå ïàðû �óíêöèé ϕ1 = ϕ1(t), ψ1 =ψ1(t) è ϕ2 = ϕ2(t), ψ2 = ψ2(t) ÿâëÿþòñÿ ëè-
íåéíî íåçàâèñèìûìè (�óíäàìåíòàëüíûìè) ðåøåíèÿìè ëèíåéíîé îäíîðîäíîé

ñèñòåìû ÎÄÓ ïåðâîãî ïîðÿäêà

ϕ′
t = f1(t)ϕ+ g1(t)ψ, ψ′

t = f2(t)ϕ+ g2(t)ψ,

à �óíêöèè U = U(x1, . . . , xn, t) è W = W (x1, . . . , xn, t) îïèñûâàþòñÿ íåçàâè-
ñèìûìè ëèíåéíûìè Óð×Ï

Ut = L[U ], Wt = L[W ].

2. utt = L[u] + a1u+ b1w, wtt = L[w] + a2u+ b2w.

Çäåñü L�ïðîèçâîëüíûé ëèíåéíûé äè��åðåíöèàëüíûé îïåðàòîð ïî ïðîñòðàí-

ñòâåííûì ïåðåìåííûì x1, . . . , xn (ëþáîãî ïîðÿäêà ïî ïðîèçâîäíûì).

Òî÷íîå ðåøåíèå:

u =
a1 − λ2

a2(λ1 − λ2)
U − a1 − λ1

a2(λ1 − λ2)
W, w =

1

λ1 − λ2

(
U −W

)
,

ãäå λ1 è λ2 �êîðíè êâàäðàòíîãî óðàâíåíèÿ

λ2 − (a1 + b2)λ+ a1b2 − a2b1 = 0,

à �óíêöèè U = U(x1, . . . , xn, t) è W = W (x1, . . . , xn, t) îïèñûâàþòñÿ íåçàâè-
ñèìûìè ëèíåéíûìè Óð×Ï

Utt = L[U ] + λ1U, Wtt = L[W ] + λ2W.

7.4.2. Íåëèíåéíûå ñèñòåìû äâóõ Óð×Ï, ñîäåðæàùèå ïåðâûå

ïðîèçâîäíûå ïî t

1. ut = L[u] + uf(t, bu− cw) + g(t, bu− cw),

wt = L[w] + wf(t, bu− cw) + h(t, bu− cw).

Çäåñü L�ïðîèçâîëüíûé ëèíåéíûé äè��åðåíöèàëüíûé îïåðàòîð ïî ïðîñòðàí-

ñòâåííûì ïåðåìåííûì x1, . . . , xn (ëþáîãî ïîðÿäêà ïî ïðîèçâîäíûì), êîý��è-

öèåíòû êîòîðîãî ìîãóò çàâèñåòü îò x1, . . . , xn. Ñ÷èòàåòñÿ, ÷òî L[const] = 0.
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1◦. Òî÷íîå ðåøåíèå:

u = ϕ(t) + c exp
[ ∫

f(t, bϕ− cψ) dt
]
θ(x, t),

w = ψ(t) + b exp
[ ∫

f(t, bϕ− cψ) dt
]
θ(x, t),

ãäå ϕ = ϕ(t) è ψ = ψ(t) îïèñûâàþòñÿ ñèñòåìîé ÎÄÓ

ϕ′
t = ϕf(t, bϕ− cψ) + g(t, bϕ − cψ),

ψ′
t = ψf(t, bϕ− cψ) + h(t, bϕ − cψ),

à �óíêöèÿ θ = θ(x1, . . . , xn, t) óäîâëåòâîðÿåò ëèíåéíîìó Óð×Ï

θt = L[θ].

2◦. Óìíîæèì ïåðâîå Óð×Ï íà b, à âòîðîå Óð×Ï � íà −c, à çàòåì ñëîæèì

ïîëó÷åííûå óðàâíåíèÿ. Â ðåçóëüòàòå èìååì

ζt = L[ζ] + ζf(t, ζ) + bg(t, ζ)− ch(t, ζ), ζ = bu− cw. (1)

Ýòî óðàâíåíèå áóäåì ðàññìàòðèâàòü âìåñòå ñ ïåðâûì óðàâíåíèåì èñõîäíîé

ñèñòåìû

ut = L[u] + uf(t, ζ) + g(t, ζ). (2)

Óðàâíåíèå (1) ìîæíî èññëåäîâàòü îòäåëüíî. Ïîëó÷èâ ïðîñòðàíñòâåííî îä-

íîðîäíîå èëè ñòàöèîíàðíîå ðåøåíèå ýòîãî óðàâíåíèÿ â âèäå ζ = ζ(t) èëè

ζ = ζ(x1, . . . , xn, t), �óíêöèþ u = u(x1, . . . , xn, t) îïðåäåëÿåì èç ëèíåéíîãî

Óð×Ï (2), à çàòåì íàõîäèì �óíêöèþ w = w(x1, . . . , xn, t) ïî �îðìóëå w =
= (bu− ζ)/c .

2. ut = L1[u] + uf
((
u

w

))
, wt = L2[w] + wg

((
u

w

))
.

Çäåñü L1 è L2 � ïðîèçâîëüíûå ëèíåéíûå äè��åðåíöèàëüíûå îïåðàòîðû (ëþ-

áîãî ïîðÿäêà) ïî ïåðåìåííîé x ñ ïîñòîÿííûìè êîý��èöèåíòàìè.

1◦. Òî÷íîå ðåøåíèå:

u = ekx−λty(ξ), w = ekx−λtz(ξ), ξ = βx− γt,

ãäå k, λ, β, γ � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè y = y(ξ) è z = z(ξ)
îïèñûâàþòñÿ ñèñòåìîé ÎÄÓ

M1[y] + λy + yf(y/z) = 0, M2[z] + λz + zg(y/z) = 0,

M1[y] = e−kxL1[e
kxy(ξ)], M2[z] = e−kxL2[e

kxz(ξ)].

×àñòíîìó ñëó÷àþ k = λ = 0 ñîîòâåòñòâóåò ðåøåíèå òèïà áåãóùåé âîëíû.
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2◦. Åñëè îïåðàòîðû L1 è L2 ñîäåðæàò òîëüêî ÷åòíûå ïðîèçâîäíûå, òî ñó-

ùåñòâóþò ðåøåíèÿ âèäà

u = [C1 sin(kx) + C2 cos(kx)]ϕ(t), w = [C1 sin(kx) + C2 cos(kx)]ψ(t);

u = [C1 exp(kx) + C2 exp(−kx)]ϕ(t), w = [C1 exp(kx) +C2 exp(−kx)]ψ(t);
u = (C1x+ C2)ϕ(t), w = (C1x+ C2)ψ(t),

ãäå C1, C2, k�ïðîèçâîëüíûå ïîñòîÿííûå. Îòìåòèì, ÷òî òðåòüå ðåøåíèå ÿâëÿ-

åòñÿ âûðîæäåííûì.

3. ut = L[u] + uf
((
t,
u

w

))
, wt = L[w] + wg

((
t,
u

w

))
.

Çäåñü L�ïðîèçâîëüíûé ëèíåéíûé äè��åðåíöèàëüíûé îïåðàòîð ïî ïðîñòðàí-

ñòâåííûì ïåðåìåííûì x1,. . . , xn (ëþáîãî ïîðÿäêà ïî ïðîèçâîäíûì), êîý��è-

öèåíòû êîòîðîãî ìîãóò çàâèñåòü îò x1,. . . , xn, t:

L[u] =
∑

Ak1...kn(x1, . . . , xn, t)
∂k1+···+knu

∂xk1

1 . . . ∂xkn
n

.

1◦. Òî÷íîå ðåøåíèå:

u = ϕ(t) exp
[ ∫

g(t, ϕ(t)) dt
]
θ(x1, . . . , xn, t),

w = exp
[ ∫

g(t, ϕ(t)) dt
]
θ(x1, . . . , xn, t),

ãäå �óíêöèÿ ϕ = ϕ(t) îïèñûâàåòñÿ íåëèíåéíûì ÎÄÓ ïåðâîãî ïîðÿäêà

ϕ′
t = [f(t, ϕ)− g(t, ϕ)]ϕ,

à �óíêöèÿ θ = θ(x1, . . . , xn, t) óäîâëåòâîðÿåò ëèíåéíîìó Óð×Ï

θt = L[θ].

2◦. Ïðåîáðàçîâàíèå

u = a1(t)U + b1(t)W, w = a2(t)U + b2(t)W,

ãäå an(t) è bn(t)�ïðîèçâîëüíûå �óíêöèè (n=1, 2) ïðèâîäèò ðàññìàòðèâàåìîå
óðàâíåíèå ê óðàâíåíèþ àíàëîãè÷íîãî âèäà äëÿ U è W .

4. ut = L[u] + uf
((
u

w

))
+ g

((
u

w

))
, wt = L[w] + wf

((
u

w

))
+ h

((
u

w

))
.

Çäåñü L�ïðîèçâîëüíûé ëèíåéíûé äè��åðåíöèàëüíûé îïåðàòîð ïî ïðîñòðàí-

ñòâåííûì ïåðåìåííûì x1,. . . , xn (ëþáîãî ïîðÿäêà ïî ïðîèçâîäíûì), êîý��è-

öèåíòû êîòîðîãî ìîãóò çàâèñåòü îò x1,. . . , xn, t:

L[u] =
∑

Ak1...kn(x1, . . . , xn, t)
∂k1+···+knu

∂xk1

1 . . . ∂xkn
n

,

ãäå k1 + · · ·+ kn > 1.
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Ïóñòü λ�êîðåíü àëãåáðàè÷åñêîãî (òðàíñöåíäåíòíîãî) óðàâíåíèÿ

g(λ) = λh(λ). (1)

1◦. �åøåíèå, åñëè f(λ) 6= 0:

u(x, t) = λ
(
exp[f(λ)t]θ(x, t)− h(λ)

f(λ)

)
, w(x, t) = exp[f(λ)t]θ(x, t)− h(λ)

f(λ)
,

ãäå �óíêöèÿ θ = θ(x1, . . . , xn, t) óäîâëåòâîðÿåò ëèíåéíîìó Óð×Ï

θt = L[θ]. (2)

2◦. �åøåíèå, åñëè f(λ) = 0:

u(x, t) = λ[θ(x, t) + h(λ)t], w(x, t) = θ(x, t) + h(λ)t,

ãäå �óíêöèÿ θ = θ(x1, . . . , xn, t) óäîâëåòâîðÿåò ëèíåéíîìó Óð×Ï (2).

5. ut = L[u] + uf
((
t,
u

w

))
+

u

w
h
((
t,
u

w

))
,

wt = L[w] + wg
((
t,
u

w

))
+ h

((
t,
u

w

))
.

Òî÷íîå ðåøåíèå:

u = ϕ(t)G(t)
[
θ(x1, . . . , xn, t) +

∫
h(t, ϕ)

G(t)
dt
]
, G(t) = exp

[ ∫
g(t, ϕ) dt

]
,

w = G(t)
[
θ(x1, . . . , xn, t) +

∫
h(t, ϕ)

G(t)
dt
]
,

ãäå �óíêöèÿ ϕ = ϕ(t) îïèñûâàåòñÿ íåëèíåéíûì ÎÄÓ ïåðâîãî ïîðÿäêà

ϕ′
t = [f(t, ϕ)− g(t, ϕ)]ϕ,

à �óíêöèÿ θ = θ(x1, . . . , xn, t) óäîâëåòâîðÿåò ëèíåéíîìó Óð×Ï

θt = L[θ].

6. ut = L[u] + uf
((
t,
u

w

))
lnu+ ug

((
t,
u

w

))
,

wt = L[w] + wf
((
t,
u

w

))
lnw + wh

((
t,
u

w

))
.

Òî÷íîå ðåøåíèå:

u(x, t) = ϕ(t)ψ(t)θ(x1, . . . , xn, t), w(x, t) = ψ(t)θ(x1, . . . , xn, t),

ãäå �óíêöèè ϕ = ϕ(t) è ψ = ψ(t) îïèñûâàþòñÿ ñèñòåìîé ÎÄÓ

ϕ′
t = ϕ[g(t, ϕ) − h(t, ϕ) + f(t, ϕ) lnϕ],

ψ′
t = ψ[h(t, ϕ) + f(t, ϕ) lnψ],

(1)

à �óíêöèÿ θ = θ(x1, . . . , xn, t) óäîâëåòâîðÿåò Óð×Ï

θt = L[θ] + f(t, ϕ)θ ln θ. (2)
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Ïîëó÷èâ ðåøåíèå ïåðâîãî ÎÄÓ â (1), âòîðîå ÎÄÓ ðåøàåòñÿ ïóòåì ñâåäåíèÿ åãî

ê ëèíåéíîìó óðàâíåíèþ ñ ïîìîùüþ ïîäñòàíîâêè ψ= eζ . Åñëè L�îäíîìåðíûé

îïåðàòîð ñ ïîñòîÿííûìè êîý��èöèåíòàìè (n = 1) è f = const, òî Óð×Ï (2)

èìååò ðåøåíèå òèïà áåãóùåé âîëíû θ = θ(kx− λt).

7. ut = L[u] + uf(au+ bw) − bwg
((
w

u

))
,

wt = L[w] + wf(au+ bw) + awg
((
w

u

))
.

Çäåñü L�ïðîèçâîëüíûé ëèíåéíûé äè��åðåíöèàëüíûé îïåðàòîð ïî x (ëþáîãî

ïîðÿäêà ïî ïðîèçâîäíûì), êîý��èöèåíòû êîòîðîãî ìîãóò çàâèñåòü îò x.

1◦. �åøåíèå:

u = br(x, t) cos2 ϕ(t), w = ar(x, t) sin2 ϕ(t),

ãäå �óíêöèÿ ϕ = ϕ(t) îïèñûâàåòñÿ ÎÄÓ ïåðâîãî ïîðÿäêà ñ ðàçäåëÿþùèìèñÿ

ïåðåìåííûìè

ϕ′
t =

1

2
a tgϕg

(
a

b
tg2 ϕ

)
, (1)

à �óíêöèÿ r = r(x, t) óäîâëåòâîðÿåò Óð×Ï

rt = L[r] + rf(abr). (2)

Îáùåå ðåøåíèå ÎÄÓ (1) ìîæíî ïðåäñòàâèòü â íåÿâíîì âèäå

2
∫

dϕ

a tgϕg(ab−1 tg2 ϕ)
= t+ C.

Óð×Ï (2) äîïóñêàåò ñòàöèîíàðíûå ðåøåíèÿ r = r(x). Åñëè L�ëèíåéíûé äè�-

�åðåíöèàëüíûé îïåðàòîð ñ ïîñòîÿííûìè êîý��èöèåíòàìè, òî óðàâíåíèå (2)

äîïóñêàåò ðåøåíèå òèïà áåãóùåé âîëíû r = r(kx− λt), ãäå k è λ�ïðîèçâîëü-

íûå ïîñòîÿííûå.

2◦. �åøåíèå:

u = br(x, t) ch2 ψ(t), w = −ar(x, t) sh2 ψ(t),

ãäå �óíêöèÿ ψ = ψ(t) îïèñûâàåòñÿ ÎÄÓ ïåðâîãî ïîðÿäêà ñ ðàçäåëÿþùèìèñÿ

ïåðåìåííûìè

ψ′
t =

1

2
a thψ g

(
− a

b
th2 ψ

)
,

à �óíêöèÿ r = r(x, t) óäîâëåòâîðÿåò óðàâíåíèþ (2).

3◦. Óìíîæèì ïåðâîå Óð×Ï íà a, âòîðîå Óð×Ï � íà b, à çàòåì ñëîæèì.

Â ðåçóëüòàòå ïîëó÷èì óðàâíåíèå

zt = L[z] + zf(z), z = au+ bw.

Çàìå÷àíèå 7.5. �åøåíèÿ, ïðåäñòàâëåííûå â ïï. 1◦ è 2◦, ëåãêî îáîáùàþòñÿ íà ñëó-
÷àé, êîãäà ëèíåéíûé äè��åðåíöèàëüíûé îïåðàòîð L çàâèñèò îò n ïðîñòðàíñòâåííûõ

ïåðåìåííûõ x1, . . . , xn.
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8. ut = L[u] + uf(u2 + w2)− wg
((
w

u

))
,

wt = L[w] + wf(u2 + w2) + ug
((
w

u

))
.

Çäåñü L�ïðîèçâîëüíûé ëèíåéíûé äè��åðåíöèàëüíûé îïåðàòîð ïî x (ëþáîãî

ïîðÿäêà ïî ïðîèçâîäíûì), êîý��èöèåíòû êîòîðîãî ìîãóò çàâèñåòü îò x.
�åøåíèå:

u = r(x, t) cosϕ(t), w = r(x, t) sinϕ(t),

ãäå �óíêöèÿ ϕ = ϕ(t) îïèñûâàåòñÿ ÎÄÓ ïåðâîãî ïîðÿäêà ñ ðàçäåëÿþùèìèñÿ

ïåðåìåííûìè

ϕ′
t = g(tgϕ), (1)

à �óíêöèÿ r = r(x, t) óäîâëåòâîðÿåò Óð×Ï

rt = L[r] + rf(r2). (2)

Îáùåå ðåøåíèå ÎÄÓ (1) ìîæíî ïðåäñòàâèòü â íåÿâíîé �îðìå:

∫
dϕ

g(tgϕ)
= t+ C.

Îòìåòèì, ÷òî Óð×Ï (2) äîïóñêàåò ñòàöèîíàðíîå ðåøåíèå r = r(x). Åñëè
L� ëèíåéíûé äè��åðåíöèàëüíûé îïåðàòîð ñ ïîñòîÿííûìè êîý��èöèåíòàìè,

òî óðàâíåíèå (2) èìååò ðåøåíèå òèïà áåãóùåé âîëíû r= r(kx−λt), ãäå k è λ�
ïðîèçâîëüíûå ïîñòîÿííûå.

Çàìå÷àíèå 7.6. Îïèñàííîå âûøå òî÷íîå ðåøåíèå ëåãêî îáîáùàåòñÿ íà ñëó÷àé,

êîãäà ëèíåéíûé äè��åðåíöèàëüíûé îïåðàòîð L çàâèñèò îò n ïðîñòðàíñòâåííûõ ïåðå-

ìåííûõ x1, . . . , xn.

9. ut = L[u] + uf(u2 − w2) + wg
((
w

u

))
,

wt = L[w] + wf(u2 − w2) + ug
((
w

u

))
.

Çäåñü L�ïðîèçâîëüíûé ëèíåéíûé äè��åðåíöèàëüíûé îïåðàòîð ïî x (ëþáîãî

ïîðÿäêà ïî ïðîèçâîäíûì), êîý��èöèåíòû êîòîðîãî ìîãóò çàâèñåòü îò x.
�åøåíèå:

u = r(x, t) chϕ(t), w = r(x, t) shϕ(t),

ãäå �óíêöèÿ ϕ = ϕ(t) îïèñûâàåòñÿ ÎÄÓ ïåðâîãî ïîðÿäêà ñ ðàçäåëÿþùèìèñÿ

ïåðåìåííûìè

ϕ′
t = g(thϕ), (1)

à �óíêöèÿ r = r(x, t) óäîâëåòâîðÿåò Óð×Ï

rt = L[r] + rf(r2). (2)

Îáùåå ðåøåíèå ÎÄÓ (1) ìîæíî ïðåäñòàâèòü â íåÿâíîé �îðìå:

∫
dϕ

g(thϕ)
= t+ C.
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Îòìåòèì, ÷òî Óð×Ï (2) äîïóñêàåò ñòàöèîíàðíîå ðåøåíèå r = r(x). Åñëè
L� ëèíåéíûé äè��åðåíöèàëüíûé îïåðàòîð ñ ïîñòîÿííûìè êîý��èöèåíòàìè,

òî óðàâíåíèå (2) èìååò ðåøåíèå òèïà áåãóùåé âîëíû r= r(kx−λt), ãäå k è λ�
ïðîèçâîëüíûå ïîñòîÿííûå.

Çàìå÷àíèå 7.7. Îïèñàííîå âûøå òî÷íîå ðåøåíèå ëåãêî îáîáùàåòñÿ íà ñëó÷àé,

êîãäà ëèíåéíûé äè��åðåíöèàëüíûé îïåðàòîð L çàâèñèò îò n ïðîñòðàíñòâåííûõ ïåðå-

ìåííûõ x1, . . . , xn.

7.4.3. Íåëèíåéíûå ñèñòåìû äâóõ Óð×Ï, ñîäåðæàùèå âòîðûå

ïðîèçâîäíûå ïî t

1. utt = L[u] + uf(t, au− bw) + g(t, au− bw),

wtt = L[w] + wf(t, au− bw) + h(t, au− bw).

Çäåñü L�ïðîèçâîëüíûé ëèíåéíûé äè��åðåíöèàëüíûé îïåðàòîð ïî ïðîñòðàí-

ñòâåííûì ïåðåìåííûì x1, . . . , xn (ëþáîãî ïîðÿäêà ïî ïðîèçâîäíûì), êîý��è-

öèåíòû êîòîðîãî ìîãóò çàâèñåòü îò x1, . . . , xn. Ñ÷èòàåòñÿ, ÷òî L[const] = 0.

1◦. Òî÷íîå ðåøåíèå:

u = ϕ(t) + aθ(x1, . . . , xn, t), w = ψ(t) + bθ(x1, . . . , xn, t),

ãäå ϕ = ϕ(t) è ψ = ψ(t) îïèñûâàþòñÿ ñèñòåìîé ÎÄÓ

ϕ′′
tt = ϕf(t, aϕ− bψ) + g(t, aϕ − bψ), ψ′′

tt = ψf(t, aϕ− bψ) + h(t, aϕ − bψ),

à �óíêöèÿ θ = θ(x1, . . . , xn, t) îïèñûâàåòñÿ ëèíåéíûì Óð×Ï

θtt = L[θ] + f(t, aϕ− bψ)θ.

2◦. Óìíîæèì ïåðâîå óðàâíåíèå íà a, âòîðîå óðàâíåíèå � íà −b, à çàòåì

ñëîæèì ïîëó÷åííûå Óð×Ï. Â ðåçóëüòàòå èìååì

ζtt = L[ζ] + ζf(t, ζ) + ag(t, ζ)− bh(t, ζ), ζ = au− bw. (1)

Ýòî óðàâíåíèå áóäåì ðàññìàòðèâàòü âìåñòå ñ ïåðâûì óðàâíåíèåì èñõîäíîé

ñèñòåìû

utt = L[u] + uf(t, ζ) + g(t, ζ). (2)

Óðàâíåíèå (1) ìîæíî èññëåäîâàòü îòäåëüíî. Ïîëó÷èâ ðåøåíèå óðàâíåíèÿ

(1) â âèäå ζ = ζ(x1, . . . , xn, t) , �óíêöèþ u = u(x1, . . . , xn, t) ìîæíî íàéòè

ïóòåì ðåøåíèÿ ëèíåéíîãî Óð×Ï (2), ïîñëå ÷åãî �óíêöèÿ w = w(x1, . . . , xn, t)
îïðåäåëÿåòñÿ ïî �îðìóëå w = (au− ζ)/b.

Îòìåòèì òðè âàæíûõ ñëó÷àÿ, êîãäà óðàâíåíèÿ (1) äîïóñêàåò òî÷íîå ðåøå-

íèå:

(i) Óðàâíåíèå (1) èìååò ïðîñòðàíñòâåííî îäíîðîäíîå ðåøåíèå ζ = ζ(t).
(ii) Ïðåäïîëîæèì, ÷òî êîý��èöèåíòû îïåðàòîðà L è �óíêöèè f , g, h íå

çàâèñÿò ÿâíî îò t. Òîãäà óðàâíåíèå (1) äîïóñêàåò ñòàöèîíàðíîå ðåøåíèå ζ =
= ζ(x1, . . . , xn).
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(iii) Åñëè âûïîëíÿåòñÿ óñëîâèå ζf(t, ζ) + bg(t, ζ) − ch(t, ζ) = k1ζ + k0,
òî Óð×Ï (1) ÿâëÿåòñÿ ëèíåéíûì. Åñëè êîý��èöèåíòû ëèíåéíîãî îïåðàòîð L
ïîñòîÿííû, òî äëÿ ïîëó÷åíèÿ ðåøåíèé óðàâíåíèÿ ìîæíî èñïîëüçîâàòü ìåòîä

ðàçäåëåíèÿ ïåðåìåííûõ.

2. ut = L[u] + b2f(a1u+ b1w) + b1g(a2u+ b2w),

wt = L[w]− a2f(a1u+ b1w)− a1g(a2u+ b2w).

Çäåñü L�ïðîèçâîëüíûé ëèíåéíûé äè��åðåíöèàëüíûé îïåðàòîð ïî x (ëþáîãî

ïîðÿäêà ïî ïðîèçâîäíûì), êîý��èöèåíòû êîòîðîãî ìîãóò çàâèñåòü îò x è t.
Ñ÷èòàåòñÿ, ÷òî a1b2 − a2b1 6= 0.

1◦. Óìíîæèâ óðàâíåíèÿ íà ïîäõîäÿùèå êîíñòàíòû è ñëîæèâ âìåñòå, ïîëó-

÷àåòñÿ äâà íåçàâèñèìûõ Óð×Ï

Ut = L[U ] + (a1b2 − a2b1)f(U), U = a1u+ b1w;

Wt = L[W ]− (a1b2 − a2b1)g(W ), W = a2u+ b2w.
(1)

2◦. Åñëè L � ïðîèçâîëüíûé ëèíåéíûé äè��åðåíöèàëüíûé îïåðàòîð ñ ïî-

ñòîÿííûìè êîý��èöèåíòàìè, òî Óð×Ï (1) äîïóñêàþò ðåøåíèÿ òèïà áåãóùåé

âîëíû

U = U(k1x− λ1t), W =W (k2x− λ2t),

ãäå km è λm � ïðîèçâîëüíûå ïîñòîÿííûå. Ñîîòâåòñòâóþùåå ðåøåíèå èñõîä-

íîé ñèñòåìû áóäåò ïðåäñòàâëÿòü ñîáîé ñóïåðïîçèöèþ (ëèíåéíóþ êîìáèíàöèþ)

äâóõ íåëèíåéíûõ áåãóùèõ âîëí.

3◦. Åñëè êîý��èöèåíòû ëèíåéíîãî îïåðàòîðà L çàâèñÿò òîëüêî îò x, òî
óðàâíåíèÿ (1) èìåþò ïðîñòûå ðåøåíèÿ âèäà

U = U(t), W =W (x); U = U(x), W =W (t).

Çàìå÷àíèå 7.8. Àíàëîãè÷íî ðàññìàòðèâàåòñÿ ñëó÷àé, êîãäà ëèíåéíûé äè��åðåíöè-

àëüíûé îïåðàòîð L çàâèñèò îò íåñêîëüêèõ ïðîñòðàíñòâåííûõ ïåðåìåííûõ x1, . . . , xn.

3. utt = L1[u] + uf
((
u

w

))
, wtt = L2[w] + wg

((
u

w

))
.

Çäåñü L1 è L2�ïðîèçâîëüíûå ëèíåéíûå äè��åðåíöèàëüíûå îïåðàòîðû ïî x ñ

ïîñòîÿííûìè êîý��èöèåíòàìè. Ñ÷èòàåòñÿ, ÷òî L1[const] = 0 è L2[const] = 0.

1◦. �åøåíèå â âèäå ïðîèçâåäåíèÿ äâóõ áåãóùèõ âîëí ñ ðàçëè÷íûìè ñêîðî-

ñòÿìè:

u = ekx−λty(ξ), w = ekx−λtz(ξ), ξ = βx− γt,

ãäå k, λ, β, γ � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè y = y(ξ) è z = z(ξ)
îïèñûâàþòñÿ ñèñòåìîé ÎÄÓ

γ2y′′ξξ + 2λγy′ξ + λ2y =M1[y] + yf(y/z), M1[y] = e−kxL1[e
kxy(ξ)],

γ2z′′ξξ + 2λγz′ξ + λ2z =M2[z] + zg(y/z), M2[z] = e−kxL2[e
kxz(ξ)].

×àñòíîìó ñëó÷àþ k = λ = 0 ñîîòâåòñòâóåò ðåøåíèå òèïà áåãóùåé âîëíû.
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2◦. Ïåðèîäè÷åñêèå ðåøåíèÿ ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåí-

íûõ:

u = [C1 sin(kt) + C2 cos(kt)]ϕ(x), w = [C1 sin(kt) + C2 cos(kt)]ψ(x),

ãäå C1, C2, k � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè ϕ = ϕ(x) è ψ = ψ(x)
îïèñûâàþòñÿ ñèñòåìîé ÎÄÓ

L1[ϕ] + k2ϕ+ ϕf(ϕ/ψ) = 0, L2[ψ] + k2ψ + ψg(ϕ/ψ) = 0.

3◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = [C1 sh(kt) + C2 ch(kt)]ϕ(x), w = [C1 sh(kt) + C2 ch(kt)]ψ(x),

ãäå C1, C2, k � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè ϕ = ϕ(x) è ψ = ψ(x)
îïèñûâàþòñÿ ñèñòåìîé ÎÄÓ

L1[ϕ]− k2ϕ+ ϕf(ϕ/ψ) = 0, L2[ψ]− k2ψ + ψg(ϕ/ψ) = 0.

4◦. Âûðîæäåííîå ðåøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = (C1t+ C2)ϕ(x), w = (C1t+ C2)ψ(x),

ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè ϕ = ϕ(x) è ψ = ψ(x)
îïèñûâàþòñÿ ñèñòåìîé ÎÄÓ

L1[ϕ] + ϕf(ϕ/ψ) = 0, L2[ψ] + ψg(ϕ/ψ) = 0.

Çàìå÷àíèå 7.9. Êîý��èöèåíòû îïåðàòîðîâ L1 è L2 è �óíêöèè f è g â ïï. 2◦�4◦

ìîãóò çàâèñåòü îò x.

Çàìå÷àíèå 7.10. Åñëè L1 è L2 ñîäåðæàò òîëüêî ÷åòíûå ïðîèçâîäíûå, òî ñóùåñòâó-

þò ðåøåíèÿ âèäà

u = [C1 sin(kx) + C2 cos(kx)]U(t), w = [C1 sin(kx) + C2 cos(kx)]W (t);

u = [C1 exp(kx) + C2 exp(−kx)]U(t), w = [C1 exp(kx) + C2 exp(−kx)]W (t);

u = (C1x+ C2)U(t), w = (C1x+ C2)W (t),

ãäå C1, C2, k�ïðîèçâîëüíûå ïîñòîÿííûå. Îòìåòèì, ÷òî ïîñëåäíåå ðåøåíèå ÿâëÿåòñÿ

âûðîæäåííûì.

4. utt = L[u] + uf
((
t,
u

w

))
, wtt = L[w] + wg

((
t,
u

w

))
.

Çäåñü L�ïðîèçâîëüíûé ëèíåéíûé äè��åðåíöèàëüíûé îïåðàòîð ïî ïðîñòðàí-

ñòâåííûì ïåðåìåííûì x1, . . . , xn (ëþáîãî ïîðÿäêà ïî ïðîèçâîäíûì), êîý��è-

öèåíòû êîòîðîãî ìîãóò çàâèñåòü îò x1, . . . , xn.

Òî÷íîå ðåøåíèå:

u = ϕ(t)θ(x1, . . . , xn), w = ψ(t)θ(x1, . . . , xn),
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ãäå �óíêöèè ϕ = ϕ(t) è ψ = ψ(t) îïèñûâàåòñÿ íåëèíåéíîé ñèñòåìîé ÎÄÓ

âòîðîãî ïîðÿäêà

ϕ′′
tt = aϕ+ ϕf(t, ϕ/ψ), ψ′′

tt = aψ + ψg(t, ϕ/ψ),

a� ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ θ = θ(x1, . . . , xn) óäîâëåòâîðÿåò ëè-

íåéíîìó ñòàöèîíàðíîìó Óð×Ï

L[θ] = aθ.

5. utt = L[u] + uf
((
u

w

))
+ g

((
u

w

))
, wtt = L[w] + wf

((
u

w

))
+ h

((
u

w

))
.

Çäåñü L�ïðîèçâîëüíûé ëèíåéíûé äè��åðåíöèàëüíûé îïåðàòîð ïî ïðîñòðàí-

ñòâåííûì ïåðåìåííûì x1, . . . , xn (ëþáîãî ïîðÿäêà ïî ïðîèçâîäíûì), êîý��è-

öèåíòû êîòîðîãî ìîãóò çàâèñåòü îò x1, . . . , xn, t.

Òî÷íîå ðåøåíèå:

u = kθ(x1, . . . , xn, t), w = θ(x1, . . . , xn, t),

ãäå k �êîðåíü àëãåáðàè÷åñêîãî (òðàíñöåíäåíòíîãî) óðàâíåíèÿ g(k) = kh(k), à
�óíêöèÿ θ = θ(x, t) îïèñûâàåòñÿ ëèíåéíûì Óð×Ï

θtt = L[θ] + f(k)θ + h(k).

6. utt=L[u]+au lnu+uf
((
t,
u

w

))
, wtt=L[w]+aw lnw+wg

((
t,
u

w

))
.

Çäåñü L�ïðîèçâîëüíûé ëèíåéíûé äè��åðåíöèàëüíûé îïåðàòîð ïî ïðîñòðàí-

ñòâåííûì ïåðåìåííûì x1, . . . , xn (ëþáîãî ïîðÿäêà ïî ïðîèçâîäíûì), êîý��è-

öèåíòû êîòîðîãî ìîãóò çàâèñåòü îò x1, . . . , xn.

Òî÷íîå ðåøåíèå:

u = ϕ(t)θ(x1, . . . , xn), w = ψ(t)θ(x1, . . . , xn),

ãäå �óíêöèè ϕ = ϕ(t) è ψ = ψ(t) îïèñûâàåòñÿ íåëèíåéíîé ñèñòåìîé ÎÄÓ

âòîðîãî ïîðÿäêà

ϕ′′
tt = aϕ lnϕ+ bϕ+ ϕf(t, ϕ/ψ), ψ′′

tt = aψ lnψ + bψ + ψg(t, ϕ/ψ),

b� ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ θ = θ(x1, . . . , xn) óäîâëåòâîðÿåò ñòà-
öèîíàðíîìó Óð×Ï

L[θ] + aθ ln θ − bθ = 0.

◮ Òî÷íûå ðåøåíèÿ ìíîãèõ íåëèíåéíûõ ñèñòåì óðàâíåíèé ìàòåìàòè÷åñêîé �è-

çèêè è äðóãèõ íåëèíåéíûõ ñèñòåì Óð×Ï ìîæíî íàéòè â ñïðàâî÷íèêå Polyanin

& Zaitsev (2012).
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8. Èíòåãðàëüíûå óðàâíåíèÿ

Ïðåäâàðèòåëüíûå çàìå÷àíèÿ. Èíòåãðàëüíûå óðàâíåíèÿ ÿâëÿþòñÿ ìàòåìàòè-

÷åñêèìè óðàâíåíèÿìè, êîòîðûå ñîäåðæàò íåèçâåñòíóþ �óíêöèþ ïîä çíàêîì

èíòåãðàëà.

Â äàííîé ãëàâå îïèñàíû òî÷íûå ðåøåíèÿ ðàçëè÷íûõ ëèíåéíûõ è íåëèíåé-

íûõ èíòåãðàëüíûõ óðàâíåíèé ïåðâîãî è âòîðîãî ðîäà. �àññìàòðèâàþòñÿ êàê

óðàâíåíèÿ ñ ïåðåìåííûì ïðåäåëîì èíòåãðèðîâàíèÿ, òàê è óðàâíåíèÿ ñ ïîñòî-

ÿííûìè ïðåäåëàìè èíòåãðèðîâàíèÿ. Óêàçàíû ðåäóêöèè, ïðèâîäÿùèå íåêîòî-

ðûå èíòåãðàëüíûå óðàâíåíèÿ ê îáûêíîâåííûì äè��åðåíöèàëüíûì óðàâíåíè-

ÿì (êîòîðûå îáû÷íî ðåøàþòñÿ ïðîùå, ÷åì èíòåãðàëüíûå óðàâíåíèÿ).

8.1. Èíòåãðàëüíûå óðàâíåíèÿ ïåðâîãî ðîäà ñ

ïåðåìåííûì ïðåäåëîì èíòåãðèðîâàíèÿ

8.1.1. Ëèíåéíûå èíòåãðàëüíûå óðàâíåíèÿ Âîëüòåððà ïåðâîãî

ðîäà

◮ Óðàâíåíèÿ, ÿäðà êîòîðûõ ñîäåðæàò ñòåïåííûå �óíêöèè.

1.

∫∫ x

a
y(t)dt= f(x), f(a) = 0.

�åøåíèå: y(x) = f ′x(x).

2.

∫∫ x

a
(x− t)y(t)dt = f(x), f(a) = f ′

x(a) = 0.

�åøåíèå: y(x) = f ′′xx(x).

3.

∫∫ x

a
(Ax+ Bt+ C)y(t)dt = f(x), f(a) = 0.

1◦. �åøåíèå ïðè B 6= −A:

y(x) =
d

dx

{[
(A+B)x+ C

]− A
A+B

∫ x

a

[
(A+B)t+C

]− B
A+B f ′t(t) dt

}
.

2◦. �åøåíèå ïðè B = −A:
y(x) =

1

C

d

dx

[
exp

(
− A

C
x
) ∫ x

a
exp

(
A

C
t
)
f ′t(t) dt

]
.

4.

∫∫ x

a
(x− t)ny(t) dt = f(x), n = 1, 2, . . .

Ïðåäïîëàãàåòñÿ, ÷òî ïðàâàÿ ÷àñòü óðàâíåíèÿ óäîâëåòâîðÿåò óñëîâèÿì f(a) =

= f ′x(a) = · · · = f
(n)
x (a) = 0.
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�åøåíèå: y(x) =
1

n!
f (n+1)
x (x).

5.

∫∫ x

a
(xn − tn)y(t)dt = f(x), f(a) = f ′

x(a) = 0, n = 1, 2, . . .

�åøåíèå: y(x) =
1

n

d

dx

[
f ′
x(x)

xn−1

]
.

6.

∫∫ x

a

√
x− t y(t) dt = f(x), f(a) = 0.

�åøåíèå: y(x) =
2

π

d2

dx2

∫ x

a

f(t) dt√
x− t

.

7.

∫∫ x

a

y(t) dt√
x− t

= f(x).

Óðàâíåíèå Àáåëÿ.

�åøåíèå:

y(x) =
1

π

d

dx

∫ x

a

f(t) dt√
x− t

=
f(a)

π
√
x− a

+
1

π

∫ x

a

f ′
t(t) dt√
x− t

.

8.

∫∫ x

a
(x− t)λy(t)dt = f(x), f(a) = 0, 0 < λ < 1.

�åøåíèå: y(x) =
sin(πλ)

πλ

d2

dx2

∫ x

a

f(t) dt

(x− t)λ
.

9.

∫∫ x

a

y(t) dt

(x− t)λ
= f(x), 0 < λ < 1.

Îáîáùåííîå óðàâíåíèå Àáåëÿ.

�åøåíèå:

y(x) =
sin(πλ)

π

d

dx

∫ x

a

f(t) dt

(x− t)1−λ
=

sin(πλ)

π

[
f(a)

(x− a)1−λ
+

∫ x

a

f ′
t(t) dt

(x− t)1−λ

]
.

◮ Óðàâíåíèÿ, ÿäðà êîòîðûõ ñîäåðæàò ýêñïîíåíöèàëüíûå �óíêöèè.

10.

∫∫ x

a
eλ(x−t)y(t)dt= f(x), f(a) = 0.

�åøåíèå: y(x) = f ′x(x)− λf(x).

11.

∫∫ x

a
eλx+βty(t)dt = f(x), f(a) = 0.

�åøåíèå: y(x) = e−(λ+β)x
[
f ′x(x)− λf(x)

]
.

12.

∫∫ x

a

[[
eλ(x−t) − 1

]]
y(t) dt = f(x), f(a) = f ′

x(a) = 0.

�åøåíèå: y(x) = 1
λ f

′′
xx(x)− f ′x(x).

13.

∫∫ x

a

[[
eλ(x−t) + b

]]
y(t) dt = f(x), f(a) = 0.

Ïðè b = −1 ñì. óðàâíåíèå 8.1.1.12.
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�åøåíèå ïðè b 6= −1:

y(x) =
f ′
x(x)

b+ 1
− λ

(b+ 1)2

∫ x

a
exp

[
λb

b+ 1
(x− t)

]
f ′t(t) dt.

14.

∫∫ x

a

[[
eλ(x−t) − eµ(x−t)

]]
y(t) dt = f(x), f(a) = f ′

x(a) = 0.

�åøåíèå:

y(x) =
1

λ− µ

[
f ′′xx − (λ+ µ)f ′x + λµf

]
, f = f(x).

15.

∫∫ x

a

y(t) dt√
eλx − eλt

= f(x), λ > 0.

�åøåíèå: y(x) =
λ

π

d

dx

∫ x

a

eλtf(t) dt√
eλx − eλt

.

16.

∫∫ x

a
(eλx − eλt)µy(t) dt = f(x), f(a) = 0, λ > 0, 0 < µ < 1.

�åøåíèå:

y(x) = keλx
(
e−λx d

dx

)2 ∫ x

a

eλtf(t) dt

(eλx − eλt)µ
, k =

sin(πµ)

πµ
.

17.

∫∫ x

a

y(t) dt

(eλx − eλt)µ
= f(x), λ > 0, 0 < µ < 1.

�åøåíèå:

y(x) =
λ sin(πµ)

π

d

dx

∫ x

a

eλtf(t) dt

(eλx − eλt)1−µ
.

18.

∫∫ x

a
(x− t)λeµ(x−t)y(t) dt = f(x), f(a) = 0, 0 < λ < 1.

�åøåíèå:

y(x) = keµx
d2

dx2

∫ x

a

e−µtf(t) dt

(x− t)λ
, k =

sin(πλ)

πλ
.

◮ Óðàâíåíèÿ, ÿäðà êîòîðûõ ñîäåðæàò ãèïåðáîëè÷åñêèå �óíêöèè.

19.

∫∫ x

a
ch[λ(x− t)]y(t)dt= f(x), f(a) = 0.

�åøåíèå: y(x) = f ′x(x)− λ2
∫ x

a
f(x) dx.

20.

∫∫ x

a

{{
ch[λ(x−t)]−1

}}
y(t)dt= f(x), f(a)= f ′

x(a)= f ′′
xx(x)= 0.

�åøåíèå: y(x) =
1

λ2
f ′′′xxx(x)− f ′x(x).

21.

∫∫ x

a

{{
ch[λ(x− t)] + b

}}
y(t) dt = f(x), f(a) = 0.

Ïðè b = 0 ñì. óðàâíåíèå 8.1.1.19, ïðè b = −1 ñì. óðàâíåíèå 8.1.1.20.
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1◦. �åøåíèå ïðè b(b+ 1) < 0:

y(x) =
f ′
x(x)

b+ 1
− λ2

k(b+ 1)2

∫ x

a
sin[k(x− t)]f ′t(t) dt, ãäå k = λ

√
−b
b+ 1

.

2◦. �åøåíèå ïðè b(b+ 1) > 0:

y(x) =
f ′
x(x)

b+ 1
− λ2

k(b+ 1)2

∫ x

a
sh[k(x− t)]f ′t(t) dt, ãäå k = λ

√
b

b+ 1
.

22.

∫∫ x

a
ch2[λ(x− t)]y(t)dt = f(x), f(a) = 0.

�åøåíèå:

y(x) = f ′x(x)−
2λ2

k

∫ x

a
sh[k(x− t)]f ′t(t) dt, ãäå k = λ

√
2.

23.

∫∫ x

a
sh[λ(x− t)]y(t)dt = f(x), f(a) = f ′

x(a) = 0.

�åøåíèå: y(x) =
1

λ
f ′′xx(x)− λf(x).

24.

∫∫ x

a

{{
sh[λ(x− t)] + b

}}
y(t) dt = f(x), f(a) = 0.

Ïðè b = 0 ñì. óðàâíåíèå 8.1.1.23.

�åøåíèå ïðè b 6= 0:

y(x) =
1

b
f ′x(x) +

∫ x

a
R(x− t)f ′t(t) dt,

R(x) =
λ

b2
exp

(
− λx

2b

)[
λ

2bk
sh(kx)− ch(kx)

]
, k =

λ
√
1 + 4b2

2b
.

25.

∫∫ x

a
sh

((
λ
√
x− t

))
y(t) dt = f(x), f(a) = 0.

�åøåíèå: y(x) =
2

πλ

d2

dx2

∫ x

a

cos
(
λ
√
x− t

)
√
x− t

f(t) dt.

◮ Óðàâíåíèÿ, ÿäðà êîòîðûõ ñîäåðæàò ëîãàðè�ìè÷åñêèå �óíêöèè.

26.

∫∫ x

a
(lnx− ln t)y(t)dt= f(x), f(a) = f ′

x(a) = 0.

�åøåíèå: y(x) = xf ′′xx(x) + f ′x(x).

27.

∫∫ x

0
ln(x− t)y(t)dt = f(x).

�åøåíèå:

y(x) = −
∫ x

0
f ′′tt(t) dt

∫ ∞

0

(x− t)ze−Cz

Γ(z + 1)
dz − f ′x(0)

∫ ∞

0

xze−Cz

Γ(z + 1)
dz,
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ãäå C = lim
k→∞

(
1 +

1

2
+ · · · + 1

k + 1
− ln k

)
= 0.5772 . . . �ïîñòîÿííàÿ Ýéëåðà,

Γ(z)�ãàììà-�óíêöèÿ.

28.

∫∫ x

a
[ln(x− t) + A]y(t)dt = f(x), f(a) = 0.

Ïðè A = 0 ñì. óðàâíåíèå 8.1.1.27.
�åøåíèå ïðè A 6= 0:

y(x) = − d

dx

∫ x

a
νA(x− t)f(t) dt, νA(x) =

d

dx

∫ ∞

0

xze(A−C)z

Γ(z + 1)
dz,

ãäå C = 0.5772 . . . �ïîñòîÿííàÿ Ýéëåðà, Γ(z)�ãàììà-�óíêöèÿ.

Ïðè a = 0 ðåøåíèå èìååò âèä

y(x) = −
∫ x

0
f ′′tt(t) dt

∫ ∞

0

(x− t)ze(A−C)z

Γ(z + 1)
dz − f ′x(0)

∫ ∞

0

xze(A−C)z

Γ(z + 1)
dz.

29.

∫∫ x

a
(x− t)

[[
ln(x− t) +A

]]
y(t)dt = f(x), f(a) = 0.

�åøåíèå:

y(x) = − d2

dx2

∫ x

a
νA(x− t)f(t) dt, νA(x) =

d

dx

∫ ∞

0

xze(A−C)z

Γ(z + 1)
dz,

ãäå C = 0.5772 . . . �ïîñòîÿííàÿ Ýéëåðà, Γ(z)�ãàììà-�óíêöèÿ.

◮ Óðàâíåíèÿ, ÿäðà êîòîðûõ ñîäåðæàò òðèãîíîìåòðè÷åñêèå �óíêöèè.

30.

∫∫ x

a
cos[λ(x− t)]y(t)dt= f(x), f(a) = 0.

�åøåíèå: y(x) = f ′x(x) + λ2
∫ x

a
f(x) dx.

31.

∫∫ x

a

{{
cos[λ(x− t)]−1

}}
y(t) dt= f(x), f(a) =f ′

x(a) =f
′′
xx(a) = 0.

�åøåíèå: y(x) = − 1

λ2
f ′′′xxx(x)− f ′x(x).

32.

∫∫ x

a

{{
cos[λ(x− t)] + b

}}
y(t)dt = f(x), f(a) = 0.

Ïðè b = 0 ñì. óðàâíåíèå 8.1.1.30, ïðè b = −1 ñì. óðàâíåíèå 8.1.1.31.

1◦. �åøåíèå ïðè b(b+ 1) > 0:

y(x) =
f ′
x(x)

b+ 1
+

λ2

k(b+ 1)2

∫ x

a
sin[k(x− t)]f ′t(t) dt, ãäå k = λ

√
b

b+ 1
.

2◦. �åøåíèå ïðè b(b+ 1) < 0:

y(x) =
f ′
x(x)

b+ 1
+

λ2

k(b+ 1)2

∫ x

a
sh[k(x− t)]f ′t(t) dt, ãäå k = λ

√
−b
b+ 1

.
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33.

∫∫ x

a
sin[λ(x− t)]y(t)dt = f(x), f(a) = f ′

x(a) = 0.

�åøåíèå: y(x) =
1

λ
f ′′xx(x) + λf(x).

34.

∫∫ x

a
sin

((
λ
√
x− t

))
y(t) dt = f(x), f(a) = 0.

�åøåíèå: y(x) =
2

πλ

d2

dx2

∫ x

a

ch
(
λ
√
x− t

)
√
x− t

f(t) dt.

◮ Óðàâíåíèÿ, ÿäðà êîòîðûõ ñîäåðæàò ñïåöèàëüíûå �óíêöèè.

35.

∫∫ x

a
J0

((
λ(x− t)

))
y(t)dt= f(x).

Çäåñü J0(z)��óíêöèÿ Áåññåëÿ ïåðâîãî ðîäà è f(a) = f ′x(a) = 0.
�åøåíèå:

y(x) =
∫ x

a
J0
(
λ(x− t)

)( d2

dt2
+ λ2

)
f(t) dt.

36.

∫∫ x

a
J0

((
λ
√
x− t

))
y(t) dt = f(x).

Çäåñü J0(z)��óíêöèÿ Áåññåëÿ ïåðâîãî ðîäà è f(a) = f ′x(a) = 0.
�åøåíèå:

y(x) =
d2

dx2

∫ x

a
I0
(
λ
√
x− t

)
f(t) dt.

37.

∫∫ x

a
I0

((
λ(x− t)

))
y(t) dt = f(x).

Çäåñü I0(z) � ìîäè�èöèðîâàííàÿ �óíêöèÿ Áåññåëÿ ïåðâîãî ðîäà è f(a) =
= f ′x(a) = 0.

�åøåíèå:

y(x) =
∫ x

a
I0
(
λ(x− t)

)( d2

dt2
− λ2

)
f(t) dt.

38.

∫∫ x

a
I0

((
λ
√
x− t

))
y(t) dt = f(x).

Çäåñü I0(z) � ìîäè�èöèðîâàííàÿ �óíêöèÿ Áåññåëÿ ïåðâîãî ðîäà è f(a) =
= f ′x(a) = 0.

�åøåíèå:

y(x) =
d2

dx2

∫ x

a
J0
(
λ
√
x− t

)
f(t) dt.

◮ Óðàâíåíèÿ, ÿäðà êîòîðûõ ñîäåðæàò ïðîèçâîëüíûå �óíêöèè.

39.

∫∫ x

a
[g(x)− g(t)]y(t)dt= f(x).

Ñ÷èòàåì, ÷òî f(a) = f ′x(a) = 0 è f ′x/g
′
x 6= const.

�åøåíèå: y(x) =
d

dx

[
f ′
x(x)

g′x(x)

]
.
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40.

∫∫ x

a
[g(x)− g(t) + b]y(t) dt = f(x), f(a) = 0.

Ïðè b = 0 ñì. óðàâíåíèå 8.1.1.39.

�åøåíèå ïðè b 6= 0:

y(x) =
1

b
f ′x(x)−

1

b2
g′x(x)

∫ x

a
exp

[
g(t)− g(x)

b

]
f ′t(t) dt.

41.

∫∫ x

a
[g(x) + h(t)]y(t)dt = f(x), f(a) = 0.

Ïðè h(t) = −g(t) ñì. óðàâíåíèå 8.1.1.40.
�åøåíèå:

y(x) =
d

dx

[
Φ(x)

g(x) + h(x)

∫ x

a

f ′
t(t) dt

Φ(t)

]
, Φ(x) = exp

[∫ x

a

h′
t(t) dt

g(t) + h(t)

]
.

42.

∫∫ x

a

[[
g(x)− g(t)

]]n
y(t)dt = f(x), n = 1, 2, . . .

Ïðåäïîëàãàåòñÿ, ÷òî ïðàâàÿ ÷àñòü óðàâíåíèÿ óäîâëåòâîðÿåò óñëîâèÿì f(a) =

= f ′x(a) = · · · = f
(n)
x (a) = 0.

�åøåíèå: y(x) =
1

n!
g′x(x)

(
1

g′x(x)

d

dx

)n+1
f(x).

43.

∫∫ x

a

√
g(x)− g(t) y(t) dt = f(x), f(a) = 0, g′x(x) > 0.

�åøåíèå:

y(x) =
2

π
g′x(x)

(
1

g′x(x)

d

dx

)2 ∫ x

a

f(t)g′t(t) dt√
g(x)− g(t)

.

44.

∫∫ x

a

y(t) dt√
g(x)− g(t)

= f(x), g′x(x) > 0.

�åøåíèå: y(x) =
1

π

d

dx

∫ x

a

f(t)g′t(t) dt√
g(x)− g(t)

.

45.

∫∫ x

a
[g(x)− g(t)]λy(t) dt = f(x), f(a) = 0, 0 < λ < 1.

�åøåíèå:

y(x) = kg′x(x)
(

1

g′x(x)

d

dx

)2∫ x

a

g′t(t)f(t) dt

[g(x)− g(t)]λ
, k =

sin(πλ)

πλ
.

46.

∫∫ x

a

h(t)y(t) dt

[g(x)− g(t)]λ
= f(x), g′x > 0, 0 < λ < 1.

�åøåíèå:

y(x) =
sin(πλ)

πh(x)

d

dx

∫ x

a

f(t)g′t(t) dt

[g(x)− g(t)]1−λ
.
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47.

∫∫ x

a
K(x− t)y(t)dt = f(x).

1◦. Ïóñòü K(0) = 1 è f(a) = 0. Äè��åðåíöèðóÿ óðàâíåíèå ïî x, ïðèõîäèì
ê óðàâíåíèþ Âîëüòåððà âòîðîãî ðîäà

y(x) +
∫ x

a
K ′
x(x− t)y(t) dt = f ′x(x).

�åøåíèå ýòîãî óðàâíåíèÿ ìîæíî ïðåäñòàâèòü â âèäå

y(x) = f ′x(x) +
∫ x

a
R(x− t)f ′t(t) dt.

Çäåñü ðåçîëüâåíòà R(x) îïðåäåëÿåòñÿ ÷åðåç ÿäðî èñõîäíîãî óðàâíåíèÿ K(x) ïî
�îðìóëå

R(x) = L
−1

[
1

pK̃(p)
− 1

]
, K̃(p) = L

[
K(x)

]
,

ãäå L è L
−1

ïðÿìîå è îáðàòíîå ïðåîáðàçîâàíèÿ Ëàïëàñà:

K̃(p) = L
[
K(x)

]
=

∫ ∞

0
e−pxK(x) dx,

R(x) = L
−1

[
R̃(p)

]
=

1

2πi

∫ c+i∞

c−i∞
epxR̃(p) dp.

2◦. Ïóñòü K(x) èìååò èíòåãðèðóåìóþ ñòåïåííóþ îñîáåííîñòü ïðè x = 0.
Îáîçíà÷èì ÷åðåç w = w(x) ðåøåíèå âñïîìîãàòåëüíîãî áîëåå ïðîñòîãî (÷åì

èñõîäíîå) óðàâíåíèÿ ïðè a = 0 è ïîñòîÿííîé ïðàâîé ÷àñòè f ≡ 1:
∫ x

0
K(x− t)w(t) dt = 1.

Òîãäà ðåøåíèå èñõîäíîãî èíòåãðàëüíîãî óðàâíåíèÿ ïðè ïðîèçâîëüíîé ïðàâîé

÷àñòè âûðàæàåòñÿ ÷åðåç ðåøåíèå w âñïîìîãàòåëüíîãî óðàâíåíèÿ ïî �îðìóëå

y(x) =
d

dx

∫ x

a
w(x− t)f(t) dt = f(a)w(x− a) +

∫ x

a
w(x− t)f ′t(t) dt.

8.1.2. Íåëèíåéíûå èíòåãðàëüíûå óðàâíåíèÿ Âîëüòåððà ïåðâîãî

ðîäà

◮ Óðàâíåíèÿ ñ êâàäðàòè÷íîé íåëèíåéíîñòüþ.

1.

∫∫ x

0
y(t)y(x− t)dt= Ax+B, A,B > 0.

�åøåíèÿ:

y(x) = ±
√
B

[
1√
πx

exp
(
− A

B
x
)
+

√
A

B
erf

(√
A

B
x

)]
,

ãäå erf z =
2√
π

∫ z

0
exp

(
−t2

)
dt��óíêöèÿ îøèáîê.
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2.

∫∫ x

0
y(t)y(x− t) dt = A2xλ

.

�åøåíèÿ:

y(x) = ±A
√

Γ(λ+ 1)

Γ
(

λ+1
2

) x
λ−1
2 ,

ãäå Γ(z)�ãàììà-�óíêöèÿ.

3.

∫∫ x

0
y(t)y(x− t) dt = A2eλx.

�åøåíèÿ: y(x) = ± A√
πx
eλx.

4.

∫∫ x

0
y(t)y(x− t) dt = A2 ch(λx).

�åøåíèÿ: y(x) =± A√
π

d

dx

∫ x

0

I0(λt) dt√
x− t

, ãäå I0(z)�ìîäè�èöèðîâàííàÿ �óíêöèÿ

Áåññåëÿ.

5.

∫∫ x

0
y(t)y(x− t) dt = A sh(λx).

�åøåíèÿ: y = ±
√
AλI0(λx), ãäå I0(z)�ìîäè�èöèðîâàííàÿ �óíêöèÿ Áåññåëÿ.

6.

∫∫ x

0
y(t)y(x− t) dt = A sh(λ

√
x ).

�åøåíèÿ: y =±
√
Aπ1/42−7/8λ3/4x−1/8I−1/4

(
λ
√

1
2 x

)
, ãäå I−1/4(z)�ìîäè�è-

öèðîâàííàÿ �óíêöèÿ Áåññåëÿ.

7.

∫∫ x

0
y(t)y(x− t) dt = A2 cos(λx).

�åøåíèÿ: y(x) = ± A√
π

d

dx

∫ x

0

J0(λt) dt√
x− t

, ãäå J0(z)��óíêöèÿ Áåññåëÿ.

8.

∫∫ x

0
y(t)y(x− t) dt = A sin(λx).

�åøåíèÿ: y = ±
√
AλJ0(λx), ãäå J0(z)��óíêöèÿ Áåññåëÿ.

9.

∫∫ x

0
y(t)y(x− t) dt = A sin(λ

√
x ).

�åøåíèÿ: y=±
√
Aπ1/42−7/8λ3/4x−1/8J−1/4

(
λ
√

1
2 x

)
, ãäå J−1/4(z)��óíêöèÿ

Áåññåëÿ.

10.

∫∫ x

0
tky(t)y(x− t) dt = Axµeλx.

�åøåíèÿ:

y(x) = ±
[

AΓ(µ+ 1)

Γ
(

µ+k+1
2

)
Γ
(

µ−k+1
2

)
]1/2

x
µ−k−1

2 eλx,

ãäå Γ(z)�ãàììà-�óíêöèÿ.



8.1. Èíòåãðàëüíûå óðàâíåíèÿ ïåðâîãî ðîäà ñ ïåðåìåííûì ïðåäåëîì èíòåãðèðîâàíèÿ 373

11.

∫∫ x

0

y(t)y(x − t)

ax+ bt
dt = Axµeλx.

�åøåíèÿ:

y(x) = ±
√

A

I
xµ/2eλx, I =

∫ 1

0
zµ/2(1− z)µ/2

dz

a+ bz
.

12.

∫∫ x

0
y(t)y(xt)dt = Axµ

.

�åøåíèÿ:

y(x) = ±
√

1

3
A(2µ + 1) x

µ−1
3 (A > 0, µ > 0).

13.

∫∫ x

a
K(t)y(x)y(t)dt = f(x).

�åøåíèÿ:

y(x) = ±f(x)
[
2
∫ x

a
K(t)f(t) dt

]−1/2
.

14.

∫∫ x

0
f

((
t

x

))
y(t)y(x− t) dt = Axµeλx.

�åøåíèÿ:

y(x) = ±
√

A

I
x
µ−1
2 eλx, I =

∫ 1

0
f(z)z

µ−1
2 (1− z)

µ−1
2 dz.

◮ Äðóãèå èíòåãðàëüíûå óðàâíåíèÿ.

15.

∫∫ x

a
f
((
t, y(t)

))
dt= g(x), g(a) = 0.

�åøåíèå â íåÿâíîì âèäå:

f(x, y)− g′x(x) = 0.

16.

∫∫ x

a
(x− t)f

((
t, y(t)

))
dt = g(x), g(a) = g′(a) = 0.

�åøåíèå â íåÿâíîì âèäå:

f(x, y)− g′′xx(x) = 0.

17.

∫∫ x

a
eλ(x−t)f

((
t, y(t)

))
dt = g(x), g(a) = 0.

�åøåíèå â íåÿâíîì âèäå:

f(x, y) + λg(x)− g′x(x) = 0.

18.

∫∫ x

a
sh[λ(x− t)]f

((
t, y(t)

))
dt = g(x), g(a) = g′(a) = 0.

�åøåíèå â íåÿâíîì âèäå:

λf(x, y) + λ2g(x) − g′′xx(x) = 0.
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19.

∫∫ x

a
ch[λ(x− t)]f

((
t, y(t)

))
dt = g(x), g(a) = 0.

�åøåíèå â íåÿâíîì âèäå:

f(x, y) + λ2
∫ x

a
g(t) dt − g′x(x) = 0.

20.

∫∫ x

a
sin[λ(x− t)]f

((
t, y(t)

))
dt = g(x), g(a) = g′(a) = 0.

�åøåíèå â íåÿâíîì âèäå:

λf(x, y)− λ2g(x) − g′′xx(x) = 0.

21.

∫∫ x

a
cos[λ(x− t)]f

((
t, y(t)

))
dt = g(x), g(a) = 0.

�åøåíèå â íåÿâíîì âèäå:

f(x, y)− λ2
∫ x

a
g(t) dt − g′x(x) = 0.

22.

∫∫ x

a
[h(x)− h(t)]f

((
t, y(t)

))
dt = g(x).

Ïðåäïîëàãàåòñÿ, ÷òî âûïîëíåíû óñëîâèÿ g(a) = g′x(a) = 0 è g′x/h
′
x 6= const.

�åøåíèå â íåÿâíîì âèäå:

f(x, y) =
d

dx

[
g′x(x)

h′
x(x)

]
.

8.2. Èíòåãðàëüíûå óðàâíåíèÿ âòîðîãî ðîäà ñ

ïåðåìåííûì ïðåäåëîì èíòåãðèðîâàíèÿ

8.2.1. Ëèíåéíûå èíòåãðàëüíûå óðàâíåíèÿ Âîëüòåððà âòîðîãî

ðîäà

◮ Óðàâíåíèÿ, ÿäðà êîòîðûõ ñîäåðæàò ñòåïåííûå �óíêöèè.

1. y(x)−λ
∫∫ x

a
y(t)dt= f(x).

�åøåíèå: y(x) = f(x) + λ
∫ x

a
eλ(x−t)f(t) dt.

2. y(x) + λ
∫∫ x

a
(x− t)y(t)dt = f(x).

1◦. �åøåíèå ïðè λ > 0:

y(x) = f(x)− k
∫ x

a
sin[k(x− t)]f(t) dt, k =

√
λ.

2◦. �åøåíèå ïðè λ < 0:

y(x) = f(x) + k
∫ x

a
sh[k(x− t)]f(t) dt, k =

√
−λ.
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3. y(x) +
∫∫ x

a

[[
A+B(x− t)

]]
y(t) dt = f(x).

1◦. �åøåíèå ïðè A2 > 4B:

y(x) = f(x)−
∫ x

a
R(x− t)f(t) dt,

R(x) = exp
(
− 1

2Ax
)[
A ch(βx) +

2B − A2

2β
sh(βx)

]
, β =

√
1
4A

2 −B.

2◦. �åøåíèå ïðè A2 < 4B:

y(x) = f(x)−
∫ x

a
R(x− t)f(t) dt,

R(x) = exp
(
− 1

2Ax
)[
A cos(βx) +

2B − A2

2β
sin(βx)

]
, β =

√
B − 1

4A
2.

3◦. �åøåíèå ïðè A2 = 4B:

y(x) = f(x)−
∫ x

a
R(x− t)f(t) dt, R(x) = exp

(
− 1

2Ax
)(
A− 1

4A
2x

)
.

4. y(x) + λ
∫∫ x

a
(x− t)2y(t) dt = f(x).

�åøåíèå:

y(x) = f(x)−
∫ x

a
R(x− t)f(t) dt,

R(x) = 2
3 ke

−2kx − 2
3 ke

kx
[
cos

(√
3 kx

)
−

√
3 sin

(√
3 kx

)]
, k =

(
1
4 λ

)1/3
.

5. y(x) + λ
∫∫ x

a
(x− t)3y(t) dt = f(x).

�åøåíèå:

y(x) = f(x)−
∫ x

a
R(x− t)f(t) dt,

ãäå

R(x) =

{
k
[
ch(kx) sin(kx)− sh(kx) cos(kx)

]
, k =

(
3
2 λ

)1/4
ïðè λ > 0,

1
2 s

[
sin(sx)− sh(sx)

]
, s = (−6λ)1/4 ïðè λ < 0.

6. y(x) +A
∫∫ x

a
(x− t)ny(t) dt = f(x), n = 1, 2, . . .

1◦. Äè��åðåíöèðóÿ óðàâíåíèå n + 1 ðàç ïî x, äëÿ �óíêöèè y = y(x)
ïîëó÷èì ëèíåéíîå íåîäíîðîäíîå ÎÄÓ (n + 1)-ãî ïîðÿäêà ñ ïîñòîÿííûìè êî-

ý��èöèåíòàìè

y(n+1)
x +An! y = f (n+1)

x (x).

Ýòî óðàâíåíèå ñ íà÷àëüíûìè óñëîâèÿìè y(a) = f(a), y′x(a) = f ′x(a), . . . ,

y
(n)
x (a) = f

(n)
x (a) îïðåäåëÿåò ðåøåíèå èñõîäíîãî èíòåãðàëüíîãî óðàâíåíèÿ.
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2◦. �åøåíèå:

y(x) = f(x) +
∫ x

a
R(x− t)f(t) dt,

R(x) =
1

n+ 1

n∑

k=0

exp(σkx)
[
σk cos(βkx)− βk sin(βkx)

]
,

ãäå êîý��èöèåíòû σk è βk âû÷èñëÿþòñÿ ïî �îðìóëàì

σk = |An!|
1

n+1 cos
(

2πk

n+ 1

)
, βk = |An!|

1
n+1 sin

(
2πk

n+ 1

)
ïðè A < 0;

σk = |An!|
1

n+1 cos
(
2πk + π

n+ 1

)
, βk = |An!|

1
n+1 sin

(
2πk + π

n+ 1

)
ïðè A > 0.

7. y(x) +A
∫∫ ∞

x
(t− x)ny(t) dt = f(x), n = 1, 2, . . .

Óðàâíåíèå Ïèêàðà��óðñà.

1◦. �åøåíèå îäíîðîäíîãî óðàâíåíèÿ ïðè f ≡ 0:

y(x) = Ce−λx, λ =
(
−An!

) 1
n+1 ,

ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ è A < 0. Ýòî ðåøåíèå åäèíñòâåííî ïðè

n = 0, 1, 2, 3.
Îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ Ïèêàðà � �óðñà ïðè ïðîèçâîëüíîì

çíàêå A èìååò âèä

y(x) =

s∑

k=1

Ck exp(−λkx). (1)

Çäåñü Ck�ïðîèçâîëüíûå ïîñòîÿííûå, à λk �êîðíè àëãåáðàè÷åñêîãî óðàâíåíèÿ

λn+1 + An! = 0, óäîâëåòâîðÿþùèå óñëîâèþ Reλk > 0. Êîëè÷åñòâî ñëàãàåìûõ
â (1) îïðåäåëÿåòñÿ íà îñíîâàíèè íåðàâåíñòâà s 6 2

[
n
4

]
+ 1, ãäå [a] îáîçíà÷àåò

öåëóþ ÷àñòü ÷èñëà a.

2◦. Ïðè f(x) =
m∑
k=1

ak exp(−βkx), ãäå βk > 0, ðåøåíèå èñõîäíîãî óðàâíåíèÿ

èìååò âèä

y(x) =

m∑

k=1

akβ
n+1
k

βn+1
k + An!

exp(−βkx), (2)

ãäå βn+1
k + An! 6= 0. Ïðè A > 0 ýòà �îðìóëà ìîæåò èñïîëüçîâàòüñÿ òàêæå äëÿ

ëþáûõ �óíêöèé f(x), êîòîðûå ðàçëàãàþòñÿ â ñõîäÿùèéñÿ ýêñïîíåíöèàëüíûé

ðÿä (÷òî ñîîòâåòñòâóåò m = ∞).

3◦. Ïðè f(x) = e−βx
m∑
k=1

akx
k
, ãäå β > 0, ðåøåíèå èñõîäíîãî óðàâíåíèÿ

èìååò âèä

y(x) = e−βx
m∑

k=0

Bkx
k, (3)

ãäå ïîñòîÿííûå Bk îïðåäåëÿþòñÿ ìåòîäîì íåîïðåäåëåííûõ êîý��èöèåíòîâ.
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4◦. Ïðè f(x) = cos(βx)
m∑
k=1

ak exp(−µkx) ðåøåíèå èíòåãðàëüíîãî óðàâíå-

íèÿ èìååò âèä

y(x) = cos(βx)

m∑

k=1

Bk exp(−µkx) + sin(βx)

m∑

k=1

Ck exp(−µkx), (4)

ãäå ïîñòîÿííûå Bk è Ck îïðåäåëÿþòñÿ ìåòîäîì íåîïðåäåëåííûõ êîý��èöèåí-

òîâ.

5◦. Ïðè f(x)=sin(βx)
m∑
k=1

ak exp(−µkx) ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ
èìååò âèä

y(x) = cos(βx)

m∑

k=1

Bk exp(−µkx) + sin(βx)

m∑

k=1

Ck exp(−µkx), (5)

ãäå ïîñòîÿííûå Bk è Ck îïðåäåëÿþòñÿ ìåòîäîì íåîïðåäåëåííûõ êîý��èöèåí-

òîâ.

6◦. Äëÿ ïîëó÷åíèÿ îáùåãî ðåøåíèÿ â ïï. 2◦�5◦ ê ïðàâûì ÷àñòÿì âûðàæå-

íèé (2)�(5) ñëåäóåò ïðèáàâèòü ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ (1).

8. y(x) − λ
∫∫ x

0

y(t) dt

x+ t
= f(x).

Óðàâíåíèå Äèêñîíà.

1◦. �åøåíèå îäíîðîäíîãî óðàâíåíèÿ ïðè f ≡ 0:

y(x) = Cxβ (β > −1, λ > 0). (1)

Çäåñü C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à β = β(λ) îïðåäåëÿåòñÿ èç ñëåäóþùåãî
òðàíñöåíäåíòíîãî óðàâíåíèÿ:

λI(β) = 1, ãäå I(β) =
∫ 1

0

zβ dz

1 + z
. (2)

2◦. Äëÿ ïðàâîé ÷àñòè ïîëèíîìèàëüíîãî âèäà

f(x) =
N∑

n=0

Anx
n

îãðàíè÷åííîå â íóëå ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ îïðåäåëÿåòñÿ �îðìó-

ëàìè

y(x) =





N∑

n=0

An

1− (λ/λn)
xn ïðè λ < λ0,

N∑

n=0

An

1− (λ/λn)
xn +Cxβ ïðè λ > λ0 è λ 6= λn,

λn =
1

I(n)
, I(n) = (−1)n

[
ln 2 +

n∑

m=1

(−1)m

m

]
,
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ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à çàâèñèìîñòü β = β(λ) îïðåäåëÿåòñÿ èç

òðàíñöåíäåíòíîãî óðàâíåíèÿ (2).

Ïðè ñïåöèàëüíûõ çíà÷åíèÿõ ïàðàìåòðà λ = λn (n = 1, 2, . . . ) ðåøåíèå
îòëè÷àåòñÿ îäíèì ñëàãàåìûì è èìååò âèä

y(x) =

n−1∑

m=0

Am

1− (λn/λm)
xm +

N∑

m=n+1

Am

1− (λn/λm)
xm −An

λ̄n

λn
xn lnx+ Cxn,

ãäå λ̄n = (−1)n+1
[
π2

12
+

n∑
k=1

(−1)k

k2

]−1
.

Çàìå÷àíèå 8.1. Äëÿ ïðîèçâîëüíîé ïðàâîé ÷àñòè f(x), ðàçëàãàþùåéñÿ â ñòåïåííîé
ðÿä, ìîæíî èñïîëüçîâàòü �îðìóëû ï. 2◦, â êîòîðûõ ñëåäóåò ïîëîæèòü N = ∞. Ïðè

ýòîì ðàäèóñ ñõîäèìîñòè ïîëó÷åííîãî ðåøåíèÿ y(x) áóäåò ðàâåí ðàäèóñó ñõîäèìîñòè

ðÿäà äëÿ �óíêöèè f(x).

3◦. Äëÿ ïðàâîé ÷àñòè ëîãàðè�ìè÷åñêè-ïîëèíîìèàëüíîãî âèäà

f(x) = lnx
( N∑

n=0

Anx
n
)
,

ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ ñ ëîãàðè�ìè÷åñêîé îñîáåííîñòüþ â íóëå

îïðåäåëÿåòñÿ �îðìóëàìè

y(x) =





lnx

N∑

n=0

An

1− (λ/λn)
xn+

N∑

n=0

AnDnλ

[1− (λ/λn)]2
xn ïðè λ < λ0,

lnx

N∑

n=0

An

1− (λ/λn)
xn+

N∑

n=0

AnDnλ

[1− (λ/λn)]2
xn+ Cxβ ïðè λ > λ0, λ 6= λn,

λn =
1

I(n)
, I(n) = (−1)n

[
ln 2 +

n∑

k=1

(−1)k

k

]
, Dn = (−1)n+1

[
π2

12
+

n∑

k=1

(−1)k

k2

]
.

9. y(x) + λ
∫∫ x

a

y(t) dt√
x− t

= f(x).

Óðàâíåíèå Àáåëÿ âòîðîãî ðîäà. Ýòî óðàâíåíèå âñòðå÷àåòñÿ â çàäà÷àõ òåïëî- è

ìàññîïåðåíîñà.

�åøåíèå:

y(x) = F (x) + πλ2
∫ x

a
exp[πλ2(x− t)]F (t) dt,

ãäå

F (x) = f(x)− λ
∫ x

a

f(t) dt√
x− t

.

10. y(x)− λ
∫∫ x

0

y(t) dt

(x− t)α
= f(x), 0 < α < 1.

Îáîáùåííîå ðàâíåíèå Àáåëÿ âòîðîãî ðîäà.
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1◦. Ïóñòü ÷èñëî α ìîæåò áûòü ïðåäñòàâëåíî â âèäå ïðàâèëüíîé äðîáè:

α = 1− m

n
, ãäå m = 1, 2, . . . , n = 2, 3, . . . (m < n).

Â ýòîì ñëó÷àå ðåøåíèå îáîáùåííîãî óðàâíåíèÿ Àáåëÿ âòîðîãî ðîäà ìîæåò

áûòü ïðåäñòàâëåíî â çàìêíóòîì âèäå (â âèäå êâàäðàòóð):

y(x) = f(x) +
∫ x

0
R(x− t)f(t) dt,

ãäå

R(x) =

n−1∑

ν=1

λνΓν(m/n)

Γ(νm/n)
x(νm/n)−1 +

b

m

m−1∑

µ=0

εµ exp
(
εµbx

)
+

+
b

m

n−1∑

ν=1

λνΓν(m/n)

Γ(νm/n)

[m−1∑

µ=0

εµ exp
(
εµbx

) ∫ x

0
t(νm/n)−1 exp

(
−εµbt

)
dt

]
,

b = λn/mΓn/m(m/n), εµ = exp
(
2πµi

m

)
, i2 = −1, µ = 0, 1, . . . ,m− 1.

2◦. �åøåíèå ïðè ëþáûõ α íà èíòåðâàëå 0 < α < 1:

y(x) = f(x) +
∫ x

0
R(x− t)f(t) dt, ãäå R(x) =

∞∑

n=1

[
λΓ(1− α)x1−α

]n

xΓ
[
n(1− α)

] .

◮ Óðàâíåíèÿ, ÿäðà êîòîðûõ ñîäåðæàò ýêñïîíåíöèàëüíûå �óíêöèè.

11. y(x)+A
∫∫ x

a
eλ(x−t)y(t)dt= f(x).

�åøåíèå: y(x) = f(x)−A
∫ x

a
e(λ−A)(x−t)f(t) dt.

12. y(x) + A
∫∫ x

a

[[
eλ(x−t) − 1

]]
y(t) dt = f(x).

1◦. �åøåíèå ïðè D ≡ λ(λ− 4A) > 0:

y(x) = f(x)− 2Aλ√
D

∫ x

a
R(x− t)f(t) dt, R(x) = exp

(
1
2 λx

)
sh
(
1
2

√
Dx

)
.

2◦. �åøåíèå ïðè D ≡ λ(λ− 4A) < 0:

y(x) = f(x)− 2Aλ√
|D|

∫ x

a
R(x− t)f(t) dt, R(x) = exp

(
1
2 λx

)
sin

(
1
2

√
|D| x

)
.

3◦. �åøåíèå ïðè λ = 4A:

y(x) = f(x)− 4A2
∫ x

a
(x− t) exp

[
2A(x− t)

]
f(t) dt.

13. y(x) +
∫∫ x

a

[[
Aeλ(x−t) +B

]]
y(t)dt = f(x).

1◦. Ñòðóêòóðà ðåøåíèÿ ýòîãî óðàâíåíèÿ çàâèñèò îò çíàêà äèñêðèìèíàíòà

D ≡ (A−B − λ)2 + 4AB (1)
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êâàäðàòíîãî óðàâíåíèÿ

µ2 + (A+B − λ)µ −Bλ = 0. (2)

2◦. Ïðè D > 0 óðàâíåíèå (2) èìååò ðàçëè÷íûå äåéñòâèòåëüíûå êîðíè

µ1 =
1
2 (λ−A−B) + 1

2

√
D, µ2 =

1
2 (λ−A−B)− 1

2

√
D.

Â ýòîì ñëó÷àå ðåøåíèå èñõîäíîãî èíòåãðàëüíîãî óðàâíåíèÿ èìååò âèä

y(x) = f(x) +
∫ x

a

[
E1e

µ1(x−t) + E2e
µ2(x−t)]f(t) dt,

ãäå

E1 = A
µ1

µ2 − µ1
+B

µ1 − λ

µ2 − µ1
, E2 = A

µ2

µ1 − µ2
+B

µ2 − λ

µ1 − µ2
.

3◦. Ïðè D < 0 óðàâíåíèå (2) èìååò êîìïëåêñíî ñîïðÿæåííûå êîðíè

µ1 = σ + iβ, µ2 = σ − iβ, σ = 1
2 (λ−A−B), β = 1

2

√
−D.

Â ýòîì ñëó÷àå ðåøåíèå èñõîäíîãî èíòåãðàëüíîãî óðàâíåíèÿ èìååò âèä

y(x) = f(x) +
∫ x

a

{
E1e

σ(x−t) cos[β(x− t)] + E2e
σ(x−t) sin[β(x− t)]

}
f(t) dt,

ãäå

E1 = −A−B, E2 =
1

β
(−Aσ −Bσ +Bλ).

14. y(x) +
∫∫ x

a

[[
A1e

λ1(x−t) + A2e
λ2(x−t)

]]
y(t)dt = f(x).

1◦. Ââåäåì îáîçíà÷åíèÿ

I1 =
∫ x

a
eλ1(x−t)y(t) dt, I2 =

∫ x

a
eλ2(x−t)y(t) dt.

Ïðîäè��åðåíöèðóåì äâàæäû èíòåãðàëüíîå óðàâíåíèå. Â ðåçóëüòàòå ïîëó÷àåì

(ïåðâûì çàïèñàíî èñõîäíîå óðàâíåíèå):

y +A1I1 +A2I2 = f, f = f(x), (1)

y′x + (A1 +A2)y +A1λ1I1 +A2λ2I2 = f ′x, (2)

y′′xx + (A1 +A2)y
′
x + (A1λ1 +A2λ2)y +A1λ

2
1I1 +A2λ

2
2I2 = f ′′xx. (3)

Èñêëþ÷àÿ âåëè÷èíû I1 è I2 èç (1)�(3), ïðèõîäèì ê ëèíåéíîìó íåîäíîðîäíîìó

ÎÄÓ âòîðîãî ïîðÿäêà ñ ïîñòîÿííûìè êîý��èöèåíòàìè

y′′xx+(A1+A2−λ1−λ2)y′x+(λ1λ2−A1λ2−A2λ1)y= f ′′xx−(λ1+λ2)f
′
x+λ1λ2f.

(4)
Ïîäñòàâëÿÿ çíà÷åíèå x = a â ðàâåíñòâà (1) è (2), ïîëó÷èì íà÷àëüíûå óñëîâèÿ

y(a) = f(a), y′x(a) = f ′x(a)− (A1 +A2)f(a). (5)

�åøåíèå äè��åðåíöèàëüíîãî óðàâíåíèÿ (4) ñ óñëîâèÿìè (5) ïîçâîëÿåò íàéòè

ðåøåíèå èñõîäíîãî èíòåãðàëüíîãî óðàâíåíèÿ.



8.2. Èíòåãðàëüíûå óðàâíåíèÿ âòîðîãî ðîäà ñ ïåðåìåííûì ïðåäåëîì èíòåãðèðîâàíèÿ 381

2◦. �àññìîòðèì õàðàêòåðèñòè÷åñêîå óðàâíåíèå

µ2 + (A1 +A2 − λ1 − λ2)µ + λ1λ2 −A1λ2 −A2λ1 = 0, (6)

êîòîðîå ñîîòâåòñòâóåò ëèíåéíîìó îäíîðîäíîìó ÎÄÓ (4) ïðè f(x) ≡ 0. Ñòðóê-
òóðà ðåøåíèÿ èíòåãðàëüíîãî óðàâíåíèÿ çàâèñèò îò çíàêà äèñêðèìèíàíòà

D ≡ (A1 −A2 − λ1 + λ2)
2 + 4A1A2

êâàäðàòíîãî óðàâíåíèÿ (6).

Ïðè D > 0 êâàäðàòíîå óðàâíåíèå (6) ðàçëè÷íûå äåéñòâèòåëüíûå êîðíè

µ1 =
1
2 (λ1 + λ2 −A1 −A2) +

1
2

√
D, µ2 =

1
2 (λ1 + λ2 −A1 −A2)− 1

2

√
D.

Â ýòîì ñëó÷àå ðåøåíèå èñõîäíîãî èíòåãðàëüíîãî óðàâíåíèÿ èìååò âèä

y(x) = f(x) +
∫ x

a

[
B1e

µ1(x−t) +B2e
µ2(x−t)]f(t) dt,

ãäå

B1 = A1
µ1 − λ2

µ2 − µ1
+A2

µ1 − λ1

µ2 − µ1
, B2 = A1

µ2 − λ2

µ1 − µ2
+A2

µ2 − λ1

µ1 − µ2
.

Ïðè D < 0 óðàâíåíèå (6) èìååò êîìïëåêñíî ñîïðÿæåííûå êîðíè

µ1 = σ + iβ, µ2 = σ − iβ, σ = 1
2 (λ1 + λ2 −A1 −A2), β = 1

2

√
−D.

Â ýòîì ñëó÷àå ðåøåíèå èñõîäíîãî èíòåãðàëüíîãî óðàâíåíèÿ èìååò âèä

y(x) = f(x) +
∫ x

a

{
B1e

σ(x−t) cos[β(x− t)] +B2e
σ(x−t) sin[β(x− t)]

}
f(t) dt,

ãäå

B1 = −A1 −A2, B2 =
1

β

[
A1(λ2 − σ) +A2(λ1 − σ)

]
.

15. y(x) +
∫∫ x

a

[[ n∑

k=1

Ake
λk(x−t)

]]
y(t) dt = f(x).

1◦. Ýòî èíòåãðàëüíîå óðàâíåíèå ìîæíî ïðèâåñòè ê ëèíåéíîìó íåîäíîðîä-

íîìó ÎÄÓ n-ãî ïîðÿäêà ñ ïîñòîÿííûìè êîý��èöèåíòàìè.

�åøåíèå èíòåãðàëüíîãî óðàâíåíèÿ ìîæíî ïðåäñòàâèòü â âèäå

y(x) = f(x) +
∫ x

a

[ n∑

k=1

Bke
µk(x−t)

]
f(t) dt. (1)

Íåèçâåñòíûå ïîñòîÿííûå µk ÿâëÿþòñÿ êîðíÿìè äðîáíî-ðàöèîíàëüíîãî óðàâíå-
íèÿ

n∑

k=1

Ak

z − λk
+ 1 = 0, (2)
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êîòîðîå ïîñëå ïðèâåäåíèÿ ê îáùåìó çíàìåíàòåëþ ñâîäèòñÿ ê çàäà÷å îá îïðå-

äåëåíèè êîðíåé õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà n-é ñòåïåíè.

Êîý��èöèåíòû Bk íàõîäÿòñÿ ïîñëå îïðåäåëåíèÿ µk èç ñèñòåìû ëèíåéíûõ

àëãåáðàè÷åñêèõ óðàâíåíèé

n∑

k=1

Bk

λm − µk
+ 1 = 0, m = 1, . . . , n. (3)

Äðóãîé ñïîñîá îïðåäåëåíèÿ êîý��èöèåíòîâ Bk îïèñàí íèæå â ï. 2◦.
Åñëè âñå êîðíè µk óðàâíåíèÿ (2) äåéñòâèòåëüíû è ðàçëè÷íû, òî �îðìóëà (1)

äàåò ðåøåíèå èñõîäíîãî èíòåãðàëüíîãî óðàâíåíèÿ.

Ïàðå êîìïëåêñíî ñîïðÿæåííûõ êîðíåé µk,k+1=α±iβ õàðàêòåðèñòè÷åñêîãî

ìíîãî÷ëåíà (2) îòâå÷àåò ïàðà êîìïëåêñíî ñîïðÿæåííûõ êîý��èöèåíòîâ Bk,k+1

â óðàâíåíèÿõ (3). Â ýòîì ñëó÷àå â ðåøåíèè (1) ñîîòâåòñòâóþùóþ ïàðó ñëàãàå-

ìûõ Bke
µk(x−t) +Bk+1e

µk+1(x−t)
ñëåäóåò çàìåíèòü íà

Bke
α(x−t) cos[β(x− t)] +Bk+1e

α(x−t) sin[β(x− t)],

ãäå Bk è Bk+1�äåéñòâèòåëüíûå êîý��èöèåíòû.

2◦. Ïðè a=0 ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ ìîæíî ïðåäñòàâèòü â âèäå

y(x) = f(x)−
∫ x

0
R(x− t)f(t) dt, R(x) = L

−1
[
R(p)

]
,

ãäå L
−1

[
R(p)

]
�îáðàòíîå ïðåîáðàçîâàíèå Ëàïëàñà ñëåäóþùåé �óíêöèè:

R(p) =
K(p)

1 +K(p)
, K(p) =

n∑

k=1

Ak

p− λk
.

Îáðàç R(p) ðåçîëüâåíòû R(x) ìîæíî ïðåäñòàâèòü â âèäå ïðàâèëüíîé äðîá-
íî-ðàöèîíàëüíîé �óíêöèè:

R(p) =
Q(p)

P (p)
, P (p) = (p − µ1)(p− µ2) . . . (p− µn),

ãäå Q(p) � ïîëèíîì îòíîñèòåëüíî p, ñòåïåíü êîòîðîãî ìåíüøå n. Êîðíè µk
ïîëèíîìà P (p) ñîâïàäàþò ñ êîðíÿìè óðàâíåíèÿ (2). Åñëè âñå êîðíè µk äåé-

ñòâèòåëüíû è ðàçëè÷íû, òî ðåçîëüâåíòà â ðåøåíèè îïðåäåëÿåòñÿ ïî �îðìóëå

R(x) =
n∑

k=1

Bke
µkx, Bk =

Q(µk)

P ′(µk)
,

ãäå øòðèõ îáîçíà÷àåò ïðîèçâîäíóþ.

16. y(x) + A
∫∫ x

a
(x− t)eλ(x−t)y(t) dt = f(x).

1◦. �åøåíèå ïðè A > 0:

y(x) = f(x)− k
∫ x

a
eλ(x−t) sin[k(x− t)]f(t) dt, k =

√
A.

2◦. �åøåíèå ïðè A < 0:

y(x) = f(x) + k
∫ x

a
eλ(x−t) sh[k(x− t)]f(t) dt, k =

√
−A.
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◮ Óðàâíåíèÿ, ÿäðà êîòîðûõ ñîäåðæàò ãèïåðáîëè÷åñêèå �óíêöèè.

17. y(x)−A
∫∫ x

a
ch(λx)y(t)dt= f(x).

�åøåíèå:

y(x) = f(x) +A
∫ x

a
ch(λx) exp

{
A

λ

[
sh(λx)− sh(λt)

]}
f(t) dt.

18. y(x)− A
∫∫ x

a
ch(λt)y(t)dt = f(x).

�åøåíèå:

y(x) = f(x) +A
∫ x

a
ch(λt) exp

{
A

λ

[
sh(λx)− sh(λt)

]}
f(t) dt.

19. y(x) + A
∫∫ x

a
ch[λ(x− t)]y(t)dt = f(x).

�åøåíèå:

y(x) = f(x) +
∫ x

a
R(x− t)f(t) dt,

R(x) = exp
(
− 1

2Ax
)[ A2

2k
sh(kx)−A ch(kx)

]
, k =

√
λ2 + 1

4A
2.

20. y(x) +
∫∫ x

a

{{ n∑

k=1

Ak ch[λk(x− t)]

}}
y(t)dt = f(x).

Ýòî óðàâíåíèå ñâîäèòñÿ ê óðàâíåíèþ âèäà 8.2.1.15 ïóòåì çàìåíû ãèïåðáîëè÷å-

ñêèõ �óíêöèé íà ýêñïîíåíöèàëüíûå ñ ïîìîùüþ �îðìóëû ch z = 1
2

(
ez + e−z

)
.

21. y(x)− A
∫∫ x

a
sh(λx)y(t)dt = f(x).

�åøåíèå:

y(x) = f(x) +A
∫ x

a
sh(λx) exp

{
A

λ

[
ch(λx)− ch(λt)

]}
f(t) dt.

22. y(x)− A
∫∫ x

a
sh(λt)y(t)dt = f(x).

�åøåíèå:

y(x) = f(x) +A
∫ x

a
sh(λt) exp

{
A

λ

[
ch(λx)− ch(λt)

]}
f(t) dt.

23. y(x) + A
∫∫ x

a
sh[λ(x− t)]y(t)dt = f(x).

1◦. �åøåíèå ïðè λ(A− λ) > 0:

y(x) = f(x)− Aλ

k

∫ x

a
sin[k(x− t)]f(t) dt, ãäå k =

√
λ(A− λ).
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2◦. �åøåíèå ïðè λ(A− λ) < 0:

y(x) = f(x)− Aλ

k

∫ x

a
sh[k(x− t)]f(t) dt, ãäå k =

√
λ(λ−A).

3◦. �åøåíèå ïðè A = λ:

y(x) = f(x)− λ2
∫ x

a
(x− t)f(t) dt.

24. y(x) +
∫∫ x

a

{ n∑

k=1

Ak sh[λk(x− t)]

}
y(t)dt = f(x).

1◦. Ýòî óðàâíåíèå ñâîäèòñÿ ê óðàâíåíèþ âèäà 8.2.1.15 ïóòåì çàìåíû ãè-

ïåðáîëè÷åñêèõ �óíêöèé íà ýêñïîíåíöèàëüíûå ñ ïîìîùüþ �îðìóëû sh z =
= 1

2

(
ez − e−z

)
.

2◦. Íàéäåì êîðíè zk äðîáíî-ðàöèîíàëüíîãî óðàâíåíèÿ

n∑

k=1

λkAk

z − λ2
k

+ 1 = 0. (1)

êîòîðîå ïîñëå ïðèâåäåíèÿ ê îáùåìó çíàìåíàòåëþ ñâîäèòñÿ ê çàäà÷å îá îïðå-

äåëåíèè êîðíåé àëãåáðàè÷åñêîãî óðàâíåíèÿ ñòåïåíè n.

Ïóñòü âñå êîðíè zk óðàâíåíèÿ (1) äåéñòâèòåëüíû, ðàçëè÷íû è íå ðàâíû

íóëþ. Âñå êîðíè â çàâèñèìîñòè îò èõ çíàêà ðàçîáüåì íà äâå ãðóïïû:

z1 > 0, z2 > 0, . . . , zs > 0 (ïîëîæèòåëüíûå êîðíè);

zs+1 < 0, zs+2 < 0, . . . , zn < 0 (îòðèöàòåëüíûå êîðíè).

�åøåíèå èíòåãðàëüíîãî óðàâíåíèÿ ìîæíî ïðåäñòàâèòü â âèäå

y(x) = f(x)+
∫ x

a

{ s∑

k=1

Bk sh
[
µk(x− t)

]
+

n∑

k=s+1

Ck sin
[
µk(x− t)

]}
f(t) dt, (2)

ãäå µk =
√

|zk|. Êîý��èöèåíòû Bk è Ck â (2) íàõîäÿòñÿ èç ñèñòåìû ëèíåéíûõ

àëãåáðàè÷åñêèõ óðàâíåíèé

s∑

k=0

Bkµk

λ2
m − µ2

k

+

n∑

k=s+1

Ckµk

λ2
m + µ2

k

+ 1 = 0, µk =
√
|zk|, m = 1, . . . , n. (3)

Ñëó÷àé ñ íóëåâûì êîðíåì zs = 0 ðàññìàòðèâàåòñÿ ñ ïîìîùüþ ââåäåíèÿ

íîâîé ïîñòîÿííîé D = Bsµs è ïðåäåëüíîãî ïåðåõîäà ïðè µs → 0. Â ðåçóëüòàòå

â ðåøåíèè (2) âìåñòî ÷ëåíà Bs sh
[
µs(x− t)

]
âîçíèêàåò ñëàãàåìîå D(x− t), à â

ñèñòåìå (3) ïîÿâëÿþòñÿ ñîîòâåòñòâóþùèå ñëàãàåìûå Dλ−2
m .
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◮ Óðàâíåíèÿ, ÿäðà êîòîðûõ ñîäåðæàò òðèãîíîìåòðè÷åñêèå �óíêöèè.

25. y(x)−A
∫∫ x

a
cos(λx)y(t)dt= f(x).

�åøåíèå:

y(x) = f(x) +A
∫ x

a
cos(λx) exp

{
A

λ

[
sin(λx)− sin(λt)

]}
f(t) dt.

26. y(x)− A
∫∫ x

a
cos(λt)y(t)dt = f(x).

�åøåíèå:

y(x) = f(x) +A
∫ x

a
cos(λt) exp

{
A

λ

[
sin(λx)− sin(λt)

]}
f(t) dt.

27. y(x) + A
∫∫ x

a
cos[λ(x− t)] y(t)dt = f(x).

�åøåíèå ýòîãî èíòåãðàëüíîãî óðàâíåíèÿ ñâîäèòñÿ ê ðåøåíèþ ëèíåéíîãî íåîä-

íîðîäíîãî ÎÄÓ âòîðîãî ïîðÿäêà ñ ïîñòîÿííûìè êîý��èöèåíòàìè

y′′xx +Ay′x + λ2y = f ′′xx + λ2f, f = f(x),

ñ íà÷àëüíûìè óñëîâèÿìè

y(a) = f(a), y′x(a) = f ′x(a)−Af(a).

1◦. �åøåíèå ïðè |A| > 2|λ|:

y(x) = f(x) +
∫ x

a
R(x− t)f(t) dt,

R(x) = exp
(
− 1

2Ax
)[ A2

2k
sh(kx)−A ch(kx)

]
, k =

√
1
4A

2 − λ2.

2◦. �åøåíèå ïðè |A| < 2|λ|:

y(x) = f(x) +
∫ x

a
R(x− t)f(t) dt,

R(x) = exp
(
− 1

2Ax
)[ A2

2k
sin(kx)−A cos(kx)

]
, k =

√
λ2 − 1

4A
2.

3◦. �åøåíèå ïðè λ = ± 1
2A:

y(x) = f(x) +
∫ x

a
R(x− t)f(t) dt, R(x) = exp

(
− 1

2Ax
)(

1
2A

2x−A
)
.

28. y(x) +
∫∫ x

a

{{ n∑

k=1

Ak cos[λk(x− t)]

}}
y(t) dt = f(x).

�åøåíèå ýòîãî èíòåãðàëüíîãî óðàâíåíèÿ ñâîäèòñÿ ê ðåøåíèþ ëèíåéíîãî íåîä-

íîðîäíîãî ÎÄÓ 2n-ãî ïîðÿäêà ñ ïîñòîÿííûìè êîý��èöèåíòàìè. Îáîçíà÷èì

Ik(x) =
∫ x

a
cos[λk(x− t)] y(t) dt. (1)
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Ïðîäè��åðåíöèðóåì (1) äâàæäû ïî x. Â ðåçóëüòàòå èìååì

I ′k = y(x)− λk

∫ x

a
sin[λk(x− t)] y(t) dt,

I ′′k = y′x(x)− λ2k

∫ x

a
cos[λk(x− t)] y(t) dt,

(2)

ãäå øòðèõè îáîçíà÷àþò ïðîèçâîäíûå ïî x. Èç ñîïîñòàâëåíèÿ �îðìóë (1) è (2)

ïîëó÷èì ñâÿçü ìåæäó I ′′k è Ik:

I ′′k = y′x(x)− λ2kIk, Ik = Ik(x). (3)

Èíòåãðàëüíîå óðàâíåíèå ñ ïîìîùüþ (1) ìîæíî çàïèñàòü â âèäå

y(x) +
n∑

k=1

AkIk = f(x). (4)

Äè��åðåíöèðóÿ (4) äâàæäû ïî x, ñ ó÷åòîì ðàâåíñòâ (3) èìååì

y′′xx(x) + σny
′
x(x)−

n∑

k=1

Akλ
2
kIk = f ′′xx(x), σn =

n∑

k=1

Ak. (5)

Èñêëþ÷àÿ èíòåãðàë In èç (4) è (5), ïîëó÷èì

y′′xx(x) + σny
′
x(x) + λ2ny(x) +

n−1∑

k=1

Ak(λ
2
n − λ2k)Ik = f ′′xx(x) + λ2nf(x). (6)

Ïðîäè��åðåíöèðîâàâ ðàâåíñòâî (6) äâàæäû ïî x è èñêëþ÷èâ èíòåãðàë In−1

èç ïîëó÷åííîãî âûðàæåíèÿ ñ ïîìîùüþ (6), ïðèäåì ê àíàëîãè÷íîìó ðàâåíñòâó,

â ëåâîé ÷àñòè êîòîðîãî áóäåò ñòîÿòü ëèíåéíûé äè��åðåíöèàëüíûé îïåðàòîð

÷åòâåðòîãî ïîðÿäêà ñ ïîñòîÿííûìè êîý��èöèåíòàìè (äåéñòâóþùèé íà y) è

ñóììà

n−2∑
k=1

BkIk. Ïðîäîëæàÿ äàëåå ñ ïîìîùüþ äâóêðàòíîãî äè��åðåíöèðîâàíèÿ

è �îðìóëû (3) ïîñëåäîâàòåëüíî èñêëþ÷àòü ñëàãàåìûå In−2, In−3, . . . , ïðèäåì
â èòîãå ê ëèíåéíîìó íåîäíîðîäíîìó ÎÄÓ ñ ïîñòîÿííûìè êîý��èöèåíòàìè

ïîðÿäêà 2n.
Íà÷àëüíûå óñëîâèÿ äëÿ �óíêöèè y(x) íàõîäÿòñÿ â ðåçóëüòàòå ïîäñòàíîâêè

çíà÷åíèÿ x = a â èíòåãðàëüíîå óðàâíåíèå è âñå åãî ñëåäñòâèÿ, ïîëó÷åííûå ñ

ïîìîùüþ äè��åðåíöèðîâàíèÿ.

29. y(x)− A
∫∫ x

a
sin(λx)y(t)dt = f(x).

�åøåíèå:

y(x) = f(x) +A
∫ x

a
sin(λx) exp

{
A

λ

[
cos(λt)− cos(λx)

]}
f(t) dt.

30. y(x)− A
∫∫ x

a
sin(λt)y(t)dt = f(x).

�åøåíèå:

y(x) = f(x) +A
∫ x

a
sin(λt) exp

{
A

λ

[
cos(λt)− cos(λx)

]}
f(t) dt.
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31. y(x) + A
∫∫ x

a
sin[λ(x− t)] y(t) dt = f(x).

1◦. �åøåíèå ïðè λ(A+ λ) > 0:

y(x) = f(x)− Aλ

k

∫ x

a
sin[k(x− t)]f(t) dt, ãäå k =

√
λ(A+ λ).

2◦. �åøåíèå ïðè λ(A+ λ) < 0:

y(x) = f(x)− Aλ

k

∫ x

a
sh[k(x− t)]f(t) dt, ãäå k =

√
−λ(λ+A).

3◦. �åøåíèå ïðè A = −λ:

y(x) = f(x) + λ2
∫ x

a
(x− t)f(t) dt.

32. y(x) +
∫∫ x

a

{{ n∑

k=1

Ak sin[λk(x− t)]

}}
y(t)dt = f(x).

1◦. �åøåíèå ýòîãî èíòåãðàëüíîãî óðàâíåíèÿ ñâîäèòñÿ ê ðåøåíèþ ëèíåéíî-

ãî íåîäíîðîäíîãî ÎÄÓ 2n-ãî ïîðÿäêà ñ ïîñòîÿííûìè êîý��èöèåíòàìè.

2◦. Íàéäåì êîðíè zk äðîáíî-ðàöèîíàëüíîãî óðàâíåíèÿ

n∑

k=1

λkAk

z + λ2
k

+ 1 = 0, (1)

êîòîðîå ïîñëå ïðèâåäåíèÿ ê îáùåìó çíàìåíàòåëþ ñâîäèòñÿ ê çàäà÷å îá îïðå-

äåëåíèè êîðíåé àëãåáðàè÷åñêîãî óðàâíåíèÿ n-é ñòåïåíè.
Ïóñòü âñå êîðíè zk óðàâíåíèÿ (1) äåéñòâèòåëüíû, ðàçëè÷íû è íå ðàâíû

íóëþ. Âñå êîðíè â çàâèñèìîñòè îò èõ çíàêà ðàçîáüåì íà äâå ãðóïïû:

z1 > 0, z2 > 0, . . . , zs > 0 (ïîëîæèòåëüíûå êîðíè);

zs+1 < 0, zs+2 < 0, . . . , zn < 0 (îòðèöàòåëüíûå êîðíè).

�åøåíèå èíòåãðàëüíîãî óðàâíåíèÿ ìîæíî ïðåäñòàâèòü â âèäå

y(x) = f(x)+
∫ x

a

{ s∑

k=1

Bk sh
[
µk(x− t)

]
+

n∑

k=s+1

Ck sin
[
µk(x− t)

]}
f(t) dt, (2)

ãäå µk =
√

|zk|. Êîý��èöèåíòû Bk è Ck â (2) íàõîäÿòñÿ èç ñèñòåìû ëèíåéíûõ

àëãåáðàè÷åñêèõ óðàâíåíèé

s∑

k=0

Bkµk

λ2
m + µ2

k

+

n∑

k=s+1

Ckµk

λ2
m − µ2

k

− 1 = 0, µk =
√

|zk| m= 1, 2, . . . , n. (3)

Ñëó÷àé ñ íóëåâûì êîðíåì zs = 0 ðàññìàòðèâàåòñÿ ñ ïîìîùüþ ââåäåíèÿ

íîâîé ïîñòîÿííîé D = Bsµs è ïðåäåëüíîãî ïåðåõîäà ïðè µs → 0. Â ðåçóëüòàòå

â ðåøåíèè (2) âìåñòî ÷ëåíà Bs sh
[
µs(x− t)

]
âîçíèêàåò ñëàãàåìîå D(x− t), à â

ñèñòåìå (3) ïîÿâëÿþòñÿ ñîîòâåòñòâóþùèå ñëàãàåìûå Dλ−2
m .
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◮ Èíòåãðàëüíûå óðàâíåíèÿ, ñîäåðæàùèå äðóãèå ÿäðà.

33. y(x)−λ
∫∫ x

0
J0(x− t)y(t)dt= f(x).

Çäåñü J0(z)��óíêöèÿ Áåññåëÿ ïåðâîãî ðîäà.

�åøåíèå:

y(x) = f(x) +
∫ x

0
R(x− t)f(t) dt,

ãäå

R(x) = λ cos
(√

1− λ2 x
)
+

λ2

√
1− λ2

sin
(√

1− λ2 x
)
+

+
λ√

1− λ2

∫ x

0
sin

[√
1− λ2 (x− t)

] J1(t)
t

dt.

34. y(x)−
∫∫ x

a
g(x)h(t)y(t)dt = f(x).

�åøåíèå:

y(x)= f(x)+
∫ x

a
R(x, t)f(t) dt, ãäå R(x, t)= g(x)h(t) exp

[ ∫ x

t
g(s)h(s) ds

]
.

35. y(x) +
∫∫ x

a
(x− t)g(x)y(t)dt = f(x).

1◦. �åøåíèå:

y(x) = f(x) +
1

W

∫ x

a

[
Y1(x)Y2(t)− Y2(x)Y1(t)

]
g(x)f(t) dt, (∗)

ãäå Y1=Y1(x) è Y2=Y2(x)�äâà íåòðèâèàëüíûõ ëèíåéíî íåçàâèñèìûõ ÷àñòíûõ
ðåøåíèÿ ëèíåéíîãî îäíîðîäíîãî ÎÄÓ âòîðîãî ïîðÿäêà Y ′′

xx + g(x)Y = 0. Â
äàííîì ñëó÷àå äåòåðìèíàíò Âðîíñêîãî ÿâëÿåòñÿ ïîñòîÿííîé âåëè÷èíîé: W =
= Y1(Y2)

′
x − Y2(Y1)

′
x ≡ const.

2◦. Åñëè èçâåñòíî òîëüêî îäíî íåòðèâèàëüíîå ÷àñòíîå ðåøåíèå Y1 = Y1(x)
ëèíåéíîãî îäíîðîäíîãî ÎÄÓ âòîðîãî ïîðÿäêà Y ′′

xx + g(x)Y = 0, òî ðåøåíèå

èíòåãðàëüíîãî óðàâíåíèÿ ìîæíî íàéòè ïî �îðìóëå (*), â êîòîðîé ñëåäóåò ïî-

ëîæèòü

W = 1, Y2(x) = Y1(x)
∫ x

b

dξ

Y 2
1 (ξ)

,

ãäå b�ëþáàÿ êîíñòàíòà.

36. y(x) +
∫∫ x

a
(x− t)g(t)y(t)dt = f(x).

1◦. �åøåíèå:

y(x) = f(x) +
1

W

∫ x

a

[
Y1(x)Y2(t)− Y2(x)Y1(t)

]
g(t)f(t) dt, (∗)

ãäå Y1=Y1(x) è Y2=Y2(x)�äâà íåòðèâèàëüíûõ ëèíåéíî íåçàâèñèìûõ ÷àñòíûõ
ðåøåíèÿ ëèíåéíîãî îäíîðîäíîãî ÎÄÓ âòîðîãî ïîðÿäêà Y ′′

xx + g(x)Y = 0. Â
äàííîì ñëó÷àå äåòåðìèíàíò Âðîíñêîãî ÿâëÿåòñÿ ïîñòîÿííîé âåëè÷èíîé: W =
= Y1(Y2)

′
x − Y2(Y1)

′
x ≡ const.
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2◦. Åñëè èçâåñòíî òîëüêî îäíî íåòðèâèàëüíîå ÷àñòíîå ðåøåíèå Y1 = Y1(x)
ëèíåéíîãî îäíîðîäíîãî ÎÄÓ âòîðîãî ïîðÿäêà Y ′′

xx + g(x)Y = 0, òî ðåøåíèå

èíòåãðàëüíîãî óðàâíåíèÿ ìîæíî íàéòè ïî �îðìóëå (*), â êîòîðîé ñëåäóåò ïî-

ëîæèòü

W = 1, Y2(x) = Y1(x)
∫ x

b

dξ

Y 2
1 (ξ)

,

ãäå b�ëþáàÿ êîíñòàíòà.

37. y(x) +
∫∫ x

a

[[
g(x)− g(t)

]]
y(t)dt = f(x).

1◦. Ïðîäè��åðåíöèðóåì óðàâíåíèå ïî x:

y′x(x) + g′x(x)
∫ x

a
y(t) dt = f ′x(x). (1)

Ââåäåì íîâóþ ïåðåìåííóþ Y (x) =
∫ x

a
y(t) dt. Â ðåçóëüòàòå ïîëó÷èì ëèíåéíîå

íåîäíîðîäíîå ÎÄÓ âòîðîãî ïîðÿäêà

Y ′′
xx + g′x(x)Y = f ′x(x), (2)

êîòîðîå ñëåäóåò äîïîëíèòü íà÷àëüíûìè óñëîâèÿìè

Y (a) = 0, Y ′
x(a) = f(a).

Ýòè óñëîâèÿ ÿâëÿþòñÿ ñëåäñòâèåì èñõîäíîãî óðàâíåíèÿ è ñïîñîáà îïðåäåëåíèÿ

íîâîé ïåðåìåííîé Y (x).

Òî÷íûå ðåøåíèÿ ëèíåéíûõ îäíîðîäíûõ ÎÄÓ âòîðîãî ïîðÿäêà (2) ïðè

f(x) ≡ 0 äëÿ ðàçëè÷íûõ �óíêöèé g(x) ñì. â ñïðàâî÷íèêàõ Êàìêå (1976),

Çàéöåâ & Ïîëÿíèí (2001), Polyanin & Zaitsev (2003 è 2018). �åøåíèÿ ñîîòâåò-

ñòâóþùèõ íåîäíîðîäíûõ ÎÄÓ ìîæíî íàéòè ïî �îðìóëå (4) èç ðàçä. 2.2.1.

2◦. Ïóñòü Y1 = Y1(x) è Y2 = Y2(x)� äâà íåòðèâèàëüíûõ ëèíåéíî íåçàâè-

ñèìûõ ÷àñòíûõ ðåøåíèÿ ëèíåéíîãî îäíîðîäíîãî ÎÄÓ âòîðîãî ïîðÿäêà Y ′′
xx +

g′x(x)Y =0, êîòîðîå ïîëó÷àåòñÿ èç (2) ïðè f(x)≡ 0. Â ýòîì ñëó÷àå äåòåðìèíàíò

Âðîíñêîãî ÿâëÿåòñÿ ïîñòîÿííîé âåëè÷èíîé:

W = Y1(Y2)
′
x − Y2(Y1)

′
x ≡ const .

�åøåíèå ëèíåéíîãî íåîäíîðîäíîãî ÎÄÓ (2) ñ ïðîèçâîëüíîé �óíêöèåé f = f(x)
è íà÷àëüíûìè óñëîâèÿìè (3) ñ ó÷åòîì ðàâåíñòâà y(x) = Y ′

x(x) ïðèâîäèò ê

ðåøåíèþ ðàññìàòðèâàåìîãî èíòåãðàëüíîãî óðàâíåíèÿ â âèäå

y(x) = f(x) +
1

W

∫ x

a

[
Y ′
1(x)Y

′
2(t)− Y ′

2(x)Y
′
1(t)

]
f(t) dt, (4)

ãäå øòðèõè îáîçíà÷àþò ïðîèçâîäíûå ïî àðãóìåíòàì, óêàçàííûì äàëåå â êðóã-

ëûõ ñêîáêàõ.
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38. y(x) +
∫∫ x

a

[[
g(x) + h(t)

]]
y(t)dt = f(x).

1◦. Ïðîäè��åðåíöèðîâàâ óðàâíåíèå ïî x, èìååì

y′x(x) +
[
g(x) + h(x)

]
y(x) + g′x(x)

∫ x

a
y(t) dt = f ′x(x).

Ââåäåì íîâóþ ïåðåìåííóþ Y (x) =
∫ x

a
y(t) dt. Â ðåçóëüòàòå ïîëó÷èì ëèíåéíîå

íåîäíîðîäíîå ÎÄÓ âòîðîãî ïîðÿäêà:

Y ′′
xx +

[
g(x) + h(x)

]
Y ′
x + g′x(x)Y = f ′x(x), (1)

êîòîðîå ñëåäóåò äîïîëíèòü íà÷àëüíûìè óñëîâèÿìè

Y (a) = 0, Y ′
x(a) = f(a). (2)

Ýòè óñëîâèÿ ÿâëÿþòñÿ ñëåäñòâèåì èñõîäíîãî óðàâíåíèÿ è ñïîñîáà îïðåäåëåíèÿ

íîâîé ïåðåìåííîé Y (x).
Òî÷íûå ðåøåíèÿ ëèíåéíûõ îäíîðîäíûõ ÎÄÓ âòîðîãî ïîðÿäêà (1) ïðè

f(x)≡ 0 äëÿ ðàçëè÷íûõ �óíêöèé g(x) è h(x) ñì. â ñïðàâî÷íèêàõ Êàìêå (1976),
Çàéöåâ & Ïîëÿíèí (2001), Polyanin & Zaitsev (2003 è 2018). �åøåíèÿ ñîîòâåò-

ñòâóþùèõ íåîäíîðîäíûõ ÎÄÓ ìîæíî íàéòè ïî �îðìóëå (4) èç ðàçä. 2.2.1.

2◦. Ïóñòü Y1 = Y1(x) è Y2 = Y2(x)� äâà íåòðèâèàëüíûõ ëèíåéíî íåçàâè-

ñèìûõ ÷àñòíûõ ðåøåíèÿ ëèíåéíîãî îäíîðîäíîãî ÎÄÓ âòîðîãî ïîðÿäêà Y ′′
xx +

+ g′x(x)Y = 0, êîòîðîå ïîëó÷àåòñÿ èç (1) ïðè f(x) ≡ 0.
�åøåíèå ëèíåéíîãî íåîäíîðîäíîãî ÎÄÓ (1) ñ ïðîèçâîëüíîé �óíêöèåé f =

= f(x) è íà÷àëüíûìè óñëîâèÿìè (2) ñ ó÷åòîì ðàâåíñòâà y(x) = Y ′
x(x) ïðèâîäèò

ê ðåøåíèþ ðàññìàòðèâàåìîãî èíòåãðàëüíîãî óðàâíåíèÿ â âèäå

y(x) = f(x) +
∫ x

a
R(x, t)f(t) dt,

R(x, t) =
∂2

∂x∂t

[
Y1(x)Y2(t)− Y2(x)Y1(t)

W (t)

]
, W (x) = Y1(x)Y

′
2(x)− Y2(x)Y

′
1(x),

ãäå W (x)�äåòåðìèíàíò Âðîíñêîãî, øòðèõè îáîçíà÷àþò ïðîèçâîäíûå ïî àðãó-

ìåíòàì, óêàçàííûì ïîñëå â êðóãëûõ ñêîáêàõ.

39. y(x) +
∫∫ x

a
ch[λ(x− t)]g(t)y(t)dt = f(x).

Äè��åðåíöèðóÿ óðàâíåíèå äâà ðàçà ïî x, ïîëó÷èì

y′x(x) + g(x)y(x) + λ
∫ x

a
sh[λ(x− t)]g(t)y(t) dt = f ′x(x), (1)

y′′xx(x) +
[
g(x)y(x)

]′
x
+ λ2

∫ x

a
ch[λ(x− t)]g(t)y(t) dt = f ′′xx(x). (2)

Èñêëþ÷àÿ èç ðàâåíñòâà (2) èíòåãðàëüíîå ñëàãàåìîå ñ ïîìîùüþ èñõîäíîãî

óðàâíåíèÿ, ïðèõîäèì ê ëèíåéíîìó íåîäíîðîäíîìó ÎÄÓ âòîðîãî ïîðÿäêà

y′′xx +
[
g(x)y

]′
x
− λ2y = f ′′xx(x)− λ2f(x). (3)
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Ïîëàãàÿ x = a â èñõîäíîì óðàâíåíèè è ðàâåíñòâå (1), èìååì ñëåäóþùèå

íà÷àëüíûå óñëîâèÿ äëÿ �óíêöèè y = y(x):

y(a) = f(a), y′x(a) = f ′x(a)− f(a)g(a). (4)

ÎÄÓ (3) ñ óñëîâèÿìè (4) îïðåäåëÿåò ðåøåíèå èñõîäíîãî èíòåãðàëüíîãî

óðàâíåíèÿ.

40. y(x) +
∫∫ x

a
sh[λ(x− t)]g(t)y(t)dt = f(x).

1◦. Äè��åðåíöèðóÿ óðàâíåíèå äâà ðàçà ïî x, ïîëó÷èì

y′x(x) + λ
∫ x

a
ch[λ(x− t)]g(t)y(t) dt = f ′x(x), (1)

y′′xx(x) + λg(x)y(x) + λ2
∫ x

a
sh[λ(x− t)]g(t)y(t) dt = f ′′xx(x). (2)

Èñêëþ÷àÿ èç ðàâåíñòâà (2) èíòåãðàëüíîå ñëàãàåìîå ñ ïîìîùüþ èñõîäíîãî

óðàâíåíèÿ, ïðèõîäèì ê ëèíåéíîìó íåîäíîðîäíîìó ÎÄÓ âòîðîãî ïîðÿäêà

y′′xx + λ
[
g(x) − λ

]
y = f ′′xx(x)− λ2f(x). (3)

Ïîëàãàÿ x = a â èñõîäíîì óðàâíåíèè è ðàâåíñòâå (1), èìååì ñëåäóþùèå

íà÷àëüíûå óñëîâèÿ äëÿ �óíêöèè y = y(x):

y(a) = f(a), y′x(a) = f ′x(a). (4)

Òî÷íûå ðåøåíèÿ ëèíåéíûõ îäíîðîäíûõ ÎÄÓ âòîðîãî ïîðÿäêà (3) ïðè

f(x) ≡ 0 äëÿ ðàçëè÷íûõ �óíêöèé g(x) ñì. â ñïðàâî÷íèêàõ Êàìêå (1976),

Çàéöåâ & Ïîëÿíèí (2001), Polyanin & Zaitsev (2003 è 2018). �åøåíèÿ ñîîòâåò-

ñòâóþùèõ íåîäíîðîäíûõ ÎÄÓ ìîæíî íàéòè ïî �îðìóëå (4) èç ðàçä. 2.2.1.

2◦. Ïóñòü y1 = y1(x) è y2 = y2(x) � äâà íåòðèâèàëüíûõ ëèíåéíî íåçàâè-

ñèìûõ ÷àñòíûõ ðåøåíèÿ ëèíåéíîãî îäíîðîäíîãî ÎÄÓ âòîðîãî ïîðÿäêà y′′xx +
+ λ

[
g(x) − λ

]
y = 0, êîòîðîå ïîëó÷àåòñÿ èç (3) ïðè f(x) ≡ 0. Â äàííîì ñëó÷àå

äåòåðìèíàíò Âðîíñêîãî ÿâëÿåòñÿ ïîñòîÿííîé âåëè÷èíîé:

W = y1(y2)
′
x − y2(y1)

′
x ≡ const .

�åøåíèå íåîäíîðîäíîãî óðàâíåíèÿ (3) ñ íà÷àëüíûìè óñëîâèÿìè (4) äëÿ ïðîèç-

âîëüíîé �óíêöèè f = f(x) èìååò âèä

y(x) = f(x) +
λ

W

∫ x

a

[
y1(x)y2(t)− y2(x)y1(t)

]
g(t)f(t) dt (5)

è îïðåäåëÿåò ðåøåíèå èñõîäíîãî èíòåãðàëüíîãî óðàâíåíèÿ.

3◦. Åñëè èçâåñòíî òîëüêî îäíî íåòðèâèàëüíîå ðåøåíèå y1 = y1(x) ëèíåé-
íîãî îäíîðîäíîãî ÎÄÓ y′′xx + λ

[
g(x) − λ

]
y = 0, òî ðåøåíèå íåîäíîðîäíîãî

óðàâíåíèÿ (3) ñ íà÷àëüíûìè óñëîâèÿìè (4) ìîæíî íàéòè ïî �îðìóëå (5), â

êîòîðîé ñëåäóåò ïîëîæèòü

W = 1, y2(x) = y1(x)
∫ x

b

dξ

y21(ξ)
,

ãäå b�ëþáàÿ êîíñòàíòà.
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41. y(x) +
∫∫ x

a
cos[λ(x− t)]g(t)y(t)dt = f(x).

Äè��åðåíöèðóÿ óðàâíåíèå äâà ðàçà ïî x, ïîëó÷èì

y′x(x) + g(x)y(x) − λ
∫ x

a
sin[λ(x− t)]g(t)y(t) dt = f ′x(x), (1)

y′′xx(x) +
[
g(x)y(x)

]′
x
− λ2

∫ x

a
cos[λ(x− t)]g(t)y(t) dt = f ′′xx(x). (2)

Èñêëþ÷àÿ èç ðàâåíñòâà (2) èíòåãðàëüíîå ñëàãàåìîå ñ ïîìîùüþ èñõîäíîãî

óðàâíåíèÿ, ïðèõîäèì ê ëèíåéíîìó íåîäíîðîäíîìó ÎÄÓ âòîðîãî ïîðÿäêà

y′′xx +
[
g(x)y

]′
x
+ λ2y = f ′′xx(x) + λ2f(x).

Ïîëàãàÿ x = a â èñõîäíîì óðàâíåíèè è ðàâåíñòâå (1), èìååì ñëåäóþùèå

íà÷àëüíûå óñëîâèÿ äëÿ �óíêöèè y = y(x):

y(a) = f(a), y′x(a) = f ′x(a)− f(a)g(a).

42. y(x) +
∫∫ x

a
sin[λ(x− t)]g(t)y(t)dt = f(x).

1◦. Äè��åðåíöèðóÿ óðàâíåíèå äâà ðàçà ïî x, ïîëó÷èì

y′x(x) + λ
∫ x

a
cos[λ(x− t)]g(t)y(t) dt = f ′x(x), (1)

y′′xx(x) + λg(x)y(x) − λ2
∫ x

a
sin[λ(x− t)]g(t)y(t) dt = f ′′xx(x). (2)

Èñêëþ÷àÿ èç ðàâåíñòâà (2) èíòåãðàëüíîå ñëàãàåìîå ñ ïîìîùüþ èñõîäíîãî

óðàâíåíèÿ, ïðèõîäèì ê ëèíåéíîìó íåîäíîðîäíîìó ÎÄÓ âòîðîãî ïîðÿäêà

y′′xx + λ
[
g(x) + λ

]
y = f ′′xx(x) + λ2f(x). (3)

Ïîëàãàÿ x = a â èñõîäíîì óðàâíåíèè è ðàâåíñòâå (1), èìååì ñëåäóþùèå

íà÷àëüíûå óñëîâèÿ äëÿ �óíêöèè y = y(x):

y(a) = f(a), y′x(a) = f ′x(a). (4)

Òî÷íûå ðåøåíèÿ ëèíåéíûõ îäíîðîäíûõ ÎÄÓ âòîðîãî ïîðÿäêà (3) ïðè

f(x) ≡ 0 äëÿ ðàçëè÷íûõ �óíêöèé g(x) ñì. â ñïðàâî÷íèêàõ Êàìêå (1976),

Çàéöåâ & Ïîëÿíèí (2001), Polyanin & Zaitsev (2003 è 2018). �åøåíèÿ ñîîòâåò-

ñòâóþùèõ íåîäíîðîäíûõ ÎÄÓ ìîæíî íàéòè ïî �îðìóëå (4) èç ðàçä. 2.2.1.

2◦. Ïóñòü y1 = y1(x) è y2 = y2(x) � äâà íåòðèâèàëüíûõ ëèíåéíî íåçàâè-

ñèìûõ ÷àñòíûõ ðåøåíèÿ ëèíåéíîãî îäíîðîäíîãî ÎÄÓ âòîðîãî ïîðÿäêà y′′xx +
+ λ

[
g(x) − λ

]
y = 0, êîòîðîå ïîëó÷àåòñÿ èç (3) ïðè f(x) ≡ 0. Â äàííîì ñëó÷àå

äåòåðìèíàíò Âðîíñêîãî ÿâëÿåòñÿ ïîñòîÿííîé âåëè÷èíîé:

W = y1(y2)
′
x − y2(y1)

′
x ≡ const .

�åøåíèå íåîäíîðîäíîãî óðàâíåíèÿ (3) ñ íà÷àëüíûìè óñëîâèÿìè (4) äëÿ ïðîèç-

âîëüíîé �óíêöèè f = f(x) èìååò âèä

y(x) = f(x) +
λ

W

∫ x

a

[
y1(x)y2(t)− y2(x)y1(t)

]
g(t)f(t) dt (5)

è îïðåäåëÿåò ðåøåíèå èñõîäíîãî èíòåãðàëüíîãî óðàâíåíèÿ.
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3◦. Åñëè èçâåñòíî òîëüêî îäíî íåòðèâèàëüíîå ðåøåíèå y1 = y1(x) ëèíåé-
íîãî îäíîðîäíîãî ÎÄÓ y′′xx + λ

[
g(x) + λ

]
y = 0, òî ðåøåíèå íåîäíîðîäíîãî

óðàâíåíèÿ (3) ñ íà÷àëüíûìè óñëîâèÿìè (4) ìîæíî íàéòè ïî �îðìóëå (5), â

êîòîðîé ñëåäóåò ïîëîæèòü

W = 1, y2(x) = y1(x)
∫ x

b

dξ

y21(ξ)
,

ãäå b�ëþáàÿ êîíñòàíòà.

43. y(x) +
∫∫ x

a
K(x− t)y(t)dt = f(x).

Óðàâíåíèå âîññòàíîâëåíèÿ.

1◦. Äëÿ ðåøåíèÿ ýòîãî èíòåãðàëüíîãî óðàâíåíèÿ èñïîëüçóþò ïðÿìîå è îá-

ðàòíîå ïðåîáðàçîâàíèÿ Ëàïëàñà. �åøåíèå ìîæíî ïðåäñòàâèòü â âèäå

y(x) = f(x)−
∫ x

a
R(x− t)f(t) dt. (1)

Çäåñü ðåçîëüâåíòà R(x) îïðåäåëÿåòñÿ ÷åðåç ÿäðî èñõîäíîãî óðàâíåíèÿ K(x) ïî
�îðìóëàì

R(x) =
1

2πi

∫ c+i∞

c−i∞
R̃(p)epx dp, R̃(p) =

K̃(p)

1 + K̃(p)
, K̃(p) =

∫ ∞

0
K(x)e−px dx.

2◦. Ïóñòü w = w(x) ðåøåíèå âñïîìîãàòåëüíîãî áîëåå ïðîñòîãî (÷åì èñõîä-

íîå) óðàâíåíèÿ ïðè a = 0 è ïîñòîÿííîé ïðàâîé ÷àñòè f ≡ 1:

w(x) +
∫ x

0
K(x− t)w(t) dt = 1. (2)

Òîãäà ðåøåíèå èñõîäíîãî èíòåãðàëüíîãî óðàâíåíèÿ ïðè ïðîèçâîëüíîé ïðàâîé

÷àñòè f = f(x) âûðàæàåòñÿ ÷åðåç ðåøåíèå âñïîìîãàòåëüíîãî óðàâíåíèÿ (2) ïî
�îðìóëå

y(x) =
d

dx

∫ x

a
w(x− t)f(t) dt = f(a)w(x− a) +

∫ x

a
w(x− t)f ′t(t) dt.

8.2.2. Íåëèíåéíûå èíòåãðàëüíûå óðàâíåíèÿ Âîëüòåððà âòîðîãî

ðîäà

◮ Óðàâíåíèÿ ñî ñòåïåííîé è ýêñïîíåíöèàëüíîé íåëèíåéíîñòüþ.

1. y(x)+
∫∫ x

a
f(t)y2(t)dt=A.

�åøåíèå:

y(x) = A
[
1 +A

∫ x

a
f(t) dt

]−1
.

2. y(x) +
∫∫ x

a
g(x)h(t)y2(t) dt = f(x).

Äè��åðåíöèðóÿ óðàâíåíèå ïî x, ïîëó÷èì

y′x + g(x)h(x)y2 + g′x(x)
∫ x

a
h(t)y2(t) dt = f ′x(x). (1)
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Èñêëþ÷àÿ èç (1) èíòåãðàëüíûé ÷ëåí ñ ïîìîùüþ èñõîäíîãî óðàâíåíèÿ, ïðèõî-

äèì ê îáûêíîâåííîìó äè��åðåíöèàëüíîìó óðàâíåíèþ �èêêàòè

y′x + g(x)h(x)y2 − g′x(x)

g(x)
y = f ′x(x)−

g′x(x)

g(x)
f(x), (2)

êîòîðîå íàäî äîïîëíèòü íà÷àëüíûì óñëîâèåì y(a) = f(a). Óðàâíåíèå (2) ñâî-
äèòñÿ ê ëèíåéíîìó ÎÄÓ âòîðîãî ïîðÿäêà. Òî÷íûå ðåøåíèÿ ÎÄÓ ïåðâîãî ïî-

ðÿäêà (2) äëÿ ðàçëè÷íûõ �óíêöèé f(x), g(x), h(x) ñì. â ñïðàâî÷íèêàõ Êàìêå

(1976), Çàéöåâ & Ïîëÿíèí (2001), Polyanin & Zaitsev (2003 è 2018).

3. y(x) +
∫∫ x

a
f(t)yk(t)dt = A.

�åøåíèå:

y(x) =
[
A1−k + (k − 1)

∫ x

a
f(t) dt

] 1
1−k

.

4. y(x) −
∫∫ x

a
f(x)g(t)yk(t) dt = 0.

1◦. Ýòî èíòåãðàëüíîå óðàâíåíèå ïóòåì äè��åðåíöèðîâàíèÿ ïî x ñ ïîñëå-

äóþùèì èñêëþ÷åíèåì èíòåãðàëüíîãî ñëàãàåìîãî (ñ ïîìîùüþ èñõîäíîãî óðàâ-

íåíèÿ) ìîæíî ñâåñòè ê äè��åðåíöèàëüíîìó óðàâíåíèþ Áåðíóëëè

y′x − f(x)g(x)yk − f ′
x(x)

f(x)
y = 0, y(a) = 0.

2◦. �åøåíèå ïðè k < 1:

y(x) = f(x)
[
(1− k)

∫ x

a
fk(t)g(t) dt

] 1
1−k

.

Êðîìå òîãî, ïðè k > 0 ñóùåñòâóåò òàêæå òðèâèàëüíîå ðåøåíèå y(x) ≡ 0.

5. y(x) +
∫∫ x

a
f(t) exp[λy(t)]dt = A.

�åøåíèå:

y(x) = − 1

λ
ln
[
λ
∫ x

a
f(t) dt+ e−Aλ

]
.

6. y(x) +
∫∫ x

a
g(t) exp[λy(t)] dt = f(x).

1◦. Ýòî èíòåãðàëüíîå óðàâíåíèå ïóòåì äè��åðåíöèðîâàíèÿ ñâîäèòñÿ ê

ÎÄÓ ïåðâîãî ïîðÿäêà äëÿ �óíêöèè y = y(x):

y′x + g(x)eλy = f ′x(x) (∗)
ñ íà÷àëüíûì óñëîâèåì y(a) = f(a). Ïîäñòàíîâêà w = e−λy ïðèâîäèò (∗) ê
ëèíåéíîìó ÎÄÓ ïåðâîãî ïîðÿäêà

w′
x + λf ′x(x)w − λg(x) = 0, w(a) = exp

[
−λf(a)

]
.

2◦. �åøåíèå:

y(x) = f(x)− 1

λ
ln
{
1 + λ

∫ x

a
g(t) exp

[
λf(t)

]
dt
}
.



8.2. Èíòåãðàëüíûå óðàâíåíèÿ âòîðîãî ðîäà ñ ïåðåìåííûì ïðåäåëîì èíòåãðèðîâàíèÿ 395

◮ Äðóãèå èíòåãðàëüíûå óðàâíåíèÿ.

7. y(x)+
∫∫ x

a
g(t)f

((
y(t)

))
dt= A.

�åøåíèå â íåÿâíîì âèäå:

∫ y

A

du

f(u)
+

∫ x

a
g(t) dt = 0.

8. y(x) +
∫∫ x

a
f
((
t, y(t)

))
dt = g(x).

�åøåíèå ýòîãî èíòåãðàëüíîãî óðàâíåíèÿ îïðåäåëÿåòñÿ èç ÎÄÓ ïåðâîãî ïîðÿäêà

y′x + f(x, y)− g′x(x) = 0

ñ íà÷àëüíûì óñëîâèåì y(a) = g(a). Òî÷íûå ðåøåíèÿ ïîëó÷åííîãî íåëèíåéíîãî
ÎÄÓ äëÿ ðàçëè÷íûõ �óíêöèé f(x, y) è g(x) ñì. â ñïðàâî÷íèêàõ Êàìêå (1976),
Çàéöåâ & Ïîëÿíèí (2001), Polyanin & Zaitsev (2003 è 2018).

9. y(x) +
∫∫ x

a
(x− t)f

((
t, y(t)

))
dt = g(x).

Äè��åðåíöèðóÿ óðàâíåíèå ïî x, èìååì

y′x +
∫ x

a
f
(
t, y(t)

)
dt = g′x(x). (1)

Äè��åðåíöèðóÿ ýòî ðàâåíñòâî ïî x, ïîëó÷èì íåëèíåéíîå ÎÄÓ âòîðîãî ïîðÿäêà

y′′xx + f(x, y)− g′′xx(x) = 0. (2)

Ïîëàãàÿ x = a â èñõîäíîì èíòåãðàëüíîì óðàâíåíèè è ðàâåíñòâå (1), íàõîäèì

íà÷àëüíûå óñëîâèÿ äëÿ �óíêöèè y = y(x):

y(a) = g(a), y′x(a) = g′x(a). (3)

Óðàâíåíèå (2) ñ óñëîâèÿìè (3) îïðåäåëÿåò ðåøåíèå èñõîäíîãî èíòåãðàëü-

íîãî óðàâíåíèÿ. Òî÷íûå ðåøåíèÿ íåëèíåéíûõ ÎÄÓ âòîðîãî ïîðÿäêà (2) äëÿ

ðàçëè÷íûõ �óíêöèé f(x, y) è g(x) ñì. â êíèãàõ Çàéöåâà & Ïîëÿíèíà (2001),

Polyanin & Zaitsev (2003, 2018).

10. y(x) +
∫∫ x

a
eλ(x−t)f

((
t, y(t)

))
dt = g(x).

Äè��åðåíöèðóÿ óðàâíåíèå ïî x, èìååì

y′x + f
(
x, y(x)

)
+ λ

∫ x

a
eλ(x−t)f

(
t, y(t)

)
dt = g′x(x).

Èñêëþ÷àÿ îòñþäà ñëàãàåìîå ñ èíòåãðàëîì ñ ïîìîùüþ èñõîäíîãî óðàâíåíèÿ,

ïîëó÷èì íåëèíåéíîå ÎÄÓ ïåðâîãî ïîðÿäêà

y′x + f(x, y)− λy + λg(x)− g′x(x) = 0.
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Èñêîìàÿ �óíêöèÿ y = y(x) äîëæíà óäîâëåòâîðÿòü íà÷àëüíîìó óñëîâèþ y(a) =
g(a). Òî÷íûå ðåøåíèÿ ïîëó÷åííîãî íåëèíåéíîãî ÎÄÓ äëÿ ðàçëè÷íûõ �óíêöèé

f(x, y) è g(x) ñì. â ñïðàâî÷íèêàõ Êàìêå (1976), Çàéöåâ & Ïîëÿíèí (2001),

Polyanin & Zaitsev (2003 è 2018).

11. y(x) +
∫∫ x

a
ch[λ(x− t)]f

((
t, y(t)

))
dt = g(x).

Äè��åðåíöèðóÿ óðàâíåíèå äâà ðàçà ïî x, ïîëó÷èì

y′x(x) + f
(
x, y(x)

)
+ λ

∫ x

a
sh[λ(x− t)]f

(
t, y(t)

)
dt = g′x(x), (1)

y′′xx(x) +
[
f
(
x, y(x)

)]′
x
+ λ2

∫ x

a
ch[λ(x− t)]f

(
t, y(t)

)
dt = g′′xx(x). (2)

Èñêëþ÷àÿ èç ðàâåíñòâà (2) èíòåãðàëüíîå ñëàãàåìîå ñ ïîìîùüþ èñõîäíîãî

èíòåãðàëüíîãî óðàâíåíèÿ, ïðèõîäèì ê íåëèíåéíîìó ÎÄÓ âòîðîãî ïîðÿäêà

y′′xx +
[
f(x, y)

]′
x
− λ2y + λ2g(x) − g′′xx(x) = 0. (3)

Ïîëàãàÿ x = a â èñõîäíîì óðàâíåíèè è ðàâåíñòâå (1), èìååì ñëåäóþùèå

íà÷àëüíûå óñëîâèÿ äëÿ �óíêöèè y = y(x):

y(a) = g(a), y′x(a) = g′x(a)− f
(
a, g(a)

)
. (4)

ÎÄÓ (3) ñ óñëîâèÿìè (4) îïðåäåëÿåò ðåøåíèå èñõîäíîãî èíòåãðàëüíîãî

óðàâíåíèÿ.

12. y(x) +
∫∫ x

a
sh[λ(x− t)]f

((
t, y(t)

))
dt = g(x).

Äè��åðåíöèðóÿ óðàâíåíèå äâà ðàçà ïî x, ïîëó÷èì

y′x(x) + λ
∫ x

a
ch[λ(x− t)]f

(
t, y(t)

)
dt = g′x(x), (1)

y′′xx(x) + λf
(
x, y(x)

)
+ λ2

∫ x

a
sh[λ(x− t)]f

(
t, y(t)

)
dt = g′′xx(x). (2)

Èñêëþ÷àÿ èç ðàâåíñòâà (2) èíòåãðàëüíîå ñëàãàåìîå ñ ïîìîùüþ èñõîäíîãî

èíòåãðàëüíîãî óðàâíåíèÿ, ïðèõîäèì ê íåëèíåéíîìó ÎÄÓ âòîðîãî ïîðÿäêà

y′′xx + λf(x, y)− λ2y + λ2g(x)− g′′xx(x) = 0. (3)

Ïîëàãàÿ x = a â èñõîäíîì óðàâíåíèè è ðàâåíñòâå (1), èìååì ñëåäóþùèå

íà÷àëüíûå óñëîâèÿ äëÿ �óíêöèè y = y(x):

y(a) = g(a), y′x(a) = g′x(a). (4)

ÎÄÓ (3) ñ óñëîâèÿìè (4) îïðåäåëÿåò ðåøåíèå èñõîäíîãî èíòåãðàëüíîãî

óðàâíåíèÿ. Òî÷íûå ðåøåíèÿ íåëèíåéíîãî ÎÄÓ âòîðîãî ïîðÿäêà äëÿ ðàçëè÷íûõ

�óíêöèé f(x, y) è g(x) ñì. â ñïðàâî÷íèêàõ Çàéöåâ & Ïîëÿíèí (2001), Polyanin

& Zaitsev (2003 è 2018).
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13. y(x) +
∫∫ x

a
cos[λ(x− t)]f

((
t, y(t)

))
dt = g(x).

Äè��åðåíöèðóÿ óðàâíåíèå äâà ðàçà ïî x, ïîëó÷èì

y′x(x) + f
(
x, y(x)

)
− λ

∫ x

a
sin[λ(x− t)]f

(
t, y(t)

)
dt = g′x(x), (1)

y′′xx(x) +
[
f
(
x, y(x)

)]′
x
− λ2

∫ x

a
cos[λ(x− t)]f

(
t, y(t)

)
dt = g′′xx(x). (2)

Èñêëþ÷àÿ èç ðàâåíñòâà (2) èíòåãðàëüíîå ñëàãàåìîå ñ ïîìîùüþ èñõîäíîãî

èíòåãðàëüíîãî óðàâíåíèÿ, ïðèõîäèì ê íåëèíåéíîìó ÎÄÓ âòîðîãî ïîðÿäêà

y′′xx +
[
f(x, y)

]′
x
+ λ2y − λ2g(x) − g′′xx(x) = 0. (3)

Ïîëàãàÿ x = a â èñõîäíîì óðàâíåíèè è ðàâåíñòâå (1), èìååì ñëåäóþùèå

íà÷àëüíûå óñëîâèÿ äëÿ �óíêöèè y = y(x):

y(a) = g(a), y′x(a) = g′x(a)− f
(
a, g(a)

)
. (4)

ÎÄÓ (3) ñ óñëîâèÿìè (4) îïðåäåëÿåò ðåøåíèå èñõîäíîãî èíòåãðàëüíîãî

óðàâíåíèÿ.

14. y(x) +
∫∫ x

a
sin[λ(x− t)]f

((
t, y(t)

))
dt = g(x).

Äè��åðåíöèðóÿ óðàâíåíèå äâà ðàçà ïî x, ïîëó÷èì

y′x(x) + λ
∫ x

a
cos[λ(x− t)]f

(
t, y(t)

)
dt = g′x(x), (1)

y′′xx(x) + λf
(
x, y(x)

)
− λ2

∫ x

a
sin[λ(x− t)]f

(
t, y(t)

)
dt = g′′xx(x). (2)

Èñêëþ÷àÿ èç ðàâåíñòâà (2) èíòåãðàëüíîå ñëàãàåìîå ñ ïîìîùüþ èñõîäíîãî

èíòåãðàëüíîãî óðàâíåíèÿ, ïðèõîäèì ê íåëèíåéíîìó ÎÄÓ âòîðîãî ïîðÿäêà

y′′xx + λf(x, y) + λ2y − λ2g(x)− g′′xx(x) = 0. (3)

Ïîëàãàÿ x = a â èñõîäíîì óðàâíåíèè è ðàâåíñòâå (1), èìååì ñëåäóþùèå

íà÷àëüíûå óñëîâèÿ äëÿ �óíêöèè y = y(x):

y(a) = g(a), y′x(a) = g′x(a). (4)

ÎÄÓ (3) ñ óñëîâèÿìè (4) îïðåäåëÿåò ðåøåíèå èñõîäíîãî èíòåãðàëüíîãî

óðàâíåíèÿ. Òî÷íûå ðåøåíèÿ íåëèíåéíîãî ÎÄÓ âòîðîãî ïîðÿäêà äëÿ ðàçëè÷íûõ

�óíêöèé f(x, y) è g(x) ñì. â ñïðàâî÷íèêàõ Çàéöåâ & Ïîëÿíèí (2001), Polyanin

& Zaitsev (2003 è 2018).
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8.3. Èíòåãðàëüíûå óðàâíåíèÿ ïåðâîãî ðîäà ñ

ïîñòîÿííûìè ïðåäåëàìè èíòåãðèðîâàíèÿ

8.3.1. Ëèíåéíûå èíòåãðàëüíûå óðàâíåíèÿ Ôðåäãîëüìà ïåðâîãî

ðîäà

◮ Óðàâíåíèÿ, ÿäðà êîòîðûõ ñîäåðæàò ñòåïåííûå �óíêöèè.

1.

∫∫ b

a
|x− t|y(t)dt= f(x), 0 6 a < b <∞.

�åøåíèå:

y(x) = 1
2 f

′′
xx(x).

Ïðàâàÿ ÷àñòü èíòåãðàëüíîãî óðàâíåíèÿ f(x) äîëæíà óäîâëåòâîðÿòü îïðåäå-
ëåííûì ñîîòíîøåíèÿì. Îáùèé âèä ïðàâîé ÷àñòè èìååò âèä

f(x) = F (x) +Ax+B,

A = − 1
2

[
F ′
x(a) + F ′

x(b)
]
, B = 1

2

[
aF ′

x(a) + bF ′
x(b)− F (a)− F (b)

]
,

ãäå F (x)�ïðîèçâîëüíàÿ îãðàíè÷åííàÿ äâàæäû äè��åðåíöèðóåìàÿ �óíêöèÿ (ñ

îãðàíè÷åííîé ïåðâîé ïðîèçâîäíîé).

2.

∫∫ a

0

y(t)√
|x− t|

dt = f(x), 0 < a 6 ∞.

�åøåíèå:

y(x) = − A

x1/4

d

dx

[∫ a

x

dt

(t− x)1/4

∫ t

0

f(s) ds

s1/4(t− s)1/4

]
, A =

1√
8π Γ2(3/4)

.

3.

∫∫ b

a

y(t)

|x− t|k dt = f(x), |a| + |b| < ∞, 0 < k < 1.

�åøåíèå (�àõîâ, 1977):

y(x) =
1

2π
ctg( 1

2 πk)
d

dx

∫ x

a

f(t) dt

(x− t)1−k
− 1

π2
cos2( 1

2 πk)
∫ x

a

Z(t)F (t)

(x− t)1−k
dt,

ãäå

Z(t) = (t− a)
1+k
2 (b− t)

1−k
2 , F (t) =

d

dt

[∫ t

a

dτ

(t− τ )k

∫ b

τ

f(s) ds

Z(s)(s− τ )1−k

]
.

4.

∫∫ b

0

y(t)

|xλ − tλ|k dt = f(x), 0 < k < 1, λ > 0.

�åøåíèå:

y(x) = −Ax
λ(k−1)

2
d

dx

[
∫ b

x

t
λ(3−2k)−2

2 dt

(tλ − xλ)
1−k
2

∫ t

0

s
λ(k+1)−2

2 f(s) ds

(tλ − sλ)
1−k
2

]
,

A =
λ2

2π
cos

(
πk

2

)
Γ(k)

[
Γ
(
1 + k

2

)]−2
,

ãäå Γ(k)�ãàììà-�óíêöèÿ.
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5.

∫∫ ∞

−∞

y(t)

|x− t|1−λ
dt = f(x), 0 < λ < 1.

�åøåíèå (Ñàìêî, Êèëáàñ, Ìàðè÷åâ, 1987):

y(x) =
λ

2π
tg
(
πλ

2

) ∫ ∞

−∞
f(x)− f(t)

|x− t|1+λ
dt =

=
λ

2π
tg
(
πλ

2

) ∫ ∞

0

2f(x) − f(x+ t)− f(x− t)

t1+λ
dt.

Ñ÷èòàåòñÿ, ÷òî äëÿ íåêîòîðîãî p, ãäå 1 < p < 1/λ, âûïîëíÿåòñÿ óñëîâèå∫ ∞

−∞
|f(x)|pdx <∞.

6.

∫∫ ∞

−∞

sign(x− t)

|x− t|1−λ
y(t)dt = f(x), 0 < λ < 1.

�åøåíèå (Ñàìêî, Êèëáàñ, Ìàðè÷åâ, 1987):

y(x) =
λ

2π
ctg

(
πλ

2

) ∫ ∞

−∞
f(x)− f(t)

|x− t|1+λ
sign(x− t) dt =

=
λ

2π
ctg

(
πλ

2

) ∫ ∞

0

f(x+ t)− f(x− t)

t1+λ
dt.

7.

∫∫ ∞

−∞

a+ b sign(x− t)

|x− t|1−λ
y(t)dt = f(x), 0 < λ < 1.

�åøåíèå (Ñàìêî, Êèëáàñ, Ìàðè÷åâ, 1987):

y(x) = c
∫ ∞

−∞
a+ b sign(x− t)

|x− t|1+λ

[
f(x)− f(t)

]
dt =

= c
∫ ∞

0

2af(x)− (a+ b)f(x− t)− (a− b)f(x+ t)

t1+λ
dt,

ãäå

c =
λ sin(πλ)

4π
[
a2 cos2

(
1
2
πλ

)
+ b2 sin2

(
1
2
πλ

)] .

8.

∫∫ ∞

0

y(x+ t) − y(x− t)

t
dt = f(x).

�åøåíèå: y(x) = − 1

π2

∫ ∞

0

f(x+ t)− f(x− t)

t
dt.

9.

∫∫ 1

0
y(xt)dt = f(x).

�åøåíèå:

y(x) = xf ′x(x) + f(x).

Ñ÷èòàåòñÿ, ÷òî �óíêöèÿ f(x) óäîâëåòâîðÿåò óñëîâèþ
[
xf(x)

]
x=0

= 0.
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◮ Â óðàâíåíèÿõ 8.3.1.10 è 8.3.1.11 è èõ ðåøåíèÿõ ñèíãóëÿðíûå èíòåãðàëû ïî-

íèìàþòñÿ â ñìûñëå ãëàâíîãî çíà÷åíèÿ ïî Êîøè:

∫ b

a

f(x)

x− c
dx = lim

ε→0

[ ∫ c−ε

a

f(x)

x− c
dx+

∫ b

c+ε

f(x)

x− c
dx

]
, a < c < b.

10.

∫∫ ∞

−∞

y(t) dt

t− x
= f(x).

�åøåíèå (Äèòêèí & Ïðóäíèêîâ, 1974):

y(x) = − 1

π2

∫ ∞

−∞
f(t) dt

t− x
.

Èíòåãðàëüíîå óðàâíåíèå è âûðàæåíèå äëÿ åãî ðåøåíèÿ ïðåäñòàâëÿþò ñîáîé

ïðåîáðàçîâàíèå �èëüáåðòà (â íåñèììåòðè÷íîé �îðìå).

11.

∫∫ b

a

y(t) dt

t− x
= f(x).

Ýòî óðàâíåíèå âñòðå÷àåòñÿ â ãèäðîäèíàìèêå â çàäà÷å îá îáòåêàíèè òîíêîãî

ïðî�èëÿ ïîòîêîì èäåàëüíîé æèäêîñòè (a 6 x 6 b). Â çàâèñèìîñòè îò óñëîâèé,

âûñòàâëÿåìûõ íà êîíöàõ îòðåçêà [a, b], ãäå |a| + |b| < ∞, èìåþòñÿ ñëåäóþùèå

ðåøåíèÿ (�àõîâ, 1977):

1◦. �åøåíèå, îãðàíè÷åííîå íà îáîèõ êîíöàõ:

y(x) = − 1

π2

√
(x− a)(b− x)

∫ b

a

f(t)√
(t− a)(b− t)

dt

t− x
.

Ïðè ýòîì äîëæíî âûïîëíÿòüñÿ óñëîâèå

∫ b

a

f(t) dt√
(t− a)(b− t)

= 0.

2◦. �åøåíèå, îãðàíè÷åííîå ïðè x = a è íåîãðàíè÷åííîå ïðè x = b:

y(x) = − 1

π2

√
x− a

b− x

∫ b

a

√
b− t

t− a

f(t)

t− x
dt.

3◦. �åøåíèå, íåîãðàíè÷åííîå íà îáîèõ êîíöàõ:

y(x) = − 1

π2
√

(x− a)(b− x)

[ ∫ b

a

√
(t− a)(b− t)

t− x
f(t) dt+ C

]
,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Â ýòîì ñëó÷àå äîëæíî âûïîëíÿòüñÿ ñîîòíî-

øåíèå

∫ b

a
y(t) dt =

C

π
.

◮ Óðàâíåíèÿ, ÿäðà êîòîðûõ ñîäåðæàò ýêñïîíåíöèàëüíûå �óíêöèè.

12.

∫∫ ∞

−∞
e−λ|x−t|y(t)dt= f(x), f(±∞) = 0.

�åøåíèå:

y(x) =
1

2λ

[
λ2f(x)− f ′′xx(x)

]
.
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13.

∫∫ ∞

0
e−λ|x−t|y(t)dt = f(x), f(∞) = 0.

�åøåíèå:

y(x) =
1

2λ
e−λx d

dx
e2λx

d

dx
e−λxf(x).

14.

∫∫ b

a
eλ|x−t|y(t)dt = f(x), −∞ < a < b < ∞.

�åøåíèå:

y(x) =
1

2λ

[
f ′′xx(x)− λ2f(x)

]
.

Ïðàâàÿ ÷àñòü èíòåãðàëüíîãî óðàâíåíèÿ f(x) äîëæíà óäîâëåòâîðÿòü ñëåäó-

þùèì ñîîòíîøåíèÿì:

f ′x(a) + λf(a) = 0, f ′x(b)− λf(b) = 0. (∗)

Îáùèé âèä ïðàâîé ÷àñòè èíòåãðàëüíîãî óðàâíåíèÿ, óäîâëåòâîðÿþùåé óñëîâè-

ÿì (*), îïðåäåëÿåòñÿ �îðìóëîé

f(x) = F (x) +Ax+B,

A =
1

bλ− aλ− 2

[
F ′
x(a) + F ′

x(b) + λF (a)− λF (b)
]
,

B = − 1

λ

[
F ′
x(a) + λF (a) +Aaλ+A

]
,

ãäå F (x)�ïðîèçâîëüíàÿ îãðàíè÷åííàÿ äâàæäû äè��åðåíöèðóåìàÿ �óíêöèÿ.

15.

∫∫ b

a
|eλx − eλt| y(t) dt = f(x), λ > 0.

×àñòíûé ñëó÷àé óðàâíåíèÿ 8.3.1.34 ïðè g(x) = eλx.
�åøåíèå:

y(x) =
1

2λ

d

dx

[
e−λxf ′x(x)

]
.

Ïðàâàÿ ÷àñòü èíòåãðàëüíîãî óðàâíåíèÿ f(x) äîëæíà óäîâëåòâîðÿòü îïðåäå-
ëåííûì ñîîòíîøåíèÿì (ñì. ï. 2◦ óðàâíåíèÿ 8.3.1.34).

16.

∫∫ ∞

−∞
e−(x−t)2y(t)dt = f(x).

1◦. �åøåíèå:

y(t) =
1

π3/2

∫ ∞

0
es

2/4 ds
∫ ∞

−∞
cos

(
s(t− x)

)
f(x) dx =

= exp
[
− 1

4
√
π

d2

dt2
f(t)

]
≡

∞∑

k=0

1

k!

(
− 1

4
√
π

)k d2kf(t)
dt2k

.

2◦. �åøåíèå (àëüòåðíàòèâíîå ïðåäñòàâëåíèå):

y(x) =
1√
π

∞∑

n=0

f
(n)
x (0)

2nn!
Hn(x),
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ãäå Hn(x)�ìíîãî÷ëåíû Ýðìèòà

Hm(x) = (−1)m exp
(
x2

) dm

dxm
exp

(
−x2

)
.

17.

1√
πλ

∫∫ ∞

−∞
exp

[[
− (x− t)2

λ

]]
y(t)dt = f(x).

Ïðåîáðàçîâàíèå �àóññà (ïðåîáðàçîâàíèå Âåéåðøòðàññà ïðè λ = 4).
�åøåíèå:

y(t) =
1

π

∫ ∞

0
eλs

2/4 ds
∫ ∞

−∞
cos

(
s(t− x)

)
f(x) dx =

= exp
[
− λ

4

d2

dt2
f(t)

]
≡

∞∑

k=0

1

k!

(
− λ

4

)k d2kf(t)
dt2k

.

◮ Óðàâíåíèÿ, ÿäðà êîòîðûõ ñîäåðæàò ëîãàðè�ìè÷åñêèå �óíêöèè.

18.

∫∫ b

a
ln |x− t|y(t)dt= f(x).

Óðàâíåíèå Êàðëåìàíà.

1◦. �åøåíèå ïðè b− a 6= 4 (�àõîâ, 1997):

y(x) =
1

π2
√

(x− a)(b− x)

[ ∫ b

a

√
(t− a)(b− t) f ′

t(t) dt

t− x
+

+
1

ln
[
1
4
(b− a)

]
∫ b

a

f(t) dt√
(t− a)(b− t)

]
.

2◦. Ïðè b−a=4 äëÿ ðàçðåøèìîñòè óðàâíåíèÿ äîëæíî âûïîëíÿòüñÿ óñëîâèå

∫ b

a
f(t)(t− a)−1/2(b− t)−1/2 dt = 0.

Â ýòîì ñëó÷àå ðåøåíèå èìååò âèä

y(x) =
1

π2
√

(x− a)(b− x)

[ ∫ b

a

√
(t− a)(b− t) f ′

t(t) dt

t− x
+ C

]
,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

19.

∫∫ b

a

((
ln |x− t| + β

))
y(t) dt = f(x).

Ïîëîæèì

x = e−βz, t = e−βτ, y(t) = Y (τ), f(x) = e−βg(z).

Â ðåçóëüòàòå ïîëó÷èì óðàâíåíèå âèäà 8.3.1.18:

∫ B

A
ln |z − τ |Y (τ) dτ = g(z), A = aeβ , B = beβ .
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20.

∫∫ a

−a

((
ln

A

|x− t|

))
y(t) dt = f(x), −a 6 x 6 a.

�åøåíèå ïðè 0 < a < 2A (�îõáåðã & Êðåéí, 1967):

y(x) =
1

2M ′(a)

[
d

da

∫ a

−a
w(t, a)f(t) dt

]
w(x, a)−

− 1

2

∫ a

|x|
w(x, ξ)

d

dξ

[
1

M ′(ξ)

d

dξ

∫ ξ

−ξ
w(t, ξ)f(t) dt

]
dξ −

− 1

2

d

dx

∫ a

|x|
w(x, ξ)

M ′(ξ)

[∫ ξ

−ξ
w(t, ξ) df(t)

]
dξ,

Çäåñü øòðèõ ñîîòâåòñòâóåò ïðîèçâîäíîé è èñïîëüçîâàíû ñëåäóþùèå îáîçíà÷å-

íèÿ:

M(ξ) =
(
ln

2A

ξ

)−1
, w(x, ξ) =

M(ξ)

π
√
ξ2 − x2

.

21.

∫∫ a

0
ln

∣∣∣∣
∣∣∣∣
x+ t

x− t

∣∣∣∣
∣∣∣∣ y(t)dt = f(x).

�åøåíèå:

y(x) = − 2

π2

d

dx

∫ a

x

F (t)dt√
t2 − x2

, F (t) =
d

dt

∫ t

0

sf(s) ds√
t2 − s2

.

◮ Óðàâíåíèÿ, ÿäðà êîòîðûõ ñîäåðæàò òðèãîíîìåòðè÷åñêèå �óíêöèè.

22.

∫∫ ∞

0
cos(xt)y(t)dt= f(x).

�åøåíèå: y(x) =
2

π

∫ ∞

0
cos(xt)f(t) dt.

Ïðàâàÿ ÷àñòü óðàâíåíèÿ f(x) è åãî ðåøåíèå ïðåäñòàâëÿþò y(t) ñîáîé ïàðó

ïðÿìîãî è îáðàòíîãî êîñèíóñ-ïðåîáðàçîâàíèÿ Ôóðüå â íåñèììåòðè÷íîé �îðìå

(Äèòêèí & Ïðóäíèêîâ, 1974).

23.

∫∫ b

a
cos(xt)y(t)dt = f(x), 0 6 x < ∞.

�åøåíèå:

y(t) =





2

π

∫ ∞

0
cos(xt)f(x) dx ïðè a < t < b,

0 ïðè 0 < t < a èëè t > b,

ãäå 0 6 a 6 b 6 ∞.

24.

∫∫ b

a

∣∣∣∣cos(λx) − cos(λt)
∣∣∣∣ y(t)dt = f(x).

×àñòíûé ñëó÷àé óðàâíåíèÿ 8.3.1.34 ïðè g(x) = cos(λx).
�åøåíèå:

y(x) = − 1

2λ

d

dx

[
f ′
x(x)

sin(λx)

]
.
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Ïðàâàÿ ÷àñòü èíòåãðàëüíîãî óðàâíåíèÿ f(x) äîëæíà óäîâëåòâîðÿòü îïðåäåëåí-
íûì ñîîòíîøåíèÿì (ñì. ï. 2◦ óðàâíåíèÿ 8.3.1.34).

25.

∫∫ ∞

0
sin(xt)y(t)dt = f(x).

�åøåíèå: y(x) =
2

π

∫ ∞

0
sin(xt)f(t) dt.

Ïðàâàÿ ÷àñòü óðàâíåíèÿ f(x) è åãî ðåøåíèå ïðåäñòàâëÿþò y(t) ñîáîé ïàðó

ïðÿìîãî è îáðàòíîãî ñèíóñ-ïðåîáðàçîâàíèÿ Ôóðüå â íåñèììåòðè÷íîé �îðìå

(Äèòêèí & Ïðóäíèêîâ, 1974).

26.

∫∫ b

a
sin(xt)y(t)dt = f(x), 0 6 x < ∞.

�åøåíèå:

y(t) =





2

π

∫ ∞

0
sin(xt)f(x) dx ïðè a < t < b,

0 ïðè 0 < t < a èëè t > b,

ãäå 0 6 a 6 b 6 ∞.

27.

∫∫ ∞

−∞
sin

((
λ|x− t|

))
y(t) dt = f(x), f(±∞) = 0.

�åøåíèå:

y(x) =
1

2λ

[
f ′′xx(x) + λ2f(x)

]
.

28.

∫∫ ∞

−∞

[[
cos(xt) + sin(xt)

]]
y(t) dt = f(x).

�åøåíèå:

y(x) =
1

2π

∫ ∞

−∞

[
cos(xt) + sin(xt)

]
f(t) dt.

Ïðàâàÿ ÷àñòü óðàâíåíèÿ f(x) è åãî ðåøåíèå ïðåäñòàâëÿþò y(t) ñîáîé ïà-

ðó ïðÿìîãî è îáðàòíîãî ïðåîáðàçîâàíèÿ Õàðòëè â íåñèììåòðè÷íîé �îðìå

(Zwillinger, 1989).

29.

∫∫ 2π

0
ctg

((
t− x

2

))
y(t)dt = f(x), 0 6 x 6 2π.

Çäåñü ñèíãóëÿðíûé èíòåãðàë ïîíèìàþòñÿ â ñìûñëå ãëàâíîãî çíà÷åíèÿ ïî Êîøè

è ñ÷èòàåòñÿ, ÷òî ïðàâàÿ ÷àñòü óðàâíåíèÿ óäîâëåòâîðÿåò óñëîâèþ

∫ 2π

0
f(t) dt=0.

�åøåíèå:

y(x) = − 1

4π2

∫ 2π

0
ctg

(
t− x

2

)
f(t) dt+ C,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

Èç ðåøåíèÿ ñëåäóåò, ÷òî

∫ 2π

0
y(t) dt = 2πC .

Ïðàâàÿ ÷àñòü óðàâíåíèÿ f(x) è åãî ðåøåíèå ïðåäñòàâëÿþò y(t) ñîáîé ïàðó

ïðÿìîãî è îáðàòíîãî ïðåîáðàçîâàíèÿ �èëüáåðòà â íåñèììåòðè÷íîé �îðìå (�à-

õîâ, 1977).
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◮ Äðóãèå èíòåãðàëüíûå óðàâíåíèÿ.

30.

∫∫ π/2

0
y(ξ)dt= f(x), ξ = x sin t.

Óðàâíåíèå Øë¼ìèëüõà.

�åøåíèå (�àõîâ, 1977):

y(x) =
2

π

[
f(0) + x

∫ π/2

0
f ′ξ(ξ) dt

]
, ξ = x sin t.

31.

∫∫ ∞

0
tJν(xt)y(t)dt = f(x), ν > −1.

Çäåñü Jν(z)��óíêöèÿ Áåññåëÿ ïåðâîãî ðîäà.

�åøåíèå:

y(x) =
∫ ∞

0
tJν(xt)f(t) dt.

Ïðàâàÿ ÷àñòü óðàâíåíèÿ f(x) è åãî ðåøåíèå ïðåäñòàâëÿþò y(t) ñîáîé ïàðó

ïðÿìîãî è îáðàòíîãî ïðåîáðàçîâàíèÿ Õàíêåëÿ (Äèòêèí & Ïðóäíèêîâ, 1974).

32.

∫∫ ∞

−∞
K0

((
|x− t|

))
y(t)dt = f(x).

Çäåñü K0(z)�ìîäè�èöèðîâàííàÿ �óíêöèÿ Áåññåëÿ âòîðîãî ðîäà.

�åøåíèå (Zwillinger, 1989):

y(x) = − 1

π2

(
d2

dx2
− 1

) ∫ ∞

−∞
K0

(
|x− t|

)
f(t) dt.

33.

∫∫ b

a

[[
g1(x)h1(t) + g2(x)h2(t)

]]
y(t)dt = f(x).

Èíòåãðàëüíîå óðàâíåíèå ñ âûðîæäåííûì ÿäðîì. Îíî èìååò ðåøåíèÿ òîëüêî

òîãäà, êîãäà åãî ïðàâàÿ ÷àñòü ïðåäñòàâèìà â âèäå

f(x) = A1g1(x) +A2g2(x), A1 = const, A2 = const . (∗)

Â ýòîì ñëó÷àå ëþáàÿ �óíêöèÿ y = y(x), óäîâëåòâîðÿþùàÿ óñëîâèÿì òèïà

íîðìèðîâêè

∫ b

a
h1(t)y(t) dt = A1,

∫ b

a
h2(t)y(t) dt = A2,

áóäåò ðåøåíèåì èíòåãðàëüíîãî óðàâíåíèÿ.

Åñëè ïðàâàÿ ÷àñòü óðàâíåíèÿ èìååò âèä, îòëè÷íûé îò (*), òî èíòåãðàëüíîå

óðàâíåíèå íå èìååò ðåøåíèé.

34.

∫∫ b

a
|g(x)− g(t)|y(t) dt = f(x).

Ïóñòü a 6 x 6 b è a 6 t 6 b; â ïï. 1◦ è 2◦ ñ÷èòàåì, ÷òî 0 < g′x(x) <∞.
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1◦. �àñêðîåì ìîäóëü â ïîäûíòåãðàëüíîì âûðàæåíèè. Â ðåçóëüòàòå ïîëó÷èì

∫ x

a

[
g(x)− g(t)

]
y(t) dt+

∫ b

x

[
g(t)− g(x)

]
y(t) dt = f(x). (1)

Äè��åðåíöèðóÿ (1) ïî x, èìååì

g′x(x)
∫ x

a
y(t) dt− g′x(x)

∫ b

x
y(t) dt = f ′x(x). (2)

Ïîäåëèì îáå ÷àñòè (2) íà g′x(x) è ïðîäè��åðåíöèðóåì ïîëó÷åííîå âûðàæåíèå.

Â èòîãå íàõîäèì ðåøåíèå

y(x) =
1

2

d

dx

[
f ′
x(x)

g′x(x)

]
. (3)

2◦. Ïîêàæåì, ÷òî ïðàâàÿ ÷àñòü èíòåãðàëüíîãî óðàâíåíèÿ f(x) äîëæíà óäî-
âëåòâîðÿòü îïðåäåëåííûì ñîîòíîøåíèÿì. Ïîëàãàÿ â (1) x = a è x = b, èìååì
äâà ñëåäñòâèÿ

∫ b

a

[
g(t) − g(a)

]
y(t) dt = f(a),

∫ b

a

[
g(b) − g(t)

]
y(t) dt = f(b). (4)

Ïîäñòàâèì â ðàâåíñòâà (4) �óíêöèþ y(x) èç (3). Ïîñëå èíòåãðèðîâàíèÿ ïî

÷àñòÿì ïîëó÷èì èñêîìûå óñëîâèÿ äëÿ �óíêöèè f(x):

[
g(b) − g(a)

] f ′
x(b)

g′x(b)
= f(a) + f(b),

[
g(a) − g(b)

] f ′
x(a)

g′x(a)
= f(a) + f(b).

(5)

Îòìåòèì ïîëåçíîå ñëåäñòâèå ýòèõ óñëîâèé: f ′x(b)g
′
x(a) + f ′x(a)g

′
x(b) = 0.

Óñëîâèÿ (5) ïîçâîëÿþò íàéòè äîïóñòèìûé îáùèé âèä ïðàâîé ÷àñòè ðàñ-

ñìàòðèâàåìîãî èíòåãðàëüíîãî óðàâíåíèÿ

f(x) = F (x) +Ax+B, (6)

ãäå F (x)�ïðîèçâîëüíàÿ îãðàíè÷åííàÿ äâàæäû äè��åðåíöèðóåìàÿ �óíêöèÿ (ñ

îãðàíè÷åííîé ïåðâîé ïðîèçâîäíîé), à êîý��èöèåíòû A è B âû÷èñëÿþòñÿ ïî

�îðìóëàì

A = − g′x(a)F
′
x(b) + g′x(b)F

′
x(a)

g′x(a) + g′x(b)
,

B = − 1
2A(a+ b)− 1

2

[
F (a) + F (b)

]
− g(b)− g(a)

2g′x(a)

[
A+ F ′

x(a)
]
.

3◦. Åñëè â îêðåñòíîñòè ãðàíè÷íîé òî÷êè x = a �óíêöèþ g(x) ìîæíî

ïðåäñòàâèòü â âèäå g(x) = O(x − a)k ïðè 0 < k < 1 (ò. å. ïðîèçâîäíàÿ g′x
íåîãðàíè÷åíà ïðè x → a), òî ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ òàêæå îïèñû-
âàåòñÿ �îðìóëîé (3). Ïðè ýòîì ïðàâàÿ ÷àñòü èíòåãðàëüíîãî óðàâíåíèÿ äîëæíà

óäîâëåòâîðÿòü óñëîâèÿì

f(a) + f(b) = 0, f ′x(b) = 0. (7)
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Îáùèé âèä ïðàâîé ÷àñòè èíòåãðàëüíîãî óðàâíåíèÿ, êàê è ðàíåå, îïðåäåëÿåòñÿ

âûðàæåíèåì (6), ãäå êîý��èöèåíòû A è B âû÷èñëÿþòñÿ ïî �îðìóëàì

A = −F ′
x(b), B = 1

2

[
(a+ b)F ′

x(b)− F (a)− F (b)
]
.

4◦. Ïðè g′x(a) = 0 ïðàâàÿ ÷àñòü èíòåãðàëüíîãî óðàâíåíèÿ äîëæíà óäîâëå-

òâîðÿòü óñëîâèÿì

f ′x(a) = 0,
[
g(b) − g(a)

]
f ′x(b) =

[
f(a) + f(b)

]
g′x(b).

Îáùèé âèä ïðàâîé ÷àñòè èíòåãðàëüíîãî óðàâíåíèÿ, êàê è ðàíåå, îïðåäåëÿåòñÿ

âûðàæåíèåì (6), ãäå êîý��èöèåíòû A è B âû÷èñëÿþòñÿ ïî �îðìóëàì

A=−F ′
x(a), B= 1

2

[
(a+b)F ′

x(a)−F (a)−F (b)
]
+
g(b)− g(a)

2g′x(b)

[
F ′
x(b)−F ′

x(a)
]
.

35.

∫∫ ∞

−∞
K(x− t)y(t)dt = f(x).

Äëÿ ðåøåíèÿ ýòîãî óðàâíåíèÿ èñïîëüçóþò ïðåîáðàçîâàíèå Ôóðüå (Äèòêèí &

Ïðóäíèêîâ, 1974).

1◦. �åøåíèå:

y(x) =
1

2π

∫ ∞

−∞
f̃(u)

K̃(u)
eiux du,

f̃(u) =
1√
2π

∫ ∞

−∞
f(x)e−iux dx, K̃(u) =

1√
2π

∫ ∞

−∞
K(x)e−iux dx.

Ïóñòü f(x) ∈ L2(−∞,∞) è K(x) ∈ L1(−∞,∞). Äëÿ ñóùåñòâîâàíèÿ ðå-

øåíèÿ èíòåãðàëüíîãî óðàâíåíèÿ y(x) ∈ L2(−∞,∞) íåîáõîäèìî è äîñòàòî÷íî,
÷òîáû f̃(u)/K̃(u) ∈ L2(−∞,∞).

2◦. Ïóñòü �óíêöèÿ P (s), îïðåäåëåííàÿ ñîîòíîøåíèåì

1

P (s)
=

∫ ∞

−∞
e−stK(t) dt,

ÿâëÿåòñÿ ìíîãî÷ëåíîì ñòåïåíè n ñ âåùåñòâåííûìè êîðíÿìè âèäà

P (s) =
(
1− s

a1

)(
1− s

a2

)
. . .

(
1− s

an

)
.

Òîãäà ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ äàåòñÿ �îðìóëîé

y(x) = P (D)f(x), D =
d

dx
.

36.

∫∫ ∞

0
K(x− t)y(t)dt = f(x).

Óðàâíåíèå Âèíåðà � Õîï�à ïåðâîãî ðîäà. Îá ýòîì èíòåãðàëüíîì óðàâíåíèè

ñì. êíèãè �àõîâ & ×åðñêèé (1978), Mikhlin & Pr�ossdorf (1986), Muskhelishvili

(1992), Polyanin & Manzhirov (2008).
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8.3.2. Íåëèíåéíûå èíòåãðàëüíûå óðàâíåíèÿ Ôðåäãîëüìà

ïåðâîãî ðîäà

1.

∫∫ b

a
y(x)f

((
t, y(t)

))
dt= g(x).

�åøåíèå: y(x) = λg(x), ãäå λ îïðåäåëÿåòñÿ èç ñëåäóþùåãî àëãåáðàè÷åñêîãî

(òðàíñöåíäåíòíîãî) óðàâíåíèÿ: λ
∫ b

a
f
(
t, λg(t)

)
dt = 1 (÷èñëî ðåøåíèé ýòîãî

óðàâíåíèÿ îïðåäåëÿåò ÷èñëî ðåøåíèé èñõîäíîãî èíòåãðàëüíîãî óðàâíåíèÿ).

2.

∫∫ b

a
yk(x)f

((
t, y(t)

))
dt = g(x).

�åøåíèå: y(x) = λ[g(x)]1/k , ãäå λ îïðåäåëÿåòñÿ èç ñëåäóþùåãî àëãåáðàè÷åñêî-

ãî (òðàíñöåíäåíòíîãî) óðàâíåíèÿ: λk
∫ b

a
f
(
t, λg1/k(t)

)
dt = 1.

3.

∫∫ b

a
ϕ
((
y(x)

))
f
((
t, y(t)

))
dt = g(x).

�åøåíèå â íåÿâíîì âèäå:

λϕ
(
y(x)

)
− g(x) = 0, (1)

ãäå λ îïðåäåëÿåòñÿ èç ñëåäóþùåãî àëãåáðàè÷åñêîãî (òðàíñöåíäåíòíîãî) óðàâ-

íåíèÿ:

λ− F (λ) = 0, F (λ) =
∫ b

a
f
(
t, y(t)

)
dt. (2)

Â óðàâíåíèå (2) ñëåäóåò ïîäñòàâèòü �óíêöèþ y(x) = y(x, λ), êîòîðàÿ ïîëó÷à-
åòñÿ ïóòåì ðàçðåøåíèÿ (1).

×èñëî ðåøåíèé èíòåãðàëüíîãî óðàâíåíèÿ îïðåäåëÿåòñÿ ÷èñëîì ðåøåíèé,

ïîëó÷åííûõ èç (1) è (2).

4.

∫∫ ∞

0
[sin(xt)y(t) + ϕ(x)Ψ(t, y(t))]dt = f(x).

�åøåíèÿ:

ym(t) = Yf (t) +AmYϕ(t),

ãäå

Yf (t) =
2

π

∫ ∞

0
sin(xt)f(x) dx, Yϕ(t) =

2

π

∫ ∞

0
sin(xt)ϕ(x) dx,

à Am �êîðíè àëãåáðàè÷åñêîãî (òðàíñöåíäåíòíîãî) óðàâíåíèÿ

A+
∫ b

a
Ψ(t, Yf (t) +AYϕ(t)) dt = 0.

5.

∫∫ ∞

0
[cos(xt)y(t) + ϕ(x)Ψ(t, y(t))]dt = f(x).

�åøåíèÿ:

ym(t) = Yf (t) +AmYϕ(t),
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ãäå

Yf (t) =
2

π

∫ ∞

0
cos(xt)f(x) dx, Yϕ(t) =

2

π

∫ ∞

0
cos(xt)ϕ(x) dx,

à Am �êîðíè àëãåáðàè÷åñêîãî (òðàíñöåíäåíòíîãî) óðàâíåíèÿ

A+
∫ b

a
Ψ(t, Yf (t) +AYϕ(t)) dt = 0.

6.

∫∫ ∞

0
[tJν(xt)y(t) + ϕ(x)Ψ(t, y(t))]dt = f(x), ν > −1.

Çäåñü Jν(z)��óíêöèÿ Áåññåëÿ ïåðâîãî ðîäà.

�åøåíèÿ:

ym(t) = Yf (t) +AmYϕ(t),

ãäå

Yf (t) =
∫ ∞

0
xJν(xt)f(x) dx, Yϕ(t) =

∫ ∞

0
xJν(xt)ϕ(x) dx,

à Am �êîðíè àëãåáðàè÷åñêîãî (òðàíñöåíäåíòíîãî) óðàâíåíèÿ

A+
∫ b

a
Ψ(t, Yf (t) +AYϕ(t)) dt = 0.

8.4. Èíòåãðàëüíûå óðàâíåíèÿ âòîðîãî ðîäà ñ

ïîñòîÿííûìè ïðåäåëàìè èíòåãðèðîâàíèÿ

8.4.1. Ëèíåéíûå èíòåãðàëüíûå óðàâíåíèÿ Ôðåäãîëüìà âòîðîãî

ðîäà

◮ Óðàâíåíèÿ, ÿäðà êîòîðûõ ñîäåðæàò ñòåïåííûå �óíêöèè.

1. y(x)−λ
∫∫ b

a
(x− t)y(t)dt= f(x).

�åøåíèå:

y(x) = f(x) + λ(A1x+A2),

ãäå

A1 =
12f1 + 6λ (f1∆2 − 2f2∆1)

λ2∆4
1 + 12

, A2 =
−12f2 + 2λ (3f2∆2 − 2f1∆3)

λ2∆4
1 + 12

,

f1 =
∫ b

a
f(x) dx, f2 =

∫ b

a
xf(x) dx, ∆n = bn − an.

2. y(x) +A
∫∫ b

a
|x− t| y(t)dt = f(x).

1◦. Ïðè A < 0 ðåøåíèå èìååò âèä

y(x)=C1 ch(kx)+C2 sh(kx)+f(x)+k
∫ x

a
sh[k(x−t)]f(t) dt, k=

√
−2A, (1)
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ãäå ïîñòîÿííûå C1 è C2 îïðåäåëÿþòñÿ èç óñëîâèé

y′x(a) + y′x(b) = f ′x(a) + f ′x(b),

y(a) + y(b) + (b− a)y′x(a) = f(a) + f(b) + (b− a)f ′x(a).
(2)

2◦. Ïðè A > 0 ðåøåíèå èìååò âèä

y(x)=C1 cos(kx)+C2 sin(kx)+f(x)−k
∫ x

a
sin[k(x−t)]f(t) dt, k=

√
2A, (3)

ãäå ïîñòîÿííûå C1 è C2 îïðåäåëÿþòñÿ èç óñëîâèé (2).

3◦. Â ÷àñòíîì ñëó÷àå a = 0 ïðè A > 0 ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ

îïðåäåëÿåòñÿ ïî �îðìóëå (3), ãäå

C1 = k
I
s

(1 + cosλ)− I



(λ+ sinλ)

2 + 2 cos λ+ λ sinλ
, C2 = k

I
s

sinλ+ I



(1 + cosλ)

2 + 2 cosλ+ λ sinλ
,

k =
√
2A, λ = bk, I

s

=
∫ b

0
sin[k(b− t)]f(t) dt, I




=
∫ b

0
cos[k(b− t)]f(t) dt.

3.

∫∫ 1

−1

y(x) − y(t)

|x− t| dt = λy(x).

Ñîáñòâåííûå çíà÷åíèÿ:

λn = 2
(
1 +

1

2
+ · · · + 1

n

)
, ãäå n = 1, 2, . . .

Ñîáñòâåííûå �óíêöèè:

yn(x) = Pn(x), ãäå n = 1, 2, . . . ,

ãäå Pn(x) =
1

n! 2n
dn

dxn
(x2 − 1)n �ïîëèíîìû Ëåæàíäðà.

◮ Â óðàâíåíèÿõ 8.4.1.4 è 8.4.1.5 èõ ðåøåíèÿõ ñèíãóëÿðíûå èíòåãðàëû ïîíèìà-

þòñÿ â ñìûñëå ãëàâíîãî çíà÷åíèÿ ïî Êîøè.

4. y(x) − λ
∫∫ ∞

−∞

y(t) dt

t− x
= f(x).

�åøåíèå:

y(x) =
1

1 + π2λ2

[
f(x) + λ

∫ ∞

−∞
f(t) dt

t− x

]
.

5. Ay(x) +
B

π

∫∫ 1

−1

y(t) dt

t− x
= f(x), −1 < x < 1.

Áåç ïîòåðè îáùíîñòè áóäåì ñ÷èòàòü, ÷òî A2 +B2 = 1.

1◦. �åøåíèå, îãðàíè÷åííîå íà îáîèõ êîíöàõ îòðåçêà (Ëè�àíîâ, 1995):

y(x) = Af(x)− B

π

∫ 1

−1

g(x)

g(t)

f(t) dt

t− x
, g(x) = (1 + x)α(1− x)1−α, (1)

ãäå α�ðåøåíèå òðèãîíîìåòðè÷åñêîãî óðàâíåíèÿ

A+B ctg(πα) = 0, (2)

óäîâëåòâîðÿþùåå óñëîâèþ 0 < α < 1. Ýòî ðåøåíèå y(x) ñóùåñòâóåò òîãäà è

òîëüêî òîãäà, êîãäà

∫ 1

−1

f(t)

g(t)
dt = 0.
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2◦. �åøåíèå, îãðàíè÷åííîå ïðè x = 1 è íåîãðàíè÷åííîå ïðè x = −1:

y(x) = Af(x)− B

π

∫ 1

−1

g(x)

g(t)

f(t) dt

t− x
, g(x) = (1 + x)α(1− x)−α, (3)

ãäå α � ðåøåíèå òðèãîíîìåòðè÷åñêîãî óðàâíåíèÿ (2), óäîâëåòâîðÿþùåå óñëî-

âèþ −1 < α < 0.

3◦. �åøåíèå, íåîãðàíè÷åííîå íà îáîèõ êîíöàõ îòðåçêà:

y(x) = Af(x)− B

π

∫ 1

−1

g(x)

g(t)

f(t) dt

t− x
+ Cg(x), g(x) = (1 + x)α(1− x)−1−α,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à α�ðåøåíèå òðèãîíîìåòðè÷åñêîãî óðàâíå-

íèÿ (2), óäîâëåòâîðÿþùåå óñëîâèþ −1 < α < 0.

6. y(x) − λ
∫∫ 0

1

((
1

t− x
− 1

x+ t− 2xt

))
y(t)dt = f(x), 0 < x < 1.

Óðàâíåíèå Òðèêîìè.

�åøåíèå (Çàáðåéêî, Êîøåëåâ è äð., 1968):

y(x) =
1

1 + λ2π2

[
f(x) +

∫ 1

0

tα(1− x)α

xα(1− t)α

(
1

t− x
− 1

x+ t− 2xt

)
f(t) dt

]
+

C(1− x)β

x1+β
,

α =
2

π
arctg(λπ) (−1 < α < 1), tg

βπ

2
= λπ (−2 < β < 0),

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

◮ Óðàâíåíèÿ, ÿäðà êîòîðûõ ñîäåðæàò ýêñïîíåíöèàëüíûå �óíêöèè.

7. y(x)+λ
∫∫ ∞

0
e−|x−t|y(t)dt= f(x).

�åøåíèå (�àõîâ, ×åðñêèé, 1978):

y(x) = f(x)− λ√
1 + 2λ

∫ ∞

0
exp

(
−
√
1 + 2λ |x− t|

)
f(t) dt+

+
(
1− λ+ 1√

1 + 2λ

) ∫ ∞

0
exp

[
−
√
1 + 2λ (x+ t)

]
f(t) dt, λ > − 1

2
.

8. y(x) − λ
∫∫ ∞

−∞
e−|x−t|y(t) dt = 0, λ > 0.

Óðàâíåíèå Ëàëåñêî�Ïèêàðà.

�åøåíèå (Êðàñíîâ, Êèñåëåâ, Ìàêàðåíêî, 1968):

y(x) =





C1 exp
(
x
√
1− 2λ

)
+ C2 exp

(
−x

√
1− 2λ

)
ïðè 0 < λ < 1

2 ,

C1 + C2x ïðè λ = 1
2 ,

C1 cos
(
x
√
2λ− 1

)
+ C2 sin

(
x
√
2λ− 1

)
ïðè λ > 1

2 ,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.
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9. y(x) + λ
∫∫ ∞

−∞
e−|x−t|y(t) dt = f(x).

1◦. �åøåíèå ïðè λ > − 1
2 (�àõîâ, ×åðñêèé, 1978):

y(x) = f(x)− λ√
1 + 2λ

∫ ∞

−∞
exp

(
−
√
1 + 2λ |x− t|

)
f(t) dt.

2◦. Ïðè óñëîâèè λ 6 − 1
2 äëÿ ðàçðåøèìîñòè èíòåãðàëüíîãî óðàâíåíèÿ

íåîáõîäèìî âûïîëíåíèå óñëîâèé

∫ ∞

−∞
f(x) cos(ax) dx = 0,

∫ ∞

−∞
f(x) sin(ax) dx = 0,

ãäå a =
√
−1− 2λ. Â ýòîì ñëó÷àå ðåøåíèå èìååò âèä

y(x) = f(x)− a2 + 1

2a

∫ ∞

0
sin(at)f(x+ t) dt.

Åñëè ðàññìàòðèâàòü ðåøåíèÿ, íå ïðèíàäëåæàùèå L2(−∞,∞), òî îäíîðîä-
íîå óðàâíåíèå ïðè f(x) ≡ 0 èìååò íåòðèâèàëüíîå ðåøåíèå. Â ýòîì ñëó÷àå

îáùåå ðåøåíèå ñîîòâåòñòâóþùåãî íåîäíîðîäíîãî óðàâíåíèÿ ïðè λ6− 1
2 èìååò

âèä

y(x) = C1 sin(ax) + C2 cos(ax) + f(x)− a2 + 1

4a

∫ ∞

−∞
sin(a|x− t|)f(t) dt.

10. y(x) + A
∫∫ b

a
eλ|x−t|y(t)dt = f(x).

1◦. Ôóíêöèÿ y = y(x) óäîâëåòâîðÿåò ëèíåéíîìó íåîäíîðîäíîìó ÎÄÓ âòî-

ðîãî ïîðÿäêà ñ ïîñòîÿííûìè êîý��èöèåíòàìè

y′′xx + λ(2A− λ)y = f ′′xx(x)− λ2f(x). (1)

�ðàíè÷íûå óñëîâèÿ äëÿ óðàâíåíèÿ (1) çàïèñûâàþòñÿ òàê:

y′x(a) + λy(a) = f ′x(a) + λf(a),

y′x(b)− λy(b) = f ′x(b)− λf(b).
(2)

ÎÄÓ (1) âìåñòå ñ ãðàíè÷íûìè óñëîâèÿìè (2) îïèñûâàåò ðåøåíèå èñõîäíîãî

èíòåãðàëüíîãî óðàâíåíèÿ.

2◦. Ïðè λ(2A− λ) < 0 îáùåå ðåøåíèå ÎÄÓ (1) èìååò âèä

y(x) = C1 ch(kx) + C2 sh(kx) + f(x)− 2Aλ

k

∫ x

a
sh[k(x− t)] f(t) dt,

k =
√
λ(λ− 2A),

(3)

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

Ïðè λ(2A− λ) > 0 îáùåå ðåøåíèå ÎÄÓ (1) èìååò âèä

y(x) = C1 cos(kx) + C2 sin(kx) + f(x)− 2Aλ

k

∫ x

a
sin[k(x− t)] f(t) dt,

k =
√
λ(2A− λ).

(4)
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Ïðè λ = 2A îáùåå ðåøåíèå ÎÄÓ (1) èìååò âèä

y(x) = C1 + C2x+ f(x)− 4A2
∫ x

a
(x− t)f(t) dt. (5)

Ïîñòîÿííûå èíòåãðèðîâàíèÿ C1 è C2 â ðåøåíèÿõ (3)�(5) îïðåäåëÿþòñÿ èç

óñëîâèé (2).

3◦. Â ÷àñòíîì ñëó÷àå a = 0 ïðè λ(2A − λ) > 0 ðåøåíèå èíòåãðàëüíîãî

óðàâíåíèÿ îïðåäåëÿåòñÿ ïî �îðìóëå (4), ãäå

C1=
A(kI




−λI
s

)

(λ−A) sinµ−k cosµ , C2=−λ

k

A(kI



−λI
s

)

(λ−A) sinµ−k cosµ ,

k=
√
λ(2A−λ), µ=bk, I

s

=
∫ b

0
sin[k(b−t)]f(t)dt, I




=
∫ b

0
cos[k(b−t)]f(t)dt.

11. y(x) + λ
∫∫ ∞

−∞

y(t) dt

ch[b(x− t)]
= f(x).

�åøåíèå ïðè b > π|λ| (�àõîâ, ×åðñêèé, 1978):

y(x) = f(x)− 2λb√
b2 − π2λ2

∫ ∞

−∞
sh[2k(x − t)]

sh[2b(x− t)]
f(t) dt, k =

b

π
arccos

(
πλ

b

)
.

12. y(x) + A
∫∫ b

a
sh(λ|x− t|)y(t)dt = f(x).

1◦. Ôóíêöèÿ y = y(x) óäîâëåòâîðÿåò ëèíåéíîìó íåîäíîðîäíîìó ÎÄÓ âòî-

ðîãî ïîðÿäêà ñ ïîñòîÿííûìè êîý��èöèåíòàìè

y′′xx + λ(2A− λ)y = f ′′xx(x)− λ2f(x). (1)

�ðàíè÷íûå óñëîâèÿ äëÿ óðàâíåíèÿ (1) çàïèñûâàþòñÿ òàê:

sh[λ(b− a)]ϕ′
x(b)− λ ch[λ(b− a)]ϕ(b) = λϕ(a),

sh[λ(b− a)]ϕ′
x(a) + λ ch[λ(b− a)]ϕ(a) = −λϕ(b), ϕ(x)= y(x)−f(x). (2)

ÎÄÓ (1) âìåñòå ñ ãðàíè÷íûìè óñëîâèÿìè (2) îïèñûâàåò ðåøåíèå èñõîäíîãî

èíòåãðàëüíîãî óðàâíåíèÿ.

2◦. Ïðè λ(2A− λ) = −k2 < 0 îáùåå ðåøåíèå ÎÄÓ (1) èìååò âèä

y(x) = C1 ch(kx) + C2 sh(kx) + f(x)− 2Aλ

k

∫ x

a
sh[k(x− t)]f(t) dt, (3)

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

Ïðè λ(2A− λ) = k2 > 0 îáùåå ðåøåíèå ÎÄÓ (1) èìååò âèä

y(x) = C1 cos(kx) + C2 sin(kx) + f(x)− 2Aλ

k

∫ x

a
sin[k(x− t)]f(t) dt. (4)

Ïðè λ = 2A îáùåå ðåøåíèå ÎÄÓ (1) èìååò âèä

y(x) = C1 + C2x+ f(x)− 4A2
∫ x

a
(x− t)f(t) dt. (5)

Ïîñòîÿííûå èíòåãðèðîâàíèÿ C1 è C2 â ðåøåíèÿõ (3)�(5) îïðåäåëÿþòñÿ èç

óñëîâèé (2).
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◮ Óðàâíåíèÿ, ÿäðà êîòîðûõ ñîäåðæàò òðèãîíîìåòðè÷åñêèå �óíêöèè.

13. y(x)−λ
∫∫ ∞

0
cos(xt)y(t)dt= 0.

Õàðàêòåðèñòè÷åñêèå çíà÷åíèÿ: λ= ±
√
2/π. Ïðè ýòèõ çíà÷åíèÿõ èíòåãðàëüíîå

óðàâíåíèå èìååò áåñêîíå÷íîå ìíîæåñòâî ëèíåéíî íåçàâèñèìûõ ñîáñòâåííûõ

�óíêöèé (Êðàñíîâ, Êèñåëåâ, Ìàêàðåíêî, 1968).

Ñîáñòâåííûå �óíêöèè ïðè λ = +
√

2/π:

y+(x) = f(x) +

√
2

π

∫ ∞

0
f(t) cos(xt) dt, (1)

ãäå f = f(x) � ëþáàÿ íåïðåðûâíàÿ �óíêöèÿ, àáñîëþòíî èíòåãðèðóåìàÿ íà

ïîëóèíòåðâàëå [0,∞).
Ñîáñòâåííûå �óíêöèè ïðè λ = −

√
2/π:

y−(x) = f(x)−
√

2

π

∫ ∞

0
f(t) cos(xt) dt, (2)

ãäå f = f(x) � ëþáàÿ íåïðåðûâíàÿ �óíêöèÿ, àáñîëþòíî èíòåãðèðóåìàÿ íà

ïîëóèíòåðâàëå [0,∞).
Â ÷àñòíîñòè, èç (1) è (2) ïðè f(x) = e−ax, ïîëó÷èì

y+(x) = e−ax +

√
2

π

a

a2 + x2
ïðè λ = +

√
2

π
,

y−(x) = e−ax −
√

2

π

a

a2 + x2
ïðè λ = −

√
2

π
,

ãäå a�ëþáîå ïîëîæèòåëüíîå ÷èñëî.

14. y(x)− λ
∫∫ ∞

0
cos(xt)y(t)dt = f(x).

�åøåíèå (Êðàñíîâ, Êèñåëåâ, Ìàêàðåíêî, 1968):

y(x) =
f(x)

1− π
2
λ2

+
λ

1− π
2
λ2

∫ ∞

0
cos(xt)f(t) dt, λ 6= ±

√
2/π.

15. y(x)− λ
∫∫ ∞

0
sin(xt)y(t)dt = 0.

Õàðàêòåðèñòè÷åñêèå çíà÷åíèÿ: λ= ±
√
2/π. Ïðè ýòèõ çíà÷åíèÿõ èíòåãðàëüíîå

óðàâíåíèå èìååò áåñêîíå÷íîå ìíîæåñòâî ëèíåéíî íåçàâèñèìûõ ñîáñòâåííûõ

�óíêöèé (Êðàñíîâ, Êèñåëåâ, Ìàêàðåíêî, 1968).

Ñîáñòâåííûå �óíêöèè ïðè λ = +
√

2/π:

y+(x) = f(x) +

√
2

π

∫ ∞

0
f(t) sin(xt) dt,

ãäå f = f(x) � ëþáàÿ íåïðåðûâíàÿ �óíêöèÿ, àáñîëþòíî èíòåãðèðóåìàÿ íà

ïîëóèíòåðâàëå [0,∞).
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Ñîáñòâåííûå �óíêöèè ïðè λ = −
√

2/π:

y−(x) = f(x)−
√

2

π

∫ ∞

0
f(t) sin(xt) dt,

ãäå f = f(x) � ëþáàÿ íåïðåðûâíàÿ �óíêöèÿ, àáñîëþòíî èíòåãðèðóåìàÿ íà

ïîëóèíòåðâàëå [0,∞).

16. y(x)− λ
∫∫ ∞

0
sin(xt)y(t)dt = f(x).

�åøåíèå (Êðàñíîâ, Êèñåëåâ, Ìàêàðåíêî, 1968):

y(x) =
f(x)

1− π
2
λ2

+
λ

1− π
2
λ2

∫ ∞

0
sin(xt)f(t) dt, λ 6= ±

√
2/π.

17. y(x) + A
∫∫ b

a
sin(λ|x− t|)y(t)dt = f(x).

1◦. Ôóíêöèÿ y = y(x) óäîâëåòâîðÿåò ëèíåéíîìó íåîäíîðîäíîìó ÎÄÓ âòî-

ðîãî ïîðÿäêà ñ ïîñòîÿííûìè êîý��èöèåíòàìè

y′′xx + λ(2A+ λ)y = f ′′xx(x) + λ2f(x). (1)

�ðàíè÷íûå óñëîâèÿ äëÿ óðàâíåíèÿ (1) çàïèñûâàþòñÿ òàê:

sin[λ(b− a)]ϕ′
x(b)− λ cos[λ(b− a)]ϕ(b) = λϕ(a),

sin[λ(b− a)]ϕ′
x(a) + λ cos[λ(b− a)]ϕ(a) = −λϕ(b), ϕ(x) = y(x)− f(x).

(2)
ÎÄÓ (1) âìåñòå ñ ãðàíè÷íûìè óñëîâèÿìè (2) îïèñûâàåò ðåøåíèå èñõîäíîãî

èíòåãðàëüíîãî óðàâíåíèÿ.

2◦. Ïðè λ(2A+ λ) = −k2 < 0 îáùåå ðåøåíèå ÎÄÓ (1) èìååò âèä

y(x) = C1 ch(kx) + C2 sh(kx) + f(x)− 2Aλ

k

∫ x

a
sh[k(x− t)] f(t) dt, (3)

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

Ïðè λ(2A+ λ) = k2 > 0 îáùåå ðåøåíèå ÎÄÓ (1) èìååò âèä

y(x) = C1 cos(kx) + C2 sin(kx) + f(x)− 2Aλ

k

∫ x

a
sin[k(x− t)] f(t) dt. (4)

Ïðè λ = 2A îáùåå ðåøåíèå ÎÄÓ (1) èìååò âèä

y(x) = C1 + C2x+ f(x) + 4A2
∫ x

a
(x− t)f(t) dt. (5)

Ïîñòîÿííûå èíòåãðèðîâàíèÿ C1 è C2 â ðåøåíèÿõ (3)�(5) îïðåäåëÿþòñÿ èç

óñëîâèé (2).

18. y(x)− λ
∫∫ ∞

−∞

sin(x− t)

x− t
y(t) dt = f(x).

�åøåíèå (�àõîâ, ×åðñêèé, 1978):

y(x) = f(x) +
λ√

2π − πλ

∫ ∞

−∞
sin(x− t)

x− t
f(t) dt, λ 6=

√
2/π.
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19. Ay(x)− B

2π

∫∫ 2π

0
ctg

((
t− x

2

))
y(t)dt = f(x), 0 6 x 6 2π.

Çäåñü èíòåãðàë ïîíèìàåòñÿ â ñìûñëå ãëàâíîãî çíà÷åíèÿ ïî Êîøè. Áåç ïîòåðè

îáùíîñòè áóäåì ñ÷èòàòü, ÷òî A2 +B2 = 1.
�åøåíèå (Ëè�àíîâ, 1995):

y(x) = Af(x) +
B

2π

∫ 2π

0
ctg

(
t− x

2

)
f(t) dt+

B2

2πA

∫ 2π

0
f(t) dt.

20. y(x)− λ
∫∫ ∞

0
eµ(x−t) cos(xt)y(t)dt = f(x).

�åøåíèå:

y(x) =
f(x)

1− π
2
λ2

+
λ

1− π
2
λ2

∫ ∞

0
eµ(x−t) cos(xt)f(t) dt, λ 6= ±

√
2/π.

21. y(x)− λ
∫∫ ∞

0
eµ(x−t) sin(xt)y(t)dt = f(x).

�åøåíèå:

y(x) =
f(x)

1− π
2
λ2

+
λ

1− π
2
λ2

∫ ∞

0
eµ(x−t) sin(xt)f(t) dt, λ 6= ±

√
2/π.

◮ Óðàâíåíèÿ, ÿäðà êîòîðûõ ñîäåðæàò ïðîèçâîëüíûå �óíêöèè.

22. y(x)−λ
∫∫ b

a
g(x)h(t)y(t)dt= f(x).

1◦. Ïóñòü λ 6=
(∫ b

a
g(t)h(t) dt

)−1
.

�åøåíèå:

y(x) = f(x) + λkg(x), ãäå k =
(
1− λ

∫ b

a
g(t)h(t) dt

)−1 ∫ b

a
h(t)f(t) dt.

2◦. Ïóñòü λ =
(∫ b

a
g(t)h(t) dt

)−1
.

Ïðè

∫ b

a
h(t)f(t) dt = 0 ðåøåíèå èìååò âèä

y = f(x) + Cg(x),

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

Ïðè

∫ b

a
h(t)f(t) dt 6= 0 èíòåãðàëüíîå óðàâíåíèå íå èìååò ðåøåíèÿ.

Çàìå÷àíèå 8.2. Ïðè óñëîâèè ñóùåñòâîâàíèÿ ñîîòâåòñòâóþùèõ íåñîáñòâåííûõ èí-

òåãðàëîâ ïðåäåëû èíòåãðèðîâàíèÿ ìîãóò ïðèíèìàòü çíà÷åíèÿ a = −∞ è/èëè b = ∞.

23. y(x)− λ
∫∫ b

a
[g(x) + h(t)]y(t)dt = f(x).

Õàðàêòåðèñòè÷åñêèå çíà÷åíèÿ óðàâíåíèÿ:

λ1,2 =
s1 + s3 ±

√
(s1 − s3)2 + 4(b− a)s2

2[s1s3 − (b− a)s2]
,
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ãäå

s1 =
∫ b

a
g(x) dx, s2 =

∫ b

a
g(x)h(x) dx, s3 =

∫ b

a
h(x) dx.

1◦. �åøåíèå ïðè λ 6= λ1,2:

y(x) = f(x) + λ[A1g(x) +A2],

ãäå ïîñòîÿííûå A1 è A2 îïðåäåëÿþòñÿ ïî �îðìóëàì

A1 =
f1 − λ[f1s3 − (b− a)f2]

[s1s3 − (b− a)s2]λ2 − (s1 + s3)λ+ 1
,

A2 =
f2 − λ(f2s1 − f1s2)

[s1s3 − (b− a)s2]λ2 − (s1 + s3)λ+ 1
,

f1 =
∫ b

a
f(x) dx, f2 =

∫ b

a
f(x)h(x) dx.

2◦. �åøåíèå ïðè λ = λ1 6= λ2 è f1 = f2 = 0:

y(x) = f(x) + Cy1(x), y1(x) = g(x) +
1− λ1s1
λ1(b− a)

,

ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à y1(x) � ñîáñòâåííàÿ �óíêöèÿ óðàâíåíèÿ,

ñîîòâåòñòâóþùàÿ õàðàêòåðèñòè÷åñêîìó çíà÷åíèþ λ1.

3◦. �åøåíèå ïðè λ = λ2 6= λ1 è f1 = f2 = 0 îïðåäåëÿåòñÿ �îðìóëàìè èç

ï. 2◦, â êîòîðûõ λ1 è y1(x) ñëåäóåò çàìåíèòü íà λ2 è y2(x).

4◦. �åøåíèå ïðè λ = λ1,2 = λ∗, f1 = f2 = 0, ãäå λ∗ =
2

s1 + s3
�äâóêðàòíîå

õàðàêòåðèñòè÷åñêîå çíà÷åíèå è s1 6= ±s3, èìååò âèä

y(x) = f(x) + Cy∗(x), y∗(x) = g(x) − s1 − s3
2(b− a)

.

Çäåñü C�ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à y∗(x)�ñîáñòâåííàÿ �óíêöèÿ óðàâíåíèÿ,

ñîîòâåòñòâóþùàÿ λ∗.
Óðàâíåíèå íå èìååò êðàòíûõ õàðàêòåðèñòè÷åñêèõ çíà÷åíèé, åñëè s1 = ±s3.

24. y(x) = λ
∫∫ π

−π
K(x− t)y(t)dt, K(x) = K(−x).

Õàðàêòåðèñòè÷åñêèå çíà÷åíèÿ:

λn =
1

πan
, an =

1

π

∫ π

−π
K(x) cos(nx) dx (n = 0, 1, 2, . . . ).

Ñîîòâåòñòâóþùèå èì ñîáñòâåííûå �óíêöèè:

y0(x) = 1, y(1)n (x) = cos(nx), y(2)n (x) = sin(nx) (n = 1, 2, . . . ).

Äëÿ êàæäîãî çíà÷åíèÿ λn ïðè n 6= 0 èìåþòñÿ äâå ëèíåéíî íåçàâèñèìûå ñîá-

ñòâåííûå �óíêöèè y
(1)
n (x) è y

(2)
n (x).
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25. y(x)−
∫∫ ∞

−∞
K(x− t)y(t)dt = f(x).

Çäåñü −∞ < x <∞, f(x) ∈ L1(−∞,∞), K(x) ∈ L1(−∞,∞).
Äëÿ ðàçðåøèìîñòè èíòåãðàëüíîãî óðàâíåíèÿ (â L1) íåîáõîäèìî è äîñòàòî÷-

íî âûïîëíåíèÿ óñëîâèÿ

1−
√
2π K̃(u) 6= 0, −∞ < u <∞,

ãäå K̃(u) = 1√
2π

∫ ∞

−∞
K(x)e−iux dx � ïðåîáðàçîâàíèå Ôóðüå �óíêöèè K(x).

Â ýòîì ñëó÷àå èíòåãðàëüíîå óðàâíåíèå èìååò åäèíñòâåííîå ðåøåíèå, ïðåäñòà-

âèìîå �îðìóëîé (Äèòêèí, Ïðóäíèêîâ, 1974):

y(x) = f(x) +
∫ ∞

−∞
R(x− t)f(t) dt,

R(x) =
1√
2π

∫ ∞

−∞
R̃(u)eiux du, R̃(u) =

K̃(u)

1−
√
2π K̃(u)

.

26. y(x)−
∫∫ ∞

0
K(x− t)y(t)dt = f(x).

Óðàâíåíèå Âèíåðà � Õîï�à âòîðîãî ðîäà. Îá ýòîì èíòåãðàëüíîì óðàâíåíèè

ñì. êíèãè �àõîâ & ×åðñêèé (1978), Noble (1958), Polyanin & Manzhirov (2008).

27. y(x) +
∫∫ b

a
|x− t|g(t)y(t)dt = f(x), a 6 x 6 b.

1◦. �àñêðîåì ìîäóëü â ïîäûíòåãðàëüíîì âûðàæåíèè. Â ðåçóëüòàòå ïîëó÷èì

y(x) +
∫ x

a
(x− t)g(t)y(t) dt +

∫ b

x
(t− x)g(t)y(t) dt = f(x). (1)

Äè��åðåíöèðóÿ (1) ïî x, èìååì

y′x(x) +
∫ x

a
g(t)y(t) dt −

∫ b

x
g(t)y(t) dt = f ′x(x). (2)

Äè��åðåíöèðóÿ (2), ïðèõîäèì ê ñëåäóþùåìó ÎÄÓ âòîðîãî ïîðÿäêà äëÿ �óíê-

öèè y = y(x),
y′′xx + 2g(x)y = f ′′xx(x). (3)

2◦. Âûâåäåì ãðàíè÷íûå óñëîâèÿ äëÿ ÎÄÓ (3). Áóäåì ñ÷èòàòü, ÷òî ïðåäåëû

èíòåãðèðîâàíèÿ óäîâëåòâîðÿþò óñëîâèÿì −∞ < a < b < ∞. Ïîëàãàÿ x = a è
x = b â (1), èìååì äâà ñîîòíîøåíèÿ:

y(a) +
∫ b

a
(t− a)g(t)y(t) dt = f(a),

y(b) +
∫ b

a
(b− t)g(t)y(t) dt = f(b).

(4)

Âûðàçèì èç óðàâíåíèÿ (3) ïðîèçâåäåíèå g(x)y ÷åðåç y′′xx è f ′′xx è ïîäñòàâèì

â (4). Ïîñëå èíòåãðèðîâàíèÿ ïî ÷àñòÿì ïîëó÷èì èñêîìûå ãðàíè÷íûå óñëîâèÿ

äëÿ �óíêöèè y(x):

y(a) + y(b) + (b− a)[f ′x(b)− y′x(b)] = f(a) + f(b),

y(a) + y(b) + (a− b)[f ′x(a)− y′x(a)] = f(a) + f(b).
(5)



8.4. Èíòåãðàëüíûå óðàâíåíèÿ âòîðîãî ðîäà ñ ïîñòîÿííûìè ïðåäåëàìè èíòåãðèðîâàíèÿ 419

Îòìåòèì ïîëåçíîå ñëåäñòâèå ðàâåíñòâ (5):

y′x(a) + y′x(b) = f ′x(a) + f ′x(b), (6)

êîòîðîå ìîæíî èñïîëüçîâàòü âìåñòå ñ îäíèì èç óñëîâèé (5).

ÎÄÓ (3) âìåñòå ñ ãðàíè÷íûìè óñëîâèÿìè (5) îïèñûâàåò ðåøåíèå èñõîäíîãî

èíòåãðàëüíîãî óðàâíåíèÿ. Óñëîâèÿ (5) ïîçâîëÿþò íàéòè ïîñòîÿííûå èíòåãðè-

ðîâàíèÿ, êîòîðûå ïîëó÷àþòñÿ â ðåçóëüòàòå ðåøåíèÿ äè��åðåíöèàëüíîãî óðàâ-

íåíèÿ (3).

28. y(x) +
∫∫ b

a
eλ|x−t|g(t)y(t)dt = f(x), a 6 x 6 b.

1◦. �àñêðîåì ìîäóëü â ïîäûíòåãðàëüíîì âûðàæåíèè. Â ðåçóëüòàòå ïîëó÷èì

y(x) +
∫ x

a
eλ(x−t)g(t)y(t) dt +

∫ b

x
eλ(t−x)g(t)y(t) dt = f(x). (1)

Äè��åðåíöèðóÿ (1) äâàæäû ïî x, èìååì

y′′xx(x)+2λg(x)y(x)+λ2
∫ x

a
eλ(x−t)g(t)y(t) dt+λ2

∫ b

x
eλ(t−x)g(t)y(t) dt=f ′′xx(x).

(2)

Èñêëþ÷àÿ èç (1) è (2) èíòåãðàëüíûå ÷ëåíû, ïðèõîäèì ê ñëåäóþùåìó ÎÄÓ

âòîðîãî ïîðÿäêà äëÿ �óíêöèè y = y(x):

y′′xx + 2λg(x)y − λ2y = f ′′xx(x)− λ2f(x). (3)

2◦. Âûâåäåì ãðàíè÷íûå óñëîâèÿ äëÿ ÎÄÓ (3). Áóäåì ñ÷èòàòü, ÷òî ïðåäåëû

èíòåãðèðîâàíèÿ óäîâëåòâîðÿþò óñëîâèÿì −∞ < a < b < ∞. Ïîëàãàÿ x = a è
x = b â (1), èìååì äâà ñîîòíîøåíèÿ:

y(a) + e−λa
∫ b

a
eλtg(t)y(t) dt = f(a),

y(b) + eλb
∫ b

a
e−λtg(t)y(t) dt = f(b).

(4)

Âûðàçèì èç óðàâíåíèÿ (3) ïðîèçâåäåíèå g(x)y ÷åðåç �óíêöèè y è f è èõ

âòîðûå ïðîèçâîäíûå, à çàòåì ïîäñòàâèì â (4). Ïîñëå èíòåãðèðîâàíèÿ ïî ÷àñòÿì

ïîëó÷èì èñêîìûå ãðàíè÷íûå óñëîâèÿ äëÿ �óíêöèè y(x):

eλbϕ′
x(b)− eλaϕ′

x(a) = λeλaϕ(a) + λeλbϕ(b),

e−λbϕ′
x(b)− e−λaϕ′

x(a) = λe−λaϕ(a) + λe−λbϕ(b),
ϕ(x) = y(x)− f(x).

Îòñþäà ïîñëå íåêîòîðûõ ïðåîáðàçîâàíèé íàéäåì ãðàíè÷íûå óñëîâèÿ äëÿ �óí-

êöèè y(x):

ϕ′
x(a) + λϕ(a) = 0, ϕ′

x(b)− λϕ(b) = 0; ϕ(x) = y(x)− f(x). (5)
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ÎÄÓ (3) âìåñòå ñ ãðàíè÷íûìè óñëîâèÿìè (5) îïèñûâàåò ðåøåíèå èñõîäíîãî

èíòåãðàëüíîãî óðàâíåíèÿ. Óñëîâèÿ (5) ïîçâîëÿþò íàéòè ïîñòîÿííûå èíòåãðè-

ðîâàíèÿ, êîòîðûå ïîëó÷àþòñÿ â ðåçóëüòàòå ðåøåíèÿ äè��åðåíöèàëüíîãî óðàâ-

íåíèÿ (3).

29. y(x) +
∫∫ b

a
sh(λ|x− t|)g(t)y(t)dt = f(x), a 6 x 6 b.

1◦. �àñêðîåì ìîäóëü â ïîäûíòåãðàëüíîì âûðàæåíèè. Â ðåçóëüòàòå ïîëó÷èì

y(x) +
∫ x

a
sh[λ(x− t)]g(t)y(t) dt +

∫ b

x
sh[λ(t− x)]g(t)y(t) dt = f(x). (1)

Äè��åðåíöèðóÿ (1) äâàæäû ïî x, èìååì

y′′xx(x) + 2λg(x)y(x) + λ2
∫ x

a
sh[λ(x− t)]g(t)y(t) dt+

+ λ2
∫ b

x
sh[λ(t− x)]g(t)y(t) dt = f ′′xx(x). (2)

Èñêëþ÷àÿ èç (1) è (2) èíòåãðàëüíûå ÷ëåíû, ïðèõîäèì ê ñëåäóþùåìó ÎÄÓ

âòîðîãî ïîðÿäêà äëÿ �óíêöèè y = y(x):

y′′xx + 2λg(x)y − λ2y = f ′′xx(x)− λ2f(x). (3)

2◦. Âûâåäåì ãðàíè÷íûå óñëîâèÿ äëÿ ÎÄÓ (3). Áóäåì ñ÷èòàòü, ÷òî ïðåäåëû

èíòåãðèðîâàíèÿ óäîâëåòâîðÿþò óñëîâèÿì −∞ < a < b < ∞. Ïîëàãàÿ x = a è
x = b â (1), èìååì äâà ñîîòíîøåíèÿ:

y(a) +
∫ b

a
sh[λ(t− a)]g(t)y(t) dt = f(a),

y(b) +
∫ b

a
sh[λ(b− t)]g(t)y(t) dt = f(b).

(4)

Âûðàçèì èç óðàâíåíèÿ (3) ïðîèçâåäåíèå g(x)y ÷åðåç �óíêöèè y è f è èõ

âòîðûå ïðîèçâîäíûå, à çàòåì ïîäñòàâèì â (4). Ïîñëå èíòåãðèðîâàíèÿ ïî ÷àñòÿì

ïîëó÷èì èñêîìûå ãðàíè÷íûå óñëîâèÿ äëÿ �óíêöèè y(x):

sh[λ(b− a)]ϕ′
x(b)− λ ch[λ(b− a)]ϕ(b) = λϕ(a),

sh[λ(b− a)]ϕ′
x(a) + λ ch[λ(b− a)]ϕ(a) = −λϕ(b); ϕ(x) = y(x)− f(x).

(5)

ÎÄÓ (3) âìåñòå ñ ãðàíè÷íûìè óñëîâèÿìè (5) îïèñûâàåò ðåøåíèå èñõîäíîãî

èíòåãðàëüíîãî óðàâíåíèÿ. Óñëîâèÿ (5) ïîçâîëÿþò íàéòè ïîñòîÿííûå èíòåãðè-

ðîâàíèÿ, êîòîðûå ïîëó÷àþòñÿ â ðåçóëüòàòå ðåøåíèÿ äè��åðåíöèàëüíîãî óðàâ-

íåíèÿ (3).

30. y(x) +
∫∫ b

a
sin(λ|x− t|)g(t)y(t)dt = f(x), a 6 x 6 b.

1◦. �àñêðîåì ìîäóëü â ïîäûíòåãðàëüíîì âûðàæåíèè. Â ðåçóëüòàòå ïîëó÷èì

y(x) +
∫ x

a
sin[λ(x− t)]g(t)y(t) dt +

∫ b

x
sin[λ(t− x)]g(t)y(t) dt = f(x). (1)
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Äè��åðåíöèðóÿ (1) äâàæäû ïî x, èìååì

y′′xx(x) + 2λg(x)y(x) − λ2
∫ x

a
sin[λ(x− t)]g(t)y(t) dt −

− λ2
∫ b

x
sin[λ(t− x)]g(t)y(t) dt = f ′′xx(x). (2)

Èñêëþ÷àÿ èç (1) è (2) èíòåãðàëüíûå ÷ëåíû, ïðèõîäèì ê ñëåäóþùåìó ÎÄÓ

âòîðîãî ïîðÿäêà äëÿ �óíêöèè y = y(x):

y′′xx + 2λg(x)y + λ2y = f ′′xx(x) + λ2f(x). (3)

2◦. Âûâåäåì ãðàíè÷íûå óñëîâèÿ äëÿ ÎÄÓ (3). Áóäåì ñ÷èòàòü, ÷òî ïðåäåëû

èíòåãðèðîâàíèÿ óäîâëåòâîðÿþò óñëîâèÿì −∞ < a < b < ∞. Ïîëàãàÿ x = a è
x = b â (1), èìååì äâà ñîîòíîøåíèÿ:

y(a) +
∫ b

a
sin[λ(t− a)]g(t)y(t) dt = f(a),

y(b) +
∫ b

a
sin[λ(b− t)]g(t)y(t) dt = f(b).

(4)

Âûðàçèì èç óðàâíåíèÿ (3) ïðîèçâåäåíèå g(x)y ÷åðåç �óíêöèè y è f è èõ

âòîðûå ïðîèçâîäíûå, à çàòåì ïîäñòàâèì â (4). Ïîñëå èíòåãðèðîâàíèÿ ïî ÷àñòÿì

ïîëó÷èì èñêîìûå ãðàíè÷íûå óñëîâèÿ äëÿ �óíêöèè y(x):

sin[λ(b− a)]ϕ′
x(b)− λ cos[λ(b− a)]ϕ(b) = λϕ(a),

sin[λ(b− a)]ϕ′
x(a) + λ cos[λ(b− a)]ϕ(a) = −λϕ(b); ϕ(x) = y(x)− f(x).

(5)
ÎÄÓ (3) âìåñòå ñ ãðàíè÷íûìè óñëîâèÿìè (5) îïèñûâàåò ðåøåíèå èñõîäíîãî

èíòåãðàëüíîãî óðàâíåíèÿ. Óñëîâèÿ (5) ïîçâîëÿþò íàéòè ïîñòîÿííûå èíòåãðè-

ðîâàíèÿ, êîòîðûå ïîëó÷àþòñÿ â ðåçóëüòàòå ðåøåíèÿ äè��åðåíöèàëüíîãî óðàâ-

íåíèÿ (3).

8.4.2. Íåëèíåéíûå èíòåãðàëüíûå óðàâíåíèÿ Ôðåäãîëüìà âòîðîãî

ðîäà

1. y(x)+
∫∫ b

a
g(t)y(x)y(t)dt= f(x).

�åøåíèÿ:

y1(x) = λ1f(x), y2(x) = λ2f(x),

ãäå λ1 è λ2 �êîðíè êâàäðàòíîãî óðàâíåíèÿ

Iλ2 + λ− 1 = 0, I =
∫ b

a
f(t)g(t) dt.

2. y(x) +
∫∫ b

a
g(x)h(t)y(x)y(t)dt = f(x).

�åøåíèå:

y(x) =
f(x)

1 + λg(x)
,
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ãäå λ�êîðåíü àëãåáðàè÷åñêîãî (òðàíñöåíäåíòíîãî) óðàâíåíèÿ

λ−
∫ b

a

f(t)h(t) dt

1 + λg(t)
= 0.

�àçíûå êîðíè ýòîãî óðàâíåíèÿ îïðåäåëÿþò ðàçíûå ðåøåíèÿ èñõîäíîãî èíòå-

ãðàëüíîãî óðàâíåíèÿ.

3. y(x) +
∫∫ b

a
f
((
t, y(t)

))
dt = g(x).

�åøåíèå: y(x) = g(x) + λ, ãäå λ îïðåäåëÿåòñÿ èç àëãåáðàè÷åñêîãî (òðàíñöåí-

äåíòíîãî) óðàâíåíèÿ

λ+ F (λ) = 0, F (λ) =
∫ b

a
f
(
t, g(t) + λ

)
dt.

4. y(x) +
∫∫ b

a
eλ(x−t)f

((
t, y(t)

))
dt = g(x).

�åøåíèå: y(x) = βeλx + g(x), ãäå β îïðåäåëÿåòñÿ èç àëãåáðàè÷åñêîãî (òðàíñ-

öåíäåíòíîãî) óðàâíåíèÿ

β + F (β) = 0, F (β) =
∫ b

a
e−λtf

(
t, βeλt + g(t)

)
dt.

5. y(x) +
∫∫ b

a
g(x)f

((
t, y(t)

))
dt = h(x).

�åøåíèå: y(x) = λg(x) + h(x), ãäå λ îïðåäåëÿåòñÿ èç àëãåáðàè÷åñêîãî (òðàíñ-

öåíäåíòíîãî) óðàâíåíèÿ

λ+ F (λ) = 0, F (λ) =
∫ b

a
f
(
t, λg(t) + h(t)

)
dt.

6. y(x) +
∫∫ b

a
|x− t|f

((
t, y(t)

))
dt = g(x), a 6 x 6 b.

1◦. �àñêðîåì ìîäóëü â ïîäûíòåãðàëüíîì âûðàæåíèè. Â ðåçóëüòàòå ïîëó÷èì

y(x) +
∫ x

a
(x− t)f

(
t, y(t)

)
dt+

∫ b

x
(t− x)f

(
t, y(t)

)
dt = g(x). (1)

Äè��åðåíöèðóÿ (1) ïî x, èìååì

y′x(x) +
∫ x

a
f
(
t, y(t)

)
dt−

∫ b

x
f
(
t, y(t)

)
dt = g′x(x). (2)

Äè��åðåíöèðóÿ (2), ïðèõîäèì ê ñëåäóþùåìó ÎÄÓ âòîðîãî ïîðÿäêà äëÿ �óíê-

öèè y = y(x):

y′′xx + 2f(x, y) = g′′xx(x). (3)
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2◦. Âûâåäåì ãðàíè÷íûå óñëîâèÿ äëÿ ÎÄÓ (3). Áóäåì ñ÷èòàòü, ÷òî ïðåäåëû

èíòåãðèðîâàíèÿ óäîâëåòâîðÿþò óñëîâèÿì −∞ < a < b < ∞. Ïîëàãàÿ x = a è
x = b â (1), èìååì äâà ñîîòíîøåíèÿ:

y(a) +
∫ b

a
(t− a)f

(
t, y(t)

)
dt = g(a),

y(b) +
∫ b

a
(b− t)f

(
t, y(t)

)
dt = g(b).

(4)

Âûðàçèì èç óðàâíåíèÿ (3) �óíêöèþ f(x, y) ÷åðåç y′′xx è g
′′
xx è ïîäñòàâèì â (4).

Ïîñëå èíòåãðèðîâàíèÿ ïî ÷àñòÿì ïîëó÷èì èñêîìûå ãðàíè÷íûå óñëîâèÿ äëÿ

�óíêöèè y(x):

y(a) + y(b) + (b− a)
[
g′x(b)− y′x(b)

]
= g(a) + g(b),

y(a) + y(b) + (a− b)
[
g′x(a)− y′x(a)

]
= g(a) + g(b).

(5)

Îòìåòèì ïîëåçíîå ñëåäñòâèå ðàâåíñòâ (5):

y′x(a) + y′x(b) = g′x(a) + g′x(b), (6)

êîòîðîå ìîæíî èñïîëüçîâàòü âìåñòå ñ îäíèì èç óñëîâèé (5).

ÎÄÓ (3) âìåñòå ñ ãðàíè÷íûìè óñëîâèÿìè (5) îïèñûâàåò ðåøåíèå èñõîäíîãî

èíòåãðàëüíîãî óðàâíåíèÿ (ýòèõ ðåøåíèé ìîæåò áûòü íåñêîëüêî). Óñëîâèÿ (5)

ïîçâîëÿþò íàéòè ïîñòîÿííûå èíòåãðèðîâàíèÿ, êîòîðûå ïîëó÷àþòñÿ â ðåçóëüòà-

òå ðåøåíèÿ äè��åðåíöèàëüíîãî óðàâíåíèÿ (3).

7. y(x) +
∫∫ b

a
eλ|x−t|f

((
t, y(t)

))
dt = g(x), a 6 x 6 b.

1◦. �àñêðîåì ìîäóëü â ïîäûíòåãðàëüíîì âûðàæåíèè. Â ðåçóëüòàòå ïîëó÷èì

y(x) +
∫ x

a
eλ(x−t)f

(
t, y(t)

)
dt+

∫ b

x
eλ(t−x)f

(
t, y(t)

)
dt = g(x). (1)

Äè��åðåíöèðóÿ (1) äâàæäû ïî x, èìååì

y′′xx(x) + 2λf
(
x, y(x)

)
+ λ2

∫ x

a
eλ(x−t)f

(
t, y(t)

)
dt+

+ λ2
∫ b

x
eλ(t−x)f

(
t, y(t)

)
dt = g′′xx(x). (2)

Èñêëþ÷àÿ èç (1) è (2) èíòåãðàëüíûå ÷ëåíû, ïðèõîäèì ê ñëåäóþùåìó ÎÄÓ

âòîðîãî ïîðÿäêà äëÿ �óíêöèè y = y(x):

y′′xx + 2λf(x, y)− λ2y = g′′xx(x)− λ2g(x). (3)

2◦. Âûâåäåì ãðàíè÷íûå óñëîâèÿ äëÿ ÎÄÓ (3). Áóäåì ñ÷èòàòü, ÷òî ïðåäåëû

èíòåãðèðîâàíèÿ óäîâëåòâîðÿþò óñëîâèÿì −∞ < a < b < ∞. Ïîëàãàÿ x = a è
x = b â (1), èìååì äâà ñîîòíîøåíèÿ:

y(a) + e−λa
∫ b

a
eλtf

(
t, y(t)

)
dt = g(a),

y(b) + eλb
∫ b

a
e−λtf

(
t, y(t)

)
dt = g(b).

(4)
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Âûðàçèì èç óðàâíåíèÿ (3) �óíêöèþ f(x, y) è ïîäñòàâèì â (4). Ïîñëå èíòåãðè-

ðîâàíèÿ ïî ÷àñòÿì ïîëó÷èì

eλbϕ′
x(b)− eλaϕ′

x(a) = λeλaϕ(a) + λeλbϕ(b), ϕ(x) = y(x)− g(x);

e−λbϕ′
x(b)− e−λaϕ′

x(a) = λe−λaϕ(a) + λe−λbϕ(b).

Îòñþäà íàõîäÿòñÿ ãðàíè÷íûå óñëîâèÿ äëÿ �óíêöèè y(x):

ϕ′
x(a) + λϕ(a) = 0, ϕ′

x(b)− λϕ(b) = 0; ϕ(x) = y(x)− g(x). (5)

ÎÄÓ (3) âìåñòå ñ ãðàíè÷íûìè óñëîâèÿìè (5) îïèñûâàåò ðåøåíèå èñõîäíîãî

èíòåãðàëüíîãî óðàâíåíèÿ (ýòèõ ðåøåíèé ìîæåò áûòü íåñêîëüêî). Óñëîâèÿ (5)

ïîçâîëÿþò íàéòè ïîñòîÿííûå èíòåãðèðîâàíèÿ, êîòîðûå ïîëó÷àþòñÿ â ðåçóëüòà-

òå ðåøåíèÿ äè��åðåíöèàëüíîãî óðàâíåíèÿ (3).

8. y(x) +
∫∫ b

a
sh

((
λ|x− t|

))
f
((
t, y(t)

))
dt = g(x), a 6 x 6 b.

1◦. �àñêðîåì ìîäóëü â ïîäûíòåãðàëüíîì âûðàæåíèè. Â ðåçóëüòàòå ïîëó÷èì

y(x) +
∫ x

a
sh[λ(x− t)]f

(
t, y(t)

)
dt+

∫ b

x
sh[λ(t− x)]f

(
t, y(t)

)
dt = g(x). (1)

Äè��åðåíöèðóÿ (1) äâàæäû ïî x, èìååì

y′′xx(x) + 2λf
(
x, y(x)

)
+ λ2

∫ x

a
sh[λ(x− t)]f

(
t, y(t)

)
dt+

+ λ2
∫ b

x
sh[λ(t− x)]f

(
t, y(t)

)
dt = g′′xx(x). (2)

Èñêëþ÷àÿ èç (1) è (2) èíòåãðàëüíûå ÷ëåíû, ïðèõîäèì ê ñëåäóþùåìó ÎÄÓ

âòîðîãî ïîðÿäêà äëÿ �óíêöèè y = y(x):

y′′xx + 2λf(x, y)− λ2y = g′′xx(x)− λ2g(x). (3)

2◦. Âûâåäåì ãðàíè÷íûå óñëîâèÿ äëÿ ÎÄÓ (3). Áóäåì ñ÷èòàòü, ÷òî ïðåäåëû

èíòåãðèðîâàíèÿ óäîâëåòâîðÿþò óñëîâèÿì −∞ < a < b < ∞. Ïîëàãàÿ x = a è
x = b â (1), èìååì äâà ñîîòíîøåíèÿ:

y(a) +
∫ b

a
sh[λ(t− a)]f

(
t, y(t)

)
dt = g(a),

y(b) +
∫ b

a
sh[λ(b− t)]f

(
t, y(t)

)
dt = g(b).

(4)

Âûðàçèì èç óðàâíåíèÿ (3) �óíêöèþ f(x, y) è ïîäñòàâèì â (4). Ïîñëå èíòåãðè-

ðîâàíèÿ ïî ÷àñòÿì ïîëó÷èì

sh[λ(b− a)]ϕ′
x(b)− λ ch[λ(b− a)]ϕ(b) = λϕ(a), ϕ(x) = y(x)− g(x);

sh[λ(b− a)]ϕ′
x(a) + λ ch[λ(b− a)]ϕ(a) = −λϕ(b). (5)

ÎÄÓ (3) âìåñòå ñ ãðàíè÷íûìè óñëîâèÿìè (5) îïèñûâàåò ðåøåíèå èñõîäíîãî

èíòåãðàëüíîãî óðàâíåíèÿ (ýòèõ ðåøåíèé ìîæåò áûòü íåñêîëüêî). Óñëîâèÿ (5)
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ïîçâîëÿþò íàéòè ïîñòîÿííûå èíòåãðèðîâàíèÿ, êîòîðûå ïîëó÷àþòñÿ â ðåçóëüòà-

òå ðåøåíèÿ äè��åðåíöèàëüíîãî óðàâíåíèÿ (3).

9. y(x) +
∫∫ b

a
sin(λ|x− t|) f

((
t, y(t)

))
dt = g(x), a 6 x 6 b.

1◦. �àñêðîåì ìîäóëü â ïîäûíòåãðàëüíîì âûðàæåíèè. Â ðåçóëüòàòå ïîëó÷èì

y(x) +
∫ x

a
sin[λ(x− t)]f

(
t, y(t)

)
dt+

∫ b

x
sin[λ(t− x)]f

(
t, y(t)

)
dt = g(x). (1)

Äè��åðåíöèðóÿ (1) äâàæäû ïî x, èìååì

y′′xx(x) + 2λf
(
x, y(x)

)
− λ2

∫ x

a
sin[λ(x− t)]f

(
t, y(t)

)
dt−

− λ2
∫ b

x
sin[λ(t− x)]f

(
t, y(t)

)
dt = g′′xx(x). (2)

Èñêëþ÷àÿ èç (1) è (2) èíòåãðàëüíûå ÷ëåíû, ïðèõîäèì ê ñëåäóþùåìó ÎÄÓ

âòîðîãî ïîðÿäêà äëÿ �óíêöèè y = y(x):

y′′xx + 2λf(x, y) + λ2y = g′′xx(x) + λ2g(x). (3)

2◦. Âûâåäåì ãðàíè÷íûå óñëîâèÿ äëÿ ÎÄÓ (3). Áóäåì ñ÷èòàòü, ÷òî ïðåäåëû

èíòåãðèðîâàíèÿ óäîâëåòâîðÿþò óñëîâèÿì −∞ < a < b < ∞. Ïîëàãàÿ x = a è
x = b â (1), èìååì äâà ñîîòíîøåíèÿ:

y(a) +
∫ b

a
sin[λ(t− a)] f

(
t, y(t)

)
dt = g(a),

y(b) +
∫ b

a
sin[λ(b− t)] f

(
t, y(t)

)
dt = g(b).

(4)

Âûðàçèì èç óðàâíåíèÿ (3) �óíêöèþ f(x, y) è ïîäñòàâèì â (4). Ïîñëå èíòåãðè-

ðîâàíèÿ ïî ÷àñòÿì ïîëó÷èì

sin[λ(b− a)]ϕ′
x(b)− λ cos[λ(b− a)]ϕ(b) = λϕ(a), ϕ(x) = y(x)− g(x);

sin[λ(b− a)]ϕ′
x(a) + λ cos[λ(b− a)]ϕ(a) = −λϕ(b). (5)

ÎÄÓ (3) âìåñòå ñ ãðàíè÷íûìè óñëîâèÿìè (5) îïèñûâàåò ðåøåíèå èñõîäíîãî

èíòåãðàëüíîãî óðàâíåíèÿ (ýòèõ ðåøåíèé ìîæåò áûòü íåñêîëüêî). Óñëîâèÿ (5)

ïîçâîëÿþò íàéòè ïîñòîÿííûå èíòåãðèðîâàíèÿ, êîòîðûå ïîëó÷àþòñÿ â ðåçóëüòà-

òå ðåøåíèÿ äè��åðåíöèàëüíîãî óðàâíåíèÿ (3).

10. y(x) +
∫∫ b

a

[[
g1(x)f1

((
t, y(t)

))
+ g2(x)f2

((
t, y(t)

))]]
dt = h(x).

�åøåíèå:

y(x) = h(x) + λ1g1(x) + λ2g2(x),

ãäå ïîñòîÿííûå λ1 è λ2 îïðåäåëÿåòñÿ ïóòåì ðåøåíèÿ àëãåáðàè÷åñêîé (èëè

òðàíñöåíäåíòíîé) ñèñòåìû óðàâíåíèé

λ1 +
∫ b

a
f1
(
t, h(t) + λ1g1(t) + λ2g2(t)

)
dt = 0,

λ2 +
∫ b

a
f2
(
t, h(t) + λ1g1(t) + λ2g2(t)

)
dt = 0.
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◮ Áîëüøå òî÷íûõ ðåøåíèé ðàçëè÷íûõ ëèíåéíûõ è íåëèíåéíûõ èíòåãðàëüíûõ

óðàâíåíèé ìîæíî íàéòè â ñïåöèàëèçèðîâàííûõ ñïðàâî÷íèêàõ Ïîëÿíèí & Ìàí-

æèðîâ (1998 è 2003), Polyanin & Manzhirov (2008). Îñíîâíûå ìåòîäû ïî-

èñêà òî÷íûõ ðåøåíèé èíòåãðàëüíûõ óðàâíåíèé îïèñàíû, íàïðèìåð, â êíèãàõ

Êðàñíîâ, Êèñåëåâ, Ìàêàðåíêî (1968), Ìàíæèðîâ & Ïîëÿíèí (1999), Ïîëÿíèí &

Ìàíæèðîâ (2003), Polyanin & Manzhirov (2008).
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9. �àçíîñòíûå è äðóãèå

�óíêöèîíàëüíûå óðàâíåíèÿ

◮ Ïðåäâàðèòåëüíûå çàìå÷àíèÿ.

Ôóíêöèîíàëüíûå óðàâíåíèÿ ÿâëÿþòñÿ ìàòåìàòè÷åñêèìè óðàâíåíèÿìè, ñîäåð-

æàùèìè íåèçâåñòíóþ �óíêöèþ ñ ðàçíûìè àðãóìåíòàìè. �àçíîñòíûå óðàâíå-

íèÿ ÿâëÿþòñÿ ïðîñòåéøèìè �óíêöèîíàëüíûìè óðàâíåíèÿìè, â êîòîðûå âõîäÿò

âåëè÷èíû y(x+ ak), ãäå ak �çàäàííûå êîíñòàíòû (k = 1, . . . ,m), x�íåçàâèñè-

ìàÿ ïåðåìåííàÿ, à y(z)�èñêîìàÿ �óíêöèÿ.

Îòìåòèì, ÷òî îäíî �óíêöèîíàëüíîå óðàâíåíèå ìîæåò ñîäåðæàòü íåñêîëüêî

íåèçâåñòíûõ �óíêöèé.

Â äàííîé ãëàâå îïèñàíû òî÷íûå ðåøåíèÿ ðàçíîñòíûõ è áîëåå ñëîæíûõ

�óíêöèîíàëüíûõ óðàâíåíèé ðàçëè÷íîãî òèïà.

9.1. �àçíîñòíûå óðàâíåíèÿ

9.1.1. �àçíîñòíûå óðàâíåíèÿ ñ äèñêðåòíûì àðãóìåíòîì

◮ Ïðåäâàðèòåëüíûå çàìå÷àíèÿ.

�àçíîñòíûå óðàâíåíèÿ ñ äèñêðåòíûì àðãóìåíòîì çàäàþòñÿ íà äèñêðåòíîì ìíî-

æåñòâå öåëî÷èñëåííûõ òî÷åê x = n, ãäå n = 0, 1, 2, . . . �àçíîñòíîå óðàâíåíèå
ñîäåðæèò �óíêöèþ öåëîãî àðãóìåíòà yn = y(x)|x=n, êîòîðóþ òðåáóåòñÿ íàéòè.

◮ Ëèíåéíûå ðàçíîñòíûå óðàâíåíèÿ ïåðâîãî ïîðÿäêà ñ äèñêðåòíûì

àðãóìåíòîì.

1. yn+1 + anyn = 0.

Ëèíåéíîå îäíîðîäíîå ðàçíîñòíîå óðàâíåíèå ïåðâîãî ïîðÿäêà; n = 0, 1, 2, . . .

�åøåíèå:

yn = Cun, un = (−1)na0a1 . . . an−1, n = 1, 2, . . . ,

ãäå C = y0 �ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à un �÷àñòíîå ðåøåíèå.

2. yn+1 − ayn = fn.

Ëèíåéíîå íåîäíîðîäíîå ðàçíîñòíîå óðàâíåíèå ïåðâîãî ïîðÿäêà.

427
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�åøåíèå:

yn = Can +

n−1∑

j=0

an−j−1fj.

3. yn+1 + anyn = fn.

Ëèíåéíîå íåîäíîðîäíîå ðàçíîñòíîå óðàâíåíèå ïåðâîãî ïîðÿäêà (îáîáùåíèå

ïðåäûäóùåãî óðàâíåíèÿ).

�åøåíèå:

yn = Cun + ỹn, n = 1, 2, . . . ,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ è

un = (−1)na0a1 . . . an−1,

ỹn =

n−1∑

j=0

un

uj+1
fj = fn−1 − an−1fn−2 + an−2an−1fn−3 − · · ·+

+ (−1)n−1a1a2 . . . an−1f0.

◮ Íåëèíåéíûå ðàçíîñòíûå óðàâíåíèÿ ïåðâîãî ïîðÿäêà ñ äèñêðåòíûì

àðãóìåíòîì.

4. yn+1 = ayn

((
1− yn

b

))
.

Ëîãèñòè÷åñêîå ðàçíîñòíîå óðàâíåíèå (a > 0, b > 0, 0 6 y0 6 b).

1◦. Ïóñòü
a = b = 4, y0 = 4 sin2 θ (0 6 θ 6 π

2 ).

�åøåíèå â çàìêíóòîì âèäå:

yn = 4 sin2(2nθ), n = 0, 1, . . .

2◦. Ïóñòü

a = 4, b = 1, y0 = sin2 θ (0 6 θ 6 π
2 ).

�åøåíèå â çàìêíóòîì âèäå:

yn = sin2(2nθ), n = 0, 1, . . .

3◦. Ïóñòü 0 6 a 6 4 è b = 1. Â ýòîì ñëó÷àå ëîãèñòè÷åñêîå ðàçíîñòíîå

óðàâíåíèå èìååò ñëåäóþùèå ñâîéñòâà:

(a) Èìåþòñÿ äâà ðàâíîâåñíûõ ðåøåíèÿ: yn = 0 è yn = (a− 1)/a.
(b) Åñëè 0 6 y0 6 1, òî 0 6 yn 6 1.
(
) Åñëè a = 0, òî yn = 0.
(d) Åñëè 0 < a 6 1, òî yn → 0 ïðè n→ ∞.

(e) Åñëè 1 < a 6 3, òî yn → (a− 1)/a ïðè n→ ∞.
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(f) Åñëè 3 < a < 3.449 . . . , òî yn êîëåáëåòñÿ ìåæäó äâóìÿ òî÷êàìè:

y± =
1

2a

(
a+ 1±

√
a2 − 2a− 3

)
.

5. ynyn+1 = anyn+1 + bnyn + cn.

�àçíîñòíîå óðàâíåíèå �èêêàòè. Çäåñü n = 0, 1, . . . è ïîñòîÿííûå an, bn, cn
óäîâëåòâîðÿþò óñëîâèþ anbn + cn 6= 0.

1◦. Ïîäñòàíîâêà
yn =

un+1

un
+ an

ïðèâîäèò ê ëèíåéíîìó ðàçíîñòíîìó óðàâíåíèþ âòîðîãî ïîðÿäêà âèäà 9.1.1.13:

un+2 + (an+1 − bn)un+1 − (anbn + cn)un = 0.

2◦. Ïóñòü y∗n�÷àñòíîå ðåøåíèå ðàçíîñòíîãî óðàâíåíèÿ �èêêàòè. Òîãäà ïîä-

ñòàíîâêà

zn =
1

yn − y∗n
, n = 0, 1, . . .

ïðèâîäèò èñõîäíîå óðàâíåíèå ê ëèíåéíîìó íåîäíîðîäíîìó ðàçíîñòíîìó óðàâ-

íåíèþ ïåðâîãî ïîðÿäêà âèäà 9.1.1.3:

zn+1 +
(y∗n − an)

2

anbn + cn
zn +

y∗n − an
anbn + cn

= 0.

3◦. Ïóñòü y(1)n è y
(2)
n �äâà ÷àñòíûõ ðåøåíèÿ ðàçíîñòíîãî óðàâíåíèÿ �èêêà-

òè, òàêèõ, ÷òî y
(1)
n 6= y

(2)
n . Òîãäà ïîäñòàíîâêà

wn =
1

yn − y
(1)
n

+
1

y
(1)
n − y

(2)
n

, n = 0, 1, . . . ,

ïðèâîäèò èñõîäíîå óðàâíåíèå ê ëèíåéíîìó îäíîðîäíîìó ðàçíîñòíîìó óðàâíå-

íèþ ïåðâîãî ïîðÿäêà âèäà 9.1.1.1:

wn+1 +
(y

(1)
n − an)

2

anbn + cn
wn = 0, n = 0, 1, . . .

6. yn+1 = ayβn.

�åøåíèå:

yn = a
βn−1
β−1 Cβ

n
,

ãäå C = y0 �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

7. yn+1 = any
βn

n , an > 0.

Ïðîëîãàðè�ìèðóåì îáå ÷àñòè óðàâíåíèÿ, à çàòåì äåëàåì çàìåíó un = ln yn.
Â ðåçóëüòàòå ïðèõîäèì ê ëèíåéíîìó ðàçíîñòíîìó óðàâíåíèþ ïåðâîãî ïîðÿäêà

âèäà 9.1.1.3:

un+1 − βnun = ln an.
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8. yn+1 = (any
β
n + bn)

1/β
.

Ïîäñòàíîâêà un = yβn ïðèâîäèò ê ëèíåéíîìó ðàçíîñòíîìó óðàâíåíèþ ïåðâîãî

ïîðÿäêà âèäà 9.1.1.3:

un+1 − anun = bn.

9. yn+1 = f(yn).

�åøåíèå:

yn = f [n](y0).

Çäåñü èñïîëüçóþòñÿ îáîçíà÷åíèÿ: f [1](y)=f(y), f [2](y)=f
(
f(y)

)
, . . . , f [n](y)=

= f
(
f [n−1](y)

)
.

Ëþáîå ïîñòîÿííîå ðåøåíèå y∗ èñõîäíîãî óðàâíåíèÿ, ãäå y∗ íå çàâèñèò

îò n, íàçûâàåòñÿ ðàâíîâåñíûì ðåøåíèåì. �àâíîâåñíûå ðåøåíèÿ íàõîäÿòñÿ èç

àëãåáðàè÷åñêîãî (òðàíñöåíäåíòíîãî) óðàâíåíèÿ: y∗ = f(y∗).

10. yn+1 = F (n, yn).

�àçíîñòíîå óðàâíåíèå ïåðâîãî ïîðÿäêà îáùåãî âèäà, ðàçðåøåííîå îòíîñèòåëü-

íî ñòàðøåãî ÷ëåíà. Çäåñü n = 0, 1, 2, . . .

Çàäà÷à Êîøè äëÿ ðàçíîñòíîãî óðàâíåíèÿ ñîñòîèò â íàõîæäåíèè ðåøåíèÿ

ýòîãî óðàâíåíèÿ ñ çàäàííûì íà÷àëüíûì çíà÷åíèåì y0.

Ñëåäóþùåå çíà÷åíèå y1 âû÷èñëÿåòñÿ ïóòåì ïîäñòàíîâêè íà÷àëüíîãî çíà÷å-

íèÿ â ïðàâóþ ÷àñòü èñõîäíîãî óðàâíåíèÿ ïðè n = 0:

y1 = F (0, y0). (1)

Çàòåì, ïîëàãàÿ n = 1 â èñõîäíîì óðàâíåíèè, ïîëó÷èì

y2 = F (1, y1). (2)

Ïîäñòàâèâ â (2) ïðåäûäóùåå çíà÷åíèå (1), èìååì y2 = F
(
1, F (0, y0)

)
. Ïîäñòà-

âèâ n = 2 â èñõîäíîå óðàâíåíèå è èñïîëüçóÿ âû÷èñëåííîå çíà÷åíèå y2, îïðå-
äåëÿåì y3 è ò. ä. Àíàëîãè÷íûì îáðàçîì ìîæíî íàéòè ïîñëåäóþùèå çíà÷åíèÿ

y4, y5, . . .

Çàìå÷àíèå 9.1. Êàê ïðàâèëî, ðåøåíèÿ íåëèíåéíûõ ðàçíîñòíûõ óðàâíåíèé íå ìî-

ãóò áûòü ïðåäñòàâëåíû â çàìêíóòîì âèäå (ò. å. çàïèñàíû â âèäå îäíîé, à íå ðåêóððåíò-

íîé �îðìóëû).

◮ Ëèíåéíûå ðàçíîñòíûå óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ äèñêðåòíûì

àðãóìåíòîì.

11. yn+2 + ayn+1 + byn = 0.

Ëèíåéíîå îäíîðîäíîå ðàçíîñòíîå óðàâíåíèå âòîðîãî ïîðÿäêà ñ ïîñòîÿííûìè

êîý��èöèåíòàìè. Çäåñü n = 0, 1, 2, . . .
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Îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ îïðåäåëÿåòñÿ êîðíÿìè êâàäðàòíîãî óðàâ-

íåíèÿ

λ2 + aλ+ b = 0. (1)

1◦. Ïóñòü a2 − 4b > 0. Òîãäà êâàäðàòíîå óðàâíåíèå (1) èìååò äâà ðàçíûõ

äåéñòâèòåëüíûõ êîðíÿ

λ1 =
−a+

√
a2 − 4b

2
, λ2 =

−a−
√
a2 − 4b

2
,

à îáùåå ðåøåíèå èñõîäíîãî ðàçíîñòíîãî óðàâíåíèÿ îïðåäåëÿåòñÿ �îðìóëîé

(Ä¼÷, 1971):

yn = −C1b
λn−1
1 − λn−1

2

λ1 − λ2
+ C2

λn
1 − λn

2

λ1 − λ2
, (2)

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå. �åøåíèå (2) óäîâëåòâîðÿåò íà÷àëüíûì

óñëîâèÿì y0 = C1, y1 = C2.

2◦. Ïóñòü a2 − 4b = 0. Òîãäà êâàäðàòíîå óðàâíåíèå (1) èìååò îäèí êðàòíûé

äåéñòâèòåëüíûé êîðåíü

λ1 = λ2 = λ = − a

2
,

à îáùåå ðåøåíèå èñõîäíîãî ðàçíîñòíîãî óðàâíåíèÿ èìååò âèä

yn = −C1(n− 1)λn + C2nλ
n−1.

Ýòó �îðìóëó ìîæíî ïîëó÷èòü èç (2), ïîëîæèâ λ1 = λ, λ2 = λ(1− ε) è ïåðåéäÿ
ê ïðåäåëó ïðè ε→ 0.

3◦. Ïóñòü a2−4b< 0. Òîãäà êâàäðàòíîå óðàâíåíèå (2) èìååò äâà êîìïëåêñíî
ñîïðÿæåííûõ êîðíÿ

λ1 = ρ(cosϕ+ i sinϕ), λ2 = ρ(cosϕ− i sinϕ),

ρ =
√
b, tgϕ = − 1

a

√
4b− a2,

à îáùåå ðåøåíèå èñõîäíîãî ðàçíîñòíîãî óðàâíåíèÿ îïðåäåëÿåòñÿ �îðìóëîé

yn = C1ρ
n sin[(n− 1)ϕ]

sinϕ
+ C2ρ

n−1 sin(nϕ)

sinϕ
.

Ýòó �îðìóëó ìîæíî ïîëó÷èòü èç (2), âûðàçèâ λ1 è λ2 ÷åðåç ρ è ϕ.

4◦. Ïîäñòàíîâêà un= yn+1/yn ïðèâîäèò èñõîäíîå óðàâíåíèå ê ðàçíîñòíîìó
óðàâíåíèþ ïåðâîãî ïîðÿäêà âèäà 9.1.1.9:

un+1 = −a− b

un
.

12. yn+2 + ayn+1 + byn = fn.

Ëèíåéíîå íåîäíîðîäíîå ðàçíîñòíîå óðàâíåíèå âòîðîãî ïîðÿäêà ñ ïîñòîÿííû-

ìè êîý��èöèåíòàìè.
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Ïóñòü λ1 è λ2�êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

λ2 + aλ+ b = 0.

1◦. Ïðè λ1 6= λ2 îáùåå ðåøåíèå ðàññìàòðèâàåìîãî ðàçíîñòíîãî óðàâíåíèÿ

îïðåäåëÿåòñÿ �îðìóëîé (Ä¼÷, 1971):

yn = y1
λn
1 − λn

2

λ1 − λ2
− y0b

λn−1
1 − λn−1

2

λ1 − λ2
+

n∑

k=2

fn−k
λk−1
1 − λk−1

2

λ1 − λ2
,

ãäå y1 è y0 � ïðîèçâîëüíûå êîíñòàíòû, ðàâíûå çíà÷åíèÿì y â ïåðâûõ äâóõ

òî÷êàõ.

Â ñëó÷àå êîìïëåêñíî ñîïðÿæåííûõ êîðíåé â ïðèâåäåííîì âûøå ðåøåíèè

ñëåäóåò âçÿòü äåéñòâèòåëüíóþ (èëè ìíèìóþ) ÷àñòü.

2◦. Ïðè λ1 = λ2 îáùåå ðåøåíèå ðàññìàòðèâàåìîãî ðàçíîñòíîãî óðàâíåíèÿ

èìååò âèä

yn = y1nλ
n−1
1 − y0b(n− 1)λn−2

1 +

n∑

k=2

fn−k(k − 1)λk−2
1 .

3◦. Â êðàåâûõ çàäà÷àõ çàäàþòñÿ íà÷àëüíîå è êîíå÷íîå çíà÷åíèÿ íåèçâåñò-

íîé �óíêöèè y0 è yN . Òðåáóåòñÿ íàéòè yn äëÿ 1 6 n 6 N − 1.

Ïðè λ1 6= λ2 ðåøåíèå êðàåâîé çàäà÷è îïðåäåëÿåòñÿ �îðìóëîé

yn = y0
λN
1 λ

n
2 − λn

1λ
N
2

λN
1 − λN

2

+ yN
λn
1 − λn

2

λN
1 − λN

2

+

+
n∑

k=2

fn−k
λk−1
1 − λk−1

2

λ1 − λ2
− λn

1 − λn
2

λN
1 − λN

2

N∑

k=2

fN−k
λk−1
1 − λk−1

2

λ1 − λ2
.

Ïðè n = 1 ïåðâàÿ ñóììà ðàâíà íóëþ.

13. anyn+2 + bnyn+1 + cnyn = 0.

Ëèíåéíîå îäíîðîäíîå ðàçíîñòíîå óðàâíåíèå âòîðîãî ïîðÿäêà ñ ïåðåìåííûìè

êîý��èöèåíòàìè.

1◦. Ïóñòü y
(1)
n è y

(2)
n � ÷àñòíûå ðåøåíèÿ èñõîäíîãî óðàâíåíèÿ, óäîâëåòâî-

ðÿþùèå óñëîâèþ

y
(1)
0 y

(2)
1 − y

(2)
0 y

(1)
1 6= 0.

Òîãäà îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ èìååò âèä

yn = C1y
(1)
n + C2y

(2)
n ,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.



9.1. �àçíîñòíûå óðàâíåíèÿ 433

2◦. Ïóñòü y∗n�íåòðèâèàëüíîå ÷àñòíîå ðåøåíèå èñõîäíîãî óðàâíåíèÿ. Òîãäà
ïîäñòàíîâêà

yn = y∗nun (1)

ïðèâîäèò ê óðàâíåíèþ

any
∗
n+2un+2 + bny

∗
n+1un+1 + cny

∗
nun = 0. (2)

Ó÷èòûâàÿ, ÷òî èñõîäíîå óðàâíåíèå ñïðàâåäëèâî äëÿ y∗n è ïîäñòàâèâ

bny
∗
n+1 = −any∗n+2 − cny

∗
n

â (2), ïîñëå íåñëîæíûõ ïðåîáðàçîâàíèé ïîëó÷èì

any
∗
n+2(un+2 − un+1)− cny

∗
n(un+1 − un) = 0.

Ââåäÿ íîâóþ ïåðåìåííóþ

wn = un+1 − un, (3)

ïðèõîäèì ê ëèíåéíîìó îäíîðîäíîìó ðàçíîñòíîìó óðàâíåíèþ ïåðâîãî ïîðÿäêà

âèäà 9.1.1.1:

any
∗
n+2wn+1 − cny

∗
nwn = 0.

�åøèâ ýòî óðàâíåíèå, ìîæíî íàéòè ðåøåíèå ëèíåéíîãî íåîäíîðîäíîãî óðàâ-

íåíèÿ ïåðâîãî ïîðÿäêà ñ ïîñòîÿííûìè êîý��èöèåíòàìè (3) (ñì. óðàâíåíèå

9.1.1.2), à çàòåì, èñïîëüçóÿ (1), ìîæíî ïîëó÷èòü ðåøåíèå èñõîäíîãî óðàâíåíèÿ.

3◦. Ïîäñòàíîâêà un= yn+1/yn ïðèâîäèò èñõîäíîå óðàâíåíèå ê ðàçíîñòíîìó
óðàâíåíèþ ïåðâîãî ïîðÿäêà

un+1 = −an − bn
un
.

Çàìå÷àíèå 9.2. Òðèâèàëüíîå ðåøåíèå yn = 0 ÿâëÿåòñÿ ÷àñòíûì ðåøåíèåì èñõîä-

íîãî îäíîðîäíîãî ðàçíîñòíîãî óðàâíåíèÿ.

14. anyn+2 + bnyn+1 + cnyn = fn.

Ëèíåéíîå íåîäíîðîäíîå ðàçíîñòíîå óðàâíåíèå âòîðîãî ïîðÿäêà ñ ïåðåìåííûìè

êîý��èöèåíòàìè.

1◦. Îáùåå ðåøåíèå ëèíåéíîãî íåîäíîðîäíîãî ðàçíîñòíîãî óðàâíåíèÿ ìî-

æåò áûòü ïðåäñòàâëåíî â âèäå ñóììû îáùåãî ðåøåíèÿ ñîîòâåòñòâóþùåãî îä-

íîðîäíîãî óðàâíåíèÿ 9.1.1.13 è ÷àñòíîãî ðåøåíèÿ ỹn èñõîäíîãî íåîäíîðîäíîãî
óðàâíåíèÿ:

yn = C1y
(1)
n +C2y

(2)
n + ỹn,

ãäå

ỹ0 = ỹ1 = 0, ỹn =

n−2∑

j=0

y
(1)
j+1y

(2)
n − y

(1)
n y

(2)
j+1

y
(1)
j+1y

(2)
j+2 − y

(1)
j+2y

(2)
j+1

fj
aj
, n = 2, 3, . . .
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2◦. Ïóñòü y∗n � íåòðèâèàëüíîå ÷àñòíîå ðåøåíèå ëèíåéíîãî îäíîðîäíîãî

ðàçíîñòíîãî óðàâíåíèÿ 9.1.1.13. Òîãäà ïîäñòàíîâêà

yn = y∗nun, wn = un+1 − un

ïðèâîäèò ê ëèíåéíîìó íåîäíîðîäíîìó ðàçíîñòíîìó óðàâíåíèþ ïåðâîãî ïîðÿä-

êà âèäà 9.1.1.3:

any
∗
n+2wn+1 − cny

∗
nwn = fn.

◮ Íåëèíåéíûå ðàçíîñòíûå óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ äèñêðåòíûì

àðãóìåíòîì.

15. ynyn+2 = any
2
n+1 + bnynyn+1 + cny

2
n.

×àñòíûé ñëó÷àé óðàâíåíèÿ 9.1.1.18. Ïîäñòàíîâêà un = yn+1/yn ïðèâîäèò ê

ðàçíîñòíîìó óðàâíåíèþ ïåðâîãî ïîðÿäêà

unun+1 = anu
2
n + bnun + cn.

16. yn+1yn+2 = anynyn+2 + bny
2
n+1 + cnynyn+1.

×àñòíûé ñëó÷àé óðàâíåíèÿ 9.1.1.18. Ïîäñòàíîâêà un = yn+1/yn ïðèâîäèò ê

ðàçíîñòíîìó óðàâíåíèþ �èêêàòè 9.1.1.5:

unun+1 = anun+1 + bnun + cn.

17. yn+2 = a2yn + F (n, yn+1 + ayn).

Ïîäñòàíîâêà un = yn+1 + ayn ïðèâîäèò ê ðàçíîñòíîìó óðàâíåíèþ ïåðâîãî

ïîðÿäêà

un+1 = aun + F (n, un).

Ïðè F (n, un) = f(un)�ýòî ðàçíîñòíîå óðàâíåíèå âèäà 9.1.1.9.

18. yn+2 = ynF (n, yn+1/yn).

Îäíîðîäíîå ðàçíîñòíîå óðàâíåíèå âòîðîãî ïîðÿäêà.

Ïîäñòàíîâêà un = yn+1/yn ïðèâîäèò ê ðàçíîñòíîìó óðàâíåíèþ ïåðâîãî

ïîðÿäêà

un+1 = F (n, un)/un.

Ïðè F (n, un) = f(un)�ýòî ðàçíîñòíîå óðàâíåíèå âèäà 9.1.1.9.

19. yn+2 = yk
2

n F (n, yknyn+1).

Îáîáùåíèå ðàçíîñòíîãî óðàâíåíèÿ 9.1.1.18. Ïîäñòàíîâêà un = yknyn+1 ïðèâî-

äèò ê ðàçíîñòíîìó óðàâíåíèþ ïåðâîãî ïîðÿäêà

un+1 = uknF (n, un).

Ïðè F (n, un) = f(un)�ýòî ðàçíîñòíîå óðàâíåíèå âèäà 9.1.1.9.
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◮ Ëèíåéíûå ðàçíîñòíûå óðàâíåíèÿ ñòàðøèõ ïîðÿäêîâ ñ äèñêðåòíûì

àðãóìåíòîì.

20. yn+m + am−1yn+m−1 + · · ·+ a1yn+1 + a0yn = 0.

Ëèíåéíîå îäíîðîäíîå ðàçíîñòíîå óðàâíåíèå m-ãî ïîðÿäêà.

Îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ îïðåäåëÿåòñÿ êîðíÿìè õàðàêòåðèñòè÷åñêî-

ãî óðàâíåíèÿ

λm + am−1λ
m−1 + · · ·+ a1λ+ a0 = 0. (1)

Âîçìîæíû ñëåäóþùèå ñëó÷àè:

1◦. Âñå êîðíè λ1, λ2, . . . , λm õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (1) âåùå-

ñòâåííû è ðàçëè÷íû. Â ýòîì ñëó÷àå îáùåå ðåøåíèå èñõîäíîãî îäíîðîäíîãî

ëèíåéíîãî äè��åðåíöèàëüíîãî óðàâíåíèÿ èìååò âèä

yn = C1λ
n
1 + C2λ

n
2 + · · ·+ Cmλ

n
m, (2)

ãäå C1, C2, . . . , Cm �ïðîèçâîëüíûå ïîñòîÿííûå.

Åñëè âñå êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (1) âåùåñòâåííû è ðàçëè÷-

íû, òî ðåøåíèå çàäà÷è Êîøè äëÿ èñõîäíîãî óðàâíåíèÿ ñ íà÷àëüíûìè äàííûìè

y0, y1, . . . , ym èìååò âèä (Ä¼÷, 1971):

yn =

m−1∑

i=0

yi

m−i−1∑

j=0

ai+j+1

m∑

k=1

λn+1
k

P ′(λk)
,

ãäå øòðèõ îáîçíà÷àåò ïðîèçâîäíóþ.

2◦. Èìååòñÿ k ðàâíûõ äåéñòâèòåëüíûõ êîðíåé λ1 = λ2 = · · ·= λk (k 6m),

à îñòàëüíûå êîðíè âåùåñòâåííû è ðàçëè÷íû. Â ýòîì ñëó÷àå îáùåå ðåøåíèå

äàåòñÿ �îðìóëîé

yn = (C1 + C2n+ · · ·+ Ckn
k−1)λn1 +Ck+1λ

n
k+1 + · · · +Cmλ

n
m.

3◦. Èìååòñÿ k ïàð ðàçëè÷íûõ êîìïëåêñíî ñîïðÿæåííûõ êîðíåé

λj = ρj(cosϕj ± i sinϕj), j = 1, . . . , k (2k 6 m),

à îñòàëüíûå êîðíè âåùåñòâåííû è ðàçëè÷íû. Â ýòîì ñëó÷àå îáùåå ðåøåíèå

èìååò âèä

yn = ρn1 [A1 cos(nϕ1) +B1 sin(nϕ1)] + · · ·+ ρnk [Ak cos(nϕk) +Bk sin(nϕk)] +

+ C2k+1λ
n
2k+1 + · · ·+ Cmλ

n
m,

ãäå A1, . . . , Ak, B1, . . . , Bk, C2k+1, . . . , Cm �ïðîèçâîëüíûå ïîñòîÿííûå.

4◦. Â îáùåì ñëó÷àå, êîãäà èìååòñÿ r ðàçëè÷íûõ êîðíåé λ1, λ2, . . . , λr
êðàòíîñòåé k1, k2, . . . , kr ñîîòâåòñòâåííî, ëåâóþ ÷àñòü õàðàêòåðèñòè÷åñêîãî

óðàâíåíèÿ (1) ìîæíî ïðåäñòàâèòü â âèäå ïðîèçâåäåíèÿ

P (λ) = (λ− λ1)
k1(λ− λ2)

k2 . . . (λ− λr)
kr ,
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ãäå k1+k2+· · ·+kr=m. Â ýòîì ñëó÷àå îáùåå ðåøåíèå èñõîäíîãî ðàçíîñòíîãî

óðàâíåíèÿ çàïèñûâàåòñÿ òàê:

yn =

r∑

s=1

(Cs,1 + Cs,2n+ · · ·+ Cs,ksn
ks−1)λns ,

ãäå Cs,k �ïðîèçâîëüíûå ïîñòîÿííûå.

Åñëè õàðàêòåðèñòè÷åñêîå óðàâíåíèå (1) èìååò êîìïëåêñíî ñîïðÿæåííûå

êîðíè âèäà λ= ρe±iϕ , òî â ïðèâåäåííîì âûøå ðåøåíèè íóæíî îñòàâèòü âåùå-

ñòâåííóþ ÷àñòü, èñïîëüçóÿ ñîîòíîøåíèå λn=ρne±inϕ=ρn[cos(nϕ)±i sin(nϕ)].
5◦. Ïîäñòàíîâêà un= yn+1/yn ïðèâîäèò èñõîäíîå óðàâíåíèå ê ðàçíîñòíîìó

óðàâíåíèþ (m− 1)-ãî ïîðÿäêà.

Çàìå÷àíèå 9.3. Òðèâèàëüíîå ðåøåíèå yn = 0 ÿâëÿåòñÿ ÷àñòíûì ðåøåíèåì èñõîä-

íîãî îäíîðîäíîãî ðàçíîñòíîãî óðàâíåíèÿ.

21. yn+m + am−1yn+m−1 + · · · + a1yn+1 + a0yn = fn.

Ëèíåéíîå íåîäíîðîäíîå ðàçíîñòíîå óðàâíåíèå m-ãî ïîðÿäêà.

Îáùåå ðåøåíèå ðàçíîñòíîãî óðàâíåíèÿ èìååò âèä y(x) = Y (x) + ȳ(x), ãäå
Y (x)�îáùåå ðåøåíèå ñîîòâåòñòâóþùåãî îäíîðîäíîãî óðàâíåíèÿ (ïðè fn ≡ 0)
è ȳ(x)�ëþáîå ÷àñòíîå ðåøåíèå èñõîäíîãî íåîäíîðîäíîãî óðàâíåíèÿ.

Ïóñòü λ1, λ2, . . . , λm�êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

P (λ) ≡ λm + am−1λ
m−1 + · · ·+ a1λ+ a0 = 0. (1)

Åñëè âñå êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (1) ðàçëè÷íû, òî îáùåå

ðåøåíèå èñõîäíîãî ðàçíîñòíîãî óðàâíåíèÿ èìååò âèä (Ä¼÷, 1971):

yn =

m−1∑

i=0

yi

m−i−1∑

j=0

ai+j+1

m∑

k=1

λn+1
k

P ′(λk)
+

n∑

ν=m

fn−ν

m∑

k=1

λν−1
k

P ′(λk)
, (2)

ãäå øòðèõ îáîçíà÷àåò ïðîèçâîäíóþ.

Â �îðìóëó (2) âõîäÿò íà÷àëüíûå çíà÷åíèÿ y0, y1, . . . , ym, êîòîðûå ìîæíî

çàäàòü ïðîèçâîëüíî.

Â ñëó÷àå êîìïëåêñíî ñîïðÿæåííûõ êîðíåé â ðåøåíèè (2) ñëåäóåò âçÿòü

äåéñòâèòåëüíóþ ÷àñòü.

9.1.2. �àçíîñòíûå óðàâíåíèÿ ñ íåïðåðûâíûì àðãóìåíòîì

◮ Ëèíåéíûå ðàçíîñòíûå óðàâíåíèÿ ïåðâîãî ïîðÿäêà.

1. y(x+1)− y(x) = 0.

Ýòî �óíêöèîíàëüíîå óðàâíåíèå ìîæíî ðàññìàòðèâàòü êàê îïðåäåëåíèå ïåðè-

îäè÷åñêèõ �óíêöèé ñ ïåðèîäîì åäèíèöà.
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1◦. �åøåíèå:
y(x) = Θ(x),

ãäå Θ(x) = Θ(x + 1) � ïðîèçâîëüíàÿ ïåðèîäè÷åñêàÿ �óíêöèÿ ñ ïåðèîäîì

åäèíèöà.

2◦. Ïåðèîäè÷åñêàÿ �óíêöèÿ Θ(x) ñ ïåðèîäîì 1, óäîâëåòâîðÿþùàÿ óñëîâè-

ÿì Äèðèõëå, ìîæåò áûòü ðàçëîæåíà â ðÿä Ôóðüå:

Θ(x) =
a0
2

+
∞∑

n=1

[
an cos(2πnx) + bn sin(2πnx)

]
,

ãäå

an = 2
∫ 1

0
Θ(x) cos(2πnx) dx, bn = 2

∫ 1

0
Θ(x) sin(2πnx) dx.

2. y(x+ 1) − y(x) = f(x).

1◦. �åøåíèå:
y(x) = Θ(x) + ȳ(x),

ãäå Θ(x) = Θ(x + 1) � ïðîèçâîëüíàÿ ïåðèîäè÷åñêàÿ �óíêöèÿ ñ ïåðèîäîì 1,

à ȳ(x)� ëþáîå ÷àñòíîå ðåøåíèå ðàññìàòðèâàåìîãî íåîäíîðîäíîãî óðàâíåíèÿ.

Â òàáë. 9.1 ïðèâåäåíû ÷àñòíûå ðåøåíèÿ íåîäíîðîäíîãî óðàâíåíèÿ äëÿ íåêîòî-

ðûõ �óíêöèé f(x).

2◦. Åñëè g(x) = g(x + 1) ÿâëÿåòñÿ çàäàííîé �óíêöèåé ñ ïåðèîäîì 1, òî

ðåøåíèå èìååò âèä

y(x) = Θ(x) + xg(x).

3◦. Ïóñòü x∈ (a,∞), ãäå a�ëþáîå ÷èñëî. Áóäåì ñ÷èòàòü, ÷òî �óíêöèÿ f(x)
ìîíîòîííà, ñòðîãî âûïóêëà (èëè ñòðîãî âîãíóòà) è óäîâëåòâîðÿåò óñëîâèþ

lim
x→∞

[
f(x+ 1)− f(x)

]
= 0,

è ïóñòü x0 ∈ (a,∞) � ëþáàÿ �èêñèðîâàííàÿ òî÷êà. Òîãäà äëÿ êàæäîãî y0 ñó-

ùåñòâóåò ðîâíî îäíà �óíêöèÿ y(x) (ìîíîòîííàÿ è ñòðîãî âûïóêëàÿ/âîãíóòàÿ),

óäîâëåòâîðÿþùàÿ èñõîäíîìó óðàâíåíèþ è íà÷àëüíîìó óñëîâèþ

y(x0) = y0.

Ñîîòâåòñòâóþùåå ðåøåíèå ìîæíî ïðåäñòàâèòü â âèäå ðÿäà

y(x) = y0 + (x− x0)f(x0)−

−
∞∑

n=0

{
f(x+ n)− f(x0 + n)− (x− x0)

[
f(x0 + n+ 1)− f(x0 + n)

]}
.

3. y(x+ 1) + y(x) = f(x).

Ïðåîáðàçîâàíèå

y(x) = u
(
x+ 1

2

)
− u

(
x

2

)
, ξ =

x

2
,
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Òàáëèöà 9.1. ×àñòíûå ðåøåíèÿ ëèíåéíîãî íåîäíîðîäíîãî ðàçíîñòíîãî óðàâíåíèÿ

y(x+ 1)− y(x) = f(x).

� Ôóíêöèÿ f(x) ×àñòíîå ðåøåíèå ȳ(x)

1
1 x

2

x 1
2
x(x− 1)

3 x2 1
6
x(x− 1)(2x− 1)

4

xn, n = 0, 1, 2, . . .

1
n+1

Bn(x), ãäå Bn(x)�ìíîãî÷ëåíû Áåðíóëëè

�åíåðèðóþùàÿ �óíêöèÿ:

text

et − 1
=

∞∑

n=0

Bn(x)
tn

n!

5

1

x
ψ(x) = −C +

∫ 1

0

1− tx−1

1− t
dt�ëîãàðè�ìè÷åñêàÿ ïðîèçâîäíàÿ

ãàììà-�óíêöèè, C = 0.5772 . . . �ïîñòîÿííàÿ Ýéëåðà

6

1

x(x+ 1)
− 1

x

7 aλx, a 6= 1, λ 6= 0
1

aλ − 1
aλx

8

sh(a+ 2bx), b > 0
ch(a− b+ 2bx)

2 sh b

9

ch(a+ 2bx), b > 0
sh(a− b+ 2bx)

2 sh b

10

xax, a 6= 1
1

a− 1
ax

(
x− a

a− 1

)

11

ln x, x > 0 ln Γ(x), ãäå Γ(x) =

∫ ∞

0

tx−1e−t dt� ãàììà-�óíêöèÿ

12

sin(2ax), a 6= πn − cos[a(2x− 1)]

2 sin a

13

sin(2πnx) x sin(2πnx)

14

cos(2ax), a 6= πn
sin[a(2x− 1)]

2 sin a

15

cos(2πnx) x cos(2πnx)

16

sin2(ax), a 6= πn
x

2
− sin[a(2x− 1)]

4 sin a

17

sin2(πnx) x sin2(πnx)

18

cos2(ax), a 6= πn
x

2
+

sin[a(2x− 1)]

4 sin a

19

cos2(πnx) x cos2(πnx)

20

x sin(2ax), a 6= πn
sin(2ax)

4 sin2 a
− x

cos[a(2x− 1)]

2 sin a

21

x sin(2πnx) 1
2
x(x− 1) sin(2πnx)

22

x cos(2ax), a 6= πn
cos(2ax)

4 sin2 a
+ x

sin[a(2x− 1)]

2 sin a

23

x cos(2πnx) 1
2
x(x− 1) cos(2πnx)

24

ax sin(bx), a > 0, a 6= 1 ax
a sin[b(x− 1)]− sin(bx)

a2 − 2a cos b+ 1

25

ax cos(bx), a > 0, a 6= 1 ax
a cos[b(x− 1)]− cos(bx)

a2 − 2a cos b+ 1
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ïðèâîäèò ê óðàâíåíèþ âèäà 9.1.2.2:

u(ξ + 1)− u(ξ) = f(2ξ).

4. y(x+ 1) − ay(x) = 0.

Ëèíåéíîå îäíîðîäíîå ðàçíîñòíîå óðàâíåíèå ïåðâîãî ïîðÿäêà ñ ïîñòîÿííûìè

êîý��èöèåíòàìè.

1◦. �åøåíèå ïðè a > 0:

y(x) = Θ(x)ax,

ãäå Θ(x) = Θ(x+ 1)�ïðîèçâîëüíàÿ ïåðèîäè÷åñêàÿ �óíêöèÿ ñ ïåðèîäîì 1.

Ïðè Θ(x)≡ const èìååì ÷àñòíîå ðåøåíèå y(x)=Cax, ãäå C�ïðîèçâîëüíàÿ

ïîñòîÿííàÿ.

2◦. �åøåíèå ïðè a < 0:

y(x) = Θ1(x)|a|x sin(πx) + Θ2(x)|a|x cos(πx),

ãäå Θk(x) = Θk(x + 1)�ïðîèçâîëüíûå ïåðèîäè÷åñêèå �óíêöèè ñ ïåðèîäîì 1

(k = 1, 2).

5. y(x+ 1) − ay(x) = f(x).

Ëèíåéíîå íåîäíîðîäíîå ðàçíîñòíîå óðàâíåíèå ïåðâîãî ïîðÿäêà ñ ïîñòîÿííûìè

êîý��èöèåíòàìè.

1◦. �åøåíèå:

y(x) =

{
Θ(x)ax + ȳ(x) ïðè a > 0,

Θ1(x)|a|x sin(πx) + Θ2(x)|a|x cos(πx) + ȳ(x) ïðè a < 0,

ãäå Θ(x), Θ1(x), Θ2(x)�ïðîèçâîëüíûå ïåðèîäè÷åñêèå �óíêöèè ñ ïåðèîäîì 1,

à ȳ(x)�ëþáîå ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ.

2◦. Ïðè f(x) =
n∑
k=0

bkx
n
è a 6= 1 íåîäíîðîäíîå óðàâíåíèå èìååò ÷àñòíîå

ðåøåíèå ȳ(x)=
n∑
k=0

Akx
n
, ãäå ïîñòîÿííûå Ak îïðåäåëÿþòñÿ ñ ïîìîùüþ ìåòîäà

íåîïðåäåëåííûõ êîý��èöèåíòîâ.

3◦. Ïðè f(x) =
n∑
k=1

bke
λkx

íåîäíîðîäíîå óðàâíåíèå èìååò ÷àñòíîå ðåøåíèå

ȳ(x) =





n∑

k=1

bk
eλk − a

eλkx ïðè a 6= eλm ,

bmxe
λm(x−1) +

n∑

k=1, k 6=m

bk
eλk − a

eλkx ïðè a = eλm ,

ãäå m = 1, . . . , n.
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4◦. Ïðè f(x) =
n∑
k=1

bk cos(βkx) íåîäíîðîäíîå óðàâíåíèå èìååò ÷àñòíîå

ðåøåíèå

ȳ(x) =

n∑

k=1

bk
a2 + 1− 2a cos βk

[
(cos βk − a) cos(βkx) + sin βk sin(βkx)

]
.

5◦. Ïðè f(x) =
n∑
k=1

bk sin(βkx) íåîäíîðîäíîå óðàâíåíèå èìååò ÷àñòíîå

ðåøåíèå

ȳ(x) =
n∑

k=1

bk
a2 + 1− 2a cos βk

[
(cos βk − a) sin(βkx)− sin βk cos(βkx)

]
.

6. y(x+ 1) − xy(x) = 0.

�åøåíèå (Ìèðîëþáîâ & Ñîëäàòîâ, 1981):

y(x) = Θ(x)Γ(x), Γ(x) =
∫ ∞

0
tx−1e−t dt,

ãäå Γ(x) � ãàììà-�óíêöèÿ, Θ(x) = Θ(x + 1) � ïðîèçâîëüíàÿ ïåðèîäè÷åñêàÿ

�óíêöèÿ ñ ïåðèîäîì 1.

Ïðîñòåéøåå ÷àñòíîå ðåøåíèå ñîîòâåòñòâóåò Θ(x) ≡ 1.

7. y(x+ 1) − a(x− b)(x− c)y(x) = 0.

�åøåíèå (Ìèðîëþáîâ & Ñîëäàòîâ, 1981):

y(x) = Θ(x)axΓ(x− b)Γ(x− c),

ãäå Γ(x)� ãàììà-�óíêöèÿ, Θ(x)�ïðîèçâîëüíàÿ ïåðèîäè÷åñêàÿ �óíêöèÿ ñ ïå-

ðèîäîì 1.

8. y(x+1)−R(x)y(x) = 0, R(x) = a
(x− λ1)(x− λ2) . . . (x− λn)

(x− µ1)(x− µ2) . . . (x− µm)
.

�åøåíèå (Ìèðîëþáîâ & Ñîëäàòîâ, 1981):

y(x) = Θ(x)ax
Γ(x− λ1)Γ(x− λ2) . . .Γ(x− λn)

Γ(x− µ1)Γ(x− µ2) . . .Γ(x− µm)
,

ãäå Γ(x)� ãàììà-�óíêöèÿ, Θ(x)�ïðîèçâîëüíàÿ ïåðèîäè÷åñêàÿ �óíêöèÿ ñ ïå-

ðèîäîì 1.

9. y(x+ 1) − aeλxy(x) = 0.

�åøåíèå:

y(x) = Θ(x)ax exp
(
1
2 λx

2 − 1
2 λx

)
,

ãäå Θ(x)�ïðîèçâîëüíàÿ ïåðèîäè÷åñêàÿ �óíêöèÿ ñ ïåðèîäîì 1.
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10. y(x+ 1) − aeµx2+λxy(x) = 0.

�åøåíèå:

y(x) = Θ(x)ax exp
[
1
3 µx

3 + 1
2 (λ− µ)x2 + 1

6 (µ− 3λ)x
]
,

ãäå Θ(x)�ïðîèçâîëüíàÿ ïåðèîäè÷åñêàÿ �óíêöèÿ ñ ïåðèîäîì 1.

11. y(x+ 1) − f(x)y(x) = 0.

Ëèíåéíîå îäíîðîäíîå ðàçíîñòíîå óðàâíåíèå ïåðâîãî ïîðÿäêà îáùåãî âèäà.

1◦. Ïóñòü f(x) � çàäàííàÿ íåïðåðûâíàÿ �óíêöèÿ â [0,∞), à y1 = y1(x) �
íåòðèâèàëüíîå ÷àñòíîå ðåøåíèå èñõîäíîãî óðàâíåíèÿ. Òîãäà îáùåå ðåøåíèå

ýòîãî óðàâíåíèÿ èìååò âèä

y(x) = Θ(x)y1(x),

ãäå Θ(x) = Θ(x+ 1)�ïðîèçâîëüíàÿ ïåðèîäè÷åñêàÿ �óíêöèÿ ñ ïåðèîäîì 1.

2◦. Ïóñòü f(x) = f(x + 1)� çàäàííàÿ íåïðåðûâíàÿ ïîëîæèòåëüíàÿ ïåðèî-

äè÷åñêàÿ �óíêöèÿ ñ ïåðèîäîì 1. Â ýòîì ñëó÷àå ðåøåíèå èñõîäíîãî óðàâíåíèÿ

îïðåäåëÿåòñÿ �îðìóëîé

y(x) = Θ(x)
[
f(x)

]x
,

ãäå Θ(x) = Θ(x+ 1)�ïðîèçâîëüíàÿ ïåðèîäè÷åñêàÿ �óíêöèÿ ñ ïåðèîäîì 1.

Ïðè Θ(x) ≡ const èìååì ÷àñòíîå ðåøåíèå y(x) = C
[
f(x)

]x
, ãäå C �

ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

3◦. Çàäà÷à Êîøè: òðåáóåòñÿ íàéòè ðåøåíèå ðàññìàòðèâàåìîãî óðàâíåíèÿ â

îáëàñòè x > 1 ñ íà÷àëüíûì óñëîâèåì

y(x) = ϕ(x) ïðè 0 6 x < 1,

ãäå ϕ(x)�íåïðåðûâíàÿ �óíêöèÿ, çàäàííàÿ íà îòðåçêå 0 6 x 6 1.
�åøåíèå çàäà÷è Êîøè çàïèñûâàåòñÿ òàê:

y(x) = ϕ({x})
[x]∏

k=1

f(x− k),

ãäå [x] è {x} îáîçíà÷àþò ñîîòâåòñòâåííî öåëóþ è äðîáíóþ ÷àñòè àðãóìåíòà x
(x = [x] + {x}) è ïðîèçâåäåíèå äëÿ [x] = 0 ïðèíèìàåòñÿ ðàâíûì åäèíèöå.

Ýòî ðåøåíèå ÿâëÿåòñÿ íåïðåðûâíûì, åñëè îíî íåïðåðûâíî â öåëûõ òî÷êàõ

x = 1, 2, . . . , ÷òî ïðèâîäèò ê óñëîâèþ

ϕ(1) = f(0)ϕ(0).

12. y(x+ 1) − f(x)y(x) = g(x).

Ëèíåéíîå íåîäíîðîäíîå ðàçíîñòíîå óðàâíåíèå ïåðâîãî ïîðÿäêà îáùåãî âèäà.

Çäåñü f(x) è g(x)� çàäàííûå íåïðåðûâíûå �óíêöèè, 0 6 x <∞.
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1◦. Îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ ìîæåò áûòü ïðåäñòàâëåíî â âèäå ñóì-
ìû

y(x) = u(x) + ỹ(x),

ãäå ïåðâûé ÷ëåí u(x) ÿâëÿåòñÿ îáùèì ðåøåíèåì ñîîòâåòñòâóþùåãî îäíîðîä-

íîãî óðàâíåíèÿ (ïðè g ≡ 0), à âòîðîé ÷ëåí ỹ(x)� ÷àñòíîå ðåøåíèå èñõîäíîãî

óðàâíåíèÿ.

2◦. Ïóñòü g(x) = g(x+1)�ïåðèîäè÷åñêàÿ �óíêöèÿ ñ ïåðèîäîì 1, à y1(x)�
ðåøåíèå èñõîäíîãî óðàâíåíèÿ äëÿ ÷àñòíîãî ñëó÷àÿ g(x) ≡ 1. Òîãäà �óíêöèÿ

y(x) = g(x)y1(x)

ÿâëÿåòñÿ ðåøåíèåì èñõîäíîãî óðàâíåíèÿ.

3◦. Çàäà÷à Êîøè: òðåáóåòñÿ íàéòè ðåøåíèå ðàññìàòðèâàåìîãî óðàâíåíèÿ â

îáëàñòè x > 1 ñ íà÷àëüíûì óñëîâèåì

y(x) = ϕ(x) ïðè 0 6 x < 1,

ãäå ϕ(x)�íåïðåðûâíàÿ �óíêöèÿ, çàäàííàÿ íà îòðåçêå 0 6 x 6 1.
�åøåíèå çàäà÷è Êîøè çàïèñûâàåòñÿ òàê:

y(x) = ϕ({x})
[x]∏

j=1

f(x− j) +

[x]∑

i=1

g(x− i)

i−1∏

j=1

f(x− j),

ãäå [x] è {x} îáîçíà÷àþò öåëóþ è äðîáíóþ ÷àñòè x (x = [x] + {x}), à ïðîèçâå-
äåíèå è ñóììà ïðè [x] = 0 ñîîòâåòñòâåííî ïðèíèìàåòñÿ ðàâíûìè 1 è 0.

Åñëè èçâåñòíî íåòðèâèàëüíîå ÷àñòíîå ðåøåíèå y1(x) îäíîðîäíîãî óðàâ-

íåíèÿ ñ g(x) ≡ 0, òî ðåøåíèå çàäà÷è Êîøè äëÿ èñõîäíîãî íåîäíîðîäíîãî

óðàâíåíèÿ èìååò âèä

y(x) = y1(x)

[
ϕ({x})
y1(0)

+

[x]∑

i=1

g(x− i)

y1(x− i+ 1)

]
.

13. y(x+ a)− by(x) = 0.

�åøåíèå:

y(x) = Θ(x)bx/a,

ãäå Θ(x) = Θ(x+ a)�ïðîèçâîëüíàÿ ïåðèîäè÷åñêàÿ �óíêöèÿ ñ ïåðèîäîì a.
Ïðè Θ(x)≡ const èìååì ÷àñòíîå ðåøåíèå y(x) =Cbx/a, ãäå C�ïðîèçâîëü-

íàÿ ïîñòîÿííàÿ.

14. y(x+ a)− by(x) = f(x).

1◦. �åøåíèå:
y(x) = Θ(x)bx/a + ȳ(x),

ãäå Θ(x) = Θ(x + a)� ïðîèçâîëüíàÿ ïåðèîäè÷åñêàÿ �óíêöèÿ ñ ïåðèîäîì a, à
ȳ(x)�÷àñòíîå ðåøåíèå ðàññìàòðèâàåìîãî íåîäíîðîäíîãî óðàâíåíèÿ.
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2◦. Ïðè f(x) =
n∑
k=0

Akx
n
è b 6= 1 íåîäíîðîäíîå óðàâíåíèå èìååò ÷àñòíîå

ðåøåíèå âèäà ȳ(x) =
n∑
k=0

Bkx
n
, ãäå ïîñòîÿííûå Bk îïðåäåëÿþòñÿ ìåòîäîì

íåîïðåäåëåííûõ êîý��èöèåíòîâ.

3◦. Ïðè f(x) =
n∑
k=1

Ak exp(λkx) íåîäíîðîäíîå óðàâíåíèå èìååò ÷àñòíîå ðå-

øåíèå âèäà ȳ(x) =
n∑
k=1

Bk exp(λkx), ãäå ïîñòîÿííûå Bk îïðåäåëÿþòñÿ ìåòîäîì

íåîïðåäåëåííûõ êîý��èöèåíòîâ.

4◦. Ïðè f(x) =
n∑
k=1

Ak cos(λkx) íåîäíîðîäíîå óðàâíåíèå èìååò ÷àñòíîå

ðåøåíèå âèäà ȳ(x) =
n∑
k=1

Bk cos(λkx) +
n∑
k=1

Dk sin(λkx), ãäå ïîñòîÿííûå Bk

è Dk îïðåäåëÿþòñÿ ìåòîäîì íåîïðåäåëåííûõ êîý��èöèåíòîâ.

5◦. Ïðè f(x) =
n∑
k=1

Ak sin(λkx) íåîäíîðîäíîå óðàâíåíèå èìååò ÷àñòíîå

ðåøåíèå âèäà ȳ(x) =
n∑
k=1

Bk cos(λkx) +
n∑
k=1

Dk sin(λkx), ãäå ïîñòîÿííûå Bk

è Dk îïðåäåëÿþòñÿ ìåòîäîì íåîïðåäåëåííûõ êîý��èöèåíòîâ.

15. y(x+ a)− bxy(x) = 0, a, b > 0.

�åøåíèå:

y(x) = Θ(x)
∫ ∞

0
t(x/a)−1e−t/(ab) dt,

ãäå Θ(x) = Θ(x+ a)�ïðîèçâîëüíàÿ ïåðèîäè÷åñêàÿ �óíêöèÿ ñ ïåðèîäîì a.

16. y(x+ a)− f(x)y(x) = 0.

Çäåñü f(x) = f(x + a) � çàäàííàÿ ïîëîæèòåëüíàÿ ïåðèîäè÷åñêàÿ �óíêöèÿ ñ

ïåðèîäîì a.
�åøåíèå:

y(x) = Θ(x)
[
f(x)

]x/a
,

ãäå Θ(x) = Θ(x+ a)�ïðîèçâîëüíàÿ ïåðèîäè÷åñêàÿ �óíêöèÿ ñ ïåðèîäîì a.

Ïðè Θ(x) ≡ const èìååì ÷àñòíîå ðåøåíèå y(x) = C
[
f(x)

]x/a
, ãäå C �

ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

◮ Íåëèíåéíûå ðàçíîñòíûå óðàâíåíèÿ ïåðâîãî ïîðÿäêà.

17. y(x+a) = 2y(x)+ by2(x).

�åøåíèå (Ïåëþõ & Øàðêîâñêèé, 1974):

y(x) =
1

b

{
exp

[
2
x
a Θ(x)

]
− 1

}
,
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ãäå Θ(x) = Θ(x+ a)�ïðîèçâîëüíàÿ ïåðèîäè÷åñêàÿ �óíêöèÿ ñ ïåðèîäîì a.

18. y(x+ a)− by2(x) = f(x).

×àñòíûé ñëó÷àé óðàâíåíèÿ 9.1.2.23.

19. y(x)y(x+ 1) + a[y(x+ 1) − y(x)] = 0.

�åøåíèå:

y(x) =
a

x+Θ(x)
,

ãäå Θ(x) = Θ(x+ 1)�ïðîèçâîëüíàÿ ïåðèîäè÷åñêàÿ �óíêöèÿ ñ ïåðèîäîì 1.

20. y(x)y(x+ 1) = f(x)y(x+ 1) + g(x)y(x) + h(x).

�àçíîñòíîå óðàâíåíèå �èêêàòè. Çäåñü �óíêöèè f(x), g(x), h(x) óäîâëåòâîðÿþò
óñëîâèþ f(x)g(x) + h(x) 6≡ 0.

1◦. Ïîäñòàíîâêà

y(x) =
u(x+ 1)

u(x)
+ f(x)

ïðèâîäèò ê ëèíåéíîìó ðàçíîñòíîìó óðàâíåíèþ âòîðîãî ïîðÿäêà

u(x+ 2) + [a(x+ 1)− g(x)]u(x + 1)− [f(x)g(x) + h(x)]u(x) = 0.

2◦. Ïóñòü y0(x)� ÷àñòíîå ðåøåíèå ðàçíîñòíîãî óðàâíåíèÿ �èêêàòè. Òîãäà

ïîäñòàíîâêà

z(x) =
1

y(x)− y0(x)

ïðèâîäèò ýòî óðàâíåíèå ê ëèíåéíîìó íåîäíîðîäíîìó ðàçíîñòíîìó óðàâíåíèþ

ïåðâîãî ïîðÿäêà

z(x+ 1) +
[y0(x)− f(x)]2

f(x)g(x) + h(x)
z(x) +

y0(x)− f(x)

f(x)g(x) + h(x)
= 0.

21. y(x+ a)− byλ(x) = f(x).

×àñòíûé ñëó÷àé óðàâíåíèÿ 9.1.2.23.

22. y(x+ 1) = f
((
y(x)

))
.

×àñòíûé ñëó÷àé óðàâíåíèÿ 9.1.2.23. Çäåñü f(y)� çàäàííàÿ íåïðåðûâíàÿ �óíê-

öèÿ, 0 6 x <∞.

�åøåíèå:

y(x) = f [n]
(
ϕ({x})

)
, n = [x].

Çäåñü [x] è {x} îáîçíà÷àþò öåëóþ è äðîáíóþ ÷àñòè x, à ϕ(x)� ëþáàÿ íåïðå-

ðûâíàÿ �óíêöèÿ íà [0, 1) òàêàÿ, ÷òî ϕ(0) = a, ϕ(1 − 0) = f(a), ãäå a �
ïðîèçâîëüíàÿ ïîñòîÿííàÿ.
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23. F
((
x, y(x), y(x+ a)

))
= 0.

Ïóñòü a > 0. �àçðåøèâ óðàâíåíèå îòíîñèòåëüíî y(x+ a), ïîëó÷èì

y(x+ a) = f
(
x, y(x)

)
. (1)

1◦. Ñíà÷àëà áóäåì ñ÷èòàòü, ÷òî óðàâíåíèå îïðåäåëåíî íà äèñêðåòíîì ìíî-

æåñòâå òî÷åê x = x0 + ak, ãäå k � öåëîå ÷èñëî. Çàäàâ íà÷àëüíîå çíà÷åíèå

y(x0), ìîæíî èñïîëüçîâàòü (1) äëÿ ïîñëåäîâàòåëüíîãî íàõîæäåíèÿ y(x0 + a),
y(x0 + 2a) è ò. ä.

�àçðåøèâ óðàâíåíèå îòíîñèòåëüíî y(x), èìååì

y(x) = g
(
x, y(x+ a)

)
. (2)

Ïîëîæèâ x=x0−a, ìîæíî íàéòè y(x0−a), à çàòåì àíàëîãè÷íî y(x0−2a) è ò. ä.
Òàêèì îáðàçîì, çàäàâ íà÷àëüíûå äàííûå, ìîæíî ñ ïîìîùüþ óðàâíåíèÿ

íàéòè �óíêöèþ y(x) âî âñåõ òî÷êàõ x0 + ak, ãäå k = 0,±1,±2, . . .

2◦. Òåïåðü áóäåì ñ÷èòàòü, ÷òî àðãóìåíò x â óðàâíåíèè èçìåíÿåòñÿ íåïðå-

ðûâíî, à y(x) ÿâëÿåòñÿ íåïðåðûâíîé �óíêöèåé, ïðîèçâîëüíî çàäàííîé íà ïî-

ëóèíòåðâàëå [0, a). Ïîëîæèâ x = 0 â (1), ìîæíî íàéòè y(a). Çàòåì, ó÷èòûâàÿ
èçâåñòíûå çíà÷åíèÿ y(x) íà [0, a], áóäåì èñïîëüçîâàòü (1), ÷òîáû íàéòè y(x) íà
x ∈ [a, 2a], çàòåì íà x ∈ [2a, 3a] è ò. ä.

Çàìå÷àíèå 9.4. Ñëó÷àé a < 0 ñ ïîìîùüþ çàìåíû ïåðåìåííîé z = x + a ìîæíî

ñâåñòè ê óðàâíåíèþ âèäà F
(
z + b, y(z + b), y(z)

)
= 0 ïðè b = −a > 0, êîòîðîå áûëî

ðàññìîòðåíî âûøå.

◮ Ëèíåéíûå ðàçíîñòíûå óðàâíåíèÿ âòîðîãî ïîðÿäêà.

24. ay(x+2)+ by(x+1)+ cy(x) = 0, ac 6= 0.

Ëèíåéíîå îäíîðîäíîå ðàçíîñòíîå óðàâíåíèå âòîðîãî ïîðÿäêà ñ ïîñòîÿííûìè

êîý��èöèåíòàìè.

Ýòî óðàâíåíèå èìååò òðèâèàëüíîå ðåøåíèå y(x) ≡ 0.
Îáùåå ðåøåíèå èñõîäíîãî ðàçíîñòíîãî óðàâíåíèÿ îïðåäåëÿåòñÿ êîðíÿìè

õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

aλ2 + bλ+ c = 0. (1)

1◦. Ïðè b2 − 4ac > 0 êâàäðàòíîå óðàâíåíèå (1) èìååò äâà ðàçíûõ äåéñòâè-

òåëüíûõ êîðíÿ:

λ1 =
−b+

√
b2 − 4ac

2a
, λ2 =

−b−
√
b2 − 4ac

2a
.

Â ýòîì ñëó÷àå îáùåå ðåøåíèå èñõîäíîãî ðàçíîñòíîãî óðàâíåíèÿ îïðåäåëÿåòñÿ

�îðìóëàìè

y(x) = Θ1(x)λ
x
1 +Θ2(x)λ

x
2 ïðè ab < 0, ac > 0;

y(x) = Θ1(x)λ
x
1 +Θ2(x)|λ2|x cos(πx) ïðè ac < 0;

y(x) = Θ1(x)|λ1|x cos(πx) + Θ2(x)|λ2|x cos(πx) ïðè ab > 0, ac > 0,

(2)

ãäå Θ1(x) è Θ2(x)�ïðîèçâîëüíûå ïåðèîäè÷åñêèå �óíêöèè ñ ïåðèîäîì 1.
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2◦. Ïðè b2 − 4ac = 0 êâàäðàòíîå óðàâíåíèå (1) èìååò îäèí êðàòíûé êîðåíü

λ = − b

2a
,

à îáùåå ðåøåíèå èñõîäíîãî ðàçíîñòíîãî óðàâíåíèÿ çàïèñûâàåòñÿ òàê:

y =
[
Θ1(x) + xΘ2(x)

]
λx ïðè ab < 0,

y =
[
Θ1(x) + xΘ2(x)

]
|λ|x cos(πx) ïðè ab > 0.

(3)

3◦. Ïðè b2 − 4ac < 0 êâàäðàòíîå óðàâíåíèå (1) èìååò êîìïëåêñíî ñîïðÿ-

æåííûå êîðíè

λ1,2 = ρ(cos β ± i sin β), ρ =
c

a
, β = arccos

(
− b

2
√
ac

)
, (4)

à îáùåå ðåøåíèå èñõîäíîãî ðàçíîñòíîãî óðàâíåíèÿ èìååò âèä

y = Θ1(x)ρ
x cos(βx) + Θ2(x)ρ

x sin(βx),

ãäå Θ1(x) è Θ2(x)�ïðîèçâîëüíûå ïåðèîäè÷åñêèå �óíêöèè ñ ïåðèîäîì 1.

25. y(x+ 2) + ay(x+ 1) + by(x) = f(x).

Ëèíåéíîå íåîäíîðîäíîå ðàçíîñòíîå óðàâíåíèå âòîðîãî ïîðÿäêà ñ ïîñòîÿííû-

ìè êîý��èöèåíòàìè.

1◦. �åøåíèå:
y(x) = Y (x) + ȳ(x),

ãäå Y (x) � îáùåå ðåøåíèå ñîîòâåòñòâóþùåãî îäíîðîäíîãî ðàçíîñòíîãî óðàâ-

íåíèÿ Y (x+2)+ aY (x+1)+ bY (x) = 0 (ñì. ïðåäûäóùåå óðàâíåíèå), à ȳ(x)�
ëþáîå ÷àñòíîå ðåøåíèå ðàññìàòðèâàåìîãî íåîäíîðîäíîãî óðàâíåíèÿ.

2◦. Ïðè f(x) =
n∑
k=0

Akx
n
è a + b + 1 6= 1 íåîäíîðîäíîå óðàâíåíèå èìååò

÷àñòíîå ðåøåíèå âèäà ȳ(x) =
n∑
k=0

Bkx
n
, ãäå ïîñòîÿííûå Bk îïðåäåëÿþòñÿ

ìåòîäîì íåîïðåäåëåííûõ êîý��èöèåíòîâ.

3◦. Ïðè f(x) =
n∑
k=1

Ak exp(λkx) íåîäíîðîäíîå óðàâíåíèå èìååò ÷àñòíîå ðå-

øåíèå âèäà ȳ(x) =
n∑
k=1

Bk exp(λkx), ãäå ïîñòîÿííûå Bk îïðåäåëÿþòñÿ ìåòîäîì

íåîïðåäåëåííûõ êîý��èöèåíòîâ.

4◦. Ïðè f(x) =
n∑
k=1

Ak cos(λkx) íåîäíîðîäíîå óðàâíåíèå èìååò ÷àñòíîå

ðåøåíèå âèäà ȳ(x) =
n∑
k=1

Bk cos(λkx) +
n∑
k=1

Dk sin(λkx), ãäå ïîñòîÿííûå Bk

è Dk îïðåäåëÿþòñÿ ìåòîäîì íåîïðåäåëåííûõ êîý��èöèåíòîâ.
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5◦. Ïðè f(x) =
n∑
k=1

Ak sin(λkx) íåîäíîðîäíîå óðàâíåíèå èìååò ÷àñòíîå

ðåøåíèå âèäà ȳ(x) =
n∑
k=1

Bk cos(λkx) +
n∑
k=1

Dk sin(λkx), ãäå ïîñòîÿííûå Bk

è Dk îïðåäåëÿþòñÿ ìåòîäîì íåîïðåäåëåííûõ êîý��èöèåíòîâ.

26. y(x+ 2) + a(x+ 1)y(x+ 1) + bx(x+ 1)y(x) = 0.

Ýòî ðàçíîñòíîå óðàâíåíèå èìååò ÷àñòíûå ðåøåíèÿ âèäà

y(x;λ) =
∫ ∞

0
tx−1e−t/λ dt, (1)

ãäå λ�êîðåíü êâàäðàòíîãî óðàâíåíèÿ

λ2 + aλ+ b = 0. (2)

Äëÿ ñõîäèìîñòè èíòåãðàëà â ïðàâîé ÷àñòè (1) íåîáõîäèìî âûáðàòü êîðíè óðàâ-

íåíèÿ (2), óäîâëåòâîðÿþùèå óñëîâèþ Reλ > 0. Åñëè îáà êîðíÿ λ1 è λ2 óäî-

âëåòâîðÿþò ýòîìó óñëîâèþ, òî îáùåå ðåøåíèå èñõîäíîãî �óíêöèîíàëüíîãî

óðàâíåíèÿ èìååò âèä

y(x) = Θ1(x)y(x, λ1) + Θ2(x)y(x, λ2),

ãäå Θ1(x) è Θ2(x)�ïðîèçâîëüíûå ïåðèîäè÷åñêèå �óíêöèè ñ ïåðèîäîì 1.

27. y(x+ 2) = f(x)y(x+ 1) + a[f(x) + a]y(x) + g(x).

Ïîäñòàíîâêà

u(x) = y(x+ 1) + ay(x)

ïðèâîäèò ê ðàçíîñòíîìó óðàâíåíèþ ïåðâîãî ïîðÿäêà

u(x+ 1) = [f(x) + a]u(x) + g(x).

28. y(x+ 2) + f(x)y(x+ 1) + g(x)y(x) = 0, g(x) 6≡ 0.

Ëèíåéíîå îäíîðîäíîå ðàçíîñòíîå óðàâíåíèå âòîðîãî ïîðÿäêà ñ ïåðåìåííûìè

êîý��èöèåíòàìè îáùåãî âèäà.

Ýòî óðàâíåíèå èìååò òðèâèàëüíîå ðåøåíèå y(x) ≡ 0.

1◦. Ïóñòü y1(x) è y2(x)� äâà ÷àñòíûõ ðåøåíèÿ ýòîãî óðàâíåíèÿ, óäîâëå-

òâîðÿþùèå óñëîâèþ

D(x) ≡ y1(x)y2(x+ 1)− y2(x)y1(x+ 1) 6= 0. (1)

Òîãäà îáùåå ðåøåíèå èñõîäíîãî ðàçíîñòíîãî óðàâíåíèÿ èìååò âèä

y(x) = Θ1(x)y1(x) + Θ2(x)y2(x),

ãäå Θ1(x) è Θ2(x)�ïðîèçâîëüíûå ïåðèîäè÷åñêèå �óíêöèè ñ ïåðèîäîì 1.

Óñëîâèå (1) ìîæåò íàðóøàòüñÿ â îñîáûõ òî÷êàõ èñõîäíîãî óðàâíåíèÿ.
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2◦. Ïóñòü y0(x) � íåòðèâèàëüíîå ÷àñòíîå ðåøåíèå èñõîäíîãî óðàâíåíèÿ.

Òîãäà ïîäñòàíîâêà

y(x) = y0(x)u(x) (2)

ïðèâîäèò ê óðàâíåíèþ

y0(x+ 2)u(x + 2) + f(x)y0(x+ 1)u(x+ 1) + g(x)y0(x)u(x) = 0. (3)

Ó÷èòûâàÿ, ÷òî y0(x) óäîâëåòâîðÿåò èñõîäíîìó óðàâíåíèþ, ïîäñòàâèì âûðàæå-

íèå

f(x)y0(x+ 1) = −y0(x+ 2)− g(x)y0(x)

â (3). Ïîñëå ýëåìåíòàðíûõ ïðåîáðàçîâàíèé ïîëó÷èì

y0(x+ 2)[u(x + 2)− u(x+ 1)]− g(x)y0(x)[u(x + 1)− u(x)] = 0.

Ââåäÿ íîâóþ ïåðåìåííóþ

w(x) = u(x+ 1)− u(x), (4)

ïðèõîäèì ê ðàçíîñòíîìó óðàâíåíèþ ïåðâîãî ïîðÿäêà

y0(x+ 2)w(x + 1)− g(x)y0(x)w(x) = 0.

Ïîñëå ðåøåíèÿ ýòîãî óðàâíåíèÿ ðåøàåòñÿ íåîäíîðîäíîå óðàâíåíèå ïåðâîãî

ïîðÿäêà ñ ïîñòîÿííûìè êîý��èöèåíòàìè (4), à çàòåì ñ ïîìîùüþ (2) íàõîäèòñÿ

ðåøåíèå èñõîäíîãî óðàâíåíèÿ.

◮ Íåëèíåéíûå ðàçíîñòíûå óðàâíåíèÿ âòîðîãî ïîðÿäêà.

29. y(x)y(x+2) = f(x)y2(x+1)+ g(x)y(x)y(x+1)+h(x)y2(x).

×àñòíûé ñëó÷àé óðàâíåíèÿ 9.1.2.37. Ïîäñòàíîâêà u(x)=y(x+1)/y(x) ïðèâîäèò
ê ðàçíîñòíîìó óðàâíåíèþ ïåðâîãî ïîðÿäêà

u(x)u(x+ 1) = f(x)u2(x) + g(x)u(x) + h(x).

30. y(x+1)y(x+2)=f(x)y(x)y(x+2)+g(x)y2(x+1)+h(x)y(x)y(x+1).

×àñòíûé ñëó÷àé óðàâíåíèÿ 9.1.2.37. Ïîäñòàíîâêà u(x)=y(x+1)/y(x) ïðèâîäèò
ê óðàâíåíèþ �èêêàòè 9.1.2.20:

u(x)u(x + 1) = f(x)u(x+ 1) + g(x)u(x) + h(x).

31. yk−1(x)y(x+2)=f(x)yk(x+1)+g(x)yk−n(x)yn(x+1)+h(x)yk(x).

×àñòíûé ñëó÷àé óðàâíåíèÿ 9.1.2.37. Ïîäñòàíîâêà u(x)=y(x+1)/y(x) ïðèâîäèò
ê ðàçíîñòíîìó óðàâíåíèþ ïåðâîãî ïîðÿäêà

u(x)u(x+ 1) = f(x)uk(x) + g(x)un(x) + h(x).
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32. y(x+ 2) = a2y(x) + F
((
x, y(x+ 1) − ay(x)

))
.

1◦. Ïîäñòàíîâêà u(x)= y(x+1)−ay(x) ïðèâîäèò ê ðàçíîñòíîìó óðàâíåíèþ
ïåðâîãî ïîðÿäêà

u(x+ 1) = −au(x) + F
(
x, u(x)

)
.

2◦. Ïðè F (x, u) = f(u) è a > 0 ðàññìàòðèâàåìîå óðàâíåíèå èìååò ÷àñòíîå
ðåøåíèå âèäà

y = Θ(x)ax + k,

ãäå Θ(x) = Θ(x + 1) � ïðîèçâîëüíàÿ ïåðèîäè÷åñêàÿ �óíêöèÿ ñ ïåðèîäîì 1,

à k�êîðåíü àëãåáðàè÷åñêîãî (òðàíñöåíäåíòíîãî) óðàâíåíèÿ

(a2 − 1)k + f
(
(1− a)k

)
= 0.

33. y(x+ 2) = x(x+ 1)y(x) + F
((
x, y(x+ 1) + xy(x)

))
.

Ïîäñòàíîâêà u(x) = y(x + 1) + xy(x) ïðèâîäèò ê ðàçíîñòíîìó óðàâíåíèþ

ïåðâîãî ïîðÿäêà

u(x+ 1) = (x+ 1)u(x) + F
(
x, u(x)

)
.

34. y(x+ 2) = x(x+ 1)y(x) + F
((
x, y(x+ 1) − xy(x)

))
.

Ïîäñòàíîâêà u(x) = y(x + 1) − xy(x) ïðèâîäèò ê ðàçíîñòíîìó óðàâíåíèþ

ïåðâîãî ïîðÿäêà

u(x+ 1) = −(x+ 1)u(x) + F
(
x, u(x)

)
.

35. y(x+ 2) = g(x)g(x+ 1)y(x) + F
((
x, y(x+ 1) + g(x)y(x)

))
.

Ïîäñòàíîâêà u(x) = y(x + 1) + g(x)y(x) ïðèâîäèò ê ðàçíîñòíîìó óðàâíåíèþ

ïåðâîãî ïîðÿäêà

u(x+ 1) = g(x + 1)u(x) + F
(
x, u(x)

)
.

36. y(x+ 2) = y(x)F
((
y(x+ 1)/y(x)

))
.

×àñòíûé ñëó÷àé óðàâíåíèÿ 9.1.2.37.

×àñòíîå ðåøåíèå:

y(x) = Θ(x)eλx,

ãäå Θ(x) = Θ(x + 1) � ïðîèçâîëüíàÿ ïåðèîäè÷åñêàÿ �óíêöèÿ ñ ïåðèîäîì 1,

à λ�êîðåíü àëãåáðàè÷åñêîãî (òðàíñöåíäåíòíîãî) óðàâíåíèÿ e2λ = f(eλ).

37. y(x+ 2) = y(x)F
((
x, y(x+ 1)/y(x)

))
.

Îäíîðîäíîå ðàçíîñòíîå óðàâíåíèå âòîðîãî ïîðÿäêà.

Ïîäñòàíîâêà u(x) = y(x + 1)/y(x) ïðèâîäèò ê ðàçíîñòíîìó óðàâíåíèþ

ïåðâîãî ïîðÿäêà

u(x)u(x + 1) = F
(
x, u(x)

)
.

38. F
((
x, y(x), y(x+ 1), y(x+ 2)

))
= 0.

Íåëèíåéíîå ðàçíîñòíîå óðàâíåíèå âòîðîãî ïîðÿäêà îáùåãî âèäà. ×àñòíûé ñëó-

÷àé óðàâíåíèÿ 9.1.2.45.
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◮ Ëèíåéíûå ðàçíîñòíûå óðàâíåíèÿ ñòàðøèõ ïîðÿäêîâ.

39. y(x+n)+ an−1y(x+n− 1)+ · · ·+ a1y(x+1)+ a0y(x) = 0.

Ëèíåéíîå îäíîðîäíîå ðàçíîñòíîå óðàâíåíèå n-ãî ïîðÿäêà ñ ïîñòîÿííûìè êî-

ý��èöèåíòàìè.

Ýòî óðàâíåíèå èìååò òðèâèàëüíîå ðåøåíèå y(x) ≡ 0.
Îáùåå ðåøåíèå èñõîäíîãî ðàçíîñòíîãî óðàâíåíèÿ îïðåäåëÿåòñÿ êîðíÿìè

õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

λn + an−1λ
n−1 + · · ·+ a1λ+ a0 = 0. (1)

�àññìîòðèì ñëåäóþùèå ñëó÷àè.

1◦. Âñå êîðíè λ1, λ2, . . . , λn óðàâíåíèÿ (1) äåéñòâèòåëüíû è ðàçëè÷íû. Â

ýòîì ñëó÷àå îáùåå ðåøåíèå èñõîäíîãî ðàçíîñòíîãî óðàâíåíèÿ ìîæíî ïðåäñòà-

âèòü â âèäå

y(x) = Θ1(x)λ
x
1 +Θ2(x)λ

x
2 + · · ·+Θn(x)λ

x
n, (2)

ãäå Θ1(x), Θ2(x), . . . , Θn(x)�ïðîèçâîëüíûå ïåðèîäè÷åñêèå �óíêöèè ñ ïåðèî-

äîì 1.

Ïðè Θk(x) ≡ Ck �îðìóëà (2) äàåò ÷àñòíîå ðåøåíèå

y(x) = C1λ
x
1 + C2λ

x
2 + · · ·+ Cnλ

x
n,

ãäå C1, C2, . . . , Cn �ïðîèçâîëüíûå ïîñòîÿííûå.

2◦. Èìååòñÿ m ðàâíûõ äåéñòâèòåëüíûõ êîðíåé, ò. å. λ1 = λ2 = · · · = λm
(m 6 n), à îñòàëüíûå êîðíè äåéñòâèòåëüíû è ðàçëè÷íû. Â ýòîì ñëó÷àå îáùåå

ðåøåíèå èñõîäíîãî ðàçíîñòíîãî óðàâíåíèÿ çàïèñûâàåòñÿ òàê:

y =
[
Θ1(x) + xΘ2(x) + · · ·+ xm−1Θm(x)

]
λx1

+Θm+1(x)λ
x
m+1 +Θm+2(x)λ

x
m+2 + · · ·+Θn(x)λ

x
n.

3◦. Èìååòñÿ m îäèíàêîâûõ êîìïëåêñíî ñîïðÿæåííûõ êîðíåé, ò. å.

λ = ρ(cos β ± i sin β) (2m 6 n),

à îñòàëüíûå êîðíè äåéñòâèòåëüíû è ðàçëè÷íû. Â ýòîì ñëó÷àå îáùåå ðåøåíèå

èñõîäíîãî ðàçíîñòíîãî óðàâíåíèÿ ìîæíî ïðåäñòàâèòü â âèäå

y = ρx cos(βx)
[
A1(x) + xA2(x) + · · ·+ xm−1Am(x)

]
+

+ ρx sin(βx)
[
B1(x) + xB2(x) + · · · + xm−1Bm(x)

]
+

+ Cm+1(x)λ
x
m+1 + Cm+2(x)λ

x
m+2 + · · ·+ Cn(x)λ

x
n,

ãäå A1(x), . . . , Am(x), B1(x), . . . , Bm(x), C2m+1(x), . . . , Cn(x)�ïðîèçâîëüíûå

ïåðèîäè÷åñêèå �óíêöèè ñ ïåðèîäîì 1.

40. y(x+n) + an−1y(x+n− 1) + · · ·+ a1y(x+1)+ a0y(x) = f(x).

Ëèíåéíîå íåîäíîðîäíîå ðàçíîñòíîå óðàâíåíèå n-ãî ïîðÿäêà ñ ïîñòîÿííûìè

êîý��èöèåíòàìè.
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1◦. �åøåíèå:
y(x) = Y (x) + ȳ(x),

ãäå Y (x) � îáùåå ðåøåíèå ñîîòâåòñòâóþùåãî îäíîðîäíîãî ðàçíîñòíîãî óðàâ-

íåíèÿ

Y (x+ n) + an−1Y (x+ n− 1) + · · ·+ a1Y (x+ 1) + a0Y (x) = 0

(ñì. ïðåäûäóùåå óðàâíåíèå), à ȳ(x) � ëþáîå ÷àñòíîå ðåøåíèå ðàññìàòðèâàå-

ìîãî íåîäíîðîäíîãî óðàâíåíèÿ.

2◦. Ïðè f(x) =
n∑
k=0

Akx
n
íåîäíîðîäíîå óðàâíåíèå èìååò ÷àñòíîå ðåøåíèå

âèäà ȳ(x) =
n∑
k=0

Bkx
n
, ãäå ïîñòîÿííûå Bk îïðåäåëÿþòñÿ ìåòîäîì íåîïðåäåëåí-

íûõ êîý��èöèåíòîâ.

3◦. Ïðè f(x) =
n∑
k=1

Ak exp(λkx) íåîäíîðîäíîå óðàâíåíèå èìååò ÷àñòíîå ðå-

øåíèå âèäà ȳ(x) =
n∑
k=1

Bk exp(λkx), ãäå ïîñòîÿííûå Bk îïðåäåëÿþòñÿ ìåòîäîì

íåîïðåäåëåííûõ êîý��èöèåíòîâ.

4◦. Ïðè f(x) =
n∑
k=1

Ak cos(λkx) íåîäíîðîäíîå óðàâíåíèå èìååò ÷àñòíîå

ðåøåíèå âèäà ȳ(x) =
n∑
k=1

Bk cos(λkx) +
n∑
k=1

Dk sin(λkx), ãäå ïîñòîÿííûå Bk

è Dk îïðåäåëÿþòñÿ ìåòîäîì íåîïðåäåëåííûõ êîý��èöèåíòîâ.

5◦. Ïðè f(x) =
n∑
k=1

Ak sin(λkx) íåîäíîðîäíîå óðàâíåíèå èìååò ÷àñòíîå

ðåøåíèå âèäà ȳ(x) =
n∑
k=1

Bk cos(λkx) +
n∑
k=1

Dk sin(λkx), ãäå ïîñòîÿííûå Bk

è Dk îïðåäåëÿþòñÿ ìåòîäîì íåîïðåäåëåííûõ êîý��èöèåíòîâ.

41. y(x+ bn) + an−1y(x+ bn−1) + · · · + a1y(x+ b1) + a0y(x) = 0.

Èìåþòñÿ ÷àñòíûå ðåøåíèÿ âèäà y(x) = λxk , ãäå λk � êîðíè àëãåáðàè÷åñêîãî

(òðàíñöåíäåíòíîãî) óðàâíåíèÿ

λbn + an−1λ
bn−1 + · · ·+ a1λ

b1 + a0 = 0.

◮ Íåëèíåéíûå ðàçíîñòíûå óðàâíåíèÿ ñòàðøèõ ïîðÿäêîâ.

42. y(x+n) = any(x)+F
((
x, y(x+1)−ay(x)

))
.

1◦. Ïîäñòàíîâêà u(x)= y(x+1)−ay(x) ïðèâîäèò ê ðàçíîñòíîìó óðàâíåíèþ
(n− 1)-ãî ïîðÿäêà.

Â ÷àñòíîñòè, ïðè n = 3 èìååì

u(x+ 2) + au(x+ 1) + a2u(x) = F
(
x, u(x)

)
.
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2◦. Ïðè F (x, u) = f(u) è a > 0 èñõîäíîå óðàâíåíèå äîïóñêàåò ÷àñòíîå

ðåøåíèå âèäà

y = Θ(x)ax + k,

ãäå Θ(x) = Θ(x + 1) � ïðîèçâîëüíàÿ ïåðèîäè÷åñêàÿ �óíêöèÿ ñ ïåðèîäîì 1,

à k�êîðåíü àëãåáðàè÷åñêîãî (òðàíñöåíäåíòíîãî) óðàâíåíèÿ

(an − 1)k + f
(
(1− a)k

)
= 0.

43. y(x+ n) = y(x)F
((
y(x+ 1)

y(x)
,
y(x+ 2)

y(x)
, . . . ,

y(x+ n− 1)

y(x)

))
.

×àñòíûé ñëó÷àé óðàâíåíèÿ 9.1.2.44.

×àñòíîå ðåøåíèå:

y(x) = Θ(x)eλx,

ãäå Θ(x) = Θ(x + 1) � ïðîèçâîëüíàÿ ïåðèîäè÷åñêàÿ �óíêöèÿ ñ ïåðèîäîì 1,

à λ�êîðåíü àëãåáðàè÷åñêîãî (òðàíñöåíäåíòíîãî) óðàâíåíèÿ

enλ = F
(
eλ, e2λ, . . . , e(n−1)λ

)
.

44. y(x+ n) = y(x)F
((
x,

y(x+ 1)

y(x)
,
y(x+ 2)

y(x)
, . . . ,

y(x+ n− 1)

y(x)

))
.

Íåëèíåéíîå îäíîðîäíîå ðàçíîñòíîå óðàâíåíèå n-ãî ïîðÿäêà.
Ïîäñòàíîâêà u(x) = y(x + 1)/y(x) ïðèâîäèò ê ðàçíîñòíîìó óðàâíåíèþ

(n− 1)-ãî ïîðÿäêà.

45. F
((
x, y(x), y(x+ 1), . . . , y(x+ n)

))
= 0.

Íåëèíåéíîå ðàçíîñòíîå óðàâíåíèå n-ãî ïîðÿäêà îáùåãî âèäà.

�àçðåøèâ óðàâíåíèå îòíîñèòåëüíî y(x+ n), ïîëó÷èì

y(x+ n) = f
(
x, y(x), y(x+ 1), . . . , y(x+ n− 1)

)
. (1)

1◦. Ñíà÷àëà áóäåì ñ÷èòàòü, ÷òî óðàâíåíèå îïðåäåëåíî íà äèñêðåòíîì ìíî-

æåñòâå òî÷åê x = x0 + k, ãäå k � öåëîå ÷èñëî. Çàäàâ íà÷àëüíûå çíà÷åíèÿ

y(x0), y(x0+1), . . . , y(x0+n− 1), ìîæíî èñïîëüçîâàòü (1) äëÿ ïîñëåäîâàòåëü-
íîãî íàõîæäåíèÿ y(x0 + n), y(x0 + n+ 1) è ò. ä.

�àçðåøèâ óðàâíåíèå îòíîñèòåëüíî y(x), èìååì

y(x) = g
(
x, y(x+ 1), y(x+ 2), . . . , y(x+ n)

)
. (2)

Ïîëîæèâ x= x0−1, ìîæíî íàéòè y(x0−1), à çàòåì àíàëîãè÷íî y(x0−2) è ò. ä.
Òàêèì îáðàçîì, çàäàâ íà÷àëüíûå äàííûå, ìîæíî ñ ïîìîùüþ óðàâíåíèÿ

íàéòè �óíêöèþ y(x) âî âñåõ òî÷êàõ x0 + k, ãäå k = 0,±1,±2, . . .

2◦. Òåïåðü áóäåì ñ÷èòàòü, ÷òî àðãóìåíò x â óðàâíåíèè èçìåíÿåòñÿ íåïðå-

ðûâíî, à y(x) ÿâëÿåòñÿ íåïðåðûâíîé �óíêöèåé, ïðîèçâîëüíî çàäàííîé íà ïî-

ëóèíòåðâàëå [0, n). Ïîëîæèâ x = 0 â (1), ìîæíî íàéòè y(n). Çàòåì, ó÷èòûâàÿ
èçâåñòíûå çíà÷åíèÿ y(x) íà [0, n], áóäåì èñïîëüçîâàòü (1), ÷òîáû íàéòè y(x)
íà x ∈ [n, n+ 1], çàòåì íà x ∈ [n+ 1, n+ 2] è ò. ä.
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9.2. Ëèíåéíûå �óíêöèîíàëüíûå óðàâíåíèÿ ñ îäíîé

íåçàâèñèìîé ïåðåìåííîé

9.2.1. Ëèíåéíûå �óíêöèîíàëüíûå óðàâíåíèÿ, ñîäåðæàùèå

íåèçâåñòíóþ �óíêöèþ ñ äâóìÿ ðàçíûìè àðãóìåíòàìè

◮ Ëèíåéíûå �óíêöèîíàëüíûå óðàâíåíèÿ, ñîäåðæàùèå y(x) è y(ax).

1. y(ax)− by(x) = 0, a, b > 0.

�åøåíèå ïðè x > 0 è a 6= 1:

y(x) = xλΘ
(
ln x

ln a

)
, λ =

ln b

ln a
,

ãäå Θ(z) = Θ(z + 1)�ïðîèçâîëüíàÿ ïåðèîäè÷åñêàÿ �óíêöèÿ ñ ïåðèîäîì 1.

Ïîëàãàÿ Θ(z) ≡ const, ïîëó÷èì ÷àñòíîå ðåøåíèå y(x) = Cxλ, ãäå C �

ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

2. y(ax)− by(x) = f(x).

1◦. �åøåíèå:
y(x) = Y (x) + ȳ(x),

ãäå Y (x)�îáùåå ðåøåíèå îäíîðîäíîãî �óíêöèîíàëüíîãî óðàâíåíèÿ Y (ax) −
− bY (x) = 0 (ñì. ïðåäûäóùåå óðàâíåíèå), à ȳ(x) � ëþáîå ÷àñòíîå ðåøåíèå

ðàññìàòðèâàåìîãî íåîäíîðîäíîãî óðàâíåíèÿ.

2◦. Ïðè f(x) =
n∑
k=0

Akx
n
íåîäíîðîäíîå óðàâíåíèå èìååò ÷àñòíîå ðåøåíèå

ȳ(x) =

n∑

k=0

Ak

ak − b
xk, ak − b 6= 0.

3◦. Ïðè f(x) = lnx
n∑
k=0

Akx
k
íåîäíîðîäíîå óðàâíåíèå èìååò ÷àñòíîå ðåøå-

íèå

ȳ(x) =
n∑

k=1

xk
(
Bk lnx+ Ck

)
, Bk =

Ak

ak − b
, Ck = − Aka

k ln a

(ak − b)2
.

3. y(2x) − a cos x y(x) = 0.

�åøåíèå ïðè a > 0 è x > 0 (Ïåëþõ & Øàðêîâñêèé, 1974):

y(x) = x
lna
ln 2 − 1 sinx Θ

(
ln x

ln 2

)
,

ãäå Θ(x) = Θ(x+ 1)�ïðîèçâîëüíàÿ ïåðèîäè÷åñêàÿ �óíêöèÿ ñ ïåðèîäîì 1.
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◮ Ëèíåéíûå âîçâðàòíûå �óíêöèîíàëüíûå óðàâíåíèÿ, ñîäåðæàùèå y(x)
è y(a− x).

4. y(x) = y(−x).
Ýòî �óíêöèîíàëüíîå óðàâíåíèå ìîæíî ðàññìàòðèâàòü êàê îïðåäåëåíèå ÷åò-

íûõ �óíêöèé.

�åøåíèå:

y(x) =
ϕ(x) + ϕ(−x)

2
,

ãäå ϕ(x)�ïðîèçâîëüíàÿ �óíêöèÿ.

5. y(x) = −y(−x).
Ýòî �óíêöèîíàëüíîå óðàâíåíèå ìîæíî ðàññìàòðèâàòü êàê îïðåäåëåíèå íå÷åò-

íûõ �óíêöèé.

�åøåíèå:

y(x) =
ϕ(x)− ϕ(−x)

2
,

ãäå ϕ(x)�ïðîèçâîëüíàÿ �óíêöèÿ.

6. y(x) − y(a− x) = 0.

1◦. �åøåíèå:

y(x) = Φ(x, a− x) =

= Ψ(x, a− x) + Ψ(a− x, x),

ãäå Φ(x, z) = Φ(z, x) � ëþáàÿ ñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ, à

Ψ(x, z)�ëþáàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.

2◦. Ñïåöèàëüíûå ÷àñòíûå ðåøåíèÿ ìîæíî ïîëó÷èòü ñ ïîìîùüþ �îðìóëû

y(x) = Ω
(
ϕ(x) + ϕ(a − x)

)
,

çàäàâàÿ �óíêöèè Ω(z) è ϕ(x).

7. y(x) + y(a− x) = 0.

1◦. �åøåíèå:

y(x) = Φ(x, a− x) =

= Ψ(x, a− x)−Ψ(a− x, x),

ãäå Φ(x, z) = −Φ(z, x)� ëþáàÿ àíòèñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ,

à Ψ(x, z)�ëþáàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.

2◦. Ñïåöèàëüíûå ÷àñòíûå ðåøåíèÿ ìîæíî ïîëó÷èòü ñ ïîìîùüþ �îðìóëû

y(x) = (2x− a)Ω
(
ϕ(x) + ϕ(a− x)

)
,

çàäàâàÿ �óíêöèè Ω(z) è ϕ(x).
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8. y(x) + y(a− x) = b.

�åøåíèå:

y(x) = 1
2 b+Φ(x, a− x) =

= 1
2 b+Ψ(x, a− x)−Ψ(a− x, x),

ãäå Φ(x, z) = −Φ(z, x)� ëþáàÿ àíòèñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ,

à Ψ(x, z)�ëþáàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.

×àñòíûå ðåøåíèÿ: y(x) = b sin2
(
πx

2a

)
è y(x) = b cos2

(
πx

2a

)
.

9. y(x) + y(a− x) = f(x).

Çäåñü �óíêöèÿ f(x) äîëæíà óäîâëåòâîðÿòü óñëîâèþ f(x) = f(a− x).

�åøåíèå:

y(x) = 1
2 f(x) + Φ(x, a− x) =

= 1
2 f(x) + Ψ(x, a− x)−Ψ(a− x, x),

ãäå Φ(x, z) = −Φ(z, x)� ëþáàÿ àíòèñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ,

à Ψ(x, z)�ëþáàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.

10. y(x)− y(a− x) = f(x).

Çäåñü �óíêöèÿ f(x) äîëæíà óäîâëåòâîðÿòü óñëîâèþ f(x) = −f(a− x).

�åøåíèå:

y(x) = 1
2 f(x) + Φ(x, a− x),

ãäå Φ(x, z) = Φ(z, x)�ëþáàÿ ñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.

11. y(x) + g(x)y(a− x) = f(x).

�åøåíèå:

y(x) =
f(x)− g(x)f(a− x)

1− g(x)g(a− x)
[ïðè g(x)g(a − x) 6≡ 1].

◮ Ëèíåéíûå âîçâðàòíûå �óíêöèîíàëüíûå óðàâíåíèÿ, ñîäåðæàùèå y(x)
è y(a/x).

12. y(x)− y(a/x) = 0.

�åøåíèå:

y(x) = Φ(x, a/x) =

= Ψ(x, a/x) + Ψ(a/x, x),

ãäå Φ(x, z) = Φ(z, x) � ëþáàÿ ñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ, à

Ψ(x, z)�ëþáàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.
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13. y(x) + y(a/x) = 0.

�åøåíèå:

y(x) = Φ(x, a/x) =

= Ψ(x, a/x)−Ψ(a/x, x),

ãäå Φ(x, z) = −Φ(z, x)� ëþáàÿ àíòèñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ,

à Ψ(x, z)�ëþáàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.

14. y(x) + y(a/x) = b.

�åøåíèå:

y(x) = 1
2 b+Φ(x, a/x) =

= 1
2 b+Ψ(x, a/x) −Ψ(a/x, x),

ãäå Φ(x, z) = −Φ(z, x)� ëþáàÿ àíòèñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ,

à Ψ(x, z)�ëþáàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.

15. y(x) + y(a/x) = f(x).

Çäåñü �óíêöèÿ f(x) äîëæíà óäîâëåòâîðÿòü óñëîâèþ f(x) = f(a/x).
�åøåíèå:

y(x) = 1
2 f(x) + Φ(x, a/x),

ãäå Φ(x, z) = −Φ(z, x)�ëþáàÿ àíòèñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.

16. y(x)− y(a/x) = f(x).

Çäåñü �óíêöèÿ f(x) äîëæíà óäîâëåòâîðÿòü óñëîâèþ f(x) = −f(a/x).
�åøåíèå:

y(x) = 1
2 f(x) + Φ(x, a/x),

ãäå Φ(x, z) = Φ(z, x)�ëþáàÿ ñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.

17. y(x) + xay(1/x) = 0.

�åøåíèå:

y(x) = (1− xa)Φ(x, 1/x),

ãäå Φ(x, z) = Φ(z, x)�ëþáàÿ ñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.

18. y(x)− xay(1/x) = 0.

�åøåíèå:

y(x) = (1 + xa)Φ(x, 1/x),

ãäå Φ(x, z) = Φ(z, x)�ëþáàÿ ñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.

19. y(x) + g(x)y(a/x) = f(x).

�åøåíèå:

y(x) =
f(x)− g(x)f(a/x)

1− g(x)g(a/x)
[ïðè g(x)g(a/x) 6≡ 1].
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◮ Ëèíåéíûå âîçâðàòíûå �óíêöèîíàëüíûå óðàâíåíèÿ, ñîäåðæàùèå

íåèçâåñòíóþ �óíêöèþ ñ ðàöèîíàëüíûì àðãóìåíòîì.

20. y(x)− y
((
a− x

1+ bx

))
= 0.

�åøåíèå:

y(x) = Φ
(
x,

a− x

1 + bx

)
,

ãäå Φ(x, z) = Φ(z, x)�ëþáàÿ ñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.

21. y(x) + y
((
a− x

1 + bx

))
= 0.

�åøåíèå:

y(x) = Φ
(
x,

a− x

1 + bx

)
,

ãäå Φ(x, z) = −Φ(z, x)�ëþáàÿ àíòèñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.

22. y(x) + y
((
a− x

1 + bx

))
= f(x).

Çäåñü �óíêöèÿ f(x) äîëæíà óäîâëåòâîðÿòü óñëîâèþ f(x) = f
(
a− x

1 + bx

)
.

�åøåíèå:

y(x) = 1
2 f(x) + Φ

(
x,

a− x

1 + bx

)
,

ãäå Φ(x, z) = −Φ(z, x)�ëþáàÿ àíòèñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.

23. y(x)− y
((
a− x

1 + bx

))
= f(x).

Çäåñü �óíêöèÿ f(x) äîëæíà óäîâëåòâîðÿòü óñëîâèþ f(x) = −f
(
a− x

1 + bx

)
.

�åøåíèå:

y(x) = 1
2 f(x) + Φ

(
x,

a− x

1 + bx

)
,

ãäå Φ(x, z) = Φ(z, x)�ëþáàÿ ñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.

24. y(x)− cy
((
a− x

1 + bx

))
= f(x), c 6= ±1.

�åøåíèå:

y(x) =
1

1− c2
f(x) +

c

1− c2
f
(
a− x

1 + bx

)
.

25. y(x) + g(x)y
((
a− x

1 + bx

))
= f(x).

�åøåíèå:

y(x) =
f(x)− g(x)f(z)

1− g(x)g(z)
, z =

a− x

1 + bx
.

26. y(x) + cy
((
ax− β

x+ b

))
= f(x), β = a2 + ab+ b2.

×àñòíûé ñëó÷àé óðàâíåíèÿ 9.2.2.9.

27. y(x) + g(x)y
((
ax− β

x+ b

))
= f(x), β = a2 + ab+ b2.

×àñòíûé ñëó÷àé óðàâíåíèÿ 9.2.2.10.
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◮ Ëèíåéíûå �óíêöèîíàëüíûå óðàâíåíèÿ, ñîäåðæàùèå y(x) è
y
(√
a2 − x2

)
.

28. y(x)− y
((√
a2 −x2

))
= 0, 0 6 x 6 a.

�åøåíèå:

y(x) = Φ
(
x,

√
a2 − x2

)
,

ãäå Φ(x, z) = Φ(z, x)�ëþáàÿ ñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.

29. y(x) + y
((√
a2 − x2

))
= 0, 0 6 x 6 a.

�åøåíèå:

y(x) = Φ
(
x,

√
a2 − x2

)
,

ãäå Φ(x, z) = −Φ(z, x)�ëþáàÿ àíòèñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.

30. y(x) + y
((√
a2 − x2

))
= b, 0 6 x 6 a.

�åøåíèå:

y(x) = 1
2 b+Φ

(
x,

√
a2 − x2

)
,

ãäå Φ(x, z) = −Φ(z, x)�ëþáàÿ àíòèñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.

31. y(x) + y
((√
a2 − x2

))
= f(x), 0 6 x 6 a.

Çäåñü �óíêöèÿ f(x) äîëæíà óäîâëåòâîðÿòü óñëîâèþ f(x) = f
(√
a2 − x2

)
.

�åøåíèå:

y(x) = 1
2 f(x) + Φ

(
x,

√
a2 − x2

)
,

ãäå Φ(x, z) = −Φ(z, x)�ëþáàÿ àíòèñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.

32. y(x)− y
((√
a2 − x2

))
= f(x), 0 6 x 6 a.

Çäåñü �óíêöèÿ f(x) äîëæíà óäîâëåòâîðÿòü óñëîâèþ f(x) = −f
(√
a2 − x2

)
.

�åøåíèå:

y(x) = 1
2 f(x) + Φ

(
x,

√
a2 − x2

)
,

ãäå Φ(x, z) = Φ(z, x)�ëþáàÿ ñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.

33. y(x) + g(x)y
((√
a2 − x2

))
= f(x), 0 6 x 6 a.

�åøåíèå:

y(x) =
f(x)− g(x)f

(√
a2 − x2

)

1− g(x)g
(√
a2 − x2

) .
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◮ Ëèíåéíûå �óíêöèîíàëüíûå óðàâíåíèÿ, ñîäåðæàùèå y(sinx) è
y(cosx).

34. y(sinx)− y(cosx) = 0.

�åøåíèå â íåÿâíîì âèäå:

y(sinx) = Φ(sinx, cosx),

ãäå Φ(x, z) = Φ(z, x)�ëþáàÿ ñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.

35. y(sinx) + y(cos x) = 0.

�åøåíèå â íåÿâíîì âèäå:

y(sinx) = Φ(sinx, cosx),

ãäå Φ(x, z) = −Φ(z, x)�ëþáàÿ àíòèñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.

36. y(sinx) + y(cos x) = a.

�åøåíèå â íåÿâíîì âèäå:

y(sinx) = 1
2 a+Φ(sinx, cos x),

ãäå Φ(x, z) = −Φ(z, x)�ëþáàÿ àíòèñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.

37. y(sinx) + y(cos x) = f(x).

Çäåñü �óíêöèÿ f(x) äîëæíà óäîâëåòâîðÿòü óñëîâèþ f(x) = f
(
π
2 − x

)
.

�åøåíèå â íåÿâíîì âèäå:

y(sinx) = 1
2 f(x) + Φ(sinx, cos x),

ãäå Φ(x, z) = −Φ(z, x)�ëþáàÿ àíòèñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.

38. y(sinx) − y(cos x) = f(x).

Çäåñü �óíêöèÿ f(x) äîëæíà óäîâëåòâîðÿòü óñëîâèþ f(x) = −f
(
π
2 − x

)
.

�åøåíèå â íåÿâíîì âèäå:

y(sinx) = 1
2 f(x) + Φ(sinx, cos x),

ãäå Φ(x, z) = Φ(z, x)�ëþáàÿ ñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.

39. y(sinx) + g(x)y(cosx) = f(x).

�åøåíèå â íåÿâíîì âèäå:

y(sinx) =
f(x)− g(x)f

(
π
2
− x

)

1− g(x)g
(

π
2
− x

) .



460 9. �ÀÇÍÎÑÒÍÛÅ È Ä�Ó�ÈÅ ÔÓÍÊÖÈÎÍÀËÜÍÛÅ Ó�ÀÂÍÅÍÈß

◮ Äðóãèå óðàâíåíèÿ, ñîäåðæàùèå íåèçâåñòíóþ �óíêöèþ ñ äâóìÿ

ðàçíûìè àðãóìåíòàìè.

40. y(xa)− by(x) = 0, a, b > 0.

�åøåíèå:

y(x) = | ln x|pΘ
(
ln | ln x|
ln a

)
, p =

ln b

ln a
,

ãäå Θ(z) = Θ(z + 1)�ïðîèçâîëüíàÿ ïåðèîäè÷åñêàÿ �óíêöèÿ ñ ïåðèîäîì 1.

Ïîëàãàÿ Θ(z) ≡ const, ïîëó÷èì ÷àñòíîå ðåøåíèå y(x) = C| lnx|p, ãäå C �

ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

41. y(x)− y
((
ω(x)

))
= 0, ãäå ω

((
ω(x)

))
= x.

�åøåíèå:

y(x) = Φ
(
x, ω(x)

)
,

ãäå Φ(x, z) = Φ(z, x)�ëþáàÿ ñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.

42. y(x) + y
((
ω(x)

))
= 0, ãäå ω

((
ω(x)

))
= x.

�åøåíèå:

y(x) = Φ
(
x, ω(x)

)
,

ãäå Φ(x, z) = −Φ(z, x)�ëþáàÿ àíòèñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.

43. y(x) + y
((
ω(x)

))
= b, ãäå ω

((
ω(x)

))
= x.

�åøåíèå:

y(x) = 1
2 b+Φ

(
x, ω(x)

)
,

ãäå Φ(x, z) = −Φ(z, x)�ëþáàÿ àíòèñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.

44. y(x) + y
((
ω(x)

))
= f(x), ãäå ω

((
ω(x)

))
= x.

Çäåñü �óíêöèÿ f(x) äîëæíà óäîâëåòâîðÿòü óñëîâèþ f(x) = f
(
ω(x)

)
.

�åøåíèå:

y(x) = 1
2 f(x) + Φ

(
x, ω(x)

)
,

ãäå Φ(x, z) = −Φ(z, x)�ëþáàÿ àíòèñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.

45. y(x)− y
((
ω(x)

))
= f(x), ãäå ω

((
ω(x)

))
= x.

Çäåñü �óíêöèÿ f(x) äîëæíà óäîâëåòâîðÿòü óñëîâèþ f(x) = −f
(
ω(x)

)
.

�åøåíèå:

y(x) = 1
2 f(x) + Φ

(
x, ω(x)

)
,

ãäå Φ(x, z) = Φ(z, x)�ëþáàÿ ñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.

46. y(x) + g(x)y
((
ω(x)

))
= f(x), ãäå ω

((
ω(x)

))
= x.

�åøåíèå:

y(x) =
f(x)− g(x)f

(
ω(x)

)

1− g(x)g
(
ω(x)

) .
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47. y(f(x)) = y(x).

�åøåíèÿ ýòîãî óðàâíåíèÿ íàçûâàþòñÿ àâòîìîð�íûìè �óíêöèÿìè. Åñëè f(x)
îáðàòèìà íà ìíîæåñòâå I , òî îáùåå ðåøåíèå ðàññìàòðèâàåìîãî óðàâíåíèÿ

ìîæåò áûòü ïðåäñòàâëåíî â âèäå

y(x) =

∞∑

n=−∞
ϕ(f [n](x)),

ãäå ϕ(x)�ïðîèçâîëüíàÿ �óíêöèÿ íà I òàêàÿ, ÷òî ýòîò ðÿä ñõîäèòñÿ.

48. y(f(x)) = y(x) + c, c 6= 0.

Ôóíêöèîíàëüíîå óðàâíåíèå Àáåëÿ.

Çàìåòèì, ÷òî áåç îãðàíè÷åíèÿ îáùíîñòè â ðàññìàòðèâàåìîì óðàâíåíèè

ìîæíî ïîëîæèòü c=±1 (äëÿ ýòîãî íàäî ïåðåéòè ê íîðìèðîâàííîé íåèçâåñòíîé
�óíêöèè ȳ = ±y/c).

1◦. Ïóñòü ȳ(x)�ðåøåíèå èñõîäíîãî óðàâíåíèÿ. Òîãäà �óíêöèÿ

y(x) = ȳ(x) + Θ
(
ȳ(x)

c

)
,

ãäå Θ(z)�ïðîèçâîëüíàÿ ïåðèîäè÷åñêàÿ �óíêöèÿ ñ ïåðèîäîì 1, òàêæå ÿâëÿåòñÿ

ðåøåíèåì ýòîãî óðàâíåíèÿ.

2◦. Áóäåì ñ÷èòàòü, ÷òî âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

(i) �óíêöèÿ f(x) ñòðîãî âîçðàñòàåò è íåïðåðûâíà ïðè 0 6 x 6 a;
(ii) f(0) = 0 è f(x) < x ïðè 0 < x < a;
(iii) ïðîèçâîäíàÿ f ′(x) ñóùåñòâóåò, èìååò îãðàíè÷åííóþ âàðèàöèþ íà èí-

òåðâàëå 0 < x < a è lim
x→+0

f ′(x) = 1.

Òîãäà äëÿ ëþáûõ x, x0 ∈ (0, a] ñóùåñòâóåò ïðåäåë

y(x) = lim
n→∞

f [n](x)− f [n](x0)

f [n−1](x0)− f [n](x0)
,

êîòîðûé îïðåäåëÿåò ìîíîòîííî âîçðàñòàþùóþ �óíêöèþ, óäîâëåòâîðÿþùóþ

óðàâíåíèþ Àáåëÿ ïðè c = −1 (ýòî ðåøåíèå Ëåâè).

3◦. Ôóíêöèîíàëüíîå óðàâíåíèå Àáåëÿ ñïåöèàëüíîãî âèäà

y(xk) = y(x) + c, k > 0,

ãäå 0 < x < 1 èëè 1 < x <∞, èìååò ÷àñòíîå ðåøåíèå

y(x) =
c ln | ln x|

ln k
.

Áîëåå ïîäðîáíóþ èí�îðìàöèþ î �óíêöèîíàëüíîì óðàâíåíèè Àáåëÿ ìîæíî

íàéòè â êíèãàõ A
z
�
el (2002, 2006), Laito
hov�a (2007), Polyanin & Manzhirov

(2007).

49. y(f(x)) = sy(x), s > 0.

Óðàâíåíèå Øð¼äåðà �Ê¼íèãñà.
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1◦. Ïóñòü s 6= 1 è ȳ(x)�ðåøåíèå ðàññìàòðèâàåìîãî óðàâíåíèÿ, óäîâëåòâî-

ðÿþùåå óñëîâèþ ȳ(x) 6= 0. Òîãäà �óíêöèÿ

y(x) = ȳ(x)Θ
(
ln |ȳ(x)|

ln s

)
,

ãäå Θ(z)�ïðîèçâîëüíàÿ ïåðèîäè÷åñêàÿ �óíêöèÿ ñ ïåðèîäîì 1, òàêæå ÿâëÿåòñÿ

ðåøåíèåì ýòîãî óðàâíåíèÿ.

2◦. Ïîäñòàíîâêà u(x) = ln |y(x)| ïðèâîäèò ê �óíêöèîíàëüíîìó óðàâíåíèþ
Àáåëÿ 9.2.1.48:

u(f(x)) = u(x) + c, c = ln s.

3◦. Óðàâíåíèå Øð¼äåðà �Ê¼íèãñà ñïåöèàëüíîãî âèäà

y(xk) = sy(x),

èìååò ÷àñòíîå ðåøåíèå

y(x) = A lnm x, m =
ln s

ln k
,

ãäå A�ïðîèçâîëüíàÿ ïîñòîÿííàÿ, x > 1.
Áîëåå ïîäðîáíóþ èí�îðìàöèþ îá óðàâíåíèè Øð¼äåðà � Ê¼íèãñà ìîæíî

íàéòè â êíèãàõ A
z
�
el (2002, 2006), Laito
hov�a (2007), Polyanin & Manzhirov

(2007).

9.2.2. Äðóãèå ëèíåéíûå �óíêöèîíàëüíûå óðàâíåíèÿ

◮ Ëèíåéíûå óðàâíåíèÿ, ñîäåðæàùèå �óíêöèè y
(
y(x)

)
èëè y

(
y(y(x))

)
.

1. y
((
y(x)

))
= 0.

�åøåíèå:

y(x) =





ϕ1(x) ïðè x 6 a,

0 ïðè a 6 x 6 b,

ϕ2(x) ïðè b 6 x,

ãäå a 6 0 è b > 0 � ïðîèçâîëüíûå ÷èñëà, ϕ1(x) è ϕ2(x) � ïðîèçâîëüíûå

íåïðåðûâíûå �óíêöèè, óäîâëåòâîðÿþùèå óñëîâèÿì

ϕ1(a) = 0, a 6 ϕ1(x) 6 b ïðè x 6 a;

ϕ2(b) = 0, a 6 ϕ2(x) 6 b ïðè b 6 x.

2. y
((
y(x)

))
− x = 0.

Óðàâíåíèå Áýááèäæà (óðàâíåíèå èíâîëþòèâíûõ �óíêöèé).

1◦. ×àñòíûå ðåøåíèÿ:

y1(x) = x, y2(x) = C − x, y3(x) =
C

x
, y4(x) =

C1 − x

1 +C2x
,

ãäå C , C1, C2�ïðîèçâîëüíûå ïîñòîÿííûå.



9.2. Ëèíåéíûå �óíêöèîíàëüíûå óðàâíåíèÿ ñ îäíîé íåçàâèñèìîé ïåðåìåííîé 463

2◦. Íà èíòåðâàëå x ∈ (a, b) ñóùåñòâóåò óáûâàþùåå ðåøåíèå, ñîäåðæàùåå
ïðîèçâîëüíóþ �óíêöèþ:

y(x) =

{
ϕ(x) ïðè x ∈ (a, c],
ϕ−1(x) ïðè x ∈ (c, b),

ãäå c � ïðîèçâîëüíàÿ òî÷êà, ïðèíàäëåæàùàÿ èíòåðâàëó (a, b), à ϕ(x) � ïðîèç-

âîëüíàÿ íåïðåðûâíàÿ óáûâàþùàÿ �óíêöèÿ íà (a, c] òàêàÿ, ÷òî

lim
x→a+0

ϕ(x) = b, ϕ(c) = c.

3◦. �åøåíèå â ïàðàìåòðè÷åñêîé �îðìå:

x = Θ
(
t

2

)
, y = Θ

(
t+ 1

2

)
,

ãäå Θ(t) = Θ(t+ 1)�ïðîèçâîëüíàÿ ïåðèîäè÷åñêàÿ �óíêöèÿ ñ ïåðèîäîì 1.

4◦. �åøåíèå â ïàðàìåòðè÷åñêîé �îðìå:

x = Θ1(t) + Θ2(t) sin(πt),

y = Θ1(t)−Θ2(t) sin(πt),

ãäå Θ1(t) è Θ2(t)��ïðîèçâîëüíûå ïåðèîäè÷åñêèå �óíêöèè ñ ïåðèîäîì 1.

5◦. Èñõîäíîå �óíêöèîíàëüíîå óðàâíåíèå èìååò åäèíñòâåííîå âîçðàñòàþ-

ùåå ðåøåíèå: y(x) = x.

6◦. ×àñòíûå ðåøåíèÿ óðàâíåíèÿ ìîãóò áûòü ïðåäñòàâëåíû â íåÿâíîé �îðìå

ñ ïîìîùüþ àëãåáðàè÷åñêîãî (èëè òðàíñöåíäåíòíîãî) óðàâíåíèÿ

Φ(x, y) = 0,

ãäå Φ(x, y) = Φ(y, x)�íåêîòîðàÿ ñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.

3. y
((
y(x)

))
+ ay(x) + bx = 0.

1◦. Îáùåå ðåøåíèå â ïàðàìåòðè÷åñêîì âèäå (Ìàò. ýíöèêëîïåäèÿ, 1985):

x = Θ1(t)λ
t
1 +Θ2(t)λ

t
2,

y = Θ1(t)λ
t+1
1 +Θ2(t)λ

t+1
2 ,

ãäå λ1 è λ2 �êîðíè êâàäðàòíîãî óðàâíåíèÿ

λ2 + aλ+ b = 0,

à Θ1 = Θ1(t) è Θ2 = Θ2(t)� ïðîèçâîëüíûå ïåðèîäè÷åñêèå �óíêöèè ñ ïåðèî-

äîì 1.
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2◦. Ïîëàãàÿ Θ1(t) = C1 = const è Θ2(t) = C2 = const, ïîëó÷èì ÷àñòíîå

ðåøåíèå â íåÿâíîì âèäå

λ2x− y(x)

λ2 − λ1
= C1

[
λ1x− y(x)

C2(λ1 − λ2)

]k
, k =

lnλ1

lnλ2
.

4. y
((
y(y(x))

))
− x = 0.

1◦. ×àñòíûå ðåøåíèÿ:

y1(x) = − C2

C + x
, y2(x) = C − C2

x
, y3(x) = C1 − (C1 + C2)

2

C2 + x
,

ãäå C , C1, C2�ïðîèçâîëüíûå ïîñòîÿííûå.

2◦. �åøåíèå â ïàðàìåòðè÷åñêîé �îðìå:

x = Θ
(
t

3

)
, y = Θ

(
t+ 1

3

)
,

ãäå Θ(t) = Θ(t+ 1)�ïðîèçâîëüíàÿ ïåðèîäè÷åñêàÿ �óíêöèÿ ñ ïåðèîäîì 1.

◮ Óðàâíåíèÿ, ñîäåðæàùèå íåèçâåñòíóþ �óíêöèþ ñ òðåìÿ ðàçíûìè

àðãóìåíòàìè.

5. y(a2x) = by(ax)+ cy(x).

Çäåñü a > 0, a 6= 1, x > 0.
�åøåíèå (Ïåëþõ & Øàðêîâñêèé, 1974):

y(x) = x
lnλ1
ln a Θ1

(
ln x

ln a

)
+ x

lnλ2
ln a Θ2

(
ln x

ln a

)
, λ1,2 =

b±
√
b2 + 4c

2
,

ãäå Θ1(z) è Θ2(z)�ïðîèçâîëüíûå ïåðèîäè÷åñêèå �óíêöèè ñ ïåðèîäîì 1.

6. Ay(ax) + By(bx) + y(x) = 0.

1◦. Ýòî �óíêöèîíàëüíîå óðàâíåíèå èìååò ÷àñòíûå ðåøåíèÿ âèäà y(x) =
= Cxβ, ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à β � êîðåíü òðàíñöåíäåíòíîãî

óðàâíåíèÿ Aaβ +Bbβ + 1 = 0.

2◦. Ïðåîáðàçîâàíèå

z = ln |x|, y(x) = u(z)

ïðèâîäèò ê ëèíåéíîìó ðàçíîñòíîìó óðàâíåíèþ âòîðîãî ïîðÿäêà

Au(z + ln |a|) +Bu(z + ln |b|) + u(z) = 0.

7. Ay(xa) +By(xb) + y(x) = 0, x > 0.

1◦. Ýòî �óíêöèîíàëüíîå óðàâíåíèå èìååò ÷àñòíûå ðåøåíèÿ âèäà y(x) =
= C| lnx|p, ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à p� êîðåíü òðàíñöåíäåíòíîãî

óðàâíåíèÿ A|a|p +B|b|p + 1 = 0.
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2◦. Ïðåîáðàçîâàíèå

z = lnx, y(x) = u(z)

ïðèâîäèò ê �óíêöèîíàëüíîìó óðàâíåíèþ âèäà 9.2.2.6:

Au(az) +Bu(bz) + u(z) = 0.

8. y(x+ 1) = ay(x) + by(−x).
�åøåíèå (Ïåëþõ & Øàðêîâñêèé, 1974):

y(x) = Θ(x)λx +
λ− a

b
Θ(−x)λ−x, (1)

ãäå

λ =
a2 − b2 + 1

2a
+

√(
a2 − b2 + 1

2a

)2
− 1, (2)

à Θ(t) = Θ(t+ 1)�ïðîèçâîëüíàÿ ïåðèîäè÷åñêàÿ �óíêöèÿ ñ ïåðèîäîì 1. Â ðå-

øåíèè (1) ñ÷èòàåòñÿ, ÷òî ïîñòîÿííàÿ λ, êîòîðàÿ îïðåäåëÿåòñÿ ïî �îðìóëå (2),

ÿâëÿåòñÿ äåéñòâèòåëüíûì ïîëîæèòåëüíûì ÷èñëîì.

Åñëè λ � îòðèöàòåëüíîå èëè êîìïëåêñíîå ÷èñëî, òî â (1) íàäî âçÿòü äåé-

ñòâèòåëüíóþ ÷àñòü.

9. Ay(x)+By
((
ax− β

x+ b

))
+Cy

((
bx+ β

a− x

))
= f(x), β = a2 + ab+ b2.

Çàìåíèì â óðàâíåíèè x ñíà÷àëà íà

ax− β

x+ b
, à çàòåì íà

bx+ β

a− x
, ÷òîáû ïîëó÷èòü

åùå äâà óðàâíåíèÿ. Òàêèì îáðàçîì, ïðèõîäèì ê ñëåäóþùåé ñèñòåìå (ñíà÷àëà

çàïèñàíî èñõîäíîå óðàâíåíèå):

Ay(x) +By(u) + Cy(w) = f(x),

Ay(u) +By(w) + Cy(x) = f(u),

Ay(w) +By(x) + Cy(u) = f(w),

(∗)

ãäå u =
ax− β

x+ b
è w =

bx+ β

a− x
.

Èñêëþ÷èâ y(u) è y(w) èç ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé (*),

ìîæíî íàéòè ðåøåíèå y = y(x) èñõîäíîãî �óíêöèîíàëüíîãî óðàâíåíèÿ.

10. f1(x)y(x) + f2(x)y
((
ax− β

x+ b

))
+ f3(x)y

((
bx+ β

a− x

))
= g(x).

Çäåñü β = a2 + ab+ b2.

Çàìåíèì â óðàâíåíèè x ñíà÷àëà íà

ax− β

x+ b
, à çàòåì íà

bx+ β

a− x
, ÷òîáû ïî-

ëó÷èòü åùå äâà óðàâíåíèÿ. Òàêèì îáðàçîì, ïðèõîäèì ê ñëåäóþùåé ñèñòåìå

(ñíà÷àëà çàïèñàíî èñõîäíîå óðàâíåíèå):

f1(x)y(x) + f2(x)y(u) + f3(x)y(w) = g(x),

f1(u)y(u) + f2(u)y(w) + f3(u)y(x) = g(u),

f1(w)y(w) + f2(w)y(x) + f3(w)y(u) = g(w),

(∗)
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ãäå

u =
ax− β

x+ b
, w =

bx+ β

a− x
.

Èñêëþ÷èâ y(u) è y(w) èç ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé (*),

ìîæíî íàéòè ðåøåíèå y = y(x) èñõîäíîãî �óíêöèîíàëüíîãî óðàâíåíèÿ.

◮ Óðàâíåíèÿ, ñîäåðæàùèå íåèçâåñòíóþ �óíêöèþ ñî ìíîãèìè

ðàçëè÷íûìè àðãóìåíòàìè.

11. y(anx)+ bn−1y(an−1x)+ · · ·+ b1y(a1x)+ b0y(x) = 0.

1◦. Ýòî �óíêöèîíàëüíîå óðàâíåíèå èìååò ÷àñòíûå ðåøåíèÿ âèäà y = Cxβ ,
ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à β �êîðåíü òðàíñöåíäåíòíîãî óðàâíåíèÿ

aβn + bn−1a
β
n−1 + · · ·+ b1a

β
1 + b0 = 0.

2◦. Ïðåîáðàçîâàíèå

z = ln |x|, y(x) = u(z)

ïðèâîäèò ê ëèíåéíîìó ðàçíîñòíîìó óðàâíåíèþ

u(z + αn) + bn−1u(z + αn−1) + · · ·+ b1y(z + α1) + b0y(x) = 0, αk = ln |ak|.

12. y
((
xan

))
+ bn−1y

((
xan−1

))
+ · · · + b1y

((
xa1

))
+ b0y(x) = 0.

1◦. Ýòî �óíêöèîíàëüíîå óðàâíåíèå èìååò ÷àñòíûå ðåøåíèÿ âèäà y(x) =
= C| lnx|p, ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à p� êîðåíü òðàíñöåíäåíòíîãî

óðàâíåíèÿ

|an|p + bn−1|an−1|p + · · ·+ b1|a1|p + b0 = 0.

2◦. Ïðåîáðàçîâàíèå

z = lnx, y(x) = u(z)

ïðèâîäèò ê �óíêöèîíàëüíîìó óðàâíåíèþ âèäà 9.2.2.11:

u
(
anz

)
+ bn−1u

(
an−1z

)
+ · · ·+ b1u

(
a1z

)
+ b0u(z) = 0.

13. y[n](x) + an−1y
[n−1](x) + · · · + a1y(x) + a0x = 0.

Èñïîëüçóåìûå îáîçíà÷åíèÿ: y[2](x) = y
(
y(x)

)
, . . . , y[n](x) = y

(
y[n−1](x)

)
.

1◦. �åøåíèÿ èùóòñÿ â ïàðàìåòðè÷åñêîé �îðìå

x = w(t), y = w(t+ 1).

Â ðåçóëüòàòå èñõîäíîå �óíêöèîíàëüíîå óðàâíåíèå ñâîäèòñÿ ê ëèíåéíîìó ðàç-

íîñòíîìó óðàâíåíèþ n-ãî ïîðÿäêà âèäà 9.1.2.39:

w(t+ n) + an−1w(t+ n− 1) + · · · + a1w(t+ 1) + a0w(t) = 0.

2◦. Â ñïåöèàëüíîì ñëó÷àå an−1 = · · ·= a1 = 0 è a0 =−1, èìååì ñëåäóþùåå

ðåøåíèå â ïàðàìåòðè÷åñêîì âèäå:

x = Θ
(
t

n

)
, y = Θ

(
t+ 1

n

)
,

ãäå Θ(t) = Θ(t+ 1)�ïðîèçâîëüíàÿ ïåðèîäè÷åñêàÿ �óíêöèÿ ñ ïåðèîäîì 1.
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9.3. Íåëèíåéíûå �óíêöèîíàëüíûå óðàâíåíèÿ ñ îäíîé

íåçàâèñèìîé ïåðåìåííîé

9.3.1. Ôóíêöèîíàëüíûå óðàâíåíèÿ ñ êâàäðàòè÷íîé

íåëèíåéíîñòüþ

◮ Ôóíêöèîíàëüíûå óðàâíåíèÿ, ñîäåðæàùèå y(x) è y(a− x).

1. y(x)y(a−x) = b2.

�åøåíèÿ:

y(x) = ±b exp
[
Φ(x, a− x)

]
,

ãäå Φ(x, z) = −Φ(z, x)�ëþáàÿ àíòèñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.

Ïîëàãàÿ Φ(x, z) = C(x− z), ïîëó÷èì ÷àñòíîå ðåøåíèå

y(x) = ±beC(2x−a),

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

2. y(x)y(a− x) = −b2.
Ïîäñòàâèâ x= a/2 â óðàâíåíèå, ïîëó÷èì ñîîòíîøåíèå y2(a/2) =−b2, êîòîðîå
íå ìîæåò âûïîëíÿòüñÿ ïðè b 6= 0. Ñëåäîâàòåëüíî, ýòî óðàâíåíèå íå èìååò

íåïðåðûâíûõ ðåøåíèé.

�àçðûâíûå ðåøåíèÿ:

±y(x) =
{
bϕ(x) ïðè x > a/2,

− b

ϕ(a− x)
ïðè x < a/2,

ãäå ϕ(x)�ïðîèçâîëüíàÿ �óíêöèÿ.

3. y(x)y(a− x) = f2(x).

Çäåñü �óíêöèÿ f(x) äîëæíà óäîâëåòâîðÿòü óñëîâèþ f(x)= f(a−x) èëè f(x)=
= −f(a− x).

1◦. Ïîäñòàíîâêà y(x) = f(x)u(x) ïðèâîäèò ðàññìàòðèâàåìîå óðàâíåíèå ê
îäíîìó èç äâóõ áîëåå ïðîñòûõ óðàâíåíèé âèäà 9.3.1.1 èëè 9.3.1.2.

2◦. Ïðè f(x) = f(a− x) èìåþòñÿ ðåøåíèÿ âèäà

y(x) = ±f(x) exp
[
Φ(x, a− x)

]
,

ãäå Φ(x, z) = −Φ(z, x)�ëþáàÿ àíòèñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.

Ïîëàãàÿ Φ(x, z) = C(x− z), ïîëó÷èì ÷àñòíûå ðåøåíèÿ

y(x) = ±eC(2x−a)f(x),

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.
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3◦. Ïðè f(x) = −f(a − x), ïîëàãàÿ x = a/2, èìååì f(a/2) = 0. Â ýòîì

ñëó÷àå èìåþòñÿ ðåøåíèÿ

±y(x) =
{
f(x)ϕ(x) ïðè x > a/2,

− f(x)

ϕ(a− x)
ïðè x 6 a/2,

ãäå ϕ(x)�ïðîèçâîëüíàÿ �óíêöèÿ.

4. y2(x) + y2(a− x) = b2.

1◦. �åøåíèÿ:

y(x) = ±
√

1
2 b

2 +Φ(x, a− x) ,

ãäå Φ(x, z) = −Φ(z, x)�ëþáàÿ àíòèñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.

2◦. ×àñòíûå ðåøåíèÿ:

y1,2(x) = ± b√
2
, y3,4(x) = ±b sin

(
πx

2a

)
, y5,6(x) = ±b cos

(
πx

2a

)
.

5. y2(x)+Ay(x)y(a−x)+By2(a−x)+Cy(x)+Dy(a−x) = f(x).

×àñòíûé ñëó÷àé óðàâíåíèÿ 9.3.3.2.

�åøåíèå â ïàðàìåòðè÷åñêîé �îðìå:

y2 +Ayt+Bt2 + Cy +Dt = f(x),

t2 +Ayt+By2 + Ct+Dy = f(a− x).

Èñêëþ÷åíèå ïàðàìåòðà t äàåò ðåøåíèå â íåÿâíîé �îðìå.

◮ Ôóíêöèîíàëüíûå óðàâíåíèÿ, ñîäåðæàùèå y(x) è y(ax).

6. y(2x)− ay2(x) = 0.

×àñòíûé ñëó÷àé óðàâíåíèÿ 9.3.3.1.

×àñòíûå ðåøåíèÿ:

y(x) = 0, y(x) =
1

a
eCx,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

7. y(2x) − 2y2(x) + a = 0.

×àñòíûé ñëó÷àé óðàâíåíèÿ 9.3.3.1.

×àñòíûå ðåøåíèÿ ïðè a = 1:

y(x) = − 1
2 , y(x) = 1, y(x) = cos(Cx), y(x) = ch(Cx),

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

Áîëåå ñëîæíûå ðåøåíèÿ äàííîãî óðàâíåíèÿ ïðè a = 1, ñîäåðæàùèå ïðîèç-
âîëüíûå ïåðèîäè÷åñêèå �óíêöèè, ïðèâåäåíû â êíèãå Ïåëþõà & Øàðêîâñêîãî

(1974).
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8. y(ax) = 2y(x) + by2(x).

�åøåíèå:

y(x) =
1

b

{
exp

[
x

ln 2
ln a Θ

(
lnx

ln a

)]
− 1

}
,

ãäå Θ(x) = Θ(x + 1) � ïðîèçâîëüíàÿ ïåðèîäè÷åñêàÿ �óíêöèÿ ñ ïåðèîäîì

åäèíèöà.

9. y(x)y(ax) = f(x).

×àñòíûé ñëó÷àé óðàâíåíèÿ 9.3.3.1.

◮ Ôóíêöèîíàëüíûå óðàâíåíèÿ, ñîäåðæàùèå y(x) è y(a/x).

10. y(x)y(a/x) = b2.

�åøåíèÿ:

y(x) = ±b exp
[
Φ(x, a/x)

]
,

ãäå Φ(x, z) = −Φ(z, x)�ëþáàÿ àíòèñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.

Ïîëàãàÿ Φ(x, z) = C(lnx− ln z), ïîëó÷èì ÷àñòíîå ðåøåíèå

y = ±ba−Cx2C ,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

11. y(x)y(a/x) = f2(x).

Çäåñü �óíêöèÿ f(x) äîëæíà óäîâëåòâîðÿòü óñëîâèþ f(x) = ±f(a/x). Äëÿ
îïðåäåëåííîñòè áóäåì ñ÷èòàòü, ÷òî f(x) = f(a/x).

�åøåíèÿ:

y(x) = ±f(x) exp
[
Φ(x, a/x)

]
,

ãäå Φ(x, z) = −Φ(z, x)�ëþáàÿ àíòèñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.

Ïîëàãàÿ Φ(x, z) = C(lnx− ln z), ïîëó÷èì ÷àñòíîå ðåøåíèå

y = ±a−Cx2Cf(x),

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

12. y2(x) + Ay(x)y(a/x) + By2(a/x) + Cy(x) +Dy(a/x) = f(x).

×àñòíûé ñëó÷àé óðàâíåíèÿ 9.3.3.3.

�åøåíèå â ïàðàìåòðè÷åñêîé �îðìå:

y2 +Ayt+Bt2 +Cy +Dt = f(x),

t2 +Ayt+By2 +Ct+Dy = f(a/x).

Èñêëþ÷åíèå ïàðàìåòðà t äàåò ðåøåíèå â íåÿâíîì âèäå.
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◮ Äðóãèå �óíêöèîíàëüíûå óðàâíåíèÿ ñ êâàäðàòè÷íîé íåëèíåéíîñòüþ.

13. y(x2)− ay2(x) = 0.

�åøåíèå:

y(x) =
1

a
xC ,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Êðîìå òîãî, íåïðåðûâíûì ðåøåíèåì òàêæå

ÿâëÿåòñÿ òðèâèàëüíîå ðåøåíèå y(x) ≡ 0.

14. y(x)y(xa) = f(x), a > 0.

×àñòíûé ñëó÷àé óðàâíåíèÿ 9.3.3.6.

15. y(x)y
((
a− x

1 + bx

))
= A2

.

�åøåíèÿ:

y(x) = ±A exp
[
Φ
(
x,

a− x

1 + bx

)]
,

ãäå Φ(x, z) = −Φ(z, x)�ëþáàÿ àíòèñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.

16. y(x)y
((
a− x

1 + bx

))
= f2(x).

Çäåñü ïðàâàÿ ÷àñòü óðàâíåíèÿ äîëæíà óäîâëåòâîðÿòü ñëåäóþùåìó óñëîâèþ:

f(x) =±f
(
a− x

1 + bx

)
. Äëÿ îïðåäåëåííîñòè áóäåì ñ÷èòàòü, ÷òî f(x)= f

(
a− x

1 + bx

)
.

�åøåíèÿ:

y(x) = ±f(x) exp
[
Φ
(
x,

a− x

1 + bx

)]
,

ãäå Φ(x, z) = −Φ(z, x)�ëþáàÿ àíòèñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.

17. y2(x) + Ay(x)y
((
a− x

1 + bx

))
+ By(x) = f(x).

×àñòíûé ñëó÷àé óðàâíåíèÿ 9.3.3.4.

18. y(x)y
((√
a2 − x2

))
= b2, 0 6 x 6 a.

�åøåíèÿ:

y(x) = ±b exp
[
Φ
(
x,

√
a2 − x2

)]
,

ãäå Φ(x, z) = −Φ(z, x)�ëþáàÿ àíòèñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.

19. y(x)y
((√
a2 − x2

))
= f2(x), 0 6 x 6 a.

Çäåñü ïðàâàÿ ÷àñòü óðàâíåíèÿ äîëæíà óäîâëåòâîðÿòü ñëåäóþùåìó óñëîâèþ:

f(x) = ±f
(√
a2 − x2

)
. Äëÿ îïðåäåëåííîñòè çäåñü áóäåì ñ÷èòàòü, ÷òî f(x) =

= f
(√
a2 − x2

)
.

�åøåíèÿ:

y(x) = ±f(x) exp
[
Φ
(
x,

√
a2 − x2

)]
,

ãäå Φ(x, z) = −Φ(z, x)�ëþáàÿ àíòèñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.
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20. y(sinx)y(cosx) = a2.

�åøåíèÿ â íåÿâíîì âèäå:

y(sinx) = ±a exp
[
Φ(sinx, cos x)

]
,

ãäå Φ(x, z) = −Φ(z, x)�ëþáàÿ àíòèñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.

21. y(sinx)y(cosx) = f2(x).

Çäåñü ïðàâàÿ ÷àñòü óðàâíåíèÿ äîëæíà óäîâëåòâîðÿòü ñëåäóþùåìó óñëîâèþ:

f(x) = ±f
(
π
2 − x

)
. Äëÿ îïðåäåëåííîñòè áóäåì ñ÷èòàòü, ÷òî f(x) = f

(
π
2 − x

)
.

�åøåíèÿ â íåÿâíîì âèäå:

y(sinx) = ±f(x) exp
[
Φ(sinx, cos x)

]
,

ãäå Φ(x, z) = −Φ(z, x)�ëþáàÿ àíòèñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.

22. y(x)y
((
ω(x)

))
= b2, ãäå ω

((
ω(x)

))
= x.

�åøåíèÿ:

y(x) = ±b exp
[
Φ
(
x, ω(x)

)]
,

ãäå Φ(x, z) = −Φ(z, x)�ëþáàÿ àíòèñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.

23. y(x)y
((
ω(x)

))
= f2(x), ãäå ω

((
ω(x)

))
= x.

Çäåñü ïðàâàÿ ÷àñòü óðàâíåíèÿ äîëæíà óäîâëåòâîðÿòü óñëîâèþ f(x)=±f
(
ω(x)

)
.

Äëÿ îïðåäåëåííîñòè áóäåì ñ÷èòàòü, ÷òî f(x) = f
(
ω(x)

)
.

�åøåíèÿ:

y(x) = ±f(x) exp
[
Φ
(
x, ω(x)

)]
,

ãäå Φ(x, z) = −Φ(z, x)�ëþáàÿ àíòèñèììåòðè÷íàÿ �óíêöèÿ äâóõ àðãóìåíòîâ.

9.3.2. Ôóíêöèîíàëüíûå óðàâíåíèÿ ñî ñòåïåííîé íåëèíåéíîñòüþ

1. yk(x)y(a−x) = f(x).

×àñòíûé ñëó÷àé óðàâíåíèÿ 9.3.3.2.

�åøåíèå:

y(x) =
[
f(x)

]− k
1−k2

[
f(a− x)

] 1
1−k2 .

2. y2n+1(x) + y2n+1(a− x) = b, n = 1, 2, . . .

Ïîäñòàíîâêà w(x) = y2n+1(x) ïðèâîäèò ê ëèíåéíîìó óðàâíåíèþ âèäà 9.2.1.8:

w(x) +w(a − x) = b.

3. y(ax) = byk(x).

�åøåíèå ïðè x > 0, a > 0, b > 0, k > 0 (a 6= 1 è k 6= 1):

y(x) = b
1

1−k exp
[
x

ln k
ln a Θ

(
ln x

ln a

)]
,

ãäå Θ(x) = Θ(x+ 1)�ïðîèçâîëüíàÿ ïåðèîäè÷åñêàÿ �óíêöèÿ ñ ïåðèîäîì 1.
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4. yk(x)y(a/x) = f(x).

×àñòíûé ñëó÷àé óðàâíåíèÿ 9.3.3.3.

�åøåíèå ïðè k 6= ±1:

y(x) =
[
f(x)

]− k
1−k2

[
f(a/x)

] 1
1−k2 .

5. yk(x)y
((
a− x

1 + bx

))
= f(x).

×àñòíûé ñëó÷àé óðàâíåíèÿ 9.3.3.4.

6. yk(x)y
((
ax− β

x+ b

))
= f(x), β = a2 + ab+ b2.

×àñòíûé ñëó÷àé óðàâíåíèÿ 9.3.3.10.

7. yk(x)y(xa) = f(x).

×àñòíûé ñëó÷àé óðàâíåíèÿ 9.3.3.6.

8. yk(x)y
((√
a2 − x2

))
= f(x).

×àñòíûé ñëó÷àé óðàâíåíèÿ 9.3.3.7.

9. yk(sinx)y(cosx) = f(x).

×àñòíûé ñëó÷àé óðàâíåíèÿ 9.3.3.8.

9.3.3. Íåëèíåéíûå �óíêöèîíàëüíûå óðàâíåíèÿ îáùåãî âèäà

1. F
((
x, y(x), y(ax)

))
= 0, a > 0.

Ïðåîáðàçîâàíèå z = lnx, w(z) = y(x) ïðèâîäèò ê óðàâíåíèþ âèäà 9.1.2.23:

F
(
ez, w(z), w(z + b)

)
= 0, b = ln a.

2. F
((
x, y(x), y(a− x)

))
= 0.

Íåëèíåéíîå âîçâðàòíîå (öèêëè÷åñêîå) �óíêöèîíàëüíîå óðàâíåíèå.

Çàìåíèâ x íà a − x, èìååì F
(
a − x, y(a − x), y(x)

)
= 0. Çàòåì, èñêëþ÷èâ

âåëè÷èíó y(a−x) èç ïîëó÷åííîãî è èñõîäíîãî óðàâíåíèé (ïðåäïîëàãàåòñÿ, ÷òî
ýòè óðàâíåíèÿ ðàçëè÷àþòñÿ), ïðèõîäèì ê àëãåáðàè÷åñêîìó (èëè òðàíñöåíäåíò-

íîìó) óðàâíåíèþ âèäà Ψ
(
x, y(x)

)
= 0.

Èíûìè ñëîâàìè, ðåøåíèå y = y(x) èñõîäíîãî �óíêöèîíàëüíîãî óðàâíåíèÿ
çàäàåòñÿ ïàðàìåòðè÷åñêè ñèñòåìîé äâóõ àëãåáðàè÷åñêèõ (èëè òðàíñöåíäåíò-

íûõ) óðàâíåíèé

F (x, y, t) = 0, F (a− x, t, y) = 0,

ãäå t�ïàðàìåòð.
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3. F
((
x, y(x), y(a/x)

))
= 0.

Íåëèíåéíîå âîçâðàòíîå (öèêëè÷åñêîå) �óíêöèîíàëüíîå óðàâíåíèå.

Çàìåíèâ x íà a/x, èìååì F
(
a/x, y(a/x), y(x)

)
= 0. Çàòåì, èñêëþ÷èâ âåëè-

÷èíó y(a/x) èç ïîëó÷åííîãî è èñõîäíîãî óðàâíåíèé (ïðåäïîëàãàåòñÿ, ÷òî ýòè

óðàâíåíèÿ ðàçëè÷àþòñÿ), ïðèõîäèì ê àëãåáðàè÷åñêîìó (èëè òðàíñöåíäåíòíîìó)

óðàâíåíèþ âèäà Ψ
(
x, y(x)

)
= 0.

Èíûìè ñëîâàìè, ðåøåíèå y = y(x) èñõîäíîãî �óíêöèîíàëüíîãî óðàâíåíèÿ
çàäàåòñÿ ïàðàìåòðè÷åñêè ñèñòåìîé äâóõ àëãåáðàè÷åñêèõ (èëè òðàíñöåíäåíò-

íûõ) óðàâíåíèé

F (x, y, t) = 0, F (a/x, t, y) = 0,

ãäå t�ïàðàìåòð.

4. F

((
x, y(x), y

((
a− x

1 + bx

))))
= 0.

Çàìåíèâ x íà

a− x

1 + bx
, èìååì

F
(
a− x

1 + bx
, y

(
a− x

1 + bx

)
, y(x)

)
= 0.

Çàòåì, èñêëþ÷èâ âåëè÷èíó y
(
a− x

1 + bx

)
èç ïîëó÷åííîãî è èñõîäíîãî óðàâíå-

íèé, ïðèõîäèì ê àëãåáðàè÷åñêîìó (èëè òðàíñöåíäåíòíîìó) óðàâíåíèþ âèäà

Ψ
(
x, y(x)

)
= 0.

Èíûìè ñëîâàìè, ðåøåíèå y = y(x) èñõîäíîãî �óíêöèîíàëüíîãî óðàâíåíèÿ
çàäàåòñÿ ïàðàìåòðè÷åñêè ñèñòåìîé äâóõ àëãåáðàè÷åñêèõ (èëè òðàíñöåíäåíò-

íûõ) óðàâíåíèé

F (x, y, t) = 0, F
(
a− x

1 + bx
, t, y

)
= 0,

ãäå t�ïàðàìåòð.

5. F

((
x, y(x), y

((
ax− β

x+ b

))))
= 0, β = a2 + ab+ b2.

×àñòíûé ñëó÷àé óðàâíåíèÿ 9.3.3.10.

6. F
((
x, y(x), y(xa)

))
= 0.

Ïðåîáðàçîâàíèå ξ = lnx, u(ξ) = y(x) ïðèâîäèò ê óðàâíåíèþ âèäà 9.3.3.1:

F
(
eξ, u(ξ), u(aξ)

)
= 0.

7. F
((
x, y(x), y

((√
a2 − x2

))))
= 0, 0 6 x 6 a.

Çàìåíèâ x íà

√
a2 − x2, èìååì

F
(√

a2 − x2, y
(√

a2 − x2
)
, y(x)

)
= 0.
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Çàòåì, èñêëþ÷èâ âåëè÷èíó y
(√
a2 − x2

)
èç ïîëó÷åííîãî è èñõîäíîãî óðàâíå-

íèé, ïðèõîäèì ê àëãåáðàè÷åñêîìó (èëè òðàíñöåíäåíòíîìó) óðàâíåíèþ âèäà

Ψ
(
x, y(x)

)
= 0.

Èíûìè ñëîâàìè, ðåøåíèå y = y(x) èñõîäíîãî �óíêöèîíàëüíîãî óðàâíåíèÿ
çàäàåòñÿ ïàðàìåòðè÷åñêè ñèñòåìîé äâóõ àëãåáðàè÷åñêèõ (èëè òðàíñöåíäåíò-

íûõ) óðàâíåíèé

F (x, y, t) = 0, F
(√

a2 − x2, t, y
)
= 0,

ãäå t�ïàðàìåòð.

8. F
((
x, y(sin x), y(cosx)

))
= 0.

Çàìåíèâ x íà

π
2 − x, èìååì F

(
π
2 − x, y(cos x), y(sinx)

)
= 0. Çàòåì, èñêëþ÷èâ

âåëè÷èíó y(cos x) èç ïîëó÷åííîãî è èñõîäíîãî óðàâíåíèé, ïðèõîäèì ê àëãåá-

ðàè÷åñêîìó (èëè òðàíñöåíäåíòíîìó) óðàâíåíèþ âèäà Ψ
(
x, y(sinx)

)
= 0 äëÿ

y(sinx).

9. F
((
x, y(x), y

((
ω(x)

))))
= 0, ãäå ω

((
ω(x)

))
= x.

Çàìåíèâ x íà ω(x), èìååì F
(
ω(x), y

(
ω(x)

)
, y(x)

)
= 0. Çàòåì, èñêëþ÷èâ âåëè-

÷èíó y
(
ω(x)

)
èç ïîëó÷åííîãî è èñõîäíîãî óðàâíåíèé, ïðèõîäèì ê àëãåáðàè÷å-

ñêîìó (èëè òðàíñöåíäåíòíîìó) óðàâíåíèþ âèäà Ψ
(
x, y(x)

)
= 0.

Èíûìè ñëîâàìè, ðåøåíèå y = y(x) èñõîäíîãî �óíêöèîíàëüíîãî óðàâíåíèÿ
çàäàåòñÿ ïàðàìåòðè÷åñêè ñèñòåìîé äâóõ àëãåáðàè÷åñêèõ (èëè òðàíñöåíäåíò-

íûõ) óðàâíåíèé

F (x, y, t) = 0, F
(
ω(x), t, y

)
= 0,

ãäå t�ïàðàìåòð.

10. F

((
x, y(x), y

((
ax− β

x+ b

))
, y

((
bx+ β

a− x

))))
= 0, β = a2 + ab+ b2.

Çàìåíèì â óðàâíåíèè x ñíà÷àëà íà

ax− β

x+ b
, à çàòåì íà

bx+ β

a− x
, ÷òîáû ïîëó÷èòü

åùå äâà óðàâíåíèÿ. Òàêèì îáðàçîì, ïðèõîäèì ê ñëåäóþùåé ñèñòåìå (ñíà÷àëà

çàïèñàíî èñõîäíîå óðàâíåíèå):

F
(
x, y(x), y(u), y(w)

)
= 0,

F
(
u, y(u), y(w), y(x)

)
= 0,

F
(
w, y(w), y(x), y(u)

)
= 0,

(∗)

ãäå àðãóìåíòû u è w âûðàæàþòñÿ ÷åðåç x ñëåäóþùèì îáðàçîì:

u =
ax− β

x+ b
, w =

bx+ β

a− x
.

Èñêëþ÷èâ y(u) è y(w) èç ñèñòåìû àëãåáðàè÷åñêèõ (òðàíñöåíäåíòíûõ) óðàâ-

íåíèé (∗), ìîæíî íàéòè ðåøåíèå y = y(x) èñõîäíîãî �óíêöèîíàëüíîãî óðàâ-

íåíèÿ.
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11. F
((
x, y(a1x), y(a2x), . . . , y(anx)

))
= 0.

Çäåñü x > 0 è ak > 0, ãäå k = 1, . . . , n. Ïðåîáðàçîâàíèå

y(x) = w(z), z = lnx

ïðèâîäèò ê ðàçíîñòíîìó óðàâíåíèþ

F
(
ez, w(z + b1), w(z + b2), . . . , w(z + bn)

)
= 0, bk = ln ak.

12. F
((
x, y(xa1), y(xa2), . . . , y(xam)

))
= 0, x > 0.

Ïðåîáðàçîâàíèå

y(x) = w(z), z = lnx

ïðèâîäèò ê ðàçíîñòíîìó óðàâíåíèþ âèäà 9.3.3.11:

F
(
ez , w(a1z), w(a2z), . . . , w(anz)

)
= 0.

13. F
((
x, y(ea1x), y(ea2x), . . . , y(eanx)

))
= 0.

Ïîäñòàíîâêà t = ex ïðèâîäèò ê ðàçíîñòíîìó óðàâíåíèþ âèäà 9.3.3.12:

F
(
ln t, y(ta1), y(ta2), . . . , y(tan)

)
= 0.

14. F
((
x, y(x), y[2](x), . . . , y[n](x)

))
= 0.

Èñïîëüçóåìûå îáîçíà÷åíèÿ: y[2](x) = y
(
y(x)

)
, . . . , y[n](x) = y

(
y[n−1](x)

)
.

�åøåíèå èùåòñÿ â ïàðàìåòðè÷åñêîì âèäå (Ìàò. ýíöèêëîïåäèÿ, 1985):

x = w(t), y = w(t+ 1). (1)

Â ðåçóëüòàòå ðàññìàòðèâàåìîå óðàâíåíèå ñâîäèòñÿ ê ðàçíîñòíîìó óðàâíåíèþ

n-ãî ïîðÿäêà âèäà 9.1.2.45:

F
(
w(t), w(t+ 1), w(t+ 2), . . . , w(t+ n)

)
= 0. (2)

Îáùåå ðåøåíèå óðàâíåíèÿ (2) èìååò ñòðóêòóðó

x = w(t) = ϕ(t; C1, . . . , Cn),

y = w(t+ 1) = ϕ(t+ 1; C1, . . . , Cn),

ãäå C1 = C1(t), . . . , Cn = Cn(t) � ïðîèçâîëüíûå ïåðèîäè÷åñêèå �óíêöèè ñ

ïåðèîäîì 1.

15. F
((
x, y(θ0(x)), y(θ1(x)), . . . , y(θn−1(x))

))
= 0.

Èñïîëüçóåìûå îáîçíà÷åíèÿ: θk(x) ≡ θ
(
x + k

n T
)
, ãäå k = 0, 1, . . . , n − 1.

Ñ÷èòàåòñÿ, ÷òî θ(x) = θ(x + T ) � ïåðèîäè÷åñêàÿ �óíêöèÿ ñ ïåðèîäîì T .
Êðîìå òîãî, ïðåäïîëàãàåòñÿ, ÷òî ëåâàÿ ÷àñòü óðàâíåíèÿ óäîâëåòâîðÿåò óñëîâèþ

F (x, . . . ) = F (x+ T, . . .).
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Â èñõîäíîì �óíêöèîíàëüíîì óðàâíåíèè ïîñëåäîâàòåëüíî çàìåíèì àðãó-

ìåíò x íà x+ k
n T , ãäå k =0, 1, . . . , n−1. Â ðåçóëüòàòå ïðèõîäèì ê ñëåäóþùåé

ñèñòåìå (ñíà÷àëà çàïèñàíî èñõîäíîå óðàâíåíèå):

F
(
x, y0, y1, . . . , yn−1

)
= 0,

F
(
x+ 1

n T, y1, y2, . . . , y0
)
= 0,

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·,
F
(
x+ n−1

n T, yn−1, y0, . . . , yn−2

)
= 0,

(∗)

ãäå äëÿ êðàòêîñòè èñïîëüçîâàíî îáîçíà÷åíèå yk ≡ y
(
θk(x)

)
.

Èñêëþ÷àÿ âåëè÷èíû y1, y2, . . . , yn−1 èç ñèñòåìû íåëèíåéíûõ àëãåáðàè÷å-

ñêèõ (èëè òðàíñöåíäåíòíûõ) óðàâíåíèé (*), ìîæíî íàéòè ðåøåíèÿ èñõîäíîãî

�óíêöèîíàëüíîãî óðàâíåíèÿ â íåÿâíîé �îðìå: Ψ
(
x, y0) = 0, ãäå y0 = y

(
θ(x)

)
.

16. y(x) = F
((
x, y(ϕ(x)

))
.

Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

1) ñóùåñòâóþò ÷èñëà a è b òàêèå, ÷òî ϕ(a) = a, F (a, b) = b;
2) �óíêöèÿ ϕ(x) ÿâëÿåòñÿ àíàëèòè÷åñêîé â îêðåñòíîñòè òî÷êè a, ïðè÷åì

èìååò ìåñòî íåðàâåíñòâî |ϕ′(a)| < 1;
3) �óíêöèÿ F (x, y) ÿâëÿåòñÿ àíàëèòè÷åñêîé â îêðåñòíîñòè òî÷êè (a, b) è

|Fy(a, b)| < 1.

Òîãäà �îðìàëüíîå ðåøåíèå èñõîäíîãî óðàâíåíèÿ â âèäå ñòåïåííîãî ðÿäà

y(x) = b+

∞∑

k=1

ck(x− a)k, (∗)

èìååò ïîëîæèòåëüíûé ðàäèóñ ñõîäèìîñòè.

Ôîðìàëüíîå ðåøåíèå ìîæíî ïîëó÷èòü, ïîäñòàâèâ âûðàæåíèÿ

ϕ(x) = a+
∞∑

k=1

ak(x− a)k, F (x, y) = b+
∞∑

i,j=1

bij(x− a)i(y − b)j ,

è (∗), â ðàññìàòðèâàåìîå �óíêöèîíàëüíîå óðàâíåíèå. Ñîáèðàÿ ñëàãàåìûå ñ

îäèíàêîâûìè ñòåïåíÿìè ðàçíîñòè ξ = (x − a) è çàòåì ïðèðàâíèâàÿ íóëþ

êîý��èöèåíòû ïðè ðàçíûõ ñòåïåíÿõ ξ, ïîëó÷èì òðåóãîëüíóþ ñèñòåìó àëãåáðà-

è÷åñêèõ óðàâíåíèé äëÿ îïðåäåëåíèÿ êîý��èöèåíòîâ ck.

9.4. Ôóíêöèîíàëüíûå óðàâíåíèÿ ñ íåñêîëüêèìè

íåçàâèñèìûìè ïåðåìåííûìè

9.4.1. Ëèíåéíûå �óíêöèîíàëüíûå óðàâíåíèÿ

◮ Óðàâíåíèÿ, ñîäåðæàùèå íåèçâåñòíûå �óíêöèè îäíîãî àðãóìåíòà.

1. f(x+ y) = f(x)+ f(y).

Óðàâíåíèå Êîøè.
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�åøåíèå (Ôèõòåíãîëüö, 1969):

f(x) = Cx,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

2. f
((
x+ y

2

))
=

f(x) + f(y)

2
.

Óðàâíåíèå Äæåíñåíà.

�åøåíèå:

f(x) = C1x+C2,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

3. af(x) + bf(y) = f(ax+ by) + c.

1◦. �åøåíèå:

f(x) =

{
Ax+

c

a+ b− 1
, åñëè a+ b− 1 6= 0;

Ax+B, åñëè a+ b− 1 = 0 è c = 0,

ãäå A è B �ïðîèçâîëüíûå ïîñòîÿííûå.

2◦. Åñëè a+ b− 1 = 0 è c 6= 0, òî äàííîå óðàâíåíèå íå èìååò ðåøåíèÿ.

4. k1f(a1x+b1y+c1)+k2f(a2x+b2y+c2)+k3f(a3x+b3y+c3)=k0.

1◦. Âñå íåïðåðûâíûå ðåøåíèÿ ýòîãî óðàâíåíèÿ, åñëè îíè ñóùåñòâóþò, èìå-
þò âèä f(z) = αz + β, ãäå êîíñòàíòû α è β îïðåäåëÿþòñÿ ïóòåì ïîäñòàíîâêè

ýòîãî âûðàæåíèÿ â èñõîäíîå óðàâíåíèå.

2◦. Ïóñòü âûïîëíÿþòñÿ ñëåäóþùèå ñîîòíîøåíèÿ:

a1k1 + a2k2 + a3k3 = 0,

b1k1 + b2k2 + b3k3 = 0, (1)

k1 + k2 + k3 6= 0.

Òîãäà ðåøåíèå èñõîäíîãî óðàâíåíèÿ îïðåäåëÿåòñÿ �îðìóëàìè

f(z) = αz + β, β =
k0 − α(c1k1 + c2k2 + c3k3)

k1 + k2 + k3
, (2)

ãäå α�ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

3◦. Ïóñòü ïåðâîå è âòîðîå ñîîòíîøåíèå â (1) âûïîëíÿþòñÿ, à òðåòüå ñîîò-

íîøåíèå íå âûïîëíÿåòñÿ (ò. å. k1 + k2 + k3 = 0). Òîãäà ðåøåíèå èñõîäíîãî

óðàâíåíèÿ èìååò âèä

f(z) = αz + β, α =
k0

c1k1 + c2k2 + c3k3
,

ãäå β �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.
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4◦. Ïóñòü ïåðâîå èëè/è âòîðîå ñîîòíîøåíèå â (1) íå âûïîëíÿåòñÿ, íî âû-

ïîëíÿåòñÿ òðåòüå ñîîòíîøåíèå. Òîãäà ðåøåíèåì èñõîäíîãî óðàâíåíèÿ áóäåò

êîíñòàíòà, êîòîðàÿ îïðåäåëÿåòñÿ ïîäñòàíîâêîé çíà÷åíèÿ α = 0 â (2).

5. f(x+ y) + f(x− y) = 2f(x) + 2f(y).

�åøåíèå:

f(x) = Cx2,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

6.

n∑

j=1

kjf(ajx+ bjy + cj) = αx+ βy + γ.

Âñå íåïðåðûâíûå ðåøåíèÿ ýòîãî óðàâíåíèÿ, åñëè îíè ñóùåñòâóþò, èìåþò âèä

ìíîãî÷ëåíîâ ñòåïåíè (n − 2), ò. å. f(z) =
∑n−2

m=0 αmz
m
, ãäå êîíñòàíòû αm

îïðåäåëÿþòñÿ ïóòåì ïîäñòàíîâêè ýòîãî âûðàæåíèÿ â èñõîäíîå óðàâíåíèå.

7. f(x+ y) = f(x)eay.

�åøåíèå:

f(x) = Ceax,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

8. f(x+ y) + f(x− y) = 2f(x) ch y.

�åøåíèå:

f(x) = C1e
x + C2e

−x,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

9. f(x+ y) + f(x− y) = 2f(x) ch(ay) + 2f(y).

�åøåíèå:

f(x) = C[2− ch(ax)],

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

10. f(x+ y) + f(x− y) = 2f(x) cos y.

�åøåíèå (Ìàò. ýíöèêëîïåäèÿ, 1985):

f(x) = C1 cosx+ C2 sinx,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

11. f(x+ y) + f(x− y) = 2f(x) cos(ay) + 2f(y).

�åøåíèå:

f(x) = C[2− cos(ax)],

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.
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12. f(xy) = f(x) + f(y).

Ëîãàðè�ìè÷åñêîå óðàâíåíèå Êîøè.

�åøåíèå (Ôèõòåíãîëüö, 1969):

f(x) = C ln |x|,
ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

13. f
((√
x2 + y2

))
= f(x) + f(y).

�åøåíèå:

f(x) = Cx2,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

14. f
((
(xa + ya)1/a

))
= f(x) + f(y), x > 0, y > 0.

�åøåíèå:

f(x) = Cxa,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

15. f(x) + f(y) = f
((
x+ y

1 − xy

))
, xy < 1.

�åøåíèå:

f(x) = C arctg x,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

16. f(x) + (1− x)f
((

y

1 − x

))
= f(y) + (1 − y)f

((
x

1 − y

))
.

Ýòî óðàâíåíèå âñòðå÷àåòñÿ â òåîðèè èí�îðìàöèè. Àðãóìåíòû x è y ìîãóò

ïðèíèìàòü çíà÷åíèÿ îò 0 äî 1.

�åøåíèå:

f(x) = C[x lnx+ (1− x) ln(1− x)],

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

17. f(x) + (1− x)af
((

y

1 − x

))
= f(y) + (1 − y)af

((
x

1 − y

))
.

Àðãóìåíòû x è y ìîãóò ïðèíèìàòü çíà÷åíèÿ îò 0 äî 1; a 6= 0, 1, 2.
�åøåíèå:

f(x) = C[xa + (1− x)a − 1],

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

18. f
((
xy −

√
(1− x2)(1− y2)

))
= f(x) + f(y), |x| 6 1, |y| 6 1.

�åøåíèå:

f(x) = C arccos x,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.
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19. f
((
xy +

√
(x2 − 1)(y2 − 1)

))
= f(x) + f(y), |x| > 1, |y| > 1.

�åøåíèå:

f(x) = C arch x,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

20. f(x) + g(y) = h(x+ y).

Óðàâíåíèå Ïåêñèäåðà. Çäåñü f(x), g(y), h(z)�èñêîìûå �óíêöèè.

�åøåíèå:

f(x) = C1x+ C2, g(y) = C1y + C3, h(z) = C1z + C2 + C3,

ãäå C1, C2, C3�ïðîèçâîëüíûå ïîñòîÿííûå.

21. f(a1x+ b1y + c1) + g(a2x+ b2y + c2) + h(a3x+ b3y + c3) = 0.

Îáîáùåííîå óðàâíåíèå Ïåêñèäåðà. Çäåñü f(z1), g(z2), h(z3) � èñêîìûå �óíê-

öèè.

Âñå íåïðåðûâíûå ðåøåíèÿ óðàâíåíèÿ, åñëè îíè ñóùåñòâóþò, èìåþò âèä

f(z1) = α1z1 + β1, g(z2) = α2z2 + β2, h(z3) = α3z3 + β3,

ãäå ïîñòîÿííûå αn è βn (n = 1, 2, 3) îïðåäåëÿþòñÿ ïóòåì ïîäñòàíîâêè ýòîãî

âûðàæåíèÿ â èñõîäíîå óðàâíåíèå.

22.

n∑

j=1

fj(ajx+ bjy + cj) = αx+ βy + γ.

Âñå íåïðåðûâíûå ðåøåíèÿ ýòîãî óðàâíåíèÿ, åñëè îíè ñóùåñòâóþò, èìåþò âèä

ìíîãî÷ëåíîâ ñòåïåíè (n− 2), ò. å. fj(zj) =
∑n−2

m=0 αjmz
m
j , ãäå ïîñòîÿííûå αjm

îïðåäåëÿþòñÿ ïóòåì ïîäñòàíîâêè ýòîãî âûðàæåíèÿ â èñõîäíîå óðàâíåíèå.

◮ Óðàâíåíèÿ, ñîäåðæàùèå íåèçâåñòíûå �óíêöèè äâóõ àðãóìåíòîâ.

23. f(x, y) = f(y, x).

Ýòî óðàâíåíèå ìîæíî ðàññìàòðèâàòü êàê îïðåäåëåíèå �óíêöèé, ñèììåòðè÷-

íûõ îòíîñèòåëüíî ïåðåñòàíîâêè àðãóìåíòîâ.

1◦. �åøåíèå:
f(x, y) = Φ(x, y) + Φ(y, x),

ãäå Φ(x, y)�ïðîèçâîëüíàÿ �óíêöèÿ äâóõ ïåðåìåííûõ.

2◦. ×àñòíûå ðåøåíèÿ ìîæíî ïîëó÷èòü ñ ïîìîùüþ �îðìóëû

f(x, y) = Ψ(ϕ(x) + ϕ(y)),

çàäàâàÿ ðàçëè÷íûå �óíêöèè Ψ(z) è ϕ(x).
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24. f(x, y) = −f(y, x).
Ýòî óðàâíåíèå ìîæíî ðàññìàòðèâàòü êàê îïðåäåëåíèå �óíêöèé, àíòèñèì-

ìåòðè÷íûõ îòíîñèòåëüíî ïåðåñòàíîâêè àðãóìåíòîâ.

1◦. �åøåíèå:
f(x, y) = Φ(x, y)− Φ(y, x),

ãäå Φ(x, y)�ïðîèçâîëüíàÿ �óíêöèÿ äâóõ ïåðåìåííûõ.

2◦. ×àñòíûå ðåøåíèÿ ìîæíî ïîëó÷èòü ñ ïîìîùüþ �îðìóë

f(x, y) = ϕ(x) − ϕ(y),

f(x, y) = (x− y)Ψ(ϕ(x) + ϕ(y)),

çàäàâàÿ ðàçëè÷íûå �óíêöèè ϕ(x) è Ψ(z).

25. f(x, y) = f(x+ ak1, y + ak2).

Óðàâíåíèå äëÿ �óíêöèé òèïà áåãóùåé âîëíû. Çäåñü a�ïðîèçâîëüíàÿ ïîñòîÿí-

íàÿ, à k1 è k2�íåêîòîðûå çàäàííûå êîíñòàíòû.

�åøåíèå:

f(x, y) = Φ(k2x− k1y),

ãäå Φ(z)�ïðîèçâîëüíàÿ �óíêöèÿ.

26. f(x, y) = f(x+ ak1, y + ak2) + ac.

Çäåñü a�ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à k1, k2, c�íåêîòîðûå çàäàííûå êîíñòàíòû.
�åøåíèå:

f(x, y) = Φ
(
k1y − k2x

)
− c

k1
x,

ãäå Φ(z)�ïðîèçâîëüíàÿ �óíêöèÿ.

27. f(x, y) = eacf(x+ ak1, y + ak2).

Çäåñü a�ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à k1, k2, c�íåêîòîðûå çàäàííûå êîíñòàíòû.
�åøåíèå:

f(x, y) = exp
(
− c

k1
x
)
Φ
(
k1y − k2x

)
,

ãäå Φ(z)�ïðîèçâîëüíàÿ �óíêöèÿ.

28. f(ax, ay) = f(x, y).

Çäåñü a 6= 0�ëþáîå ÷èñëî.

�åøåíèå:

f(x, y) = Φ(y/x),

ãäå Φ(z)�ïðîèçâîëüíàÿ �óíêöèÿ.

29. f(ax, ay) = aβf(x, y).

Óðàâíåíèå äëÿ îäíîðîäíûõ �óíêöèé. Çäåñü a � ïðîèçâîëüíàÿ ïîëîæèòåëüíàÿ

ïîñòîÿííàÿ, à β � çàäàííàÿ êîíñòàíòà, íàçûâàåìàÿ ïîðÿäêîì îäíîðîäíîñòè.
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�åøåíèå:

f(x, y) = xβΦ(y/x),

ãäå Φ(z)�ïðîèçâîëüíàÿ �óíêöèÿ.

30. f(ax, aβy) = f(x, y).

Çäåñü a�ïðîèçâîëüíàÿ ïîëîæèòåëüíàÿ ïîñòîÿííàÿ, à β �íåêîòîðàÿ êîíñòàíòà.

�åøåíèå:

f(x, y) = Φ
(
yx−β

)
,

ãäå Φ(z)�ïðîèçâîëüíàÿ �óíêöèÿ.

31. f(ax, aβy) = aγf(x, y).

Óðàâíåíèå äëÿ àâòîìîäåëüíûõ �óíêöèé. Çäåñü a�ïðîèçâîëüíàÿ ïîëîæèòåëüíàÿ
ïîñòîÿííàÿ, à β è γ �íåêîòîðûå êîíñòàíòû.

�åøåíèå:

f(x, y) = xγΦ
(
yx−β

)
,

ãäå Φ(z)�ïðîèçâîëüíàÿ �óíêöèÿ.

32. f(x, y) = anf
((
x+ (1− a)y, ay

))
.

Çäåñü a�ïðîèçâîëüíàÿ ïîëîæèòåëüíàÿ ïîñòîÿííàÿ, à n�íåêîòîðàÿ êîíñòàíòà.

�åøåíèå:

f(x, y) = y−nΦ(x+ y),

ãäå Φ(z)�ïðîèçâîëüíàÿ �óíêöèÿ.

33. f(x, y) = f(anx, amy) + k lna.

Çäåñü a � ïðîèçâîëüíàÿ ïîëîæèòåëüíàÿ ïîñòîÿííàÿ, à n, m, k � íåêîòîðûå

êîíñòàíòû.

�åøåíèå:

f(x, y) = Φ
(
yx−m/n

)
− k

n
lnx, x > 0,

ãäå Φ(z)�ïðîèçâîëüíàÿ �óíêöèÿ.

34. f(x, y) = anf(amx, y + lna).

Çäåñü a� ïðîèçâîëüíàÿ ïîëîæèòåëüíàÿ ïîñòîÿííàÿ, à n è m� íåêîòîðûå êîí-

ñòàíòû.

�åøåíèå:

f(x, y) = e−nyΦ
(
xe−my

)
,

ãäå Φ(z)�ïðîèçâîëüíàÿ �óíêöèÿ.

35. f(x, y) + f(y, z) = f(x, z).

Ïåðâîå óðàâíåíèå Êàíòîðà.
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�åøåíèå (Ìàò. ýíöèêëîïåäèÿ, 1985):

f(x, y) = Φ(x)− Φ(y),

ãäå Φ(x)�ïðîèçâîëüíàÿ �óíêöèÿ.

36. f(x+ y, z) + f(y + z, x) + f(z + x, y) = 0.

�åøåíèå:

f(x, y) = (x− 2y)ϕ(x + y),

ãäå ϕ(x)�ïðîèçâîëüíàÿ �óíêöèÿ.

37. f(xy, z) + f(yz, x) + f(zx, y) = 0.

�åøåíèå:

f(x, y) = ϕ(xy) ln
x

y2
ïðè x > 0, y 6= 0;

f(x, y) = ϕ(xy) ln
−x
y2

ïðè x < 0, y 6= 0;

f(x, y) = A+B ln |x| ïðè x 6= 0, y = 0;

f(x, y) = A+B ln |y| ïðè x = 0, y 6= 0,

ãäå ϕ(x)�ïðîèçâîëüíàÿ �óíêöèÿ, A è B�ïðîèçâîëüíûå ïîñòîÿííûå.

9.4.2. Íåëèíåéíûå �óíêöèîíàëüíûå óðàâíåíèÿ

◮ Óðàâíåíèÿ, ñîäåðæàùèå íåèçâåñòíûå �óíêöèè îäíîãî àðãóìåíòà.

1. f(x+ y) = f(x)f(y).

Ýêñïîíåíöèàëüíîå óðàâíåíèå Êîøè.

�åøåíèå (Ôèõòåíãîëüö, 1969):

f(x) = eCx,

ãäå C�ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Êðîìå òîãî, �óíêöèÿ f(x)≡0 òàêæå ÿâëÿåòñÿ
ðåøåíèåì äàííîãî óðàâíåíèÿ.

2. f(x+ y) = af(x)f(y).

�åøåíèå:

f(x) =
1

a
eCx,

ãäå C�ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Êðîìå òîãî, �óíêöèÿ f(x)≡0 òàêæå ÿâëÿåòñÿ
ðåøåíèåì äàííîãî óðàâíåíèÿ.

3. f
((
x+ y

2

))
=

√
f(x)f(y).

�åøåíèå:

f(x) = Cax,
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ãäå a è C � ïðîèçâîëüíûå ïîëîæèòåëüíûå ïîñòîÿííûå. Êðîìå òîãî, �óíêöèÿ

f(x) ≡ 0 òàêæå ÿâëÿåòñÿ ðåøåíèåì äàííîãî óðàâíåíèÿ.

4. f
((
x+ y

n

))
=

[[
f(x)f(y)

]]1/n
.

�åøåíèå:

f(x) = ax,

ãäå a�ïðîèçâîëüíàÿ ïîëîæèòåëüíàÿ ïîñòîÿííàÿ.

5. f(y + x) + f(y − x) = 2f(x)f(y).

Óðàâíåíèå Äàëàìáåðà.

�åøåíèÿ (Ôèõòåíãîëüö, 1969):

f(x) = cos(Cx), f(x) = ch(Cx), f(x) ≡ 0,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

6. f(y + x) + f(y − x) = af(x)f(y).

�åøåíèÿ:

f(x) =
2

a
cos(Cx), f(x) =

2

a
ch(Cx), f(x) ≡ 0,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

7. f(x+ y) = axyf(x)f(y), a > 0.

�åøåíèå:

f(x) = eCxax
2/2,

ãäå C�ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Êðîìå òîãî, �óíêöèÿ f(x)≡0 òàêæå ÿâëÿåòñÿ
ðåøåíèåì äàííîãî óðàâíåíèÿ.

8. f(x+ y) = f(x) + f(y)− af(x)f(y), a 6= 0.

Ïðè a = 1 ýòî óðàâíåíèå âñòðå÷àåòñÿ â òåîðèè âåðîÿòíîñòåé.

�åøåíèå:

f(x) =
1

a

(
1− e−βx

)
,

ãäå β�ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Êðîìå òîãî, �óíêöèÿ f(x)≡ 0 òàêæå ÿâëÿåòñÿ
ðåøåíèåì äàííîãî óðàâíåíèÿ.

9. f(x+ y)f(x− y) = f2(x).

Óðàâíåíèå Ëîáà÷åâñêîãî.

�åøåíèå:

f(x) = C1 exp(C2x),

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.
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10. f(x+ y + a)f(x− y + a) = f2(x) + f2(y) − b2.

�åøåíèÿ:

f(x) = ±b, f(x) = ±b cos nπx
a
,

ãäå n = 1, 2, . . . Äëÿ òðèãîíîìåòðè÷åñêèõ ðåøåíèé a äîëæíî áûòü îòëè÷íî îò
íóëÿ.

11. f(x+ y)f(x− y) = f2(x)− f2(y).

�åøåíèå:

f(x) = C1 sin(C2x),

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

12. f(x+ y + a)f(x− y + a) = f2(x)− f2(y).

�åøåíèÿ:

f(x) = 0, f(x) = C cos
πnx

a
, f(x) = C sin

πnx

a
,

ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ è n = 1, 2, . . . Äëÿ òðèãîíîìåòðè÷åñêèõ

ðåøåíèé a äîëæíî áûòü îòëè÷íî îò íóëÿ.

13. (x− y)f(x)f(y) = xf(x)− yf(y).

�åøåíèÿ:

f(x) ≡ 1, f(x) =
C

x+ C
,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

14. f(xy) = af(x)f(y).

Ñòåïåííîå óðàâíåíèå Êîøè (ïðè a = 1).
�åøåíèå (Ôèõòåíãîëüö, 1969):

f(x) =
1

a
|x|C ,

ãäå C�ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Êðîìå òîãî, �óíêöèÿ f(x)≡0 òàêæå ÿâëÿåòñÿ
ðåøåíèåì äàííîãî óðàâíåíèÿ.

15. f(xy) = [f(x)]y.

�åøåíèå:

f(x) = eCx,

ãäå C�ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Êðîìå òîãî, �óíêöèÿ f(x)≡0 òàêæå ÿâëÿåòñÿ
ðåøåíèåì äàííîãî óðàâíåíèÿ ïðè y > 0.

16. f
((√
x2 + y2

))
= f(x)f(y).

Óðàâíåíèå �àóññà.
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�åøåíèå:

f(x) = exp(Cx2),

ãäå C�ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Êðîìå òîãî, �óíêöèÿ f(x)≡0 òàêæå ÿâëÿåòñÿ
ðåøåíèåì äàííîãî óðàâíåíèÿ.

17.

((
f2(x) + f2(y)

2

))1/2

= f

((((
x2 + y2

2

))1/2))
.

�åøåíèå:

f(x) = (ax2 + b)1/2,

ãäå a è b�ïðîèçâîëüíûå ïîëîæèòåëüíûå ïîñòîÿííûå.

18. f
((
(xk + yk)1/k

))
= af(x)f(y), k �ëþáîå ÷èñëî.

�åøåíèå:

f(x) =
1

a
exp(Cxk),

ãäå C�ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Êðîìå òîãî, �óíêöèÿ f(x)≡0 òàêæå ÿâëÿåòñÿ
ðåøåíèåì äàííîãî óðàâíåíèÿ.

19.

((
fk(x) + fk(y)

2

))1/k

= f

((((
xk + yk

2

))1/k))
, k �ëþáîå ÷èñëî.

�åøåíèå:

f(x) = (axk + b)1/k,

ãäå a è b�ïðîèçâîëüíûå ïîëîæèòåëüíûå ïîñòîÿííûå.

20. f
((
x+ y

√
f(x)

))
+ f

((
x− y

√
f(x)

))
= 2f(x)f(y).

�åøåíèÿ:

f(x) ≡ 0, f(x) = 1 + Cx2,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

21. f
((
g−1

((
g(x) + g(y)

))))
= af(x)f(y).

Îáîáùåííîå óðàâíåíèå �àóññà. Çäåñü g(x) � ïðîèçâîëüíàÿ ìîíîòîííàÿ �óíê-

öèÿ, à g−1(x)��óíêöèÿ, îáðàòíàÿ ê g(x).
�åøåíèå:

f(x) =
1

a
exp

[
Cg(x)

]
,

ãäå C�ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Êðîìå òîãî, �óíêöèÿ f(x)≡0 òàêæå ÿâëÿåòñÿ
ðåøåíèåì äàííîãî óðàâíåíèÿ.

22. M
((
f(x), f(y)

))
= f

((
M(x, y)

))
.

Çäåñü M(x, y) = ϕ−1
(
ϕ(x) + ϕ(y)

2

)
�êâàçèàðè�ìåòè÷åñêîå ñðåäíåå äëÿ íåïðå-

ðûâíîé ñòðîãî ìîíîòîííîé �óíêöèè ϕ, à ϕ−1
��óíêöèÿ, îáðàòíàÿ ê ϕ.
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�åøåíèå:

f(x) = ϕ−1
(
aϕ(x) + b

)
,

ãäå a è b�ïðîèçâîëüíûå ïîñòîÿííûå.

23. Φ
((
x, y, f(x), f(x+ y), f(x− y)

))
= 0.

1◦. Ïîëàãàÿ â óðàâíåíèè y = 0, èìååì

Φ
(
x, 0, f(x), f(x), f(x)

)
= 0. (1)

Åñëè ëåâàÿ ÷àñòü (1) òîæäåñòâåííî íå îáðàùàåòñÿ â íóëü äëÿ âñåõ f(x), òî
ýòî óðàâíåíèå ìîæíî ðàçðåøèòü îòíîñèòåëüíî f(x). Ïîñëå ýòîãî ïîëó÷åííóþ
�óíêöèþ f(x) ñëåäóåò ïîäñòàâèòü â èñõîäíîå óðàâíåíèå è íàéòè óñëîâèÿ, ïðè
êîòîðûõ ýòà �óíêöèÿ ÿâëÿåòñÿ åãî ðåøåíèåì.

Äàëåå áóäåì ñ÷èòàòü, ÷òî ëåâàÿ ÷àñòü ñîîòíîøåíèÿ (1) òîæäåñòâåííî ðàâíà

íóëþ äëÿ âñåõ f(x).

2◦. Â èñõîäíîå óðàâíåíèå ïîñëåäîâàòåëüíî ïîäñòàâèì ñëåäóþùèå òðè îä-

íîïàðàìåòðè÷åñêèå ïàðû àðãóìåíòîâ:

x = 0, y = t; x = t, y = 2t; x = t, y = −2t.

Â ðåçóëüòàòå ïîëó÷èì ñèñòåìó àëãåáðàè÷åñêèõ (òðàíñöåíäåíòíûõ) óðàâíåíèé

Φ
(
0, t, a, f(t), f(−t)

)
= 0,

Φ
(
t, 2t, f(t), f(3t), f(−t)

)
= 0,

Φ
(
t,−2t, f(t), f(−t), f(3t)

)
= 0

(2)

äëÿ íåèçâåñòíûõ âåëè÷èí f(t), f(−t), f(3t), ãäå a= f(0). �àçðåøèâ ñèñòåìó (2)
îòíîñèòåëüíî f(t) (èëè îòíîñèòåëüíî ê f(−t) èëè f(3x)) íàõîäèì äîïóñòèìîå

ðåøåíèå, êîòîðîå äëÿ ïðîâåðêè íåîáõîäèìî ïîäñòàâèòü â èñõîäíîå óðàâíåíèå.

3◦. Â íåêîòîðûõ ñëó÷àÿõ ìîæíî èñïîëüçîâàòü ñëåäóþùèé ïðèåì. Â èñõîä-

íîì óðàâíåíèè ïîñëåäîâàòåëüíî ïîëàãàåì

x = 0, y = t; x = t+ a, y = a; x = a, y = t+ a, (3)

ãäå a�ñâîáîäíûé ïàðàìåòð. Ïîëó÷èì ñèñòåìó àëãåáðàè÷åñêèõ (òðàíñöåíäåíò-

íûõ) óðàâíåíèé

Φ
(
0, t, f(0), f(t), f(−t)

)
= 0,

Φ
(
t+ a, a, f(t+ a), f(t+ 2a), f(t)

)
= 0,

Φ
(
a, t+ a, f(a), f(t+ 2a), f(−t)

)
= 0.

(4)

Îáîçíà÷èâ f(0) = C1 è f(a) = C2, ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå,

èñêëþ÷èì f(t) è f(t+ 2a) èç ñèñòåìû (4) (ïðåäïîëàãàåòñÿ, ÷òî ýòî âîçìîæíî).

Â ðåçóëüòàòå ïðèõîäèì ê âîçâðàòíîìó óðàâíåíèþ

Ψ
(
f(t+ a), f(−t), t, a, C1, C2

)
= 0. (5)
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×òîáû íàéòè ðåøåíèå óðàâíåíèÿ (5), çàìåíèì t íà −t− a. Èìååì

Ψ
(
f(−t), f(t+ a),−t− a, a, C1, C2

)
= 0. (6)

Â èòîãå, èñêëþ÷èâ f(t + a) èç óðàâíåíèé (5) è (6), ïîëó÷èì àëãåáðàè÷åñêîå

(òðàíñöåíäåíòíîå) óðàâíåíèå äëÿ f(−t).
Çàìå÷àíèå 9.5. Ïðè àíàëèçå èíîãäà óäîáíî âûáðàòü ïîäõîäÿùèå çíà÷åíèÿ ïàðà-

ìåòðà a äëÿ óïðîùåíèÿ ñèñòåìû (4).

24. Φ
((
x, y, f(x), f(y), f(x+ y), f(x− y)

))
= 0.

Ïîëàãàÿ â óðàâíåíèè y = 0, èìååì

Φ
(
x, 0, f(x), a, f(x), f(x)

)
= 0, (1)

ãäå a = f(0). Åñëè ëåâàÿ ÷àñòü (1) òîæäåñòâåííî íå îáðàùàåòñÿ â íóëü äëÿ

âñåõ f(x), òî ýòî óðàâíåíèå ìîæíî ðàçðåøèòü îòíîñèòåëüíî f(x). Ïîñëå ýòîãî
ïîëó÷åííóþ �óíêöèþ f(x) ñëåäóåò ïîäñòàâèòü â èñõîäíîå óðàâíåíèå è íàéòè

âîçìîæíûå çíà÷åíèÿ ïàðàìåòðà a, ïðè êîòîðûõ ýòà �óíêöèÿ ÿâëÿåòñÿ åãî ðå-

øåíèåì (ñóùåñòâóþò ñëó÷àè, êîãäà íåò ðåøåíèé).

2◦. Äàëåå áóäåì ñ÷èòàòü, ÷òî ëåâàÿ ÷àñòü ñîîòíîøåíèÿ (1) òîæäåñòâåííî

ðàâíà íóëþ äëÿ âñåõ f(x) è a. Â èñõîäíîå óðàâíåíèå ïîñëåäîâàòåëüíî ïîäñòà-

âèì ñëåäóþùèå ÷åòûðå îäíîïàðàìåòðè÷åñêèå ïàðû àðãóìåíòîâ:

x = 0, y = t; x = t, y = 2t; x = 2t, y = t; x = t, y = t.

Â ðåçóëüòàòå ïîëó÷èì ñèñòåìó àëãåáðàè÷åñêèõ (òðàíñöåíäåíòíûõ) óðàâíåíèé

Φ
(
0, t, a, f(t), f(t), f(−t)

)
= 0,

Φ
(
t, 2t, f(t), f(2t), f(3t), f(−t)

)
= 0,

Φ
(
2t, t, f(2t), f(t), f(3t), f(t)

)
= 0,

Φ
(
t, t, f(t), f(t), f(2t), a

)
= 0,

(2)

ãäå a = f(0). Èñêëþ÷èâ âåëè÷èíû f(−t), f(2t), f(3t) èç ñèñòåìû (2), ïðèõî-

äèì ê àëãåáðàè÷åñêîìó (òðàíñöåíäåíòíîìó) óðàâíåíèþ äëÿ f(t). Ïîëó÷åííîå
óêàçàííûì ñïîñîáîì ðåøåíèå ñëåäóåò ïîäñòàâèòü â èñõîäíîå óðàâíåíèå äëÿ

ïðîâåðêè.

◮ Óðàâíåíèÿ, ñîäåðæàùèå íåñêîëüêî íåèçâåñòíûõ �óíêöèé îäíîãî

àðãóìåíòà.

25. f(x)g(y) = h(x+ y).

Çäåñü f(x), g(y), h(z)�èñêîìûå �óíêöèè.

�åøåíèå:

f(x) = C1 exp(C3x), g(y) = C2 exp(C3y), h(z) = C1C2 exp(C3z),

ãäå C1, C2, C3�ïðîèçâîëüíûå ïîñòîÿííûå.
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26. f(x)g(y) + h(y) = f(x+ y).

Çäåñü f(x), g(y), h(z)�èñêîìûå �óíêöèè.

�åøåíèÿ:

f(x) = C1x+ C2, g(x) = 1, h(x) = C1x (ïåðâîå ðåøåíèå);

f(x) = C1e
ax + C2, g(x) = eax, h(x) = C2(1− eax) (âòîðîå ðåøåíèå),

ãäå a, C1, C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

27. f1(x)g1(y) + f2(x)g2(y) + f3(x)g3(y) = 0.

Òðåõ÷ëåííîå áèëèíåéíîå �óíêöèîíàëüíîå óðàâíåíèå.

Äâà ðåøåíèÿ:

f1(x) = C1f3(x), f2(x) = C2f3(x), g3(y) = −C1g1(y)− C2g2(y);

g1(y) = C1g3(y), g2(y) = C2g3(y), f3(x) = −C1f1(x)− C2f2(x),

ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå. Ôóíêöèè â ïðàâîé ÷àñòè ðåøåíèé

çàäàþòñÿ ïðîèçâîëüíûì îáðàçîì.

28. f1(x)g1(y) + f2(x)g2(y) + f3(x)g3(y) + f4(x)g4(y) = 0.

Áèëèíåéíîå �óíêöèîíàëüíîå óðàâíåíèå. Ôóíêöèîíàëüíûå óðàâíåíèÿ ýòîãî òèïà

÷àñòî âîçíèêàþò ïðè ïîñòðîåíèè òî÷íûõ ðåøåíèé íåëèíåéíûõ óðàâíåíèé ñ

÷àñòíûìè ïðîèçâîäíûìè ìåòîäàìè îáîáùåííîãî ðàçäåëåíèÿ ïåðåìåííûõ.

1◦. �åøåíèå:

f1(x) = C1f3(x) + C2f4(x), f2(x) = C3f3(x) + C4f4(x),

g3(y) = −C1g1(y)− C3g2(y), g4(y) = −C2g1(y)− C4g2(y),

ñîäåðæàùåå ÷åòûðå ïðîèçâîëüíûõ ïîñòîÿííûõ C1, . . . , C4. Ôóíêöèè â ïðàâîé

÷àñòè ðåøåíèÿ çàäàþòñÿ ïðîèçâîëüíûì îáðàçîì.

2◦. �àññìàòðèâàåìîå óðàâíåíèå òàêæå èìååò äâà äðóãèõ ðåøåíèÿ:

f1(x) = C1f4(x), f2(x) = C2f4(x), f3(x) = C3f4(x),

g4(y) = −C1g1(y)− C2g2(y)− C3g3(y);

g1(y) = C1g4(y), g2(y) = C2g4(y), g3(y) = C3g4(y),

f4(x) = −C1f1(x)−C2f2(x)− C3f3(x),

ñîäåðæàùèõ òðè ïðîèçâîëüíûõ ïîñòîÿííûõ C1, C2, C3. Ôóíêöèè â ïðàâîé

÷àñòè ðåøåíèé çàäàþòñÿ ïðîèçâîëüíûì îáðàçîì.

29. f1(x)g1(y) + f2(x)g2(y) + · · · + fk(x)gk(y) = 0.

Áèëèíåéíîå �óíêöèîíàëüíîå óðàâíåíèå îáùåãî âèäà. Ôóíêöèîíàëüíûå óðàâíå-

íèÿ ýòîãî òèïà ÷àñòî âîçíèêàþò ïðè ïîñòðîåíèè òî÷íûõ ðåøåíèé íåëèíåéíûõ

óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè ìåòîäàìè îáîáùåííîãî ðàçäåëåíèÿ ïåðå-

ìåííûõ. Â óðàâíåíèè â çàâèñèìîñòè îò ïîñòàâëåííîé öåëè íåêîòîðûå �óíêöèè

fi è gi çàäàþòñÿ, à îñòàëüíûå èùóòñÿ.
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1◦. Ïðèíöèï ðàñùåïëåíèÿ (ìåòîä ðàñùåïëåíèÿ). Âñå ðåøåíèÿ áèëèíåéíîãî
�óíêöèîíàëüíîãî óðàâíåíèÿ ìîãóò áûòü ïðåäñòàâëåíû â âèäå ñîâîêóïíîñòè

ëèíåéíûõ êîìáèíàöèé âåëè÷èí f1, . . . , fn è ëèíåéíûõ êîìáèíàöèé âåëè÷èí

g1, . . . , gn:

k∑

i=1

αirfi = 0, r = 1, . . . , l; (1)

k∑

i=1

βisgi = 0, s = 1, . . . ,m, (2)

ãäå 16 l6 k−1 è 16m6 k−1. Êîíñòàíòû αir è βis â (1)�(2) âûáèðàþòñÿ òàê,
÷òîáû áèëèíåéíîå �óíêöèîíàëüíîå óðàâíåíèå óäîâëåòâîðÿëîñü òîæäåñòâåííî

(ýòî âñåãäà ìîæíî ñäåëàòü).

Âûðîæäåííûå ñëó÷àè, êîãäà îäíà èëè íåñêîëüêî �óíêöèé fk è/èëè gk òîæ-
äåñòâåííî îáðàùàþòñÿ â íóëü, íåîáõîäèìî ðàññìàòðèâàòü îòäåëüíî, èñïîëüçóÿ

äëÿ �óíêöèé ëèíåéíûå ñîîòíîøåíèÿ âèäà (1)�(2).

2◦. Íà ïðàêòèêå äëÿ ïîëó÷åíèÿ ðåøåíèé ðàññìàòðèâàåìîãî áèëèíåéíîãî

�óíêöèîíàëüíîãî óðàâíåíèÿ óäîáíî ïîñòóïàòü ñëåäóþùèì îáðàçîì. Ñíà÷àëà

èç ìíîæåñòâà �óíêöèé f1, . . . , fk ïðîèçâîëüíî âûáèðàåì íåñêîëüêî ïåðâûõ

âåëè÷èí f1, . . . , fp (1 6 p 6 k − 1), à çàòåì ïðåäñòàâëÿåì èõ â âèäå ëèíåéíûõ

êîìáèíàöèé îñòàâøèõñÿ âåëè÷èí ýòîãî ìíîæåñòâà fp+1, . . . , fk (òàêèì îáðàçîì

çàäàåì ïåðâóþ ãðóïïó ñîîòíîøåíèé (1)). Çàìåíèâ â áèëèíåéíîì óðàâíåíèè âû-

áðàííûå âåëè÷èíû f1, . . . , fp ëèíåéíûìè êîìáèíàöèÿìè îñòàâøèõñÿ âåëè÷èí,

ïîñëå îáúåäèíåíèÿ ÷ëåíîâ, ïðîïîðöèîíàëüíûõ fq (q = p+ 1, . . . , k), ïðèõîäèì
ê ñîîòíîøåíèþ âèäà

k∑

q=p+1

Ωqfq = 0, Ωq =
k∑

j=1

cqjgj ,

ãäå cqj � íåêîòîðûå êîíñòàíòû. Ïðèðàâíèâàÿ íóëþ �óíêöèîíàëüíûå êîý��è-

öèåíòû Ωq (q = p+ 1, . . . , k), ïîëó÷èì âòîðóþ ãðóïïó ñîîòíîøåíèé (2).

Çàäàâàÿ ðàçëè÷íûå çíà÷åíèÿ p, íàõîäèì ðàçëè÷íûå ðåøåíèÿ ðàññìàòðèâàå-

ìîãî áèëèíåéíîãî �óíêöèîíàëüíîãî óðàâíåíèÿ (âñåãî ìîæíî ïîëó÷èòü k − 1
ðåøåíèé).

Çàìå÷àíèå 9.6. Â ñèëó ñèììåòðèè áèëèíåéíîãî �óíêöèîíàëüíîãî óðàâíåíèÿ îò-

íîñèòåëüíî ïåðåñòàíîâêè �óíêöèé fi ⇄ gi íà ïåðâîì ýòàïå ìîæíî âûáèðàòü ýëåìåíòû

èç ìíîæåñòâà �óíêöèé g1, . . . , gn.

3◦. Äëÿ èëëþñòðàöèè ïðîöåäóðû, îïèñàííîé â ï. 2◦, ðàññìîòðèì áèëèíåé-

íîå �óíêöèîíàëüíîå óðàâíåíèå, ñîäåðæàùåå ïÿòü ñëàãàåìûõ:

f1g1 + f2g2 + f3g3 + f4g4 + f5g5 = 0, (3)
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ãäå fi = fi(x) è gi = gi(y). Áóäåì ñ÷èòàòü, ÷òî ïåðâûå òðè �óíêöèîíàëüíûõ

êîý��èöèåíòà f1, f2, f3 ÿâëÿþòñÿ ëèíåéíûìè êîìáèíàöèÿìè äâóõ ïîñëåäíèõ

êîý��èöèåíòîâ f4 è f5:

f1 = A1f4 +B1f5, f2 = A2f4 +B2f5, f3 = A3f4 +B3f5, (4)

ãäå An è Bn � ïðîèçâîëüíûå ïîñòîÿííûå. Ïîäñòàâèì âûðàæåíèÿ (4) â (3) è

ñîáåðåì ÷ëåíû, ïðîïîðöèîíàëüíûå f4 è f5:

(A1g1 +A2g2 +A3g3 + g4)f4 + (B1g1 +B2g2 +B3g3 + g5)f5 = 0.

Ïðèðàâíèâàÿ âûðàæåíèÿ â ñêîáêàõ íóëþ, ïîëó÷èì

g4 = −A1g1 −A2g2 −A3g3,

g5 = −B1g1 −B2g2 −B3g3.
(5)

Ôîðìóëû (4), (5) äàþò îäíî èç ðåøåíèé óðàâíåíèÿ (3), ïðè÷åì �óíêöèè â

ëåâûõ ÷àñòÿõ ýòèõ ñîîòíîøåíèé ñ÷èòàþòñÿ ïðîèçâîëüíûìè. Àíàëîãè÷íûì îá-

ðàçîì íàõîäÿòñÿ è äðóãèå ðåøåíèÿ.

4◦. Ïîäðîáíîñòè èñïîëüçîâàíèÿ ïðèíöèïà ðàñùåïëåíèÿ äëÿ ðåøåíèÿ áè-

ëèíåéíûõ �óíêöèîíàëüíûõ óðàâíåíèé è ñâÿçàííûõ ñ íèìè �óíêöèîíàëüíî-

äè��åðåíöèàëüíûõ óðàâíåíèé (âîçíèêàþùèõ ïðè ïîñòðîåíèè ðåøåíèé íåëè-

íåéíûõ Óð×Ï) ñì. â êíèãàõ Ïîëÿíèíà, Çàéöåâà, Æóðîâà (2005), Polyanin &

Zaitsev (2012), Ïîëÿíèíà & Æóðîâà (2020).

30. f(x) + g(y) = Q(z), ãäå z = ϕ(x) + ψ(y).

Çäåñü îäíà èç äâóõ �óíêöèé f(x) è ϕ(x) çàäàíà, à äðóãàÿ ñ÷èòàåòñÿ íåèçâåñò-
íîé; òàêæå çàäàíà îäíà èç �óíêöèé g(y) è ψ(y), à äðóãàÿ íåèçâåñòíà; �óíê-

öèÿ Q(z) ñ÷èòàåòñÿ íåèçâåñòíîé. (Â ïîäîáíûõ �óíêöèîíàëüíûõ óðàâíåíèÿõ ñî

ñëîæíûì àðãóìåíòîì ïðåäïîëàãàåòñÿ, ÷òî ϕ(x) 6≡ const è ψ(y) 6≡ const.)
�åøåíèå:

f(x) = Aϕ(x) +B, g(y) = Aψ(y)−B + C, Q(z) = Az + C,

ãäå A, B, C �ïðîèçâîëüíûå ïîñòîÿííûå.

31. f(x)g(y) = Q(z), ãäå z = ϕ(x) + ψ(y).

Çäåñü îäíà èç äâóõ �óíêöèé f(x) è ϕ(x) çàäàíà, à äðóãàÿ ñ÷èòàåòñÿ íåèçâåñò-
íîé; òàêæå çàäàíà îäíà èç �óíêöèé g(y) è ψ(y), à äðóãàÿ íåèçâåñòíà; �óíê-

öèÿ Q(z) ñ÷èòàåòñÿ íåèçâåñòíîé. (Â ïîäîáíûõ �óíêöèîíàëüíûõ óðàâíåíèÿõ ñî

ñëîæíûì àðãóìåíòîì ïðåäïîëàãàåòñÿ, ÷òî ϕ(x) 6≡ const è ψ(y) 6≡ const.)
�åøåíèå:

f(x) = Aeλϕ(x), g(y) = Beλψ(y), Q(z) = ABeλz,

ãäå A, B, λ�ïðîèçâîëüíûå ïîñòîÿííûå.
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32. f(x) + g(y) = Q(z), ãäå z = ϕ(x)ψ(y).

Çäåñü îäíà èç äâóõ �óíêöèé f(x) è ϕ(x) çàäàíà, à äðóãàÿ ñ÷èòàåòñÿ íåèçâåñò-
íîé; òàêæå çàäàíà îäíà èç �óíêöèé g(y) è ψ(y), à äðóãàÿ íåèçâåñòíà; �óíê-

öèÿ Q(z) ñ÷èòàåòñÿ íåèçâåñòíîé. (Â ïîäîáíûõ �óíêöèîíàëüíûõ óðàâíåíèÿõ ñî

ñëîæíûì àðãóìåíòîì ïðåäïîëàãàåòñÿ, ÷òî ϕ(x) 6≡ const è ψ(y) 6≡ const.)

�åøåíèå:

f(x) = A lnϕ(x) +B, g(y) = A lnψ(y)−B + C, Q(z) = A ln z + C,

ãäå A, B, C �ïðîèçâîëüíûå ïîñòîÿííûå.

33. f(y) + g(x) + h(x)Q(z) +R(z) = 0, ãäå z = ϕ(x) + ψ(y).

Óðàâíåíèÿ ýòîãî òèïà âîçíèêàþò ïðè ïîñòðîåíèè òî÷íûõ ðåøåíèé íåêîòîðûõ

íåëèíåéíûõ Óð×Ï ìåòîäîì �óíêöèîíàëüíîãî ðàçäåëåíèÿ ïåðåìåííûõ, ñì. Ïî-

ëÿíèí, Çàéöåâ, Æóðîâ (2005) è Ïîëÿíèí & Æóðîâ (2020).

1◦. �åøåíèå:

f = − 1
2A1A4ψ

2 + (A1B1 +A2 +A4B3)ψ −B2 −B1B3 −B4,

g = 1
2A1A4ϕ

2 + (A1B1 +A2)ϕ+B2,

h = A4ϕ+B1,

Q = −A1z +B3,

R = 1
2A1A4z

2 − (A2 +A4B3)z +B4,

ãäå Ak è Bk �ïðîèçâîëüíûå ïîñòîÿííûå, ϕ= ϕ(x) è ψ = ψ(y)�ïðîèçâîëüíûå

�óíêöèè.

2◦. �åøåíèå:

f = −B1B3e
−A3ψ +

(
A2 − A1A4

A3

)
ψ −B2 −B4 − A1A4

A2
3

,

g =
A1B1

A3
eA3ϕ +

(
A2 − A1A4

A3

)
ϕ+B2,

h = B1e
A3ϕ − A4

A3
,

Q = B3e
−A3z − A1

A3
,

R =
A4B3

A3
e−A3z +

(
A1A4

A3
−A2

)
z +B4,

ãäå Ak è Bk �ïðîèçâîëüíûå ïîñòîÿííûå, ϕ= ϕ(x) è ψ = ψ(y)�ïðîèçâîëüíûå

�óíêöèè.

3◦. Êðîìå òîãî, ðàññìàòðèâàåìîå �óíêöèîíàëüíîå óðàâíåíèå èìååò äâà âû-
ðîæäåííûõ ðåøåíèÿ (ñ ìåíüøèì ÷èñëîì ïðîèçâîëüíûõ ïîñòîÿííûõ):

f = A1ψ +B1, g = A1ϕ+B2, h = A2, R = −A1z −A2Q−B1 −B2,
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ãäå ϕ = ϕ(x), ψ = ψ(y), Q = Q(z)�ïðîèçâîëüíûå �óíêöèè, A1, A2, B1, B2 �

ïðîèçâîëüíûå ïîñòîÿííûå, è

f = A1ψ +B1, g = A1ϕ+A2h+B2, Q = −A2, R = −A1z −B1 −B2,

ãäå ϕ = ϕ(x), ψ = ψ(y), h = h(x)�ïðîèçâîëüíûå �óíêöèè, A1, A2, B1, B2 �

ïðîèçâîëüíûå ïîñòîÿííûå.

34. f(y) + g(x)Q(z) + h(x)R(z) = 0, ãäå z = ϕ(x) + ψ(y).

Óðàâíåíèÿ ýòîãî òèïà âîçíèêàþò ïðè ïîñòðîåíèè òî÷íûõ ðåøåíèé íåêîòîðûõ

íåëèíåéíûõ Óð×Ï ìåòîäîì �óíêöèîíàëüíîãî ðàçäåëåíèÿ ïåðåìåííûõ, ñì. Ïî-

ëÿíèí, Çàéöåâ, Æóðîâ (2005) è Ïîëÿíèí & Æóðîâ (2020).

1◦. �åøåíèå:

g(x) = A2B1e
k1ϕ +A2B2e

k2ϕ,

h(x) = (k1 −A1)B1e
k1ϕ + (k2 −A1)B2e

k2ϕ,

Q(z) = A3B3e
−k1z +A3B4e

−k2z,

R(z) = (k1 −A1)B3e
−k1z + (k2 −A1)B4e

−k2z,

(1)

ãäå B1, . . . , B4 �ïðîèçâîëüíûå ïîñòîÿííûå, k1 è k2 �êîðíè êâàäðàòíîãî óðàâ-

íåíèÿ

(k −A1)(k −A4)−A2A3 = 0.

Â ñëó÷àå êðàòíîãî êîðíÿ k1 = k2 ÷ëåíû ek2ϕ è e−k2z â (1) íàäî çàìåíèòü

ñîîòâåòñòâåííî íà ϕek1ϕ è ze−k1z . Â ñëó÷àå êîìïëåêñíûõ êîðíåé ñëåäóåò âçÿòü

äåéñòâèòåëüíóþ ÷àñòü â ðåøåíèè (1).

Ôóíêöèÿ f(y) îïðåäåëÿåòñÿ ïî �îðìóëàì

B2 = B4 = 0 =⇒ f(y) = [A2A3 + (k1 −A1)
2]B1B3e

−k1ψ,

B1 = B3 = 0 =⇒ f(y) = [A2A3 + (k2 −A1)
2]B2B4e

−k2ψ, (2)

A1 = 0 =⇒ f(y) = (A2A3 + k21)B1B3e
−k1ψ + (A2A3 + k22)B2B4e

−k2ψ.

Â �îðìóëû (1) è (2) âõîäÿò äâå ïðîèçâîëüíûå �óíêöèè ϕ = ϕ(x) è ψ = ψ(y).

2◦. Êðîìå òîãî, ðàññìàòðèâàåìîå �óíêöèîíàëüíîå óðàâíåíèå èìååò äâà âû-
ðîæäåííûõ ðåøåíèÿ (ñ ìåíüøèì ÷èñëîì ïðîèçâîëüíûõ ïîñòîÿííûõ):

f = B1B2e
A1ψ, g = A2B1e

−A1ϕ, h = B1e
−A1ϕ, R = −B2e

A1z −A2Q,

ãäå ϕ = ϕ(x), ψ = ψ(y), Q = Q(z)�ïðîèçâîëüíûå �óíêöèè, A1, A2, B1, B2 �

ïðîèçâîëüíûå ïîñòîÿííûå, è

f = B1B2e
A1ψ, h = −B1e

−A1ϕ −A2g, Q = A2B2e
A1z, R = B2e

A1z,

ãäå ϕ = ϕ(x), ψ = ψ(y), g = g(x)�ïðîèçâîëüíûå �óíêöèè, A1, A2, B1, B2 �

ïðîèçâîëüíûå ïîñòîÿííûå.
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◮ Óðàâíåíèÿ, ñîäåðæàùèå íåèçâåñòíûå �óíêöèè äâóõ àðãóìåíòîâ.

35. f(x, y)f(y, z) = f(x, z).

Âòîðîå óðàâíåíèå Êàíòîðà.

�åøåíèå (Ìàò. ýíöèêëîïåäèÿ, 1985):

f(x, y) = Φ(y)/Φ(x),

ãäå Φ(x)�ïðîèçâîëüíàÿ �óíêöèÿ.

36. f(x, y)f(u, v) − f(x, u)f(y, v) + f(x, v)f(y, u) = 0.

�åøåíèå:

f(x, y) = ϕ(x)ψ(y) − ϕ(y)ψ(x),

ãäå ϕ(x) è ψ(x)�ïðîèçâîëüíûå �óíêöèè.

37. f
((
f(x, y), z

))
= f

((
f(x, z), f(y, z)

))
.

�åøåíèå:

f(x, y) = g−1
(
g(x) + g(y)

)
,

ãäå g(x)�ïðîèçâîëüíàÿ íåïðåðûâíàÿ ñòðîãî âîçðàñòàþùàÿ �óíêöèÿ.

◮ Áîëüøèíñòâî ïðèâåäåííûõ â ýòîé ãëàâå ðåøåíèé ðàçíîñòíûõ è �óíêöèî-

íàëüíûõ óðàâíåíèé áûëè âçÿòû èç ñïðàâî÷íèêà Polyanin & Manzhirov (2007).

Ññûëêè íà ýòó êíèãó â òåêñòå, êàê ïðàâèëî, îïóñêàëèñü. Îñíîâíûå ìåòîäû

ðåøåíèÿ òàêèõ óðàâíåíèé èçëàãàþòñÿ â ñòàòüÿõ è êíèãàõ, êîòîðûå óêàçàíû

íèæå â ñïèñêå ëèòåðàòóðû.

Ëèòåðàòóðà ê ãëàâå 9
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10. Îáûêíîâåííûå �óíêöèîíàëüíî-

äè��åðåíöèàëüíûå óðàâíåíèÿ

◮ Ïðåäâàðèòåëüíûå çàìå÷àíèÿ. Îáûêíîâåííûå �óíêöèîíàëüíî-äè��åðåí-

öèàëüíûå óðàâíåíèÿ ÿâëÿþòñÿ ìàòåìàòè÷åñêèìè óðàâíåíèÿìè, ñîäåðæàùèìè

íåèçâåñòíóþ �óíêöèþ îäíîé ïåðåìåííîé ñ ðàçíûìè àðãóìåíòàìè è ïðîèçâîä-

íûå ýòîé �óíêöèè.

Îáûêíîâåííûå äè��åðåíöèàëüíûå óðàâíåíèÿ ñ ïîñòîÿííûì çàïàçäûâàíè-

åì ÿâëÿþòñÿ ïðîñòåéøèìè îáûêíîâåííûìè �óíêöèîíàëüíî-äè��åðåíöèàëü-

íûìè óðàâíåíèÿìè, â êîòîðûå âõîäÿò âåëè÷èíû u(t) è u(t− τ) è èõ ïðîèçâîä-
íûå, ãäå t� íåçàâèñèìàÿ ïåðåìåííàÿ, u(t) � èñêîìàÿ �óíêöèÿ, τ > 0 � âðåìÿ

çàïàçäûâàíèÿ.

Ïîä òî÷íûìè ðåøåíèÿìè îáûêíîâåííûõ �óíêöèîíàëüíî-äè��åðåíöèàëü-

íûõ óðàâíåíèé ïîíèìàþòñÿ ñëåäóþùèå ðåøåíèÿ:

• ðåøåíèÿ, êîòîðûå âûðàæàþòñÿ ÷åðåç ýëåìåíòàðíûå �óíêöèè, �óíêöèè,

âõîäÿùèå â óðàâíåíèå (ýòî íåîáõîäèìî, êîãäà ðàññìàòðèâàåìîå óðàâíå-

íèå çàâèñèò îò ïðîèçâîëüíûõ �óíêöèé), è íåîïðåäåëåííûå èíòåãðàëû,

• ðåøåíèÿ, êîòîðûå âûðàæàþòñÿ ÷åðåç ðåøåíèÿ îáûêíîâåííûõ äè��åðåí-

öèàëüíûõ óðàâíåíèé èëè ñèñòåì òàêèõ óðàâíåíèé.

Îòìåòèì, ÷òî îäíî �óíêöèîíàëüíî-äè��åðåíöèàëüíîå óðàâíåíèå ìîæåò

ñîäåðæàòü íåñêîëüêî íåèçâåñòíûõ �óíêöèé.

Â äàííîé ãëàâå îïèñàíû òî÷íûå ðåøåíèÿ ëèíåéíûõ è íåëèíåéíûõ îáûê-

íîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàíèåì è íåêîòîðûõ äðóãèõ

îáûêíîâåííûõ �óíêöèîíàëüíî-äè��åðåíöèàëüíûõ óðàâíåíèé.

10.1. Ëèíåéíûå îáûêíîâåííûå �óíêöèîíàëüíî-

äè��åðåíöèàëüíûå óðàâíåíèÿ ïåðâîãî ïîðÿäêà

10.1.1. ÎÄÓ ñ ïîñòîÿííûìè çàïàçäûâàíèÿìè

1. u′
t = w, w = u(t− τ).

×àñòíûé ñëó÷àé óðàâíåíèÿ 10.1.1.2. �åøåíèå çàäà÷è Êîøè äëÿ ðàññìàòðèâàå-

ìîãî ëèíåéíîãî ÎÄÓ ñ çàïàçäûâàíèåì ñ íà÷àëüíûì óñëîâèåì

u = a ïðè t0 − τ 6 t 6 t0
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ìîæåò áûòü ïðåäñòàâëåíî â âèäå

u = a expd(t− t0, τ), expd(t, τ) ≡
[t/τ ]+1∑

k=0

[t− (k − 1)τ ]k

k!
,

ãäå expd(t, τ) � ýêñïîíåíòà ñ çàïàçäûâàíèåì, à ñèìâîë [A] îáîçíà÷àåò öåëóþ

÷àñòü ÷èñëà A.

2. u′
t = au+ bw, w = u(t− τ).

1◦. Ýòî óðàâíåíèå èìååò ðåøåíèÿ ýêñïîíåíöèàëüíîãî âèäà

u = exp(λt), (1)

ãäå λ�êîðíè òðàíñöåíäåíòíîãî óðàâíåíèÿ

λ− a− be−λτ = 0. (2)

2◦. Ïîêàçàòåëü λ ýêñïîíåíöèàëüíîãî ðåøåíèÿ (1) õàðàêòåðèñòè÷åñêîãî

óðàâíåíèÿ (2) ìîæíî ïðåäñòàâèòü â âèäå

λ = a+
1

τ
W (x), x = bτe−aτ .

ãäå W = W (z)��óíêöèÿ Ëàìáåðòà (ýòà �óíêöèÿ ìíîãîçíà÷íà), êîòîðàÿ äëÿ

êîìïëåêñíîãî àðãóìåíòà z = x+ iy îïðåäåëÿåòñÿ íåÿâíî ñ ïîìîùüþ òðàíñöåí-

äåíòíîãî óðàâíåíèÿ

WeW = z.

Íà äåéñòâèòåëüíîé îñè z = x �óíêöèÿ W (x) îäíîçíà÷íà ïðè x > 0 è

äâóçíà÷íà íà îòðåçêå (−1/e, 0). Äëÿ x > −1/e è W > −1 îäíîçíà÷íóþ âåòâü

�óíêöèè Ëàìáåðòà, êîòîðóþ ïðèíÿòî íàçûâàòü ãëàâíîé âåòâüþ, áóäåì îáîçíà-

÷àòü W
p

(x); âòîðóþ âåòâü ýòîé �óíêöèè, õàðàêòåðèçóþùóþñÿ íåðàâåíñòâàìè

−1/e 6 x < 0 è W 6 −1, îáîçíà÷àåì W
n

(x). Â ïàðàìåòðè÷åñêîé �îðìå

äåéñòâèòåëüíûå âåòâè W
p

(x) è W
n

(x) îïðåäåëÿþòñÿ �îðìóëàìè

x = ses, W
p

= s, −1 6 s < +∞;

x = ses, W
n

= s, −∞ < s 6 −1.

Èìååò ìåñòî ðàçëîæåíèå â ðÿä Òåéëîðà, êîòîðîå ñõîäèòñÿ ïðè |x| < 1/e:

W
p

(x) =
∞∑

n=1

(−1)n−1 n
n−1

n!
xn = x− x2 +

3

2
x3 − 8

3
x4 +

125

4
x5 − · · · .

Ñïðàâåäëèâû àñèìïòîòè÷åñêèå �îðìóëû:

W
p

(x) = ζ1 − ln ζ1 +
ln ζ1
ζ1

+
ln2 ζ1
2ζ21

− ln ζ1
ζ21

+O
(
ln3 ζ1
ζ31

)
ïðè x→ +∞,

W
n

(x) = ζ2 − ln ζ2 − ln ζ2
ζ2

− ln2 ζ2
2ζ22

− ln ζ2
ζ22

+O
(
ln3 ζ2
ζ32

)
ïðè x→ −0,

ãäå ζ1 = lnx è ζ2 = ln(−1/x).
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Â êîìïëåêñíîé ïëîñêîñòè z=x+iy (i2=−1) �óíêöèÿ ËàìáåðòàW (z) èìååò
áåñêîíå÷íîå ÷èñëî âåòâåé Wm = Wm(z) (m = 0,±1,±2, . . . ). Ñïðàâåäëèâà
àñèìïòîòè÷åñêàÿ �îðìóëà

Wm = ln z − ln ln z + 2πim+ (1 + i) o(1) ïðè z → ∞.

3◦. Òåîðåìà Õåéñà. Âñå êîðíè óðàâíåíèÿ õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (2)
ñ äåéñòâèòåëüíûìè êîý��èöèåíòàìè a è b (τ > 0) èìåþò îòðèöàòåëüíûå

äåéñòâèòåëüíûå ÷àñòè (Reλ < 0) òîãäà è òîëüêî òîãäà, êîãäà îäíîâðåìåííî

âûïîëíÿþòñÿ ñëåäóþùèå òðè íåðàâåíñòâà:

(i) aτ < 1,

(ii) a+ b < 0,

(iii) bτ +
√

(aτ)2 + µ2 > 0,

ãäå µ � êîðåíü òðàíñöåíäåíòíîãî óðàâíåíèÿ µ = aτ tg µ, óäîâëåòâîðÿþùèé
óñëîâèþ 0 < µ < π. Ïðè a = 0 ñëåäóåò ïîëîæèòü µ = π/2.

4◦. Ïóñòü

b = k(−1)n+1eaτ , k =
(2n+ 1)π

2τ
, n = 0,±1, ±2, . . .

Òîãäà ðàññìàòðèâàåìîå ëèíåéíîå ÎÄÓ ñ çàïàçäûâàíèåì èìååò ðåøåíèÿ âèäà

u = eat[C1 sin(kt) + C2 cos(kt)],

ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå. Ïðè a = 0 ýòè ðåøåíèÿ ÿâëÿþòñÿ

ïåðèîäè÷åñêèìè.

5◦. �åøåíèå çàäà÷è Êîøè äëÿ ðàññìàòðèâàåìîãî ëèíåéíîãî îäíîðîäíîãî

ÎÄÓ ñ çàïàçäûâàíèåì ñ íà÷àëüíûì óñëîâèåì îáùåãî âèäà

u = ϕ(t) ïðè −τ 6 t 6 0,

ìîæåò áûòü ïðåäñòàâëåíî â çàìêíóòîé �îðìå (ñì. Azizbekov & Khusainov,

2012):

u(t) = ea(t+τ) exp
d

(σt, στ)ϕ(−τ) +

+
∫ 0

−τ
ea(t−s) exp

d

(σ(t− τ − s), στ)[ϕ′
s(s)− aϕ(s)] ds, σ = e−aτ b,

ãäå expd(t, τ)�ýêñïîíåíòà ñ çàïàçäûâàíèåì (ñì. óðàâíåíèå 10.1.1.1).

3. u′
t = au+ bw + c, w = u(t− τ).

1◦. Ïðè b 6= −a ïîäñòàíîâêà u = v − c
a+b ïðèâîäèò ê ëèíåéíîìó îäíîðîä-

íîìó ÎÄÓ ñ çàïàçäûâàíèåì âèäà 10.1.1.2.
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2◦. Ïðè b = −a äëÿ ïîëó÷åíèÿ ëèíåéíîãî îäíîðîäíîãî ÎÄÓ ñ çàïàçäûâà-

íèåì ñëåäóåò èñïîëüçîâàòü çàìåíó u = v + kt, ãäå k = c
1−aτ .

4. u′
t = au+ bw + f(t), w = u(t− τ).

�åøåíèå çàäà÷è Êîøè äëÿ ðàññìàòðèâàåìîãî ëèíåéíîãî ÎÄÓ ñ çàïàçäûâàíèåì

ñ îäíîðîäíûì íà÷àëüíûì óñëîâèåì

u = 0 ïðè −τ 6 t 6 0

ìîæåò áûòü ïðåäñòàâëåíî â ñëåäóþùåì âèäå (Azizbekov & Khusainov, 2012):

u(t) =
∫ t

0
ea(t−s) exp

d

(σ(t− s), στ)f(s) ds, σ = e−aτ b,

ãäå expd(t, τ)�ýêñïîíåíòà ñ çàïàçäûâàíèåì, îïðåäåëåííàÿ â 10.1.1.1.

5. u′
t = a(t)u+ b(t)w + c(t), w = u(t− τ).

×àñòíûé ñëó÷àé óðàâíåíèÿ 10.2.1.8 ïðè f(t, w) = a(t) è g(t, w) = b(t)w + c(t).

10.1.2. ÎÄÓ òèïà ïàíòîãðà�à ñ ïðîïîðöèîíàëüíûìè

àðãóìåíòàìè

1. u′
t = w, w = u(pt).

�åøåíèå, óäîâëåòâîðÿþùåå íà÷àëüíîìó óñëîâèþ u(0) = k, â âèäå ñòåïåííîãî
ðÿäà:

u(t) = k exps(t, p), exps(t, p) ≡
∞∑

n=0

p
n(n−1)

2
tn

n!
,

ãäå exps(t, p)�ýêñïîíåíòà ñ ðàñòÿæåíèåì. Ïðè 0 < p < 1 ñòåïåííîé ðÿä èìååò
áåñêîíå÷íûé ðàäèóñ ñõîäèìîñòè.

2. u′
t = au+ bw, w = u(pt).

Ýòî óðàâíåíèå ïðè p > 0 è p 6= 1 íàçûâàåòñÿ óðàâíåíèåì ïàíòîãðà�à.

Îáùåå ðåøåíèå â âèäå ñòåïåííîãî ðÿäà:

u(t) = k

(
1 +

∞∑

n=1

snt
n

)
, sn =

1

n!

n−1∏

m=0

(a+ bpm),

ãäå k�ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Ïðèâåäåííîå ðåøåíèå óäîâëåòâîðÿåò íà÷àëü-

íîìó óñëîâèþ u(0) = k. Ïðè 0 < p < 1 ñòåïåííîé ðÿä èìååò áåñêîíå÷íûé

ðàäèóñ ñõîäèìîñòè. Â ýòîì ñëó÷àå ïðè a, b > 0 èìåþò ìåñòî íåðàâåíñòâà

an < sn < (a+ b)n è eax < u < e(a+b)x.

3. u′
t = au+ bw + c, w = u(pt).

Íåîäíîðîäíîå óðàâíåíèå ïàíòîãðà�à.
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1◦. Ïðè b 6=−a ïîäñòàíîâêà u= v− c
a+b ïðèâîäèò ê óðàâíåíèþ ïàíòîãðà�à

âèäà 10.1.2.2.

2◦. ×àñòíîå ðåøåíèå â âèäå ñòåïåííîãî ðÿäà:

u∗(t) = c

(
t+

∞∑

n=2

snt
n

)
, sn =

1

n!

n−1∏

m=1

(a+ bpm).

3◦. Îáùåå ðåøåíèå ïðåäñòàâëÿåò ñîáîé ñóììó ÷àñòíîãî ðåøåíèÿ èç ï. 2◦

è îáùåãî ðåøåíèÿ îäíîðîäíîãî óðàâíåíèÿ 10.1.2.2.

4. u′
t = au+ bw + (λ− a)eλt − beλpt, w = u(pt); u(0) = 1.

�åøåíèå: u(t) = eλt.

5. u′
t = au+ bw+cos t− a sin t− b sin(pt), w = u(pt); u(0) = 0.

�åøåíèå: u(t) = sin t (Brunner, Huang, Xie, 2010).

6. u′
t = au+ beλtw, w = u(pt); u(0) = c.

Ïóñòü λ = (a+ b)(1− p). Òîãäà ðåøåíèå èìååò âèä u(t) = ce(a+b)t.

7. u′
t = au+ bw1 + cw2, w1 = u(pt), w2 = u(qt).

Îáùåå ðåøåíèå â âèäå ñòåïåííîãî ðÿäà (Patade & Bhalekar, 2017):

u = k

(
1 +

∞∑

n=1

snt
n

)
, sn =

1

n!

n−1∏

m=0

(a+ bpm + cqm),

ãäå k�ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Ïðèâåäåííîå ðåøåíèå óäîâëåòâîðÿåò íà÷àëü-

íîìó óñëîâèþ u(0) = k. Ïðè 0 < p < 1, 0 < q < 1 ñòåïåííîé ðÿä èìååò

áåñêîíå÷íûé ðàäèóñ ñõîäèìîñòè. Â ýòîì ñëó÷àå ïðè a, b, c > 0 èìåþò ìåñòî

íåðàâåíñòâà an < sn < (a+ b+ c)n è eax < u < e(a+b+c)x.

10.1.3. Äðóãèå îáûêíîâåííûå

�óíêöèîíàëüíî-äè��åðåíöèàëüíûå óðàâíåíèÿ

1. u′(t) = au(−t).
Ôóíêöèîíàëüíî-äè��åðåíöèàëüíîå óðàâíåíèå Áýááèäæà. Îáîçíà÷èì u1 = u(t)
è u2 = u(−t). Â äîïîëíåíèå ê èñõîäíîìó óðàâíåíèþ ðàññìîòðèì åùå îäíî

óðàâíåíèå, ïîëó÷åííîå èç èñõîäíîãî ïóòåì çàìåíû íåçàâèñèìîé ïåðåìåííîé t
íà −t. Â ðåçóëüòàòå ïðèõîäèì ê ëèíåéíîé ñèñòåìå ÎÄÓ:

u′1 = au2, u′2 = −au1.

Èñêëþ÷èâ u2 èç ýòîé ñèñòåìû, ïðèõîäèì ê ëèíåéíîìó ÎÄÓ âòîðîãî ïîðÿäêà

u′′1 =−a2u1, îáùåå ðåøåíèå êîòîðîãî èìååò âèä u1=C1 cos(at)+C2 sin(at), ãäå
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C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå. Ïîäñòàâèâ ïîëó÷åííóþ �óíêöèþ u = u1
â èñõîäíîå �óíêöèîíàëüíîå ÎÄÓ, íàõîäèì åãî ðåøåíèå

u = C[cos(at) + sin(at)] = C
√
2 sin

(
at+ π

4

)
,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

2. u′(t) = au(b− t).

Ýòî îáîáùåíèå ïðåäûäóùåãî óðàâíåíèÿ.

Îáîçíà÷èì u1 = u(t) è u2 = u(b − t). Â äîïîëíåíèå ê èñõîäíîìó óðàâíå-

íèþ ðàññìîòðèì åùå îäíî óðàâíåíèå, ïîëó÷åííîå èç èñõîäíîãî ïóòåì çàìåíû

íåçàâèñèìîé ïåðåìåííîé t íà b− t. Â ðåçóëüòàòå ïðèõîäèì ê ëèíåéíîé ñèñòåìå

ÎÄÓ:

u′1 = au2, u′2 = −au1.
Èíòåãðèðóÿ ýòó ñèñòåìó è ïîäñòàâëÿÿ ïîëó÷åííóþ �óíêöèþ u= u1 â èñõîäíîå
�óíêöèîíàëüíîå ÎÄÓ, íàõîäèì åãî ðåøåíèå

u = C cos(ab) cos(at) + C[1 + sin(ab)] sin(at),

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

3. u′(t) = f(t)u(t) + g(t)u(b− t) + h(t).

Ñïåöèàëüíûé ñëó÷àé �óíêöèîíàëüíî-äè��åðåíöèàëüíîãî óðàâíåíèÿ 10.2.3.6

ïðè F (t, u(t), u(t − b)) = f(t)u(t) + g(t)u(b− t) + h(t).

4. u′(t) = au(b/t).

Îáîçíà÷èì u1 = u(t) è u2 = u(b/t). Â äîïîëíåíèå ê èñõîäíîìó óðàâíåíèþ

ðàññìîòðèì åùå îäíî óðàâíåíèå, ïîëó÷åííîå èç èñõîäíîãî ïóòåì çàìåíû íåçà-

âèñèìîé ïåðåìåííîé t íà b/t. Â ðåçóëüòàòå ïðèõîäèì ê ëèíåéíîé ñèñòåìå ÎÄÓ:

u′1 = au2, u′2 = −abt−2u1.

Èñêëþ÷èâ u2 èç ýòîé ñèñòåìû, ïðèõîäèì ê ëèíåéíîìó ÎÄÓ âòîðîãî ïîðÿäêà

u′′1 = −a2bt−2u1, îáùåå ðåøåíèå êîòîðîãî èìååò âèä u1 = C1t
k1 + C2t

k2
, ãäå

C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à k1 è k2 �êîðíè êâàäðàòíîãî óðàâíåíèÿ

k2 − k+ a2b = 0. Ïîäñòàâèâ ïîëó÷åííóþ �óíêöèþ u = u1 â èñõîäíîå �óíêöè-
îíàëüíîå ÎÄÓ, íàõîäèì åãî ðåøåíèå

u = C(abk2tk1 + k1t
k2) = Cab

1
2
+λt

1
2
−λ + C( 1

2 − λ)t
1
2
+λ,

k1 = 1
2 − λ, k2 =

1
2 + λ, λ =

√
1
4 − a2b.

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Ýòî ðåøåíèå ñïðàâåäëèâî äëÿ

1
4 − a2b > 0.

Åñëè

1
4 −a2b < 0, òî ðåøåíèå îïðåäåëÿåòñÿ äåéñòâèòåëüíîé ÷àñòüþ �óíêöèè u,

óêàçàííîé âûøå.
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5. u′(t) = f(t)u(t) + g(t)u(b/t) + h(t).

×àñòíûé ñëó÷àé �óíêöèîíàëüíî-äè��åðåíöèàëüíîãî óðàâíåíèÿ 10.2.3.7 ïðè

F (t, u(t), u(t/b)) = f(t)u(t) + g(t)u(b/t) + h(t).

6. [u(sin t)]′t = au(cos t).

Îáîçíà÷èì u1 = u(sin t) è u2 = u(cos t). Â äîïîëíåíèå ê èñõîäíîìó óðàâíåíèþ

ðàññìîòðèì åùå îäíî óðàâíåíèå, ïîëó÷åííîå èç èñõîäíîãî ïóòåì çàìåíû íåçà-

âèñèìîé ïåðåìåííîé t íà π
2 − t. Â ðåçóëüòàòå ïðèõîäèì ê ëèíåéíîé ñèñòåìå

ÎÄÓ:

u′1 = au2, u′2 = −au1,
Èñêëþ÷èâ u2 èç ýòîé ñèñòåìû, ïðèõîäèì ê ëèíåéíîìó ÎÄÓ âòîðîãî ïîðÿäêà

u′′1 = −a2u1, îáùåå ðåøåíèå êîòîðîãî èìååò âèä u1 = u(sin t) = C1 cos(at) +
+ C2 sin(at), ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå. Ïîäñòàâèâ ïîëó÷åííóþ

�óíêöèþ u(sin t) â èñõîäíîå �óíêöèîíàëüíîå ÎÄÓ, íàõîäèì åãî ðåøåíèå â

íåÿâíîé �îðìå

u(sin t)=C[cosσ cos(at)+(1+sinσ) sin(at)]=C[cos(at−σ)+sin(at)], σ= aπ
2 ,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

7. [u(cos t)]′t = au(sin t).

Ïîäñòàíîâêà t = π
2 − x ïðèâîäèò ê óðàâíåíèþ âèäà 10.1.3.6: [u(sinx)]′x =

= −au(cos x).

10.2. Íåëèíåéíûå îáûêíîâåííûå �óíêöèîíàëüíî-

äè��åðåíöèàëüíûå óðàâíåíèÿ ïåðâîãî ïîðÿäêà

10.2.1. ÎÄÓ ñ ïîñòîÿííûìè çàïàçäûâàíèÿìè

1. u′
t = au+ bu1/2 + cu1/2w1/2, w = u(t− τ).

Ïîäñòàíîâêà u = v2 ïðèâîäèò ê ëèíåéíîìó ÎÄÓ ñ ïîñòîÿííûìè êîý��èöèåí-

òàìè è ïîñòîÿííûì çàïàçäûâàíèåì âèäà 10.1.1.3: v′t =
1
2 av + 1

2 cv̄ + 1
2 b, ãäå

v̄ = v(t− τ).

2. u′
t = au+ bu1−k + cu1−kwk, w = u(t− τ).

Îáîáùåíèå ïðåäûäóùåãî óðàâíåíèÿ. Ïîäñòàíîâêà u = v1/k ïðèâîäèò ê ëèíåé-
íîìó ÎÄÓ ñ ïîñòîÿííûìè êîý��èöèåíòàìè è ïîñòîÿííûì çàïàçäûâàíèåì âèäà

10.1.1.3: v′t = akv + ckv̄ + bk, ãäå v̄ = v(t− τ).

3. u′
t = a+ beλu + ceλ(u−w), w = u(t− τ).

Ïîäñòàíîâêà v = e−λu ïðèâîäèò ê ëèíåéíîìó ÎÄÓ ñ ïîñòîÿííûìè êîý��èöè-

åíòàìè è ïîñòîÿííûì çàïàçäûâàíèåì âèäà 10.1.1.3: v′t = −aλv− cλv̄− bλ, ãäå
v̄ = v(t− τ).
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4. u′
t = au lnu+ bu lnw + cu, w = u(t− τ).

Ïîäñòàíîâêà u= ev ïðèâîäèò ê ëèíåéíîìó ÎÄÓ ñ ïîñòîÿííûìè êîý��èöèåíòà-

ìè è ïîñòîÿííûì çàïàçäûâàíèåì âèäà 10.1.1.3: v′t= av+bv̄+c, ãäå v̄= v(t−τ).

5. u′
t = f(u− w), w = u(t− τ).

�åøåíèå: u(t) = a+ bt, ãäå a�ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à b�ëþáîé êîðåíü

òðàíñöåíäåíòíîãî óðàâíåíèÿ b = f(bτ).

6. u′
t = uf(w/u), w = u(t− τ).

�åøåíèå: u(t) = Ceλt, ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à λ�ëþáîé êîðåíü

òðàíñöåíäåíòíîãî óðàâíåíèÿ λ = f(e−λτ ).

7. u′
t = wf(u2 + w2), w = u(t− τ).

�åøåíèÿ:

u = ±an cos(βnt+ C), βn =
1

τ

(
π

2
+ πn

)
, n = 0, ±1, ±2, . . . ,

ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à an�êîðíè àëãåáðàè÷åñêèõ (òðàíñöåíäåíò-

íûõ) óðàâíåíèé

(−1)n+1βn = f(a2n), n = 0, ±1, ±2, . . .

8. u′
t = f(t, w)u+ g(t, w), w = u(t− τ).

Çàäà÷à òèïà Êîøè äëÿ èñõîäíîãî ÎÄÓ ñ çàïàçäûâàíèåì ñ íà÷àëüíûì óñëîâèåì

ϕ = ϕ0(t) ïðè −τ 6 t 6 0 (1)

ìîæåò áûòü ðåøåíà ìåòîäîì øàãîâ. Äëÿ ýòîãî ðàçîáüåì âðåìÿ t íà îòðåçêè

äëèíû τ è îáîçíà÷èì

u(t) = ϕm(t) ïðè tm−1 6 t 6 tm, (2)

ãäå tm =mτ è m = 0, 1, 2, . . . Ïîñêîëüêó ðàññìàòðèâàåìîå óðàâíåíèå ÿâëÿåòñÿ
ëèíåéíûì îòíîñèòåëüíî u, íà êàæäîì øàãå èìååì ñòàíäàðòíóþ çàäà÷ó Êîøè

äëÿ ëèíåéíîãî ÎÄÓ ïåðâîãî ïîðÿäêà áåç çàïàçäûâàíèÿ

u′t = f(t, ϕm(t− τ))u+ g(t, ϕm(t− τ)), mτ 6 t 6 (m+ 1)τ,

u(mτ) = ϕm(mτ),
(3)

ãäå m = 0, 1, 2, . . . , à ϕm(t)�ðåøåíèå çàäà÷è Êîøè, ïîëó÷åííîå íà ïðåäûäó-

ùåì øàãå, ò. å. íà îòðåçêå (m− 1)τ 6 t 6 mτ ; ϕ0(t) ≡ ϕ(t).
�åøåíèå çàäà÷è (3) èìååò âèä

u(t) = eF (t)
[
ϕm(mτ) +

∫ t

mτ
e−F (ξ)g(ξ, ϕm(ξ − τ)) dξ

]
,

F (t) =
∫ t

mτ
f(z, ϕm(z − τ)) dz, mτ 6 t 6 (m+ 1)τ,

(4)

ãäå m = 0, 1, 2, . . .
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Ôóíêöèÿ u = ϕm+1(t) â ëåâîé ÷àñòè �îðìóëû (4) èùåòñÿ íà èíòåðâàëå

[tm, tm+1], òîãäà êàê ϕm(t) â ïðàâîé ÷àñòè îïðåäåëåíî íà ïðåäøåñòâóþùåì

èíòåðâàëå [tm−1, tm]. Âû÷èñëåíèÿ âåäóòñÿ ïîñëåäîâàòåëüíî, íà÷èíàÿ ñ m = 0,
êîãäà ïðàâàÿ ÷àñòü ïðåäñòàâëÿåò ñîáîé èçâåñòíóþ �óíêöèþ, çàäàííóþ íà íà-

÷àëüíîì èíòåðâàëå (1). Ýòîò øàã ïðèâîäèò ê ϕ1(t). Çàòåì çàäàåòñÿ m = 1 è

�óíêöèÿ ϕ2(t) íàõîäèòñÿ ñ ïîìîùüþ (4) ÷åðåç óæå èçâåñòíóþ �óíêöèþ ϕ1(t).
Äàëåå ïðîöåäóðà ïðîäîëæàåòñÿ àíàëîãè÷íûì îáðàçîì.

9. u′
t = f(t, w)u+ g(t, w)uk, w = u(t− τ).

Ïîäñòàíîâêà v = u1−k ïðèâîäèò ê óðàâíåíèþ âèäà 10.2.1.8:

v′t = (1− k)f(t, v̄1/(1−k)v + (1− k)g(t, v̄1/(1−k), v̄ = v(t− τ).

10. u′
t = f(t,w) + g(t, w)e−λu, w = u(t− τ).

Ïîäñòàíîâêà v = eλu ïðèâîäèò ê óðàâíåíèþ âèäà 10.2.1.8:

v′t = λf
(
t,

1

λ
ln v̄

)
v + λg

(
t,

1

λ
ln v̄

)
, v̄ = v(t− τ).

11. u′
t = f(t,w)u+ g(t, w)u lnu, w = u(t− τ).

Ïîäñòàíîâêà u = ev ïðèâîäèò ê óðàâíåíèþ âèäà 10.2.1.8:

v′t = g(t, ev̄)v + f(t, ev̄), v̄ = v(t− τ).

12. u′
t = F (u− w1, . . . , u− wn), wk = u(t− τk) (k = 1, . . . , n).

�åøåíèå: u(t) = a+ bt, ãäå a�ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à b�ëþáîé êîðåíü

òðàíñöåíäåíòíîãî óðàâíåíèÿ b = F (bτ1, . . . , bτn).

13. u′
t = uF (w1/u, . . . , wn/u), wk = u(t− τk) (k = 1, . . . , n).

�åøåíèå: u(t) = Ceλt, ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à λ�ëþáîé êîðåíü

òðàíñöåíäåíòíîãî óðàâíåíèÿ λ = F (e−λτ1 , . . . , e−λτn).

10.2.2. ÎÄÓ òèïà ïàíòîãðà�à ñ ïðîïîðöèîíàëüíûìè

àðãóìåíòàìè

1. u′
t = a− bw2, w = u( 1

2
t); u(0) = 0.

1◦. �åøåíèå ïðè ab > 0:

u(t) =

√
2a

b
sin

(
b
√

a

2b
t
)
.

2◦. �åøåíèå ïðè ab < 0:

u(t) = −
√
− 2a

b
sh
(
b
√

− a

2b
t
)
.
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2. u′
t = au+ bw2, w = u( 1

2
t); u(0) = c.

�åøåíèå: u(t) = ce(a+bc)t.

3. u′
t + au = εw2, w = u(pt); u(0) = c.

1◦. Àñèìïòîòè÷åñêîå ðåøåíèå ïðè p 6= 1/2 è ε→ 0:

u = e−at + εc2

a(2p− 1)

(
e−at − e−2apt

)
+

+
2ε2c3

a2(p+ 1)(2p− 1)2

[
pe−at − (p + 1)e−2pat + e−p(2p+1)at

]
+ o(ε2).

2◦. Àñèìïòîòè÷åñêîå ðåøåíèå ïðè p = 1/2 è ε→ 0:

u = e−at + εc2te−at + 1
2 ε

2c3t2e−at + o(ε2).

4. u′
t = au+ bw1w2, w1 = u(pt), w2 = u((1− p)t); u(0) = c.

�åøåíèå: u(t) = ce(a+bc)t.

5. u′
t = au+ bw3, w = u( 1

3
t).

�åøåíèÿ:

u(t) = ±c exp[(a+ bc2)t],

ãäå c�ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

6. u′
t = au+ bw1/p, w = u(pt); u(0) = c.

�åøåíèå:

u(t) = c exp(λt), λ = a+ bc(1−p)/p.

7. u′
t = au+ bu1/2 + cu1/2w1/2, w = u(pt).

Ïîäñòàíîâêà u= v2 ïðèâîäèò ê ëèíåéíîìó ÎÄÓ òèïà ïàíòîãðà�à âèäà 10.1.2.3:

v′t =
1
2 av +

1
2 cv̄ +

1
2 b, ãäå v̄ = v(pt).

8. u′
t = au+ bu1−k + cu1−kwk, w = u(pt).

Îáîáùåíèå ïðåäûäóùåãî óðàâíåíèÿ. Ïîäñòàíîâêà u = v1/k ïðèâîäèò ê ëèíåé-
íîìó ÎÄÓ òèïà ïàíòîãðà�à âèäà 10.1.2.3: v′t = akv + ckv̄ + bk, ãäå v̄ = v(pt).

9. u′
t = aw/u, w = u(2t).

�åøåíèÿ:

u = 2at, u =
2a

C
sin(Ct),

ãäå C > 0�ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

10. u′
t = a+ beλu + ceλ(u−w), w = u(pt).

Ïîäñòàíîâêà v = e−λu ïðèâîäèò ê ëèíåéíîìó ÎÄÓ òèïà ïàíòîãðà�à âèäà

10.1.2.3: v′t = −aλv − cλv̄ − bλ, ãäå v̄ = v(pt).
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11. u′
t = au lnu+ bu lnw + cu, w = u(pt).

Ïîäñòàíîâêà u= ev ïðèâîäèò ê ëèíåéíîìó ÎÄÓ òèïà ïàíòîãðà�à âèäà 10.1.2.3:

v′t = av + bv̄ + c, ãäå v̄ = v(pt).

12. u′
t = f(u− 2w), w = u( 1

2
t).

Çäåñü f(z)�ïðîèçâîëüíàÿ �óíêöèÿ.

�åøåíèå: u(t) = f(−C)t+ C , ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

13. u′
t = f(u− pw), w = u(t/p).

�åøåíèå: u(t) = f(C − Cp)t+ C , ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

14. u′
t = ukf(w/u), w = u(pt).

�åøåíèå ïðè k 6= 1:

u = at
1

1−k , a =
[
(1− k)f

(
p

1
1−k

)] 1
1−k

.

Ýòî ðåøåíèå ïðè 0 6 k < 1 óäîâëåòâîðÿåò íà÷àëüíîìó óñëîâèþ u(0) = 0.

15. u′
t = uf(w/

√
u ), w = u( 1

2
t).

�åøåíèå:

u = aeλt, λ = f(
√
a ),

ãäå a > 0�ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

16. u′
t = uf(w/up), w = u(pt).

�åøåíèå:

u = aeλt, λ = f(a1−p),

ãäå a�ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

17. u′
t = f(t, u, w)− f(t, eλt, epλt) + λeλt, w = u(pt); u(0) = 1.

�åøåíèå: u(t) = eλt.

18. u′
t=f(t, u,w)−f(t, sin t, sin(pt))+cos t, w=u(pt); u(0)=0.

�åøåíèå: u(t) = sin t.

19. u′
t = F (w1/u, . . . , wn/u), wk = u(pkt) (k = 1, . . . , n).

�åøåíèå: u(t) = at, ãäå a = F (p1, . . . , pn). Ýòî ðåøåíèå óäîâëåòâîðÿåò

íà÷àëüíîìó óñëîâèþ u(0) = 0.

20. u′
t = umF (w1/u, . . . , wn/u), wk = u(pkt) (k = 1, . . . , n).

�åøåíèå ïðè m 6= 1:

u = at
1

1−m , a =
[
(1−m)F

(
p

1
1−m
1 , . . . , p

1
1−m
n

)] 1
1−m

.
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Ýòî ðåøåíèå ïðè 0 6 m < 1 óäîâëåòâîðÿåò íà÷àëüíîìó óñëîâèþ u(0) = 0.

21. u′
t = uf(w1u

−p1, . . . , wnu
−pn), wk = u(pkt).

�åøåíèå:

u = aeλt, λ = f(a1−p1 , . . . , a1−pn),

ãäå a�ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

10.2.3. Äðóãèå îáûêíîâåííûå

�óíêöèîíàëüíî-äè��åðåíöèàëüíûå óðàâíåíèÿ

1. u′
t = au+ bw2, w = u( 1

2
(t− τ)).

�åøåíèå:

u = A exp(λt), A =
λ− a

b
eλτ ,

ãäå λ�ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

2. u′
t = au+ bw1/p, w = u(p(t− τ)).

�åøåíèå:

u = A exp(λt), A =
(
λ− a

b
eλτ

) p
1−p

,

ãäå λ�ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

3. u′
t = au+ bw1w2, w1 = u(p(t− τ1)), w2 = u((1− p)(t− τ2)).

�åøåíèå:

u = A exp(λt), A =
λ− a

b
eλ[pτ1+(1−p)τ2],

ãäå λ�ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

4. u′
t = uf(wu−p), w = u(p(t− τ)).

�åøåíèå: u = Aeλt, ãäå A � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à λ � ëþáîé êîðåíü

òðàíñöåíäåíòíîãî óðàâíåíèÿ λ− f(A1−pe−pλτ ) = 0.

5. u′(t) = F (t, u(t), u(−t)).
×àñòíûé ñëó÷àé óðàâíåíèÿ 10.2.3.6 ïðè b = 0.

6. u′(t) = F (t, u(t), u(b− t)).

1◦. Îáîçíà÷èì u1 = u(t) è u2 = u(b − t). Â äîïîëíåíèå ê èñõîäíîìó

óðàâíåíèþ ðàññìîòðèì åùå îäíî óðàâíåíèå, ïîëó÷åííîå èç èñõîäíîãî ïóòåì

çàìåíû íåçàâèñèìîé ïåðåìåííîé t íà b− t. Â ðåçóëüòàòå ïðèõîäèì ê íåëèíåé-

íîé ñèñòåìå ÎÄÓ:

u′1 = F (t, u1, u2), u′2 = −F (b− t, u2, u1). (1)

�åøèâ ýòó ñèñòåìó, ñëåäóåò ïîäñòàâèòü �óíêöèþ u1 = u(t) â èñõîäíîå �óíê-
öèîíàëüíîå ÎÄÓ, ÷òîáû èñêëþ÷èòü ëèøíþþ êîíñòàíòó èíòåãðèðîâàíèÿ.
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2◦. Åñëè �óíêöèÿ F íå çàâèñèò ÿâíî îò t, ò. å. F = F (u1, u2), è ñèììåò-

ðè÷íà îòíîñèòåëüíî ñâîèõ àðãóìåíòîâ F (u1, u2) = F (u2, u1), òî èñêëþ÷àÿ F
èç ñèñòåìû (1), èìååì

u2 = C1 − u1.

Â ðåçóëüòàòå ïðèõîäèì ê ÎÄÓ ïåðâîãî ïîðÿäêà ñ ðàçäåëÿþùèìèñÿ ïåðåìåííû-

ìè

u′ = F (u,C1 − u).

�åøåíèå ýòîãî ÎÄÓ ñëåäóåò ïîäñòàâèòü â èñõîäíîå �óíêöèîíàëüíîå ÎÄÓ,

÷òîáû âûðàçèòü äîïîëíèòåëüíóþ ïîñòîÿííóþ èíòåãðèðîâàíèÿ ÷åðåç C1 è b.

7. u′(t) = F (t, u(t), u(b/t)).

Îáîçíà÷èì u1 = u(t) è u2 = u(b/t). Â äîïîëíåíèå ê èñõîäíîìó óðàâíåíèþ

ðàññìîòðèì åùå îäíî óðàâíåíèå, ïîëó÷åííîå èç èñõîäíîãî ïóòåì çàìåíû íåçà-

âèñèìîé ïåðåìåííîé t íà b/t. Â ðåçóëüòàòå ïðèõîäèì ê íåëèíåéíîé ñèñòåìå

ÎÄÓ:

u′1 = F (t, u1, u2), u′2 = −bt−2F (b/t, u2, u1).

�åøèâ ýòó ñèñòåìó, ñëåäóåò ïîäñòàâèòü �óíêöèþ u1 = u(t) â èñõîäíîå �óíê-
öèîíàëüíîå ÎÄÓ, ÷òîáû èñêëþ÷èòü ëèøíþþ êîíñòàíòó èíòåãðèðîâàíèÿ.

8. u′(t) = F (t, u(t), u(ϕ(t)).

Çäåñü ϕ(ϕ(t)) = t. Ýòî óðàâíåíèå ÿâëÿåòñÿ îáîáùåíèåì äâóõ ïðåäûäóùèõ

�óíêöèîíàëüíûõ ÎÄÓ. Îáîçíà÷èì u1 = u(t) è u2 = u(ϕ(t)). Â äîïîëíåíèå ê

èñõîäíîìó óðàâíåíèþ ðàññìîòðèì åùå îäíî óðàâíåíèå, ïîëó÷åííîå èç èñõîä-

íîãî ïóòåì çàìåíû íåçàâèñèìîé ïåðåìåííîé t íà ϕ(t). Â ðåçóëüòàòå ïðèõîäèì

ê íåëèíåéíîé ñèñòåìå ÎÄÓ:

u′1 = F (t, u1, u2), u′2 = ϕ′(t)F (ϕ(t), u2, u1).

�åøèâ ýòó ñèñòåìó, ñëåäóåò ïîäñòàâèòü �óíêöèþ u1 = u(t) â èñõîäíîå �óíê-
öèîíàëüíîå ÎÄÓ, ÷òîáû èñêëþ÷èòü ëèøíþþ êîíñòàíòó èíòåãðèðîâàíèÿ.

9. a[u(sin t)]′t + b[u(cos t)]′t = F (t, u(sin t), u(cos t)).

Îáîçíà÷èì u1 = u(sin t) è u2 = u(cos t). Â äîïîëíåíèå ê èñõîäíîìó óðàâíåíèþ

ðàññìîòðèì åùå îäíî óðàâíåíèå, ïîëó÷åííîå èç èñõîäíîãî ïóòåì çàìåíû íåçà-

âèñèìîé ïåðåìåííîé t íà π
2 − t. Â ðåçóëüòàòå ïðèõîäèì ê íåëèíåéíîé ñèñòåìå

ÎÄÓ:

au′1 + bu′2 = F (t, u1, u2), au′2 + bu′1 = −F ( π2 − t, u2, u1).

�åøèâ ýòó ñèñòåìó, ñëåäóåò ïîäñòàâèòü �óíêöèþ u1 = u(sin t) â èñõîäíîå

�óíêöèîíàëüíîå ÎÄÓ, ÷òîáû èñêëþ÷èòü ëèøíþþ êîíñòàíòó èíòåãðèðîâàíèÿ.
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10.3. Ëèíåéíûå îáûêíîâåííûå �óíêöèîíàëüíî-

äè��åðåíöèàëüíûå óðàâíåíèÿ âòîðîãî ïîðÿäêà

10.3.1. ÎÄÓ ñ ïîñòîÿííûìè çàïàçäûâàíèÿìè

1. u′′(t)+ a2u(t− τ) = f(t).

�åøåíèå çàäà÷è Êîøè äëÿ ðàññìàòðèâàåìîãî ëèíåéíîãî íåîäíîðîäíîãî ÎÄÓ ñ

çàïàçäûâàíèåì ñ íà÷àëüíûì óñëîâèåì îáùåãî âèäà

u = ϕ(t) ïðè −τ 6 t 6 0

ìîæåò áûòü ïðåäñòàâëåíî â çàìêíóòîé �îðìå

u(t)=ϕ(0) cos
d

(a(t−τ), aτ)+a−1ϕ′
t(0) sind(a(t−τ), aτ)−

−a
∫ 0

−τ
sin

d

(a(t−2τ −s), aτ)ϕ(s)ds+a−1
∫ t

0
sin

d

(a(t−τ −s), aτ)f(s)ds.

Çäåñü cos
d

(t, τ) è sin
d

(t, τ) � êîñèíóñ è ñèíóñ ñ çàïàçäûâàíèåì, êîòîðûå îïðå-

äåëÿþòñÿ ñ ïîìîùüþ �îðìóë

cos
d

(t, τ) =





0, t < −τ,
1, −τ 6 t60,

1− t2

2!
+ · · ·+ (−1)k

[t− (k − 1)τ ]2k

(2k)!
, (k − 1)τ< t 6kτ,

sin
d

(t, τ) =





0, t < −τ,
t+ τ, −τ 6 t60,

t+ τ − t3

3!
+ · · ·+ (−1)k

[t − (k − 1)τ ]2k+1

(2k + 1)!
, (k − 1)τ< t 6kτ,

ãäå k = 1, 2, . . .
Ïîäðîáíîñòè ñì. â ñòàòüÿõ Khusainov et al. (2008) è Dibl��k et al. (2013).

2. u′′(t) = −a2u(t) + bu(t− τ), a 6= 0.

�åøåíèå çàäà÷è Êîøè äëÿ ðàññìàòðèâàåìîãî ëèíåéíîãî îäíîðîäíîãî ÎÄÓ ñ

çàïàçäûâàíèåì ñ íà÷àëüíûì óñëîâèåì îáùåãî âèäà

u = ϕ(t) ïðè 0 6 t 6 τ

â îáëàñòè t > τ ìîæíî íàéòè ñ ïîìîùüþ �îðìóëû (Rodr��guez et al., 2012):

u(t) =
ϕ(τ )− γϕ(0)

1− γ
u1(t)− ϕ′(τ )− γϕ′(0)

1− γ

(
τ

1− γ
u1(t)− u2(t)

)
+

+
γ

1− γ

∫ τ

0

(
τ

1− γ
u1(t)− u2(t)

)
ϕ′′(t) dt, γ =

b

a2
,

ãäå u1(t) è u2(t) � ðåøåíèÿ äâóõ áîëåå ïðîñòûõ çàäà÷ äëÿ ðàññìàòðèâàåìîãî

óðàâíåíèÿ ñîîòâåòñòâåííî ïðè ϕ(t) ≡ 1 è ϕ(t) ≡ t.
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Íèæå ïðèâåäåíû âñïîìîãàòåëüíûå �óíêöèè u1(t) è u2(t), âõîäÿùèå â óêà-
çàííîå ðåøåíèå, êîòîðûå áûëè ïîëó÷åíû ìåòîäîì øàãîâ (ñì. Rodr��guez et al.,

2012).

1◦. Íà èíòåðâàëå mτ 6 t 6 (m + 1)τ ðåøåíèå ïåðâîé âñïîìîãàòåëüíîé

çàäà÷è äëÿ ϕ(t) ≡ 1 ìîæíî ïðåäñòàâèòü â âèäå

u1(t)=γ
m+(1−γ)

m∑

k=1

γk−1
k−1∑

n=0

Ak,n
[a(t− kτ )]n

n!
cos

[
a(t−kτ)− 1

2 πn
]
, γ=

b

a2
,

ãäå ïîñòîÿííûå Ak,n âû÷èñëÿþòñÿ ïî �îðìóëàì

Ak,0 = 1, Ak,n =

k−n−1∑

j=0

n

n+ 2j
2−n−2jCjn+2j , 1 6 n < k,

Cjn = n!
j! (n−j)! �áèíîìèàëüíûå êîý��èöèåíòû. Îòìåòèì, ÷òî 0 < Ak,n 6 1.

2◦. Íà èíòåðâàëå mτ 6 t 6 (m + 1)τ ðåøåíèå âòîðîé âñïîìîãàòåëüíîé

çàäà÷è äëÿ ϕ(t) ≡ t ìîæíî ïðåäñòàâèòü â âèäå

u2(t) = γm(t−mτ) + τ
m∑

k=1

γk−1
k−1∑

n=0

Ak,n
[a(t− kτ )]n

n!
cos

[
a(t− kτ)− 1

2 πn
]
+

+
1− γ

a

m∑

k=1

γk−1
k−1∑

n=0

Bk,n
[a(t− kτ )]n

n!
sin

[
a(t− kτ)− 1

2 πn
]
, γ =

b

a2
,

ãäå ïîñòîÿííûå Ak,n âû÷èñëÿþòñÿ ïî �îðìóëàì èç ï. 1◦, à ïîñòîÿííûå Bk,n
îïðåäåëÿþòñÿ òàê:

Bk,0 = 21−2kkCk2k,

Bk,n = 2n+1−2k
k−n−1∑

j=0

n(k − n− j)

n+ 2j
Cjn+2jC

k−n−j
2(k−n−j), 1 6 n < k.

3. u′′(t) + au′(t− τ) + bu(t− 2τ) = 0.

Îáùåå ðåøåíèå:

u(t) = u1(t) + u2(t),

ãäå u1(t) è u2(t)�ëþáûå ðåøåíèÿ ÎÄÓ ïåðâîãî ïîðÿäêà ñ çàïàçäûâàíèåì

u′k(t) = λkuk(t− τ), k = 1, 2, (*)

à λ1 è λ2 �êîðíè êâàäðàòíîãî óðàâíåíèÿ λ2 + aλ+ b = 0. Î ðåøåíèÿõ ÎÄÓ ñ

çàïàçäûâàíèåì (*) ñì. óðàâíåíèå 10.1.1.2.
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10.3.2. ÎÄÓ òèïà ïàíòîãðà�à ñ ïðîïîðöèîíàëüíûìè

àðãóìåíòàìè

1. u′′
tt = aw, w = u(pt), 0< p < 1.

1◦. Îáùåå ðåøåíèå ïðè a > 0:

u(t) = C1 exps(−a1/2p−1/4t, p1/2) + C2 exps(a
1/2p−1/4t, p1/2), (1)

ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå, exps(t, p) =
∑∞

n=0 p
n(n−1)

2 tn

n! � ýêñ-

ïîíåíòà ñ ðàñòÿæåíèåì. Ïðè

C1 =
1
2 (b− ca−1/2p1/4), C2 =

1
2 (b+ ca−1/2p1/4),

ðåøåíèå (1) óäîâëåòâîðÿåò íà÷àëüíûì óñëîâèÿì u(0) = b, u′t(0) = c.

2◦. Îáùåå ðåøåíèå ïðè a < 0:

u(t) = C1 coss(|a|1/2p−1/4t, p1/2) + C2 sins(|a|1/2p−1/4t, p1/2), (2)

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, coss(t, p) è sins(t, p)�êîñèíóñ è ñèíóñ

ñ ðàñòÿæåíèåì, êîòîðûå îïðåäåëÿþòñÿ ïî �îðìóëàì

cos
s

(t, p) =
∞∑

n=0

(−1)npn(2n−1) t2n

(2n)!
, sin

s

(t, p) =
∞∑

n=0

(−1)npn(2n+1) t2n+1

(2n+ 1)!
.

Ïðè

C1 = b, C2 = c|a|−1/2p1/4,

ðåøåíèå (2) óäîâëåòâîðÿåò íà÷àëüíûì óñëîâèÿì u(0) = b, u′t(0) = c.

3◦. Èìåþò ìåñòî ñëåäóþùèå ñîîòíîøåíèÿ ìåæäó ýêñïîíåíòîé ñ ðàñòÿæå-

íèåì è òðèãîíîìåòðè÷åñêèìè �óíêöèÿìè ñ ðàñòÿæåíèåì:

exp
s

(it, p) = cos
s

(t, p) + i sin
s

(t, p), i2 = −1 (0 < p < 1);

cos
s

(t, p) =
exp

s

(it, p) + exp
s

(−it, p)
2

, sin
s

(t, p) =
exp

s

(it, p)− exp
s

(−it, p)
2i

.

Ïðèâåäåííûå âûøå ðåøåíèÿ ðàññìàòðèâàåìîãî �óíêöèîíàëüíî-äè��åðåí-

öèàëüíîãî óðàâíåíèÿ áûëè ïîëó÷åíû â ðàáîòå Liu (2018).

2. u′′
tt(t) = au(t) + bu(pt), 0 < p < 1.

×àñòíûé ñëó÷àé óðàâíåíèÿ 10.3.2.4 ïðè c = 0.

3. u′′
tt(t) + au′

t(pt) + bu(p2t) = 0, 0 < p < 1.

1◦. ×àñòíûå ðåøåíèÿ ýòîãî óðàâíåíèÿ èùåì â âèäå (Liu, 2018):

u(t) = exps(βt, p), (1)



512 10. ÎÁÛÊÍÎÂÅÍÍÛÅ ÔÓÍÊÖÈÎÍÀËÜÍÎ-ÄÈÔÔÅ�ÅÍÖÈÀËÜÍÛÅ Ó�ÀÂÍÅÍÈß

ãäå exps(t, p)� ýêñïîíåíòà ñ ðàñòÿæåíèåì (ñì. óðàâíåíèå 10.1.2.1, ï. 1◦). Ó÷è-
òûâàÿ ñîîòíîøåíèÿ

[exps(βt, p)]
′
t = β exps(βpt, p), [exps(βt, p)]

′′
tt = β2p exps(βp

2t, p),

äëÿ îïðåäåëåíèÿ ïîñòîÿííîé β, êîòîðàÿ âõîäèò â (1), ïîëó÷èì êâàäðàòíîå óðàâ-

íåíèå

pβ2 + aβ + b = 0. (2)

2◦. Îáùåå ðåøåíèå:

u(t) = C1 exps(β1t, p) + C2 exps(β2t, p),

ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå, à β1 è β2 � êîðíè êâàäðàòíîãî óðàâ-

íåíèÿ (2).

4. u′′
tt(t) = au(t) + bu(pt) + cu(qt), 0 < p, q < 1.

�åøåíèå çàäà÷è òèïà Êîøè äëÿ äàííîãî ÎÄÓ òèïà ïàíòîãðà�à ñ íà÷àëüíûìè

óñëîâèÿìè

u(0) = A, u′t(0) = B

èùåòñÿ â âèäå ñòåïåííîãî ðÿäà è ìîæåò áûòü ïðåäñòàâëåíî â âèäå ëèíåéíîé

êîìáèíàöèè ÷åòíîé è íå÷åòíîé �óíêöèé

u(t) = Au1(t) +Bu2(t),

ãäå

u1(t) = 1 +
∞∑

n=1

γ2nt
2n, γ2n =

1

(2n)!

n−1∏

k=0

(a+ bp2k + cq2k),

u2(t) = t+
∞∑

n=1

γ2n+1t
2n+1, γ2n+1 =

1

(2n+ 1)!

n−1∏

k=0

(a+ bp2k+1 + cq2k+1).

Ôóíêöèè u1(t) è u2(t) óäîâëåòâîðÿþò íà÷àëüíûì óñëîâèÿì

u1(0) = 1, u′1(0) = 0; u2(0) = 0, u′1(0) = 1.

Ïðè a=−1, b= c=0 ýòè �óíêöèè ïåðåõîäÿò â êîñèíóñ è ñèíóñ ñîîòâåòñòâåííî,
à ïðè a = 1, b = c = 0�â ãèïåðáîëè÷åñêèé êîñèíóñ è ãèïåðáîëè÷åñêèé ñèíóñ.

10.3.3. Äðóãèå îáûêíîâåííûå

�óíêöèîíàëüíî-äè��åðåíöèàëüíûå óðàâíåíèÿ

1. u′′(t) = au(−t).
Îáîçíà÷èì u1 = u(t) è u2 = u(−t). Â äîïîëíåíèå ê èñõîäíîìó óðàâíåíèþ

ðàññìîòðèì åùå îäíî óðàâíåíèå, ïîëó÷åííîå èç èñõîäíîãî ïóòåì çàìåíû íåçà-

âèñèìîé ïåðåìåííîé t íà −t. Â ðåçóëüòàòå ïðèõîäèì ê ëèíåéíîé ñèñòåìå ÎÄÓ

âòîðîãî ïîðÿäêà:

u′′1 = au2, u′′2 = au1.
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Èñêëþ÷èâ u2 èç ýòîé ñèñòåìû, ïðèõîäèì ê ëèíåéíîìó ÎÄÓ ÷åòâåðòîãî ïîðÿäêà

u′′′′1 = a2u1, îáùåå ðåøåíèå êîòîðîãî èìååò âèä

u1 = C1 ch
(√

|a| t
)
+ C2 sh

(√
|a| t

)
+C3 cos

(√
|a| t

)
+ C4 sin

(√
|a| t

)
,

ãäå C1, C2, C3, C2 �ïðîèçâîëüíûå ïîñòîÿííûå. Ïîäñòàâèâ ïîëó÷åííóþ �óíê-

öèþ u = u1 â èñõîäíîå �óíêöèîíàëüíîå ÎÄÓ, íàõîäèì åãî ðåøåíèå

u =

{
C1 ch

(√
a t

)
+ C4 sin

(√
a t

)
ïðè a > 0,

C2 sh
(√

|a| t
)
+ C3 cos

(√
|a| t

)
ïðè a < 0.

2. u′′(t) = au(t) + cu(b− t).

×àñòíûé ñëó÷àé óðàâíåíèÿ 10.4.3.3 ïðè F (t, u1, u2) = au1 + cu2.

3. u′′(t) = au(b/t).

Îáîçíà÷èì u1 = u(t) è u2 = u(b/t). Â äîïîëíåíèå ê èñõîäíîìó óðàâíåíèþ

ðàññìîòðèì åùå îäíî óðàâíåíèå, ïîëó÷åííîå èç èñõîäíîãî ïóòåì çàìåíû íåçà-

âèñèìîé ïåðåìåííîé t íà b/t. Â ðåçóëüòàòå ïðèõîäèì ê ëèíåéíîé ñèñòåìå ÎÄÓ

âòîðîãî ïîðÿäêà:

u′′1 = au2, t2(t2u′2)
′ = ab2u1.

Èñêëþ÷èâ u2 èç ýòîé ñèñòåìû, ïðèõîäèì ê ëèíåéíîìó ÎÄÓ ÷åòâåðòîãî ïîðÿäêà

t2(t2u′′′1 )
′ = a2b2u1, (1)

îáùåå ðåøåíèå êîòîðîãî èìååò âèä

u1 = C1t
k1 + C2t

k2 + C3t
k3 + C4t

k4 , (2)

ãäå C1, . . . , C4�ïðîèçâîëüíûå ïîñòîÿííûå, à k1, . . . , k4�êîðíè àëãåáðàè÷åñêî-

ãî óðàâíåíèÿ ÷åòâåðòîãî ïîðÿäêà

k(k − 1)2(k − 2) = a2b2. (3)

Ïîäñòàíîâêà s = k2 − 2k ïðèâîäèò óðàâíåíèå (3) ê áèêâàäðàòíîìó óðàâíåíèþ

s2 − s− a2b2= 0.
�åøåíèå (2) ñëåäóåò ïîäñòàâèòü â èñõîäíîå �óíêöèîíàëüíîå ÎÄÓ, ÷òîáû

èñêëþ÷èòü ëèøíèå êîíñòàíòû èíòåãðèðîâàíèÿ.

4. u′′(t) = au(t) + cu(b/t).

×àñòíûé ñëó÷àé óðàâíåíèÿ 10.4.3.4 ïðè F (t, u1, u2) = au1 + cu2.

5. f(x)g′t(t) = ag(t)f ′′
xx(x).

Çäåñü f(x) è g(t)�èñêîìûå �óíêöèè. Äàííîå �óíêöèîíàëüíî-äè��åðåíöèàëü-

íîå óðàâíåíèå âîçíèêàåò â ðåçóëüòàòå èñïîëüçîâàíèÿ ìåòîäà ðàçäåëåíèÿ ïå-

ðåìåííûõ äëÿ ëèíåéíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè ut = auxx, êîãäà åãî
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÷àñòíîå ðåøåíèå èùåòñÿ â âèäå ïðîèçâåäåíèÿ �óíêöèé ðàçíûõ àðãóìåíòîâ

u = f(x)g(t).
�åøåíèÿ:

f(x) = C1 cos(kx) + C2 sin(kx), g(t) = exp(−ak2t);
f(x) = C1 exp(−kx) +C2 exp(kx), g(t) = exp(ak2t),

ãäå C1, C2, k�ïðîèçâîëüíûå ïîñòîÿííûå.

10.4. Íåëèíåéíûå îáûêíîâåííûå �óíêöèîíàëüíî-

äè��åðåíöèàëüíûå óðàâíåíèÿ âòîðîãî ïîðÿäêà

10.4.1. ÎÄÓ ñ ïîñòîÿííûìè çàïàçäûâàíèÿìè

1. u′′
tt = −uf(w/u), w = u(t− τ).

Çäåñü f(z)�ïðîèçâîëüíàÿ �óíêöèÿ.

1◦. �åøåíèÿ ýêñïîíåíöèàëüíîãî âèäà: u(t) = Ceλt, ãäå C �ïðîèçâîëüíàÿ

ïîñòîÿííàÿ, à λ�ëþáîé êîðåíü òðàíñöåíäåíòíîãî óðàâíåíèÿ λ2+f(e−λτ )= 0.

2◦. Äëÿ ñïåöèàëüíûõ âðåìåí çàïàçäûâàíèÿ:

τ = τn =
πn

λn
, λn =

√
f
(
(−1)n

)
, n = 1, 2, . . .

ñóùåñòâóþò ðåøåíèÿ òðèãîíîìåòðè÷åñêîãî âèäà

u(t) = C1 cos(λnt+ C2),

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

2. u′′
tt = g(w/u)u′

t + uf(w/u), w = u(t− τ).

�åøåíèå: u(t) = Ceλt, ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à λ�ëþáîé êîðåíü

òðàíñöåíäåíòíîãî óðàâíåíèÿ λ2 = λg(e−λτ ) + f(e−λτ ).

3. u′′
tt = uF (w/u,u′

t/u, w
′
t/u), w = u(t− τ).

�åøåíèå: u = Ceλt, ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à λ � ëþáîé êîðåíü

òðàíñöåíäåíòíîãî óðàâíåíèÿ λ2 = F (e−λτ , λ, λe−λτ ).

4. u′′
tt = uF (u′

t/u,w
′
t/w), w = u(t− τ).

Ïîäñòàíîâêà ξ = u′t/u ïðèâîäèò ê ÎÄÓ ïåðâîãî ïîðÿäêà ñ çàïàçäûâàíèåì:

ξ′t + ξ2 = F (ξ, ξ̄), ãäå ξ̄ = ξ(t− τ).

5. u′′
tt = uf(u2 + w2), w = u(t− τ).

�åøåíèÿ:

u(t) = ±an cos(βnt+ C), βn =
1

τ

(
π

2
+ πn

)
, n = 0, ±1, ±2, . . . ,
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ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à an �êîðíè àëãåáðàè÷åñêîãî óðàâíåíèÿ

−β2n = f(a2n), n = 0, ±1, ±2, . . .

6. u′′
tt = a2w2 + F (t, u′

t + aw1), w1 = u(t− τ), w2 = u(t− 2τ).

Ïîäñòàíîâêà ζ = u′t + aw1 ïðèâîäèò ê ÎÄÓ ïåðâîãî ïîðÿäêà ñ çàïàçäûâàíèåì:

ζ ′t = aζ̄ + F (t, ζ), ãäå ζ̄ = ζ(t− τ).

7. u′′
tt = w2f

((
u′
t/w1, (w1)

′
t/w2

))
, w1 = u(t− τ), w2 = u(t− 2τ).

Îäíî�àçíîå ðåøåíèå:

u = u1(t),

ãäå u1(t)�ëþáîå ðåøåíèå ëèíåéíîãî ÎÄÓ ïåðâîãî ïîðÿäêà ñ çàïàçäûâàíèåì

u1(t) = λu1(t− τ), (*)

à λ � ëþáîé êîðåíü òðàíñöåíäåíòíîãî óðàâíåíèÿ λ2 = f(λ, λ). Î ðåøåíèÿõ

ÎÄÓ ñ çàïàçäûâàíèåì (*) ñì. óðàâíåíèå 10.1.1.2.

8. u′′
tt = uF (w1/u, . . . , wn/u, u

′
t/u, w

′
1/u, . . . , w

′
n/u),

wk = u(t− τk) (k = 1, . . . , n).

�åøåíèå: u(t) = Ceλt, ãäå C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à λ�ëþáîé êîðåíü

òðàíñöåíäåíòíîãî óðàâíåíèÿ λ2 = F (e−λτ1 , . . . , e−λτn , λ, λe−λτ1 , . . . , λe−λτn).

10.4.2. ÎÄÓ òèïà ïàíòîãðà�à ñ ïðîïîðöèîíàëüíûìè

àðãóìåíòàìè

1. u′′
tt = au+ bw2, w = u( 1

2
t).

�åøåíèÿ: u(t) = c exp(±
√
a+ bc t), ãäå c� ïðîèçâîëüíàÿ ïîñòîÿííàÿ, óäîâëå-

òâîðÿþùàÿ íåðàâåíñòâó a+ bc > 0. Èìååòñÿ òàêæå òðèâèàëüíîå ðåøåíèå u= 0
(äëÿ ëþáûõ a è b).

2. u′′
tt = au+ bw3, w = u( 1

3
t).

�åøåíèÿ:

u(t) = c exp(±
√
a+ bc2 t),

ãäå c � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, óäîâëåòâîðÿþùàÿ íåðàâåíñòâó a + bc2 > 0.
Èìååòñÿ òàêæå òðèâèàëüíîå ðåøåíèå u = 0 (äëÿ ëþáûõ a è b).

3. u′′
tt = aw + bw3, w = u( 1

3
t).

�åøåíèÿ:

u = ±2
√

|a|/(3b) sin(
√

|a|/3 t) ïðè a < 0, b > 0;

u = ±2
√
a/(3|b|) cos(

√
a/3 t) ïðè a > 0, b < 0;

u = ±2
√
a/(3b) sh(

√
a/3 t) ïðè a > 0, b > 0;

u = ±2
√

|a|/(3b) ch(
√

|a|/3 t) ïðè a < 0, b > 0.
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Èìååòñÿ òàêæå òðèâèàëüíîå ðåøåíèå u = 0 (äëÿ ëþáûõ a è b).

4. u′′
tt = au+ bw1/p, w = u(pt), 0 < p < 1.

�åøåíèÿ:

u(t) = c exp(±λt), λ =
√
a+ bc(1−p)/p,

ãäå c> 0�ïðîèçâîëüíàÿ ïîñòîÿííàÿ ïðè óñëîâèè, ÷òî a+bc(1−p)/p> 0. Èìååòñÿ
òàêæå òðèâèàëüíîå ðåøåíèå u = 0 (äëÿ ëþáûõ a è b).

5. u′′
tt = au′

t + u(b lnu+ c lnw), w = u(pt).

�åøåíèå:

u(t) = exp(At2 +Bt+ C),

A =
1

4
(b+ cp2), B = − a(b+ cp2)

2cp(1− p)
, C =

2A+B2 − aB

b+ c
.

6. u′′
tt = F (w1/u, . . . , wn/u), wk = u(pkt) (k = 1, . . . , n).

�åøåíèå, óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì u(0)=u′t(0)=0, îïðåäåëÿåòñÿ
ïî �îðìóëå u(t) = at2, ãäå a = 1

2 F (p
2
1, . . . , p

2
n).

7. u′′
tt = umF (w1/u, . . . , wn/u), wk = u(pkt) (k = 1, . . . , n).

�åøåíèå ïðè m 6= 1:

u = at
2

1−m , a =
[
(1−m)2

2(1 +m)
F
(
p

2
1−m
1 , . . . , p

2
1−m
n

)] 1
1−m

.

Ïðè 06m<1 ýòî ðåøåíèå óäîâëåòâîðÿåò íà÷àëüíûì óñëîâèÿì u(0)=u′t(0)=0.

10.4.3. Äðóãèå îáûêíîâåííûå

�óíêöèîíàëüíî-äè��åðåíöèàëüíûå óðàâíåíèÿ

1. u′′
tt = au+ bw2, w = u( 1

2
(t− τ)).

�åøåíèå: u(t) =
λ2 − a

b
eλτ eλt, ãäå λ�ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

2. u′′
tt = au+ bw1/p, w = u(p(t− τ)).

�åøåíèå:

u(t) = A exp(λt), A =
(
λ2 − a

b
eλτ

) p
1−p

,

ãäå λ�ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

3. u′′(t) = F (t, u(t), u(b− t)).

1◦. Îáîçíà÷èì u1 = u(t) è u2 = u(b − t). Â äîïîëíåíèå ê èñõîäíîìó

óðàâíåíèþ ðàññìîòðèì åùå îäíî óðàâíåíèå, ïîëó÷åííîå èç èñõîäíîãî ïóòåì
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çàìåíû íåçàâèñèìîé ïåðåìåííîé t íà b− t. Â ðåçóëüòàòå ïðèõîäèì ê íåëèíåé-

íîé ñèñòåìå ÎÄÓ:

u′′1 = F (t, u1, u2), u′′2 = F (b− t, u2, u1). (1)

�åøèâ ýòó ñèñòåìó, ñëåäóåò ïîäñòàâèòü �óíêöèþ u1 = u(t) â èñõîäíîå �óíê-
öèîíàëüíîå ÎÄÓ, ÷òîáû èñêëþ÷èòü ëèøíèå êîíñòàíòû èíòåãðèðîâàíèÿ.

2◦. Åñëè �óíêöèÿ F íå çàâèñèò ÿâíî îò t, ò. å. F =F (u1, u2), è ñèììåòðè÷íà
îòíîñèòåëüíî ñâîèõ àðãóìåíòîâ F (u1, u2) = F (u2, u1) , òî èñêëþ÷èâ F èç

ñèñòåìû (1), èìååì

u2 = u1 + C1t+C2,

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå. Â ðåçóëüòàòå ïðèõîäèì ê ÎÄÓ âòîðîãî

ïîðÿäêà

u′′tt = F (u, u+ C1t+ C2).

�åøåíèå ýòîãî ÎÄÓ ñëåäóåò ïîäñòàâèòü â èñõîäíîå �óíêöèîíàëüíîå ÎÄÓ,

÷òîáû âûðàçèòü äîïîëíèòåëüíûå êîíñòàíòû èíòåãðèðîâàíèÿ ÷åðåç C1, C2 è b.

4. u′′(t) = F (t, u(t), u(b/t)).

Îáîçíà÷èì u1 = u(t) è u2 = u(b/t). Â äîïîëíåíèå ê èñõîäíîìó óðàâíåíèþ

ðàññìîòðèì åùå îäíî óðàâíåíèå, ïîëó÷åííîå èç èñõîäíîãî ïóòåì çàìåíû íåçà-

âèñèìîé ïåðåìåííîé t íà b/t. Â ðåçóëüòàòå ïðèõîäèì ê íåëèíåéíîé ñèñòåìå

ÎÄÓ:

u′′1 = F (t, u1, u2), t2(t2u′2)
′ = b2F (b/t, u2, u1).

�åøèâ ýòó ñèñòåìó, ñëåäóåò ïîäñòàâèòü �óíêöèþ u1 = u(t) â èñõîäíîå �óíê-
öèîíàëüíîå ÎÄÓ, ÷òîáû èñêëþ÷èòü ëèøíèå êîíñòàíòû èíòåãðèðîâàíèÿ.

10.5. Ôóíêöèîíàëüíî-äè��åðåíöèàëüíûå óðàâíåíèÿ

ñòàðøèõ ïîðÿäêîâ

10.5.1. Ëèíåéíûå îáûêíîâåííûå

�óíêöèîíàëüíî-äè��åðåíöèàëüíûå óðàâíåíèÿ

◮ ÎÄÓ ñ ïîñòîÿííûìè çàïàçäûâàíèÿìè.

1. u
(n)
t (t) = au(t− τ).

1◦. ×àñòíûå ðåøåíèÿ ýêñïîíåíöèàëüíîãî âèäà:

u = exp(λt),

ãäå λ�ëþáîé êîðåíü òðàíñöåíäåíòíîãî óðàâíåíèÿ

λneτλ − a = 0. (1)
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2◦. Äëÿ ëþáîãî a > 0 óðàâíåíèå (1) èìååò äåéñòâèòåëüíûé ïîëîæèòåëüíûé
êîðåíü, êîòîðûé âûðàæàåòñÿ ÷åðåç �óíêöèþ Ëàìáåðòà (ñì. ï. 2◦ óðàâíåíèÿ

10.1.1.2) ïî �îðìóëå

λ
p

=
n

τ
W

p

(
τa1/n

n

)
.

3◦. Â îáùåì ñëó÷àå òðàíñöåíäåíòíîå óðàâíåíèå (1) çàìåíîé ζ = λeτλ/n

ïðèâîäèòñÿ ê àëãåáðàè÷åñêîìó óðàâíåíèþ ζn − a = 0, èìåþùåìó n êîìïëåêñ-

íûõ êîðíåé

ζk =




a1/n

(
cos 2(k−1)π

n + i sin 2(k−1)π
n

)
ïðè a > 0,

|a|1/n
(
cos (2k−1)π

n + i sin (2k−1)π
n

)
ïðè a < 0,

(2)

ãäå k = 1, . . . , n, i2 = −1. Ïîýòîìó ðàçíîñòü ζn− a äîïóñêàåò �àêòîðèçàöèþ è

ìîæåò áûòü ïðåäñòàâëåíà â âèäå ïðîèçâåäåíèÿ

∏n
k=1(ζ−ζk)=0, ãäå ζ=λeτλ/n,

à òðàíñöåíäåíòíîå óðàâíåíèå (1) ðàñïàäàåòñÿ íà n áîëåå ïðîñòûõ íåçàâèñèìûõ

òðàíñöåíäåíòíûõ óðàâíåíèé

λeτλ/n − ζk = 0, k = 1, . . . , n.

�åøåíèÿ ýòèõ óðàâíåíèé âûðàæàþòñÿ ÷åðåç �óíêöèþ Ëàìáåðòà êîìïëåêñíîãî

àðãóìåíòà ïî �îðìóëàì

λk =
n

τ
W

(
τζk
n

)
, k = 1, . . . , n,

ãäå ÷èñëà (êîìïëåêñíûå â ñëó÷àå îáùåãî ïîëîæåíèÿ) ζk îïðåäåëåíû â (2), à

W (z) âêëþ÷àåò âñå âåòâè �óíêöèè Ëàìáåðòà.

2. u
(n)
t (t)+a1u

(n−1)
t (t−τ)+· · ·+an−1u

′
t(t−(n−1)τ)+anu(t−nτ)=0.

Îáùåå ðåøåíèå:

u(t) =

n∑

k=1

uk(t),

ãäå u1(t), . . . , un(t)�ëþáûå ðåøåíèÿ ëèíåéíûõ ÎÄÓ ïåðâîãî ïîðÿäêà ñ çàïàç-

äûâàíèåì

u′k(t) = λkuk(t− τ), k = 1, . . . , n, (*)

à λk � êîðíè àëãåáðàè÷åñêîãî óðàâíåíèÿ λn + a1λ
n−1 + · · · + an−1λ + an = 0

(â (*) ñ÷èòàåòñÿ, ÷òî âñå λk ðàçíûå). Î ðåøåíèÿõ ëèíåéíûõ ÎÄÓ ñ çàïàçäûâà-

íèåì (*) ñì. óðàâíåíèå 10.1.1.2.

3. u
(n)
t (t) +

n−1∑

i=0

m∑

j=0

aiju
(i)
t (t− τj) = 0.

Ëèíåéíîå îäíîðîäíîå ÎÄÓ n-ãî ïîðÿäêà ñ ïîñòîÿííûìè êîý��èöèåíòàìè è m
ïîñòîÿííûìè çàïàçäûâàíèÿìè, τj > 0�âðåìåíà çàïàçäûâàíèÿ (j > 1), τ0 = 0.
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Ýòî óðàâíåíèå èìååò ÷àñòíûå ðåøåíèÿ ýêñïîíåíöèàëüíîãî âèäà

u(t) = exp(λt),

ãäå λ�ëþáîé êîðåíü òðàíñöåíäåíòíîãî óðàâíåíèÿ

λn +

n−1∑

i=0

m∑

j=0

aijλ
ie−λτj = 0.

◮ ÎÄÓ òèïà ïàíòîãðà�à ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì.

4. u
(n)
t (t)+ an−1u

(n−1)
t (pt)+ · · ·+ a1u

′
t(p

n−1t)+ a0u(p
nt) = 0.

Çäåñü 0 < p < 1.

1◦. ×àñòíûå ðåøåíèÿ ýòîãî óðàâíåíèÿ èùåì â âèäå (Liu, 2018):

u(t) = exps(βt, p), exps(t, p) ≡
∞∑

n=0

p
n(n−1)

2
tn

n!
, (1)

ãäå exps(t, p)� ýêñïîíåíòà ñ ðàñòÿæåíèåì (ñì. óðàâíåíèå 10.1.2.1, ï. 1◦), β �
èñêîìàÿ ïîñòîÿííàÿ. Ó÷èòûâàÿ ñîîòíîøåíèÿ

[exps(βt, p)]
(k)
t = βkp

k(k−1)
2 exps(βp

kt, p), k = 0, 1, . . . , n,

äëÿ îïðåäåëåíèÿ êîíñòàíòû β ïîëó÷èì àëãåáðàè÷åñêîå óðàâíåíèå

p
n(n−1)

2 βn + an−1p
(n−1)(n−2)

2 βn−1 + · · · + a1β + a0 = 0. (2)

2◦. Îáùåå ðåøåíèå:

u(t) = C1 exps(β1t, p) + C2 exps(β2t, p) + · · ·+ Cn exps(βnt, p),

ãäå C1, . . . , Cn �ïðîèçâîëüíûå ïîñòîÿííûå, à β1, . . . , βn �êîðíè àëãåáðàè÷å-

ñêîãî óðàâíåíèÿ (2) (çäåñü ñ÷èòàåòñÿ, ÷òî âñå βk ðàçëè÷íû).

10.5.2. Íåëèíåéíûå îáûêíîâåííûå

�óíêöèîíàëüíî-äè��åðåíöèàëüíûå óðàâíåíèÿ

◮ ÎÄÓ ñ ïîñòîÿííûìè çàïàçäûâàíèÿìè.

1. u
(n)
t = wnf

((
u′
t/w1

))
, w1 = u(t− τ), wn = u(t−nτ).

Îäíî�àçíûå ðåøåíèÿ:

u = u(t),

ãäå u(t) � ëþáîå ðåøåíèå ëèíåéíîãî ÎÄÓ ïåðâîãî ïîðÿäêà ñ ïîñòîÿííûì

çàïàçäûâàíèåì

u(t) = λu(t− τ), (*)
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à λ � ëþáîé êîðåíü òðàíñöåíäåíòíîãî óðàâíåíèÿ λn = f(λ). Î ðåøåíèÿõ

ëèíåéíîãî ÎÄÓ ñ çàïàçäûâàíèåì (*) ñì. óðàâíåíèå 10.1.1.2.

2. u
(n)
t = uF (w1/u, . . . , wm/u), wk = u(t− τk) (k = 1, . . . ,m).

�åøåíèå: u(t) = aeλt, ãäå a�ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à λ�ëþáîé êîðåíü

òðàíñöåíäåíòíîãî óðàâíåíèÿ λn = F (e−λτ1 , . . . , e−λτm).

◮ ÎÄÓ òèïà ïàíòîãðà�à ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì.

3. u
(n)
t = F (w1/u, . . . , wm/u), wk = u(pkt) (k= 1, . . . ,m).

�åøåíèå, êîòîðîå óäîâëåòâîðÿåò íà÷àëüíûì óñëîâèÿì u(0) = u′t(0) = · · · =
= u

(n−1)
t (0) = 0, îïðåäåëÿåòñÿ �îðìóëîé u(t) = atn, ãäå a=

1

n!
F (pn1 , . . . , p

n
m).

◮ Îáûêíîâåííûå �óíêöèîíàëüíî-äè��åðåíöèàëüíûå óðàâíåíèÿ 


íåñêîëüêèìè èñêîìûìè �óíêöèÿìè.

4. f1[X]g1[Y ] + f2[X]g2[Y ] + · · ·+ fk[X]gk[Y ] = 0.

Çäåñü äè��åðåíöèàëüíûå �îðìû fi[X] è gi[Y ] (i = 1, . . . , k) çàâèñÿò ñîîòâåò-
ñòâåííî îò ïåðåìåííûõ x è y è ñîäåðæàò 2n èñêîìûõ �óíêöèé ϕj = ϕj(x) è
ψj = ψj(y) (j = 1, . . . , n):

fi[X] ≡ fi
(
x, ϕ1, ϕ

′
1, ϕ

′′
1 , . . . , ϕn, ϕ

′
n, ϕ

′′
n

)
,

gi[Y ] ≡ gi
(
y, ψ1, ψ

′
1, ψ

′′
1 , . . . , ψn, ψ

′
n, ψ

′′
n

)
,

(1)

ãäå øòðèõè îáîçíà÷àþò ïðîèçâîäíûå. Îòìåòèì, ÷òî ïîìèìî âòîðûõ ïðîèçâîä-

íûõ â âûðàæåíèÿ (1) ìîãóò âõîäèòü òàêæå ñòàðøèå ïðîèçâîäíûå �óíêöèé ϕj
è ψj .

�åøåíèå ðàññìàòðèâàåìîãî �óíêöèîíàëüíî-äè��åðåíöèàëüíîãî óðàâíåíèÿ

óäîáíî ñâåñòè ê ïîñëåäîâàòåëüíîìó ðåøåíèþ áèëèíåéíîãî �óíêöèîíàëüíîãî

óðàâíåíèÿ ñòàíäàðòíîãî âèäà è ðåøåíèþ ñèñòåìû îáûêíîâåííûõ äè��åðåí-

öèàëüíûõ óðàâíåíèé (ò. å. èñõîäíàÿ çàäà÷à ðàñùåïëÿåòñÿ íà äâå áîëåå ïðîñòûå

çàäà÷è). Íèæå äàíî êðàòêîå îïèñàíèå îñíîâíûõ ýòàïîâ ýòîãî ìåòîäà.

1◦. Íà ïåðâîì ýòàïå ðàññìîòðèì èñõîäíîå �óíêöèîíàëüíî-äè��åðåíöèàëü-

íîå óðàâíåíèå êàê áèëèíåéíîå �óíêöèîíàëüíîå óðàâíåíèå

k∑

i=1

figi = 0, (2)

ãäå fi = fi[X] è gi = gi[Y ] � èñêîìûå âåëè÷èíû (i = 1, . . . , k), à X è Y �

íåçàâèñèìûå ïåðåìåííûå.

Ïðèíöèï ðàñùåïëåíèÿ. Âñå ðåøåíèÿ áèëèíåéíîãî �óíêöèîíàëüíîãî óðàâíå-

íèÿ (2) ìîãóò áûòü ïðåäñòàâëåíû â âèäå ñîâîêóïíîñòè ëèíåéíûõ êîìáèíàöèé
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âåëè÷èí f1, . . . , fk è ëèíåéíûõ êîìáèíàöèé âåëè÷èí g1, . . . , gk:

k∑

i=1

αirfi = 0, r = 1, . . . , l;

k∑

i=1

βisgi = 0, s = 1, . . . ,m,

(3)

ãäå 1 6 l 6 k − 1 è 1 6 m 6 k − 1. Êîíñòàíòû αir è βis â (3) âûáèðàþòñÿ òàê,
÷òîáû áèëèíåéíîå ðàâåíñòâî (2) óäîâëåòâîðÿëîñü òîæäåñòâåííî (ýòî âñåãäà

ìîæíî ñäåëàòü, ïðè÷åì èìååòñÿ k − 1 ðàçëè÷íûõ ðåøåíèé). Âàæíî îòìåòèòü,

÷òî ñîîòíîøåíèÿ (3) íîñÿò ÷èñòî àëãåáðàè÷åñêèé õàðàêòåð è íå çàâèñÿò îò

êîíêðåòíûõ âûðàæåíèé äè��åðåíöèàëüíûõ �îðì (1).

Î ðåøåíèÿõ áèëèíåéíîãî óðàâíåíèÿ (2) ïðè k = 3, k = 4, k = 5 ñì. ñîîò-

âåòñòâåííî �óíêöèîíàëüíûå óðàâíåíèÿ (9.4.2.27), (9.4.2.28), (9.4.2.29) (ï. 3◦).

2◦. Íà âòîðîì ýòàïå ïîñëåäîâàòåëüíî ïîäñòàâëÿåì äè��åðåíöèàëüíûå �îð-

ìû fi[X] è gi[Y ] èç (1) â ðåøåíèÿ (3). Â ðåçóëüòàòå ïîëó÷àåì ñèñòåìû îáûêíî-

âåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé (ýòè ñèñòåìû ÷àñòî ÿâëÿþòñÿ ïåðåîïðå-

äåëåííûìè) äëÿ îïðåäåëåíèÿ èñêîìûõ �óíêöèé ϕj(x) è ψj(y). �åøàÿ ýòè ñè-

ñòåìû, íàõîäèì ðåøåíèÿ èñõîäíîãî �óíêöèîíàëüíî-äè��åðåíöèàëüíîãî óðàâ-

íåíèÿ.

3◦. Âûðîæäåííûå ñëó÷àè, êîãäà îäíà èëè íåñêîëüêî äè��åðåíöèàëüíûõ

�îðì fi è/èëè gi îáðàùàþòñÿ â íóëü, íåîáõîäèìî ðàññìàòðèâàòü îòäåëüíî,

èñïîëüçóÿ äëÿ îñòàëüíûõ �îðì ëèíåéíûå ñîîòíîøåíèÿ âèäà (3).

4◦. Ïîäðîáíîñòè èñïîëüçîâàíèÿ ïðèíöèïà ðàñùåïëåíèÿ äëÿ ðåøåíèÿ îáûê-
íîâåííûõ �óíêöèîíàëüíî-äè��åðåíöèàëüíûõ óðàâíåíèé è ñâÿçàííûõ ñ íèìè

íåëèíåéíûõ Óð×Ï ñì. â êíèãàõ Ïîëÿíèí & Æóðîâ (2020), Ïîëÿíèí, Çàéöåâ,

Æóðîâ (2005), Polyanin & Zaitsev (2012).
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11. Ôóíêöèîíàëüíî-äè��åðåíöèàëüíûå

óðàâíåíèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè

◮ Ïðåäâàðèòåëüíûå çàìå÷àíèÿ. Ôóíêöèîíàëüíî-äè��åðåíöèàëüíûå óðàâ-

íåíèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè ÿâëÿþòñÿ ìàòåìàòè÷åñêèìè óðàâíåíèÿìè,

ñîäåðæàùèìè íåèçâåñòíóþ �óíêöèþ äâóõ èëè áîëåå ïåðåìåííûõ ñ ðàçíûìè

àðãóìåíòàìè è ÷àñòíûå ïðîèçâîäíûå ýòîé �óíêöèè. Óðàâíåíèÿ â ÷àñòíûõ ïðî-

èçâîäíûõ ñ äâóìÿ íåçàâèñèìûìè ïåðåìåííûìè è ïîñòîÿííûì çàïàçäûâàíèåì

ÿâëÿþòñÿ ïðîñòåéøèìè �óíêöèîíàëüíî-äè��åðåíöèàëüíûìè óðàâíåíèÿìè ñ

÷àñòíûìè ïðîèçâîäíûìè, â êîòîðûå âõîäÿò âåëè÷èíû u=u(x, t), w=u(x, t−τ)
è ÷àñòíûå ïðîèçâîäíûå u ïî x è t, ãäå x è t� íåçàâèñèìûå ïåðåìåííûå, u�
èñêîìàÿ �óíêöèÿ, τ > 0�âðåìÿ çàïàçäûâàíèÿ.

Ïîä òî÷íûìè ðåøåíèÿìè �óíêöèîíàëüíî-äè��åðåíöèàëüíûõ óðàâíåíèé ñ

÷àñòíûìè ïðîèçâîäíûìè ïîíèìàþòñÿ ñëåäóþùèå ðåøåíèÿ:

• ðåøåíèÿ, êîòîðûå âûðàæàþòñÿ ÷åðåç ýëåìåíòàðíûå �óíêöèè, �óíêöèè,

âõîäÿùèå â óðàâíåíèå (ýòî íåîáõîäèìî, êîãäà ðàññìàòðèâàåìîå óðàâíå-

íèå çàâèñèò îò ïðîèçâîëüíûõ �óíêöèé), è íåîïðåäåëåííûå èíòåãðàëû,

• ðåøåíèÿ, êîòîðûå âûðàæàþòñÿ ÷åðåç ðåøåíèÿ îáûêíîâåííûõ äè��åðåí-

öèàëüíûõ óðàâíåíèé èëè îáûêíîâåííûõ �óíêöèîíàëüíî-äè��åðåíöè-

àëüíûõ óðàâíåíèé (èëè ñèñòåì òàêèõ óðàâíåíèé).

Â äàííîé ãëàâå îïèñàíû òî÷íûå ðåøåíèÿ ëèíåéíûõ è íåëèíåéíûõ óðàâ-

íåíèé â ÷àñòíûõ ïðîèçâîäíûõ ñ ïîñòîÿííûì çàïàçäûâàíèåì è äðóãèõ �óíê-

öèîíàëüíî-äè��åðåíöèàëüíûõ Óð×Ï âòîðîãî ïîðÿäêà ñ äâóìÿ íåçàâèñèìûìè

ïåðåìåííûìè.

11.1. Ëèíåéíûå �óíêöèîíàëüíî-äè��åðåíöèàëüíûå

óðàâíåíèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè

11.1.1. Óð×Ï ñ ïîñòîÿííûì çàïàçäûâàíèåì

1. ut = a1uxx + a2wxx + c1u+ c2w+ f(x, t), w = u(x, t− τ).

Ëèíåéíîå óðàâíåíèå äè��óçèîííîãî òèïà ñ ïîñòîÿííûì çàïàçäûâàíèåì, ãäå

a1 > a2 > 0, τ > 0.

523
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◮ Òî÷íûå ðåøåíèÿ ïðè f(x, t) ≡ 0.

1◦. �åøåíèÿ ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = [A cos(kx) +B sin(kx)]e−λt, k =
√
(λ+ c1 + c2eλτ )/(a1 + a2eλτ )

ïðè λ+ c1 + c2e
λτ > 0; (1)

u = [A exp(kx) +B exp(−kx)]e−λt, k =
√
−(λ+ c1 + c2eλτ )/(a1 + a2eλτ )

ïðè λ+ c1 + c2e
λτ < 0, (2)

ãäå A, B, λ� ïðîèçâîëüíûå ïîñòîÿííûå. Çàìåòèì, ÷òî ýòè ðåøåíèÿ ÿâëÿþòñÿ

÷àñòíûìè ñëó÷àÿìè áîëåå ñëîæíûõ ðåøåíèé ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíè-

åì ïåðåìåííûõ u = ϕ(x)ψ(t).
�åøåíèå (1) ÿâëÿåòñÿ ïåðèîäè÷åñêèì ïî ïðîñòðàíñòâåííîé ïåðåìåííîé x è

çàòóõàåò t→ ∞ (åñëè λ > 0).

2◦. Òî÷íûå ðåøåíèÿ, ïåðèîäè÷åñêèå ïî âðåìåíè t:

u = e−γx[A cos(ωt− βx) +B sin(ωt− βx)],

ãäå A, B, ω � ïðîèçâîëüíûå ïîñòîÿííûå, à êîíñòàíòû β è γ ìîæíî âûðàçèòü

÷åðåç ω è ïàðàìåòðû èñõîäíîãî óðàâíåíèÿ ïóòåì ðåøåíèÿ àëãåáðàè÷åñêîé

ñèñòåìû óðàâíåíèé

[a1 + a2 cos(ωτ)](γ
2 − β2) + 2a2 sin(ωτ)βγ + c1 + c2 cos(ωτ) = 0,

a2 sin(ωτ)(γ
2 − β2)− 2[a1 + a2 cos(ωτ)]βγ + ω + c2 sin(ωτ) = 0.

Èñêëþ÷èâ γ (èëè β) èç ýòîé ñèñòåìû, ìîæíî ïîëó÷èòü áèêâàäðàòíîå óðàâíåíèå
äëÿ β (èëè γ).

3◦. Ïðè íåêîòîðûõ îãðàíè÷åíèÿõ íà ïàðàìåòðû èñõîäíîãî óðàâíåíèÿ ñó-

ùåñòâóþò ðåøåíèÿ, êîòîðûå ÿâëÿþòñÿ ïåðèîäè÷åñêèìè ïî îáåèì íåçàâèñèìûì

ïåðåìåííûì x è t, âèäà:

u = [A1 cos(γx) +B1 sin(γx)][A2 cos(ωt) +B2 sin(ωt)],

ãäå A1, A2, B1, B2 � ïðîèçâîëüíûå ïîñòîÿííûå, à êîíñòàíòû γ è ω îïðåäåëÿ-

þòñÿ èç òðàíñöåíäåíòíîé ñèñòåìû óðàâíåíèé

c1 + c2 cos(ωτ) = [a1 + a2 cos(ωτ)]γ
2,

ω + c2 sin(ωτ) = a2 sin(ωτ)γ
2.

4◦. Èìåþòñÿ ðåøåíèÿ ïîëèíîìèàëüíîãî âèäà ïî x (ñîäåðæàùèå ñîîòâåò-

ñòâåííî ÷åòíûå è íå÷åòíûå ñòåïåíè):

u =
n∑

k=0

Ak(t)x
2k

è u =
n∑

k=0

Bk(t)x
2k+1.
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◮ Ôîðìóëèðîâêè íà÷àëüíî-êðàåâûõ çàäà÷.

Áóäåì ðàññìàòðèâàòü èñõîäíîå Óð×Ï ïàðàáîëè÷åñêîãî òèïà ñ çàïàçäûâàíèåì ñ

íà÷àëüíûì óñëîâèåì (íà÷àëüíûìè äàííûìè) îáùåãî âèäà

u = ϕ(x, t) ïðè − τ 6 t 6 0 (0 < x < h), (3)

è ðàçëè÷íûìè ëèíåéíûìè íåîäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè, êîòîðûå

äëÿ óäîáñòâà çàïèøåì â êîìïàêòíîé �îðìå

Γ1[u] = g1(t) ïðè x = 0 (t > −τ),
Γ2[u] = g2(t) ïðè x = h (t > −τ), (4)

ãäå 0 < h <∞.

Áóäåì ñ÷èòàòü, ÷òî ëèíåéíûå îïåðàòîðû Γ1,2[u], âõîäÿùèå â ãðàíè÷íûå

óñëîâèÿ (4), íå çàâèñÿò ÿâíî îò âðåìåíè t. Íàèáîëåå ðàñïðîñòðàíåííûå ãðà-

íè÷íûå óñëîâèÿ ïðèâåäåíû â òðåòüåì ñòîëáöå òàáë. 11.1.

Òàáëèöà 11.1. Ïðîñòåéøèå �óíêöèè u0 = u0(x, t), óäîâëåòâîðÿþùèå íàèáîëåå ðàñïðî-
ñòðàíåííûì íåîäíîðîäíûì ãðàíè÷íûì óñëîâèÿì íà êîíöàõ îòðåçêà 06 x6 h (k1 > 0,
k2 > 0).

� Çàäà÷à �ðàíè÷íûå óñëîâèÿ Ôóíêöèÿ u0 = u0(x, t)

1

Ïåðâàÿ

êðàåâàÿ çàäà÷à

u = g1(t) ïðè x = 0

u = g2(t) ïðè x = l
u0 = g1(t) +

x

l

[
g2(t)− g1(t)

]

2

Âòîðàÿ

êðàåâàÿ çàäà÷à

ux = g1(t) ïðè x = 0

ux = g2(t) ïðè x = l
u0 = xg1(t) +

x2

2l

[
g2(t)− g1(t)

]

3

Òðåòüÿ

êðàåâàÿ çàäà÷à

ux− k1u = g1(t) ïðè x = 0

ux+ k2u = g2(t) ïðè x = l
u0=

(k2x− 1− k2l)g1(t) + (1 + k1x)g2(t)

k2 + k1 + k1k2l

4

Ñìåøàííàÿ

êðàåâàÿ çàäà÷à

u = g1(t) ïðè x = 0

ux = g2(t) ïðè x = l
u0 = g1(t) + xg2(t)

5

Ñìåøàííàÿ

êðàåâàÿ çàäà÷à

ux = g1(t) ïðè x = 0

u = g2(t) ïðè x = l
u0 = (x− l)g1(t) + g2(t)

◮ Ïðåäñòàâëåíèå ðåøåíèé íà÷àëüíî-êðàåâûõ çàäà÷ â âèäå ñóììû òðåõ

�óíêöèé.

�åøåíèå èñõîäíîãî óðàâíåíèÿ ñ íà÷àëüíûì óñëîâèåì (3) è ãðàíè÷íûìè óñëî-

âèÿìè (4) èùåì â âèäå ñóììû

u = u0(x, t) + u1(x, t) + u2(x, t), (5)
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ãäå �óíêöèè un = un(x, t) (n = 0, 1, 2) áóäóò îïðåäåëåíû íèæå.

Â êà÷åñòâå �óíêöèè

u0 = u0(x, t) (6)

ìîæíî âçÿòü ëþáóþ äâàæäû íåïðåðûâíî äè��åðåíöèðóåìóþ �óíêöèþ, óäî-

âëåòâîðÿþùóþ íåîäíîðîäíûì êðàåâûì óñëîâèÿì (4), ò. å. äîëæíû âûïîëíÿòü-

ñÿ ñîîòíîøåíèÿ

Γ1[u0] = g1(t) ïðè x = 0, Γ2[u0] = g2(t) ïðè x = h. (7)

Â òàáë. 11.1 ïðèâåäåíû ïðîñòåéøèå �óíêöèè u0 = u0(x, t), óäîâëåòâî-
ðÿþùèå íàèáîëåå ÷àñòî âñòðå÷àþùèìñÿ íåîäíîðîäíûì êðàåâûì óñëîâèÿì â

íà÷àëüíî-êðàåâûõ çàäà÷àõ äëÿ óðàâíåíèé ïàðàáîëè÷åñêîãî è ãèïåðáîëè÷åñêîãî

òèïîâ ñ îäíîé ïðîñòðàíñòâåííîé ïåðåìåííîé.

Äâå äðóãèå �óíêöèè u1 = u1(x, t) è u2 = u2(x, t), âõîäÿùèå â (5), îïðåäåëÿ-
þòñÿ ïóòåì ðåøåíèÿ îïèñàííûõ íèæå áîëåå ïðîñòûõ íà÷àëüíî-êðàåâûõ çàäà÷

ñ îäíîðîäíûìè (íóëåâûìè) êðàåâûìè óñëîâèÿìè.

Çàäà÷à 1. Ôóíêöèÿ u1 óäîâëåòâîðÿåò ëèíåéíîìó îäíîðîäíîìó Óð×Ï ñ ïî-

ñòîÿííûì çàïàçäûâàíèåì

∂u1

∂t
= a1

∂2u1

∂x2
+ a2

∂2w1

∂x2
+ c1u1 + c2w1, w1 = u1(x, t− τ), (8)

à òàêæå íåîäíîðîäíîìó íà÷àëüíîìó óñëîâèþ

u1 = Φ(x, t) ïðè − τ 6 t 6 0 (0 < x < h), (9)

è îäíîðîäíûì ãðàíè÷íûì óñëîâèÿì

Γ1[u1] = 0 ïðè x=0 (t >−τ), Γ2[u1] = 0 ïðè x=h (t >−τ). (10)

Ôóíêöèÿ Φ(x, t), âõîäÿùàÿ â íà÷àëüíîå óñëîâèå (9), îïðåäåëÿåòñÿ òàê:

Φ(x, t) ≡ ϕ(x, t) − u0(x, t). (11)

Çàäà÷à 2. Ôóíêöèÿ u2 óäîâëåòâîðÿåò ëèíåéíîìó íåîäíîðîäíîìó Óð×Ï ñ

ïîñòîÿííûì çàïàçäûâàíèåì

∂u2

∂t
= a1

∂2u2

∂x2
+ a2

∂2w2

∂x2
+ c1u2 + c2w2 + F (x, t), w2 = u2(x, t− τ), (12)

à òàêæå îäíîðîäíûì (íóëåâûì) íà÷àëüíîìó è ãðàíè÷íûì óñëîâèÿì

u2 = 0 ïðè − τ 6 t 6 0 (0 < x < h), (13)

Γ1[u2] = 0 ïðè x = 0 (t > −τ), Γ2[u2] = 0 ïðè x = h (t > −τ).
(14)

Ôóíêöèÿ F (x, t), âõîäÿùàÿ â óðàâíåíèå (12), îïðåäåëÿåòñÿ òàê:

F (x, t)≡f(x, t)− ∂u0

∂t
+a1

∂2u0

∂x2
+a2

∂2w0

∂x2
+c1u0+c2w0, w0=u0(x, t−τ). (15)
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◮ �åøåíèå çàäà÷è 1.

�àññìîòðèì ëèíåéíîå îäíîðîäíîå Óð×Ï ñ çàïàçäûâàíèåì (8) ñ íà÷àëüíûì è

ãðàíè÷íûìè óñëîâèÿìè (9) è (10). Ñíà÷àëà èùåì ÷àñòíûå ðåøåíèÿ óðàâíåíèÿ

(8) â âèäå ïðîèçâåäåíèÿ �óíêöèé ðàçíûõ àðãóìåíòîâ

u1p = X(x)T (t). (16)

Ïîäñòàâëÿÿ (16) â (8) è ðàçäåëÿÿ ïåðåìåííûå ñòàíäàðòíûì îáðàçîì, ïðèõîäèì

ê ÎÄÓ âòîðîãî ïîðÿäêà è ÎÄÓ ïåðâîãî ïîðÿäêà ñ ïîñòîÿííûì çàïàçäûâàíèåì

X ′′(x) = −λ2X(x), (17)

T ′(t) = (c1 − a1λ
2)T (t) + (c2 − a2λ

2)T (t− τ). (18)

Òðåáóÿ, ÷òîáû �óíêöèÿ (16) óäîâëåòâîðÿëà îäíîðîäíûì ãðàíè÷íûì óñëîâèÿì

(10), ïðèõîäèì ê îäíîðîäíûì ãðàíè÷íûì óñëîâèÿì äëÿ �óíêöèè X:

Γ1[X] = 0 ïðè x = 0, Γ2[X] = 0 ïðè x = h. (19)

Íåòðèâèàëüíûå ðåøåíèÿ X = Xn(x) ëèíåéíîé îäíîðîäíîé çàäà÷è íà ñîá-

ñòâåííûå çíà÷åíèÿ (17), (19) ñóùåñòâóþò òîëüêî äëÿ äèñêðåòíîãî íàáîðà çíà-

÷åíèé ïàðàìåòðà λ:

λ = λn, X = Xn(x), n = 1, 2, . . . (20)

Ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå �óíêöèè îäíîðîäíûõ ëèíåéíûõ êðà-

åâûõ çàäà÷, îïèñûâàåìûõ ÎÄÓ (17) äëÿ ïÿòè íàèáîëåå ðàñïðîñòðàíåííûõ ãðà-

íè÷íûõ óñëîâèé, ïðèâåäåíû â òàáë. 11.2.

Ïîäñòàâëÿÿ ñîáñòâåííûå çíà÷åíèÿ λ=λn â (18), ïîëó÷àåì ñîîòâåòñòâóþùèå

ÎÄÓ ñ çàïàçäûâàíèåì äëÿ �óíêöèé T = Tn(t).

Èñïîëüçóÿ ïðèíöèï ëèíåéíîé ñóïåðïîçèöèè, èùåì ðåøåíèå ëèíåéíîé íà-

÷àëüíî-êðàåâîé çàäà÷è (8)�(11) â âèäå ðÿäà

u1(x, t) =
∞∑

n=1

Xn(x)Tn(t), (21)

ãäå �óíêöèè u1n(x, t) = Xn(x)Tn(t)�÷àñòíûå ðåøåíèÿ óðàâíåíèÿ (8), óäîâëå-

òâîðÿþùèå îäíîðîäíûì ãðàíè÷íûì óñëîâèÿì (10).

×òîáû íàéòè íà÷àëüíûå óñëîâèÿ äëÿ ÎÄÓ ñ çàïàçäûâàíèåì (18) ïðè λ = λn,
ïðåäñòàâèì íà÷àëüíîå óñëîâèå (9) â âèäå ðàçëîæåíèÿ ïî ñîáñòâåííûì �óíêöè-

ÿì:

Φ(x, t) =

∞∑

n=1

Φn(t)Xn(x), −τ 6 t 6 0 (0 6 x 6 h), (22)

ãäå

Φn(t) =
1

‖Xn‖2
∫ h

0
Φ(ξ, t)Xn(ξ) dξ, ‖Xn‖2 =

∫ h

0
X2
n(ξ) dξ, (23)
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Òàáëèöà 11.2. Ñîáñòâåííûå �óíêöèè â çàäà÷àõ íà ñîáñòâåííûå çíà÷åíèÿ, îïèñûâà-

åìûõ ëèíåéíûì îäíîðîäíûì ÎÄÓ X ′′

xx = −λ2X ñ íàèáîëåå ðàñïðîñòðàíåííûìè

îäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè íà êîíöàõ îòðåçêà 0 6 x 6 h (k1 > 0, k2 > 0).

�

Êðàåâàÿ

çàäà÷à

�ðàíè÷íûå

óñëîâèÿ

Ñîáñòâåííûå çíà÷åíèÿ λn è ñîáñòâåííûå

�óíêöèè Xn = Xn(x), ãäå n = 1, 2, . . .

1

Ïåðâàÿ

êðàåâàÿ çàäà÷à

X = 0 ïðè x = 0

X = 0 ïðè x = h
λn =

πn

h
; Xn = sin

πnx

h

2

Âòîðàÿ

êðàåâàÿ çàäà÷à

X ′
x = 0 ïðè x = 0

X ′
x = 0 ïðè x = h

λ0 = 0, X0 = 1;

λn =
πn

h
, Xn = cos

πnx

h

3

Òðåòüÿ

êðàåâàÿ çàäà÷à

X ′
x− k1X = 0 ïðè x = 0

X ′
x+ k2X = 0 ïðè x = h

λn �êîðíè òðàíñöåíäåíòíîãî óðàâíåíèÿ

tg(λh)

λ
=

k1 + k2
λ2 − k1k2

(λn > 0);

Xn = cos(λnx) +
k1
λn

sin(λnx)

4

Ñìåøàííàÿ

êðàåâàÿ çàäà÷à

X = 0 ïðè x = 0

X ′
x = 0 ïðè x = h

λn =
π(2n− 1)

2h
; Xn = sin

π(2n− 1)x

2h

5

Ñìåøàííàÿ

êðàåâàÿ çàäà÷à

X ′
x = 0 ïðè x = 0

X = 0 ïðè x = h
λn =

π(2n− 1)

2h
; Xn = cos

π(2n− 1)x

2h

à �óíêöèÿ Φ(ξ, t) îïðåäåëÿåòñÿ �îðìóëîé (11). Èç ñîîòíîøåíèé (21) è (22)

ïîëó÷àåì íà÷àëüíûå óñëîâèÿ äëÿ ÎÄÓ ñ çàïàçäûâàíèåì (18) ïðè λ= λn â âèäå

Tn(t) = Φn(t) ïðè − τ 6 t 6 0, (24)

ãäå �óíêöèè Φn(t) îïðåäåëÿþòñÿ âûðàæåíèÿìè (23).

Çàäà÷à òèïà Êîøè (18), (24) ñ òî÷íîñòüþ äî ïåðåîáîçíà÷åíèé ñîâïàäàåò ñ

çàäà÷åé, ðàññìîòðåííîé â ðàçä. 10.1.1 (ñì. óðàâíåíèå 10.1.1.2, ï. 5◦). Ââåäÿ
îáîçíà÷åíèÿ

αn = c1 − a1λ
2
n, βn = c2 − a2λ

2
n, σn = e−αnτβn, (25)

ìîæíî ïðåäñòàâèòü ðåøåíèå çàäà÷è (18), (24) â çàìêíóòîì âèäå

Tn(t) = eαn(t+τ) exp
d

(σnt, σnτ)Φn(−τ) +

+
∫ 0

−τ
eαn(t−s) exp

d

(σn(t− τ − s), σnτ)[Φ
′
n(s)− αnΦn(s)] ds, (26)

ãäå exp
d

(t, τ)≡∑[t/τ ]+1
k=0

[t−(k−1)τ ]k

k! �ýêñïîíåíòà ñ çàïàçäûâàíèåì, à ñèìâîë [A]
îáîçíà÷àåò öåëóþ ÷àñòü ÷èñëà A.
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Ïîäñòàâëÿÿ �óíêöèè (26) â �îðìóëó (21), íàõîäèì ðåøåíèå çàäà÷è (8)�(11):

u1(x, t) =
∞∑

n=1

Xn(x)
{
eαn(t+τ) exp

d

(σnt, σnτ)Φn(−τ) +

+
∫ 0

−τ
eαn(t−s) exp

d

(σn(t− τ − s), σnτ)[Φ
′
n(s)− αnΦn(s)] ds

}
, (27)

ãäå

Φn(t) =
1

‖Xn‖2
∫ h

0

[
ϕ(ξ, t)− u0(ξ, t)

]
Xn(ξ) dξ, ‖Xn‖2 =

∫ h

0
X2
n(ξ) dξ. (28)

Äëÿ ëþáîé èç ïÿòè îñíîâíûõ íà÷àëüíî-êðàåâûõ çàäà÷, ãðàíè÷íûå óñëîâèÿ

êîòîðûõ ïðèâåäåíû â òàáë. 11.1, â �îðìóëû (26)�(27) ñëåäóåò ïîäñòàâèòü ñî-

îòâåòñòâóþùèå ñîáñòâåííûå çíà÷åíèÿ λn è ñîáñòâåííûå �óíêöèè Xn(x) èç

òàáë. 11.2.

◮ �åøåíèå çàäà÷è 2.

�àññìîòðèì òåïåðü ëèíåéíîå íåîäíîðîäíîå Óð×Ï ñ çàïàçäûâàíèåì (12) ñ îä-

íîðîäíûìè íà÷àëüíûì è ãðàíè÷íûìè óñëîâèÿìè (13) è (14).

Ñíà÷àëà ðàçëîæèì íåîäíîðîäíóþ ñîñòàâëÿþùóþ óðàâíåíèÿ (12) íà ðÿä ïî

ñîáñòâåííûì �óíêöèÿì (20):

F (x, t) =

∞∑

n=1

Fn(t)Xn(x), Fn(t) =
1

‖Xn‖2
∫ h

0
F (ξ, t)Xn(ξ) dξ, (29)

ãäå �óíêöèÿ F (x, t) îïðåäåëÿåòñÿ ïî �îðìóëå (15) è ‖Xn‖2 =
∫ h

0
X2
n(ξ) dξ.

�åøåíèå çàäà÷è (12)�(15) èùåì â âèäå ðÿäà

u2(x, t) =

∞∑

n=1

Un(t)Xn(x), (30)

óäîâëåòâîðÿþùåãî îäíîðîäíûì êðàåâûì óñëîâèÿì (14). Ïîäñòàâëÿÿ (30) â (12)

è ó÷èòûâàÿ (29), ïîëó÷àåì ëèíåéíûå íåîäíîðîäíûå ÎÄÓ ñ çàïàçäûâàíèåì äëÿ

�óíêöèé Un(t):

U ′
n(t) = (c1 − a1λ

2
n)Un(t) + (c2 − a2λ

2
n)Un(t− τ) + Fn(t), (31)

ãäå �óíêöèè Fn(t) îïðåäåëÿþòñÿ ïî âòîðîé �îðìóëå (29). Äëÿ çàâåðøåíèÿ

�îðìóëèðîâêè çàäà÷è óðàâíåíèÿ (31) äîïîëíÿþòñÿ îäíîðîäíûìè íà÷àëüíûìè

óñëîâèÿìè

Un(t) = 0 ïðè − τ 6 t 6 0, (32)

êîòîðûå ñëåäóþò èç (13) è (30).
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Çàäà÷à òèïà Êîøè (31)�(32) ñ òî÷íîñòüþ äî ïåðåîáîçíà÷åíèé ñîâïàäàåò

ñ çàäà÷åé, ðàññìîòðåííîé â ðàçä. 10.1.1 (ñì. óðàâíåíèå 10.1.1.4). Ïîýòîìó åå

ðåøåíèå â îáëàñòè t > 0 ìîæíî ïðåäñòàâèòü â âèäå

Un(t) =
∫ t

0
eαn(t−s) exp

d

(σn(t− s), σnτ)Fn(s) ds, σn = e−αnτβn, (33)

ãäå ïàðàìåòðû αn è βn îïðåäåëåíû â (25). Ïîäñòàâèâ (33) â (30), ïîëó÷èì

ðåøåíèå çàäà÷è (12)�(15):

u2(x, t) =

∞∑

n=1

[ ∫ t

0
eαn(t−s) exp

d

(σn(t− s), σnτ)Fn(s) ds
]
Xn(x). (34)

�åøåíèÿ íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ èñõîäíîãî óðàâíåíèÿ ñ îáùèì íà÷àëü-

íûì óñëîâèåì (4) è ëþáûìè ãðàíè÷íûìè óñëîâèÿìè (5), ïðåäñòàâëåííûìè â

òàáë. 11.1, ìîãóò áûòü ïîëó÷åíû ïîäñòàíîâêîé �óíêöèé (6), (27), (34) â (5),

ãäå �óíêöèè u0 = u0(x, t) áåðóòñÿ èç òàáë. 11.1, à ñîáñòâåííûå çíà÷åíèÿ λn è

ñîáñòâåííûå �óíêöèè Xn(x)�èç òàáë. 11.2.

2. utt = a1uxx + a2wxx + c1u+ c2w, w = u(x, t− τ).

Ëèíåéíîå Óð×Ï âîëíîâîãî òèïà ñ ïîñòîÿííûì çàïàçäûâàíèåì, ãäå a1 > a2 > 0
è τ > 0.

◮ Òî÷íûå ðåøåíèÿ.

1◦. �åøåíèÿ ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = [A cos(kx) +B sin(kx)]e−λt, k =
√

(c1 + c2eλτ − λ2)/(a1 + a2eλτ )

ïðè c1 + c2e
λτ − λ2 > 0; (1)

u = [A exp(kx) +B exp(−kx)]e−λt, k =
√

−(c1 + c2eλτ − λ2)/(a1 + a2eλτ )

ïðè c1 + c2e
λτ − λ2 < 0, (2)

ãäå A, B, λ� ïðîèçâîëüíûå ïîñòîÿííûå. Çàìåòèì, ÷òî ýòè ðåøåíèÿ ÿâëÿþòñÿ

÷àñòíûìè ñëó÷àÿìè áîëåå ñëîæíûõ ðåøåíèé ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíè-

åì ïåðåìåííûõ u = ϕ(x)ψ(t).

�åøåíèå (1) ÿâëÿåòñÿ ïåðèîäè÷åñêèì ïî ïðîñòðàíñòâåííîé ïåðåìåííîé x è
çàòóõàåò t→ ∞ (åñëè λ > 0).

2◦. Ïðè íåêîòîðûõ îãðàíè÷åíèÿõ íà ïàðàìåòðû èñõîäíîãî óðàâíåíèÿ ñó-

ùåñòâóþò ðåøåíèÿ, êîòîðûå ÿâëÿþòñÿ ïåðèîäè÷åñêèìè ïî îáåèì íåçàâèñèìûì

ïåðåìåííûì x è t, âèäà

u = [A1 cos(γx) +B1 sin(γx)][A2 cos(ωt) +B2 sin(ωt)],
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ãäå A1, A2, B1, B2 � ïðîèçâîëüíûå ïîñòîÿííûå, à êîíñòàíòû γ è ω îïðåäåëÿ-

þòñÿ èç òðàíñöåíäåíòíîé ñèñòåìû óðàâíåíèé

ω2 + c1 + c2 cos(ωτ) = [a1 + a2 cos(ωτ)]γ
2,

(c2 − a2γ
2) sin(ωτ) = 0.

3◦. Ïðè íåêîòîðûõ îãðàíè÷åíèÿõ íà ïàðàìåòðû èñõîäíîãî óðàâíåíèÿ ñóùå-

ñòâóþò ðåøåíèÿ, ïåðèîäè÷åñêèå ïî âðåìåíè t, âèäà

u = [A1 ch(γx) +B1 sh(γx)][A2 cos(ωt) +B2 sin(ωt)],

ãäå A1, A2, B1, B2 � ïðîèçâîëüíûå ïîñòîÿííûå, à êîíñòàíòû γ è ω îïðåäåëÿ-

þòñÿ èç òðàíñöåíäåíòíîé ñèñòåìû óðàâíåíèé

ω2 + c1 + c2 cos(ωτ) = −[a1 + a2 cos(ωτ)]γ
2,

(c2 + a2γ
2) sin(ωτ) = 0.

4◦. Ñóùåñòâóþò äðóãèå ðåøåíèÿ, ïåðèîäè÷åñêèå ïî âðåìåíè t:

u = e−γx[A cos(ωt− βx) +B sin(ωt− βx)],

ãäå A, B, ω�ïðîèçâîëüíûå ïîñòîÿííûå, à ïàðàìåòðû β è γ ìîãóò áûòü âûðàæå-
íû ÷åðåç ω è ïàðàìåòðû èñõîäíîãî óðàâíåíèÿ ïóòåì ðåøåíèÿ àëãåáðàè÷åñêîé

ñèñòåìû óðàâíåíèé, êîòîðàÿ çäåñü íå ïðèâîäèòñÿ.

5◦. Èìåþòñÿ ðåøåíèÿ ïîëèíîìèàëüíîãî âèäà ïî x (ñîäåðæàùèå ñîîòâåò-

ñòâåííî ÷åòíûå è íå÷åòíûå ñòåïåíè):

u =

n∑

k=0

Ak(t)x
2k

è u =

n∑

k=0

Bk(t)x
2k+1.

◮ Ôîðìóëèðîâêè íà÷àëüíî-êðàåâûõ çàäà÷ (0 6 x 6 h).

Áóäåì ðàññìàòðèâàòü íà÷àëüíî-êðàåâóþ çàäà÷ó äëÿ èñõîäíîãî ãèïåðáîëè÷åñêî-

ãî Óð×Ï ñ ïîñòîÿííûì çàïàçäûâàíèåì ïðè ñîãëàñîâàííûõ íà÷àëüíûõ óñëîâèÿõ

(íà÷àëüíûõ äàííûõ) îáùåãî âèäà

u = ϕ(x, t) ïðè − τ 6 t 6 0 (0 < x < h),

ut = ϕt(x, t) ïðè − τ 6 t 6 0 (0 < x < h),
(3)

è ðàçëè÷íûìè ëèíåéíûìè îäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè, êîòîðûå äëÿ

óäîáñòâà çàïèøåì â êîìïàêòíîé �îðìå

Γ1[u] = 0 ïðè x = 0 (t > −τ), Γ2[u] = 0 ïðè x = h (t > −τ), (4)
ãäå 0 < h <∞.

Ïðåäïîëàãàåòñÿ, ÷òî ëèíåéíûå îïåðàòîðû Γ1,2[u], âõîäÿùèå â ãðàíè÷íûå

óñëîâèÿ (4), íå çàâèñÿò ÿâíî îò âðåìåíè t. Íàèáîëåå ðàñïðîñòðàíåííûå ãðà-

íè÷íûå óñëîâèÿ ïðèâåäåíû â òðåòüåì ñòîëáöå òàáë. 11.1, ãäå ñëåäóåò ïîëîæèòü

g1(t) = g2(t) ≡ 0. Â ÷àñòíîñòè, â ñëó÷àå ãðàíè÷íûõ óñëîâèé ïåðâîãî ðîäà â (4)

íàäî âçÿòü Γ1[u] = Γ2[u] = u.
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◮ Ïîñòðîåíèå ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è.

Ñíà÷àëà èùåì ÷àñòíûå ðåøåíèÿ èñõîäíîãî óðàâíåíèÿ â âèäå ïðîèçâåäåíèÿ

�óíêöèé ðàçíûõ àðãóìåíòîâ up = X(x)T (t). �àçäåëèâ ïåðåìåííûå â ïîëó-

÷åííîì óðàâíåíèè, ïðèõîäèì ê ëèíåéíîìó ÎÄÓ âòîðîãî ïîðÿäêà è ëèíåéíîìó

ÎÄÓ âòîðîãî ïîðÿäêà ñ çàïàçäûâàíèåì:

X ′′(x) = −λ2X(x), (5)

T ′′(t) = (c1 − a1λ
2)T (t) + (c2 − a2λ

2)T (t− τ). (6)

Òðåáóÿ, ÷òîáû �óíêöèÿ up = X(x)T (t) óäîâëåòâîðÿëà îäíîðîäíûì ãðàíè÷íûì

óñëîâèÿì (4), ïðèõîäèì ê îäíîðîäíûì ãðàíè÷íûì óñëîâèÿì äëÿ �óíêöèè X:

Γ1[X] = 0 ïðè x = 0, Γ2[X] = 0 ïðè x = h. (7)

Íåòðèâèàëüíûå ðåøåíèÿ X = Xn(x) ëèíåéíîé îäíîðîäíîé çàäà÷è íà ñîá-

ñòâåííûå çíà÷åíèÿ (5), (7) ñóùåñòâóþò òîëüêî äëÿ äèñêðåòíîãî íàáîðà çíà÷å-

íèé ïàðàìåòðà λ:

λ = λn, X = Xn(x), n = 1, 2, . . . (8)

Ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå �óíêöèè îäíîðîäíûõ ëèíåéíûõ êðà-

åâûõ çàäà÷, îïèñûâàåìûõ ÎÄÓ (5) äëÿ ïÿòè íàèáîëåå ðàñïðîñòðàíåííûõ ãðà-

íè÷íûõ óñëîâèé, ïðèâåäåíû â òàáë. 11.2.

Ïîäñòàâèâ ñîáñòâåííûå çíà÷åíèÿ λ = λn â (6), ïîëó÷èì ñîîòâåòñòâóþùèå

ÎÄÓ ñ çàïàçäûâàíèåì äëÿ �óíêöèé T = Tn(t).
�åøåíèå ëèíåéíîé íà÷àëüíî-êðàåâîé çàäà÷è äëÿ èñõîäíîãî óðàâíåíèÿ ñ

íà÷àëüíûìè è ãðàíè÷íûìè óñëîâèÿìè (3) è (4) èùåòñÿ â âèäå ðÿäà

u(x, t) =

∞∑

n=1

Xn(x)Tn(t), (9)

ãäå �óíêöèè u1n(x, t) = Xn(x)Tn(t)�÷àñòíûå ðåøåíèÿ ýòîãî óðàâíåíèÿ, óäî-

âëåòâîðÿþùèå îäíîðîäíûì ãðàíè÷íûì óñëîâèÿì (4).

×òîáû íàéòè íà÷àëüíûå óñëîâèÿ äëÿ ÎÄÓ ñ çàïàçäûâàíèåì (6) ïðè λ =
= λn, ïðåäñòàâèì íà÷àëüíîå óñëîâèå (3) â âèäå ðàçëîæåíèÿ ïî ñîáñòâåííûì

�óíêöèÿì:

ϕ(x, t) =

∞∑

n=1

ϕn(t)Xn(x), −τ 6 t 6 0 (0 6 x 6 h), (10)

ãäå

ϕn(t) =
1

‖Xn‖2
∫ h

0
ϕ(ξ, t)Xn(ξ) dξ, ‖Xn‖2 =

∫ h

0
X2
n(ξ) dξ. (11)

Èç óñëîâèé (3) è ñîîòíîøåíèé (9) è (10) ïîëó÷àåì íà÷àëüíûå óñëîâèÿ äëÿ

ÎÄÓ ñ çàïàçäûâàíèåì (6) ïðè λ = λn â âèäå

Tn(t) = ϕn(t), T ′
n(t) = ϕ′

n(t) ïðè −τ 6 t 6 0, (12)
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ãäå �óíêöèè ϕn(t) îïðåäåëÿþòñÿ �îðìóëàìè (11).

Äëÿ ïîñòðîåíèÿ àíàëèòè÷åñêîãî ðåøåíèÿ çàäà÷è òèïà Êîøè äëÿ ÎÄÓ ñ

çàïàçäûâàíèåì âòîðîãî ïîðÿäêà (6) ñ íà÷àëüíûìè äàííûìè (12) ìîæíî èñïîëü-

çîâàòü ðåçóëüòàòû �îäðèãåñà è äð. (Rodr��guez, Roles, Mar��n, 2012), ãäå ðàññìàò-

ðèâàëàñü àíàëîãè÷íàÿ çàäà÷à äëÿ ÎÄÓ ñ ïîñòîÿííûì çàïàçäûâàíèåì. Ñîîòâåò-

ñòâóþùåå ðåøåíèå äëÿ �óíêöèè Tn(t) (ïðè a1λ
2
1 > c1), ïîëó÷åííîå ìåòîäîì

øàãîâ, î÷åíü ãðîìîçäêî è ïðèâåäåíî â ðàçä. 10.3.1 (ñì. óðàâíåíèå 10.3.1.2).

Êðîìå òîãî, ðåøåíèå çàäà÷è (6), (12) ìîæíî íàéòè ñ ïîìîùüþ ïðåîáðàçîâàíèÿ

Ëàïëàñà èëè ñ ïîìîùüþ ÷èñëåííûõ ìåòîäîâ.

Ïîñëå îïðåäåëåíèÿ �óíêöèé Tn(t) ðåøåíèå çàäà÷è äëÿ èñõîäíîãî ãèïåð-

áîëè÷åñêîãî Óð×Ï ñ çàïàçäûâàíèåì ñ íà÷àëüíûìè è ãðàíè÷íûìè óñëîâèÿìè

(3) è (4) îïðåäåëÿåòñÿ ðÿäîì (9), â êîòîðîì ñîáñòâåííûå �óíêöèè Xn(x) è

ñîáñòâåííûå çíà÷åíèÿ λn äëÿ ïÿòè íàèáîëåå ðàñïðîñòðàíåííûõ ãðàíè÷íûõ

óñëîâèé áåðóòñÿ èç òàáë. 11.2.

11.1.2. Óð×Ï ñ ïðîïîðöèîíàëüíûì çàïàçäûâàíèåì

1. ut = a1uxx + a2wxx + c1u+ c2w, w = u(x, pt).

Ëèíåéíîå óðàâíåíèå äè��óçèîííîãî òèïà ñ ïðîïîðöèîíàëüíûì çàïàçäûâàíèåì,

ãäå 0 < p < 1.

◮ Òî÷íûå ðåøåíèÿ.

1◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ, ïåðèîäè÷å-

ñêîå ïî x:

u = [A cos(kx) +B sin(kx)]ϕ(t),

ãäå A, B, k � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ϕ = ϕ(t) îïèñûâàåòñÿ

ëèíåéíûì ÎÄÓ ïåðâîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì çàïàçäûâàíèåì

ϕ′
t = (c1 − a1k

2)ϕ+ (c2 − a2k
2)ϕ̄, ϕ̄ = ϕ(pt).

Ýòî óðàâíåíèå äîïóñêàåò àíàëèòè÷åñêîå ðåøåíèå â âèäå ñòåïåííîãî ðÿäà ñ

áåñêîíå÷íûì ðàäèóñîì ñõîäèìîñòè (ñì. ðåøåíèå óðàâíåíèÿ 10.1.2.2).

2◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = [A ch(kx) +B sh(kx)]ϕ(t),

ãäå A, B, k � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ϕ = ϕ(t) îïèñûâàåòñÿ

ëèíåéíûì ÎÄÓ ïåðâîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì çàïàçäûâàíèåì

ϕ′
t = (c1 + a1k

2)ϕ+ (c2 + a2k
2)ϕ̄, ϕ̄ = ϕ(pt).

Ýòî óðàâíåíèå äîïóñêàåò àíàëèòè÷åñêîå ðåøåíèå â âèäå ñòåïåííîãî ðÿäà ñ

áåñêîíå÷íûì ðàäèóñîì ñõîäèìîñòè (ñì. ðåøåíèå óðàâíåíèÿ 10.1.2.2).
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3◦. Èìåþòñÿ ðåøåíèÿ ïîëèíîìèàëüíîãî âèäà ïî x (ñîäåðæàùèå ñîîòâåò-

ñòâåííî ÷åòíûå è íå÷åòíûå ñòåïåíè):

u =

n∑

k=0

Ak(t)x
2k

è u =

n∑

k=0

Bk(t)x
2k+1.

◮ Ôîðìóëèðîâêè íà÷àëüíî-êðàåâûõ çàäà÷ (0 6 x 6 h).

Áóäåì ðàññìàòðèâàòü íà÷àëüíî-êðàåâóþ çàäà÷ó äëÿ èñõîäíîãî ïàðàáîëè÷åñêîãî

Óð×Ï ñ ïðîïîðöèîíàëüíûì çàïàçäûâàíèåì ñ íà÷àëüíûì óñëîâèåì îáùåãî âèäà

u = ϕ(x) ïðè t = 0, (1)

è ðàçëè÷íûìè ëèíåéíûìè îäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè, êîòîðûå äëÿ

óäîáñòâà çàïèøåì â êîìïàêòíîé �îðìå

Γ1[u] = 0 ïðè x = 0, Γ2[u] = 0 ïðè x = h, (2)

ãäå 0 < h <∞.

Ïðåäïîëàãàåòñÿ, ÷òî ëèíåéíûå îïåðàòîðû Γ1,2[u], âõîäÿùèå â ãðàíè÷íûå

óñëîâèÿ (4), íå çàâèñÿò ÿâíî îò âðåìåíè t. Íàèáîëåå ðàñïðîñòðàíåííûå ãðà-

íè÷íûå óñëîâèÿ ïðèâåäåíû â òðåòüåì ñòîëáöå òàáë. 11.1, ãäå ñëåäóåò ïîëîæèòü

g1(t) = g2(t) ≡ 0.

◮ Ïîñòðîåíèå ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è.

Êàê îáû÷íî, ñíà÷àëà èùåì ÷àñòíûå ðåøåíèÿ èñõîäíîãî óðàâíåíèÿ â âèäå ïðî-

èçâåäåíèÿ �óíêöèé ðàçíûõ àðãóìåíòîâ up = X(x)T (t). �àçäåëèâ ïåðåìåííûå
â ïîëó÷åííîì óðàâíåíèè, ïðèõîäèì ê ëèíåéíîìó ÎÄÓ âòîðîãî ïîðÿäêà è ëè-

íåéíîìó ÎÄÓ ïåðâîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì çàïàçäûâàíèåì:

X ′′(x) = −λ2X(x), (3)

T ′(t) = (c1 − a1λ
2)T (t) + (c2 − a2λ

2)T (pt). (4)

Òðåáóÿ, ÷òîáû �óíêöèÿ up = X(x)T (t) óäîâëåòâîðÿëà îäíîðîäíûì ãðàíè÷íûì

óñëîâèÿì (2), ïðèõîäèì ê îäíîðîäíûì ãðàíè÷íûì óñëîâèÿì äëÿ �óíêöèè X:

Γ1[X] = 0 ïðè x = 0, Γ2[X] = 0 ïðè x = h. (5)

Íåòðèâèàëüíûå ðåøåíèÿ X = Xn(x) ëèíåéíîé îäíîðîäíîé çàäà÷è íà ñîá-

ñòâåííûå çíà÷åíèÿ (3), (5) ñóùåñòâóþò òîëüêî äëÿ äèñêðåòíîãî íàáîðà çíà÷å-

íèé ïàðàìåòðà λ:

λ = λn, X = Xn(x), n = 1, 2, . . . (6)

Ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå �óíêöèè îäíîðîäíûõ ëèíåéíûõ êðà-

åâûõ çàäà÷, îïèñûâàåìûõ ÎÄÓ (3) äëÿ ïÿòè íàèáîëåå ðàñïðîñòðàíåííûõ ãðà-

íè÷íûõ óñëîâèé, ïðèâåäåíû â òàáë. 11.2.
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Ïîäñòàâèâ ñîáñòâåííûå çíà÷åíèÿ λ = λn â (4), ïîëó÷èì ñîîòâåòñòâóþùèå

ÎÄÓ ñ ïðîïîðöèîíàëüíûì çàïàçäûâàíèåì äëÿ �óíêöèé T = Tn(t).

Èñïîëüçóÿ ïðèíöèï ëèíåéíîé ñóïåðïîçèöèè, èùåì ðåøåíèå ëèíåéíîé íà-

÷àëüíî-êðàåâîé çàäà÷è äëÿ èñõîäíîãî óðàâíåíèÿ ñ íà÷àëüíûìè è ãðàíè÷íûìè

óñëîâèÿìè (1) è (2) â âèäå ðÿäà

u(x, t) =
∞∑

n=1

Tn(t)Xn(x), (7)

ãäå �óíêöèè Tn(t) îïèñûâàþòñÿ óðàâíåíèåì (4) ïðè λ=λn. Ïî ïîñòðîåíèþ ðÿä

(7) óäîâëåòâîðÿåò èñõîäíîìó óðàâíåíèþ è îäíîðîäíûì ãðàíè÷íûì óñëîâèÿì

(2).

×òîáû íàéòè íà÷àëüíûå óñëîâèÿ äëÿ ÎÄÓ ñ ïðîïîðöèîíàëüíûì çàïàçäû-

âàíèåì (4) ïðè λ = λn, ïðåäñòàâèì �óíêöèþ ϕ(x), âõîäÿùóþ â íà÷àëüíîå

óñëîâèå (1), â âèäå ðàçëîæåíèÿ ïî ñîáñòâåííûì �óíêöèÿì

ϕ(x) =
∞∑

n=1

AnXn(x), (8)

ãäå

An =
1

‖Xn‖2
∫ h

0
ϕ(ξ)Xn(ξ) dξ, ‖Xn‖2 =

∫ h

0
X2
n(ξ) dξ. (9)

Èç ñîîòíîøåíèé (7) è (8) ïîëó÷àåì íà÷àëüíûå óñëîâèÿ äëÿ ÎÄÓ ñ ïðîïîðöèî-

íàëüíûì çàïàçäûâàíèåì (4) ïðè λ = λn â âèäå

Tn(0) = An, (10)

ãäå êîý��èöèåíòû An îïðåäåëÿþòñÿ ïî �îðìóëå (9).
Ëèíåéíàÿ çàäà÷à äëÿ ÎÄÓ ñ ïðîïîðöèîíàëüíûì çàïàçäûâàíèåì (4), (10) äëÿ

λ = λn è An = 1 ñ òî÷íîñòüþ äî ïåðåîáîçíà÷åíèé ñîâïàäàåò ñ ðàññìîòðåííîé

ðàíåå çàäà÷åé â ðàçä. 10.1.2 (ñì. óðàâíåíèå 10.1.2.2). Ïîýòîìó ðåøåíèå çàäà÷è

(4), (10) ìîæíî ïðåäñòàâèòü â âèäå ñòåïåííîãî ðÿäà

Tn(t) = An

(
1 +

∞∑

m=1

γmnt
m
)
, γmn =

1

m!

m−1∏

k=0

(αn + βnp
k),

αn = c1 − a1λ
2
n, βn = c2 − a2λ

2
n.

(11)

Ïîäñòàâèâ âûðàæåíèÿ (11) â �îðìóëó (7), ïîëó÷èì ðåøåíèå èñõîäíîé çàäà-

÷è äëÿ Óð×Ï ñ ïðîïîðöèîíàëüíûì çàïàçäûâàíèåì â âèäå

u(x, t) =
∞∑

n=1

An

(
1 +

∞∑

m=1

γmnt
m
)
Xn(x), (12)

ãäå êîý��èöèåíòû An è γmn îïðåäåëÿþòñÿ ñ èñïîëüçîâàíèåì âûðàæåíèé (9) è

(11).
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�åøåíèå íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ èñõîäíîãî óðàâíåíèÿ ñ ïÿòüþ êðàå-

âûìè óñëîâèÿìè, ïðåäñòàâëåííûìè â òàáë. 11.1, ìîæíî ïîëó÷èòü ïî �îðìóëàì

(9), (11), (12), âçÿâ ñîîòâåòñòâóþùèå ñîáñòâåííûå çíà÷åíèÿ λn è ñîáñòâåííûå

�óíêöèè Xn(x) èç òàáë. 11.2.

2. ut = a1uxx + a2wxx, w = u(px, qt).

Çäåñü p > 0 è q > 0�êîý��èöèåíòû ïðîïîðöèîíàëüíîñòè àðãóìåíòîâ.

�àññìîòðèì èñõîäíîå �óíêöèîíàëüíî-äè��åðåíöèàëüíîå Óð×Ï ñ äâóìÿ

ïðîïîðöèîíàëüíûìè àðãóìåíòàìè ñ íà÷àëüíûìè è ãðàíè÷íûìè óñëîâèÿìè ñïå-

öèàëüíîãî âèäà

u = A ïðè t = 0, u = B ïðè x = 0, (1)

ãäå A è B �ïðîèçâîëüíûå ïîñòîÿííûå.

�åøåíèå íà÷àëüíî-êðàåâîé çàäà÷è äëÿ èñõîäíîãî óðàâíåíèÿ ïðè óñëîâèÿõ

(1) ÿâëÿåòñÿ àâòîìîäåëüíûì è ìîæåò áûòü ïðåäñòàâëåíî â âèäå

u = U(z), z = xt−1/2, (2)

ãäå �óíêöèÿ U(z) óäîâëåòâîðÿåò ñëåäóþùåé êðàåâîé çàäà÷å äëÿ ÎÄÓ ñ ïðî-

ïîðöèîíàëüíûì àðãóìåíòîì:

− 1
2 zU

′
z = a1U

′′
zz + a2W

′′
zz, W = U(σz), σ = pq−1/2; (3)

U(0) = B, U(∞) = A. (4)

Ïóñòü ìàñøòàáíûå êîý��èöèåíòû p è q ñâÿçàíû ïàðàáîëè÷åñêèì ñîîòíî-

øåíèåì q=p2, òîãäà σ=1 è U =W . Â ýòîì ÷àñòíîì ñëó÷àå óðàâíåíèå (3) ëåãêî

èíòåãðèðóåòñÿ, è ðåøåíèå èñõîäíîé çàäà÷è (3)-(4) îïðåäåëÿåòñÿ �îðìóëîé

u = B + (A−B) erf
(

x

2
√
at

)
, a = a1 + a2,

ãäå erf ζ = 2√
π

∫ ζ

0
exp(−ξ2) dξ �èíòåãðàë âåðîÿòíîñòåé.

3. utt = a1uxx + a2wxx + c1u+ c2w, w = u(x, pt).

Ëèíåéíîå óðàâíåíèå âîëíîâîãî òèïà ñ ïðîïîðöèîíàëüíûì çàïàçäûâàíèåì, ãäå

0 < p < 1.

◮ Òî÷íûå ðåøåíèÿ.

1◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ, ïåðèîäè÷å-

ñêîå ïî x:
u = [A cos(kx) +B sin(kx)]ϕ(t),

ãäå A, B, k � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ϕ = ϕ(t) îïèñûâàåòñÿ

ëèíåéíûì ÎÄÓ âòîðîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì çàïàçäûâàíèåì

ϕ′′
tt = (c1 − a1k

2)ϕ+ (c2 − a2k
2)ϕ̄, ϕ̄ = ϕ(pt).

Ýòî óðàâíåíèå äîïóñêàåò àíàëèòè÷åñêîå ðåøåíèå â âèäå ñòåïåííîãî ðÿäà (ñì.

ðåøåíèå óðàâíåíèÿ 10.3.2.4 ïðè c = 0).
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2◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = [A ch(kx) +B sh(kx)]ϕ(t),

ãäå A, B, k � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ϕ = ϕ(t) îïèñûâàåòñÿ

ëèíåéíûì ÎÄÓ âòîðîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì çàïàçäûâàíèåì

ϕ′′
tt = (c1 + a1k

2)ϕ+ (c2 + a2k
2)ϕ̄, ϕ̄ = ϕ(pt).

Ýòî óðàâíåíèå äîïóñêàåò àíàëèòè÷åñêîå ðåøåíèå â âèäå ñòåïåííîãî ðÿäà (ñì.

ðåøåíèå óðàâíåíèÿ 10.3.2.4 ïðè c = 0).

3◦. �åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = ϕ(x) + ψ(t),

ãäå �óíêöèè ϕ=ϕ(x) è ψ=ψ(t) îïèñûâàþòñÿ ñîîòâåòñòâåííî ëèíåéíûì ÎÄÓ

âòîðîãî ïîðÿäêà è ÎÄÓ âòîðîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì çàïàçäûâàíèåì

(a1 + a2)ϕ
′′
xx + (c1 + c2)ϕ = 0,

ψ′′
tt = c1ψ + c2ψ̄, ψ̄ = ψ(pt).

4◦. Èìåþòñÿ ðåøåíèÿ ïîëèíîìèàëüíîãî âèäà ïî x (ñîäåðæàùèå ñîîòâåò-

ñòâåííî ÷åòíûå è íå÷åòíûå ñòåïåíè):

u =

n∑

k=0

Ak(t)x
2k

è u =

n∑

k=0

Bk(t)x
2k+1.

◮ Ôîðìóëèðîâêè íà÷àëüíî-êðàåâûõ çàäà÷ (0 6 x 6 h).

Áóäåì ðàññìàòðèâàòü íà÷àëüíî-êðàåâóþ çàäà÷ó äëÿ èñõîäíîãî ãèïåðáîëè÷åñêî-

ãî Óð×Ï ñ ïðîïîðöèîíàëüíûì çàïàçäûâàíèåì ñ íà÷àëüíûìè óñëîâèÿìè îáùåãî

âèäà

u = ϕ(x) ïðè t = 0, ut = ψ(x) ïðè t = 0, (1)

è ðàçëè÷íûìè ëèíåéíûìè îäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè, êîòîðûå äëÿ

óäîáñòâà çàïèøåì â êîìïàêòíîé �îðìå

Γ1[u] = 0 ïðè x = 0, Γ2[u] = 0 ïðè x = h, (2)

ãäå 0 < h < ∞. Íàèáîëåå ðàñïðîñòðàíåííûå ãðàíè÷íûå óñëîâèÿ ïðèâåäåíû â

òðåòüåì ñòîëáöå òàáë. 11.1, ãäå ñëåäóåò ïîëîæèòü g1(t) = g2(t) ≡ 0.
×àñòíûå ðåøåíèÿ èñõîäíîãî óðàâíåíèÿ èùåì â âèäå ïðîèçâåäåíèÿ �óíêöèé

ðàçíûõ àðãóìåíòîâ up=X(x)T (t). Èñïîëüçóÿ ñòàíäàðòíóþ ïðîöåäóðó ðàçäåëå-

íèÿ ïåðåìåííûõ, ïðèõîäèì ê ëèíåéíîìó ÎÄÓ âòîðîãî ïîðÿäêà è ÎÄÓ âòîðîãî

ïîðÿäêà ñ ïðîïîðöèîíàëüíûì çàïàçäûâàíèåì:

X ′′(x) = −λ2X(x), (3)

T ′′(t) = (c1 − a1λ
2)T (t) + (c2 − a2λ

2)T (pt). (4)



538 11. ÔÓÍÊÖÈÎÍÀËÜÍÎ-ÄÈÔÔÅ�ÅÍÖÈÀËÜÍÛÅ Ó�×Ï

Òðåáóÿ, ÷òîáû �óíêöèÿ up = X(x)T (t) óäîâëåòâîðÿëà îäíîðîäíûì ãðàíè÷íûì

óñëîâèÿì (2), ïîëó÷èì îäíîðîäíûå ãðàíè÷íûå óñëîâèÿ äëÿ �óíêöèè X:

Γ1[X] = 0 ïðè x = 0, Γ2[X] = 0 ïðè x = h. (5)

Íåòðèâèàëüíûå ðåøåíèÿ X = Xn(x) ëèíåéíîé îäíîðîäíîé çàäà÷è íà ñîá-

ñòâåííûå çíà÷åíèÿ (3), (5) ñóùåñòâóþò òîëüêî äëÿ äèñêðåòíîãî íàáîðà çíà÷å-

íèé ïàðàìåòðà λ:

λ = λn, X = Xn(x), n = 1, 2, . . . (6)

Ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå �óíêöèè îäíîðîäíûõ ëèíåéíûõ êðà-

åâûõ çàäà÷, îïèñûâàåìûõ ÎÄÓ (3) äëÿ ïÿòè íàèáîëåå ðàñïðîñòðàíåííûõ ãðà-

íè÷íûõ óñëîâèé, ïðèâåäåíû â òàáë. 11.2.

Ïîäñòàâèâ ñîáñòâåííûå çíà÷åíèÿ λ = λn â (4), ïîëó÷èì ñîîòâåòñòâóþùèå

ÎÄÓ ñ ïðîïîðöèîíàëüíûì çàïàçäûâàíèåì äëÿ �óíêöèé T = Tn(t).
Èñïîëüçóÿ ïðèíöèï ëèíåéíîé ñóïåðïîçèöèè, èùåì ðåøåíèå ëèíåéíîé íà-

÷àëüíî-êðàåâîé çàäà÷è äëÿ èñõîäíîãî óðàâíåíèÿ ñ íà÷àëüíûìè è ãðàíè÷íûìè

óñëîâèÿìè (1) è (2) â âèäå ðÿäà

u(x, t) =
∞∑

n=1

Tn(t)Xn(x), (7)

ãäå �óíêöèè Tn(t) îïèñûâàþòñÿ óðàâíåíèåì (4) ïðè λ = λn. Ïî ïîñòðîåíèþ

ðÿä (7) óäîâëåòâîðÿåò èñõîäíîìó óðàâíåíèþ è îäíîðîäíûì ãðàíè÷íûì óñëî-

âèÿì (2).

×òîáû íàéòè íà÷àëüíûå óñëîâèÿ äëÿ ÎÄÓ âòîðîãî ïîðÿäêà ñ ïðîïîðöè-

îíàëüíûì çàïàçäûâàíèåì (4) �óíêöèè ϕ(x) è ψ(x), âõîäÿùèå â íà÷àëüíûå

óñëîâèÿ (1), ïðåäñòàâèì â âèäå ðàçëîæåíèé ïî ñîáñòâåííûì �óíêöèÿì

ϕ(x) =

∞∑

n=1

AnXn(x), ψ(x) =

∞∑

n=1

BnXn(x),

An =
1

‖Xn‖2
∫ h

0
ϕ(ξ)Xn(ξ) dξ, Bn =

1

‖Xn‖2
∫ h

0
ψ(ξ)Xn(ξ) dξ,

(8)

ãäå ‖Xn‖2 =
∫ h

0
X2
n(ξ) dξ. Èç ñîîòíîøåíèé (7) è (8) ïîëó÷èì íà÷àëüíûå

óñëîâèÿ äëÿ ÎÄÓ ñ ïðîïîðöèîíàëüíûì çàïàçäûâàíèåì (4):

Tn(0) = An, T ′
n(0) = Bn. (9)

Ëèíåéíàÿ çàäà÷à äëÿ ÎÄÓ âòîðîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì çàïàçäû-

âàíèåì (4), (9) ñ òî÷íîñòüþ äî ïåðåîáîçíà÷åíèé ñîâïàäàåò ñ çàäà÷åé, ðàññìîò-

ðåííîé â ðàçä. 10.3.2 (ñì. óðàâíåíèå 10.3.2.4 ïðè c= 0). Ó÷èòûâàÿ èçëîæåííîå,
ìîæíî ïðåäñòàâèòü ðåøåíèå çàäà÷è (4), (9) â âèäå ëèíåéíîé êîìáèíàöèè äâóõ

ñòåïåííûõ ðÿäîâ

Tn(t) = AnTn1(t) +BnTn2(t), (10)
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ãäå

Tn1(t) = 1 +

∞∑

m=1

γn,2mt
2m, γn,2m =

1

(2m)!

m−1∏

k=0

(αn + βnp
2k);

Tn2(t) = t+

∞∑

m=1

γn,2m+1t
2m+1, γn,2m+1 =

1

(2m+ 1)!

m−1∏

k=0

(αn + βnp
2k+1);

αn = c1 − a1λ
2
n, βn = c2 − a2λ

2
n.

(11)

Ïðè 0 < p < 1 îáà ðÿäà â (11) èìåþò áåñêîíå÷íûé ðàäèóñ ñõîäèìîñòè.

Ïîäñòàâèâ âûðàæåíèÿ (10) â (7), ïîëó÷èì ðåøåíèå ðàññìàòðèâàåìîé íà-

÷àëüíî-êðàåâîé çàäà÷è â âèäå

u(x, t) =

∞∑

n=1

[
AnTn1(t) +BnTn2(t)

]
Xn(x),

Tn1(t) = 1 +
∞∑

m=1

γn,2mt
2m, Tn2(t) = t+

∞∑

m=1

γn,2m+1t
2m+1,

(12)

�åøåíèå íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ èñõîäíîãî óðàâíåíèÿ ñ ïÿòüþ ãðàíè÷-

íûìè óñëîâèÿìè, ïðåäñòàâëåííûìè â òàáë. 11.1, ìîæåò áûòü ïîëó÷åíî ïî �îð-

ìóëàì (8) (äëÿ An è Bn), (11) (äëÿ γn,2m è γn,2m+1) è (12), ãäå ñîîòâåòñòâóþùèå

ñîáñòâåííûå çíà÷åíèÿ λn è ñîáñòâåííûå �óíêöèè Xn(x) áåðóòñÿ èç òàáë. 11.2.

11.2. Íåëèíåéíûå Óð×Ï ñ ïîñòîÿííûìè

çàïàçäûâàíèÿìè

Â ýòîì ðàçäåëå ñ÷èòàåòñÿ, ÷òî f = f(z), g = g(z), h = h(z) � ïðîèçâîëüíûå

�óíêöèè, τ > 0 è σ > 0 � ïðîèçâîëüíûå ïîñòîÿííûå, u = u(x, t) � èñêîìàÿ

�óíêöèÿ, w = u(x, t− τ).

11.2.1. Óðàâíåíèÿ ïàðàáîëè÷åñêîãî òèïà

◮ Óðàâíåíèÿ, ëèíåéíûå îòíîñèòåëüíî ïðîèçâîäíûõ.

Óðàâíåíèÿ, ñîäåðæàùèå ïðîèçâîëüíûå ïàðàìåòðû.

1. ut = auxx + bu3 + cw3, w = u(x, t− τ).

×àñòíûé ñëó÷àé óðàâíåíèÿ 11.2.1.13 ïðè f(z) = a+ bz3.

2. ut = auxx + bukw3−k + cumw3−m, w = u(x, t− τ).

×àñòíûé ñëó÷àé óðàâíåíèÿ 11.2.1.13 ïðè f(z) = bz3−k + cz3−m.
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3. ut = auxx + u(b lnu+ c lnw + d), w = u(x, t− τ).

�åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = exp[ψ2(t)x
2 + ψ1(t)x+ ψ0(t)],

ãäå �óíêöèè ψn=ψn(t) îïèñûâàþòñÿ íåëèíåéíîé ñèñòåìîé ÎÄÓ ñ ïîñòîÿííûì

çàïàçäûâàíèåì

ψ′
2 = 4aψ2

2 + bψ2 + cψ̄2, ψ̄2 = ψ2(t− τ),

ψ′
1 = 4aψ1ψ2 + bψ1 + cψ̄1, ψ̄1 = ψ1(t− τ),

ψ′
0 = a(ψ2

1 + 2ψ2) + bψ0 + cψ̄0 + d, ψ̄0 = ψ0(t− τ).

4. ut = auxx + u(b ln2 u+ c lnu+ d lnw + s), w = u(x, t− τ).

1◦. �åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè ab > 0:

u(x, t) = exp[ψ1(t)ϕ(x) + ψ2(t)],

ϕ(x) = A cos(λx) +B sin(λx), λ =
√
b/a,

ãäå A è B � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè ψn = ψn(t) îïèñûâàþòñÿ
íåëèíåéíîé ñèñòåìîé ÎÄÓ ñ ïîñòîÿííûì çàïàçäûâàíèåì

ψ′
1 = 2bψ1ψ2 + (c− b)ψ1 + dψ̄1, ψ̄1 = ψ1(t− τ),

ψ′
2 = b(A2 +B2)ψ2

1 + bψ2
2 + cψ2 + dψ̄2 + s, ψ̄2 = ψ2(t− τ).

2◦. �åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè ab < 0:

u(x, t) = exp[ψ1(t)ϕ(x) + ψ2(t)],

ϕ(x) = A ch(λx) +B sh(λx), λ =
√

−b/a,
ãäå A è B � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè ψn = ψn(t) îïèñûâàþòñÿ
íåëèíåéíîé ñèñòåìîé ÎÄÓ ñ ïîñòîÿííûì çàïàçäûâàíèåì

ψ′
1 = 2bψ1ψ2 + (c− b)ψ1 + dψ̄1, ψ̄1 = ψ1(t− τ),

ψ′
2 = b(A2 −B2)ψ2

1 + bψ2
2 + cψ2 + dψ̄2 + s, ψ̄2 = ψ2(t− τ).

Ïðè A = ±B èìååì ϕ(x) = Ae±λx. Â ýòîì ñëó÷àå âòîðîå óðàâíåíèå ñèñòåìû

ñòàíîâèòñÿ íåçàâèñèìûì, à ïåðâîå ÿâëÿåòñÿ ëèíåéíûì îòíîñèòåëüíî ψ1.

Óðàâíåíèÿ, ñîäåðæàùèå îäíó ïðîèçâîëüíóþ �óíêöèþ.

5. ut = auxx + f(u− w), w = u(x, t− τ).

1◦. �åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ, êâàäðàòè÷íîå ïî x:

u = C2x
2 + C1x+ ψ(t),

ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ(t) îïèñûâàåòñÿ ÎÄÓ

ïåðâîãî ïîðÿäêà ñ ïîñòîÿííûì çàïàçäûâàíèåì

ψ′
t(t) = 2C2a+ f

(
ψ(t)− ψ(t− τ)

)
.

Ýòî ÎÄÓ ñ çàïàçäûâàíèåì èìååò ÷àñòíîå ðåøåíèå, ëèíåéíîå ïî t, âèäà ψ(t) =
= λt + C3, ãäå C3 � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à λ � êîðåíü àëãåáðàè÷åñêîãî

(òðàíñöåíäåíòíîãî) óðàâíåíèÿ 2C2a− λ+ f(τλ) = 0.
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2◦. Òî÷íîå ðåøåíèå áîëåå ñëîæíîãî âèäà

u = C1x
2 + C2x+ C3t+ θ(z), z = βx+ γt,

ãäå C1, C2, C3, β, γ �ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ θ(z) îïèñûâàåòñÿ
ÎÄÓ âòîðîãî ïîðÿäêà ñ ïîñòîÿííûì çàïàçäûâàíèåì

aβ2θ′′zz(z)− γθ′z(z) + 2C1a− C3 + f
(
θ(z)− θ(z − σ) + C3τ

)
= 0, σ = γτ.

6. ut = auxx + f(u− v), v = u(x− σ, t).

1◦. �åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = Ct+ ϕ(x),

ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ ϕ = ϕ(x) îïèñûâàåòñÿ ÎÄÓ

âòîðîãî ïîðÿäêà ñ ïîñòîÿííûì çàïàçäûâàíèåì

aϕ′′
xx − C + f(ϕ− ϕ̄) = 0, ϕ̄ = ϕ(x− σ).

2◦. �àññìàòðèâàåìîå óðàâíåíèå èìååò òàêæå áîëåå ñëîæíîå ðåøåíèå ñ àä-
äèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ñìåøàííîãî òèïà:

u = αx+ βt+ θ(z), z = λx+ γt,

ãäå α, β, γ, λ� ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ θ(z) îïèñûâàåòñÿ ÎÄÓ
âòîðîãî ïîðÿäêà ñ ïîñòîÿííûì çàïàçäûâàíèåì

aλ2θ′′zz − γθ′z − β + f(θ − θ̄ + ασ) = 0, θ̄ = θ(z − λσ).

7. ut = auxx + bu+ f(u− w), w = u(x, t− τ).

Ïðè b = 0 ñì. ïðåäûäóùåå óðàâíåíèå.

1◦. �åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè ab > 0, ïåðèîäè-
÷åñêîå ïî x:

u = C1 cos(λx) + C2 sin(λx) + ψ(t), λ =
√
b/a,

ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ(t) îïèñûâàåòñÿ ÎÄÓ

ïåðâîãî ïîðÿäêà ñ ïîñòîÿííûì çàïàçäûâàíèåì

ψ′
t(t) = bψ(t) + f

(
ψ(t)− ψ(t− τ)

)
. (1)

2◦. �åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè ab < 0:

u = C1 exp(−λx) + C2 exp(λx) + ψ(t), λ =
√

−b/a,

ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ(t) îïèñûâàåòñÿ ÎÄÓ

ïåðâîãî ïîðÿäêà ñ ïîñòîÿííûì çàïàçäûâàíèåì (1).
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3◦. Âûðîæäåííîå ðåøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè

b = 0:

u = C1x+C2 + ψ(t),

ãäå �óíêöèÿ ψ(t) îïèñûâàåòñÿ ÎÄÓ ñ ïîñòîÿííûì çàïàçäûâàíèåì (1) ïðè b=0.

4◦. Òî÷íîå ðåøåíèå ïðè ab > 0, êîòîðîå îáîáùàåò ðåøåíèå èç ï. 1◦:

u = C1 cos(λx) + C2 sin(λx) + θ(z), z = βx+ γt, λ =
√
b/a,

ãäå C1, C2, β, γ�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ θ(z) îïèñûâàåòñÿ ÎÄÓ
âòîðîãî ïîðÿäêà ñ ïîñòîÿííûì çàïàçäûâàíèåì

γθ′z(z) = aβ2θ′′zz(z) + bθ(z) + f(θ(z)− θ(z − σ)), σ = γτ. (2)

5◦. Òî÷íîå ðåøåíèå ïðè ab < 0, êîòîðîå îáîáùàåò ðåøåíèå èç ï. 2◦:

u = C1 exp(−λx) + C2 exp(λx) + θ(z), z = βx+ γt, λ =
√

−b/a,

ãäå C1, C2, β, γ�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ θ(z) îïèñûâàåòñÿ ÎÄÓ
âòîðîãî ïîðÿäêà ñ ïîñòîÿííûì çàïàçäûâàíèåì (2).

6◦. �åøåíèå ñ îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ:

u = tϕ(x) + ψ(x),

ãäå �óíêöèè ϕ = ϕ(x) è ψ = ψ(x) îïèñûâàþòñÿ ÎÄÓ âòîðîãî ïîðÿäêà

aϕ′′
xx + bϕ = 0,

aψ′′
xx + bψ + f(τϕ)− ϕ = 0,

êîòîðûå ïîñëåäîâàòåëüíî ëåãêî èíòåãðèðóþòñÿ.

8. ut = auxx + bu+ f(u− kw), w = u(x, t− τ), k > 0.

1◦. �åøåíèå ñ îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ:

u = ectϕ(x) + ψ(x), c =
1

τ
ln k,

ãäå �óíêöèè ϕ = ϕ(x) è ψ = ψ(x) îïèñûâàþòñÿ íåçàâèñèìûìè ÎÄÓ âòîðîãî

ïîðÿäêà

aϕ′′
xx + (b− c)ϕ = 0,

aψ′′
xx + bψ + f(η) = 0, η = (1− k)ψ.

2◦. Ïóñòü u0(x, t) � íåêîòîðîå ðåøåíèå èñõîäíîãî íåëèíåéíîãî Óð×Ï ñ

çàïàçäûâàíèåì, à �óíêöèÿ v = V1(x, t; b) � ëþáîå τ -ïåðèîäè÷åñêîå ðåøåíèå

ëèíåéíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ èñòî÷íèêîì

vt = avxx + bv, v(x, t) = v(x, t− τ).
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Òîãäà ñóììà

u = u0(x, t) + ectV1(x, t; b− c), c =
1

τ
ln k,

òàêæå ÿâëÿåòñÿ ðåøåíèåì èñõîäíîãî Óð×Ï ñ çàïàçäûâàíèåì. Îáùèé âèä �óí-

êöèè V1(x, t; b) îïðåäåëÿåòñÿ �îðìóëàìè

V1(x, t; b) =

∞∑

n=0

exp(−λnx)
[
An cos(βnt− γnx) +Bn sin(βnt− γnx)

]
+

+
∞∑

n=1

exp(λnx)
[
Cn cos(βnt+ γnx) +Dn sin(βnt+ γnx)

]
,

βn =
2πn

τ
, λn =

(√
b2 + β2

n − b

2a

)1/2
, γn =

(√
b2 + β2

n + b

2a

)1/2
,

ãäå An, Bn, Cn, Dn �ïðîèçâîëüíûå ïîñòîÿííûå.

Îòìåòèì, ÷òî â êà÷åñòâå ÷àñòíîãî ðåøåíèÿ u0(x, t) èñõîäíîãî óðàâíåíèÿ

ìîæíî âçÿòü ïðîñòðàíñòâåííî îäíîðîäíîå ðåøåíèå u0(t) èëè ñòàöèîíàðíîå

ðåøåíèå u0(x). Ñòàöèîíàðíûå òî÷êè u0 = 
onst òàêæå ìîãóò èñïîëüçîâàòüñÿ

êàê ïðîñòåéøèå ÷àñòíûå ðåøåíèÿ.

9. ut = auxx + bu+ f(u+ kw), w = u(x, t− τ), k > 0.

Ïóñòü u0(x, t) � íåêîòîðîå ðåøåíèå èñõîäíîãî íåëèíåéíîãî Óð×Ï ñ çàïàç-

äûâàíèåì, à �óíêöèÿ v = V2(x, t; b) � ëþáîå τ -àíòèïåðèîäè÷åñêîå ðåøåíèå

ëèíåéíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ èñòî÷íèêîì

vt = avxx + bv, v(x, t) = −v(x, t− τ).

Òîãäà ñóììà

u = u0(x, t) + ectV2(x, t; b− c), c =
1

τ
ln k,

òàêæå ÿâëÿåòñÿ ðåøåíèåì èñõîäíîãî Óð×Ï ñ çàïàçäûâàíèåì. Îáùèé âèä �óí-

êöèè V2(x, t; b) îïðåäåëÿåòñÿ �îðìóëàìè

V2(x, t; b) =
∞∑

n=1

exp(−λnx)
[
An cos(βnt− γnx) +Bn sin(βnt− γnx)

]
+

+

∞∑

n=1

exp(λnx)
[
Cn cos(βnt+ γnx) +Dn sin(βnt+ γnx)

]
,

βn =
π(2n− 1)

τ
, λn =

(√
b2 + β2

n − b

2a

)1/2
, γn =

(√
b2 + β2

n + b

2a

)1/2
,

ãäå An, Bn, Cn, Dn �ïðîèçâîëüíûå ïîñòîÿííûå.

Îòìåòèì, ÷òî â êà÷åñòâå ÷àñòíîãî ðåøåíèÿ u0(x, t) èñõîäíîãî óðàâíåíèÿ

ìîæíî âçÿòü ïðîñòðàíñòâåííî îäíîðîäíîå ðåøåíèå u0(t) èëè ñòàöèîíàðíîå

ðåøåíèå u0(x).



544 11. ÔÓÍÊÖÈÎÍÀËÜÍÎ-ÄÈÔÔÅ�ÅÍÖÈÀËÜÍÛÅ Ó�×Ï

10. ut = auxx + uf(w/u), w = u(x, t− τ).

1◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ, ïåðèîäè÷å-

ñêîå ïî x:
u = [C1 cos(βx) + C2 sin(βx)]ψ(t),

ãäå C1, C2, β � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ(t) îïèñûâàåòñÿ ÎÄÓ

ïåðâîãî ïîðÿäêà ñ ïîñòîÿííûì çàïàçäûâàíèåì

ψ′
t(t) = −aβ2ψ(t) + ψ(t)f

(
ψ(t− τ)/ψ(t)

)
. (1)

2◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = [C1 exp(−βx) + C2 exp(βx)]ψ(t),

ãäå C1, C2, β � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ(t) îïèñûâàåòñÿ ÎÄÓ

ïåðâîãî ïîðÿäêà ñ ïîñòîÿííûì çàïàçäûâàíèåì

ψ′
t(t) = aβ2ψ(t) + ψ(t)f

(
ψ(t− τ)/ψ(t)

)
. (2)

3◦. Âûðîæäåííîå ðåøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = (C1x+ C2)ψ(t),

ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ(t) îïèñûâàåòñÿ ÎÄÓ ñ

çàïàçäûâàíèåì (1) ïðè β = 0.

4◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ñìåøàííîãî

òèïà:

u = eαx+βtθ(z), z = λx+ γt,

ãäå α, β, γ, λ� ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ θ(z) îïèñûâàåòñÿ ÎÄÓ
âòîðîãî ïîðÿäêà ñ ïîñòîÿííûì çàïàçäûâàíèåì

aλ2θ′′zz(z) + (2aαλ− γ)θ′z(z) + (aα2 − β)θ(z) +

+ θ(z)f
(
e−βτθ(z − σ)/θ(z)

)
= 0, σ = γτ.

Çàìå÷àíèå 11.1. ÎÄÓ ñ çàïàçäûâàíèåì (1) è (2) äîïóñêàþò ÷àñòíûå ðåøåíèÿ

ýêñïîíåíöèàëüíîãî âèäà

ψ(t) = Aeλnt, n = 1, 2,

ãäå A�ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à λ1 è λ2 �êîðíè òðàíñöåíäåíòíûõ óðàâíåíèé

λ1 = −aβ2 + f(e−λ1τ ) äëÿ óðàâíåíèÿ (1),

λ2 = aβ2 + f(e−λ2τ ) äëÿ óðàâíåíèÿ (2).

5◦. Òî÷íîå ðåøåíèå:

u = ectV1(x, t; b), b = f(e−cτ )− c,

ãäå c�ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à V1(x, t; b)�τ -ïåðèîäè÷åñêàÿ �óíêöèÿ, îïðå-
äåëÿåìàÿ �îðìóëàìè, ïðèâåäåííûìè â ï. 2◦ óðàâíåíèÿ 11.2.1.8.
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6◦. Òî÷íîå ðåøåíèå:

u = ectV2(x, t; b), b = f(−e−cτ )− c,

ãäå c�ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à V2(x, t; b)� τ -àíòèïåðèîäè÷åñêàÿ �óíêöèÿ,
îïðåäåëÿåìàÿ �îðìóëàìè, ïðèâåäåííûìè â ðåøåíèè óðàâíåíèÿ 11.2.1.9.

11. ut = auxx + uf(v/u), v = u(x− σ, t).

1◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = eλtϕ(x),

ãäå λ�ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ ϕ=ϕ(x) îïèñûâàåòñÿ íåëèíåéíûì
ÎÄÓ âòîðîãî ïîðÿäêà ñ ïîñòîÿííûì çàïàçäûâàíèåì

aϕ′′
xx + ϕ[f(ϕ̄/ϕ)− λ] = 0, ϕ̄ = ϕ(x− σ).

2◦. �àññìàòðèâàåìîå óðàâíåíèå èìååò òàêæå áîëåå îáùåå ðåøåíèå ñ ìóëü-
òèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ñìåøàííîãî òèïà:

u = eαx+βtθ(z), z = λx+ γt,

ãäå α, β, γ, λ� ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ θ(z) îïèñûâàåòñÿ íåëè-
íåéíûì ÎÄÓ âòîðîãî ïîðÿäêà ñ ïîñòîÿííûì çàïàçäûâàíèåì

aλ2θ′′zz + (2aαλ − γ)θ′ + aα2θ + θf(e−ασθ̄/θ) = 0, θ̄ = θ(z − λσ).

12. ut = auxx + bu lnu+ uf(w/u), w = u(x, t− τ).

�åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = ϕ(x)ψ(t).

Çäåñü �óíêöèè ϕ(x) è ψ(t) îïèñûâàþòñÿ ñîîòâåòñòâåííî ÎÄÓ è ÎÄÓ ñ ïîñòî-

ÿííûì çàïàçäûâàíèåì

aϕ′′
xx = C1ϕ− bϕ lnϕ,

ψ′
t(t) = C1ψ(t) + ψ(t)f(ψ(t − τ)/ψ(t)) + bψ(t) lnψ(t),

ãäå C1�ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

Çàìåòèì, ÷òî ÎÄÓ äëÿ ϕ èìååò ÷àñòíîå îäíîïàðàìåòðè÷åñêîå ðåøåíèå:

ϕ = exp
[
− b

4a
(x+ C2)

2 +
C1

b
+

1

2

]
,

ãäå C2�ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

13. ut = auxx + u3f(w/u), w = u(x, t− τ).

�åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = xU(z), z = t+
1

6a
x2,
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ãäå �óíêöèÿ U(z) îïèñûâàåòñÿ ÎÄÓ âòîðîãî ïîðÿäêà ñ ïîñòîÿííûì çàïàçäû-

âàíèåì

U ′′(z) + 9aU3(z)f
(
U(z − τ)/U(z)

)
= 0.

14. ut = auxx − cu lnu+ uf(w/uk), w = u(x, t− τ), k > 0.

1◦. �àññìàòðèâàåìîå óðàâíåíèå ïðè c = (ln k)/τ èìååò ðåøåíèå ñ ìóëüòè-

ïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = exp(Ae−ct)ϕ(x),

ãäå A� ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ ϕ = ϕ(x) îïèñûâàåòñÿ íåëèíåé-
íûì ÎÄÓ âòîðîãî ïîðÿäêà àâòîíîìíîãî âèäà

aϕ′′
xx − cϕ lnϕ+ ϕf(ϕ1−k) = 0.

2◦. �àññìàòðèâàåìîå óðàâíåíèå ïðè c = (ln k)/τ èìååò òî÷íîå ðåøåíèå:

u = exp(Axe−ct)ψ(t),

ãäå A�ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ íåëèíåéíûì
ÎÄÓ ïåðâîãî ïîðÿäêà ñ ïîñòîÿííûì çàïàçäûâàíèåì

ψ′(t) = ψ(t)
[
A2ae−2ct − c lnψ(t) + f

(
ψ(t− τ)ψ−k(t)

)]
.

Óðàâíåíèÿ, ñîäåðæàùèå äâå èëè òðè ïðîèçâîëüíûå �óíêöèè.

15. ut = auxx+uf(u−w)+wg(u−w)+h(u−w), w= u(x, t−τ).
Òî÷íûå ðåøåíèÿ:

u =
N∑

n=1

[ϕn(x) cos(βnt) + ψn(x) sin(βnt)] + tθ(x) + ξ(x), βn =
2πn

τ
,

ãäå N �ëþáîå íàòóðàëüíîå ÷èñëî, à �óíêöèè ϕn(x), ψn(x), θ(x), ξ(x) îïèñû-
âàþòñÿ ñèñòåìîé ÎÄÓ âòîðîãî ïîðÿäêà

aϕ′′
n + ϕn[f(τθ) + g(τθ)]− βnψn = 0,

aψ′′
n + ψn[f(τθ) + g(τθ)] + βnϕn = 0,

aθ′′ + θ[f(τθ) + g(τθ)] = 0,

aξ′′ + ξf(τθ) + (ξ − τθ)g(τθ) + h(τθ)− θ = 0.

Çàìåòèì, ÷òî òðåòüå ÎÄÓ ÿâëÿåòñÿ èçîëèðîâàííûì (ò. å. íå çàâèñèò îò äðó-

ãèõ óðàâíåíèé) è äîïóñêàåò òðèâèàëüíîå ðåøåíèå θ = 0; â ýòîì ñëó÷àå îñòàëü-

íûå óðàâíåíèÿ ñòàíîâÿòñÿ ëèíåéíûìè ÎÄÓ ñ ïîñòîÿííûìè êîý��èöèåíòàìè.
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16. ut = auxx + uf(u− kw) + wg(u− kw) + h(u− kw), k > 0.

Òî÷íûå ðåøåíèÿ:

u = ect
{
θ(x) +

N∑

n=1

[ϕn(x) cos(βnt) + ψn(x) sin(βnt)]
}
+ ξ(x),

c =
1

τ
ln k, βn =

2πn

τ
,

ãäå N �ëþáîå íàòóðàëüíîå ÷èñëî, à �óíêöèè θ(x), ϕn(x), ψn(x), ξ(x) îïèñû-
âàþòñÿ ñèñòåìîé ÎÄÓ âòîðîãî ïîðÿäêà

aθ′′ + θ
[
f(η) +

1

k
g(η) − c

]
= 0, η = (1− k)ξ,

aϕ′′
n + ϕn

[
f(η) +

1

k
g(η) − c

]
− βnψn = 0,

aψ′′
n + ψn

[
f(η) +

1

k
g(η) − c

]
+ βnϕn = 0,

aξ′′ + ξ[f(η) + g(η)] + h(η) = 0.

Çàìåòèì, ÷òî ïîñëåäíåå ÎÄÓ ÿâëÿåòñÿ èçîëèðîâàííûì (ò. å. íå çàâèñèò îò

äðóãèõ óðàâíåíèé)

17. ut = auxx + uf(u+ kw) + wg(u+ kw) + h(u+ kw), k > 0.

Òî÷íûå ðåøåíèÿ:

u = ect
N∑

n=1

[ϕn(x) cos(βnt) + ψn(x) sin(βnt)] + ξ(x),

c =
1

τ
ln k, βn =

π(2n− 1)

τ
,

ãäå N �ëþáîå íàòóðàëüíîå ÷èñëî, à �óíêöèè ϕn(x), ψn(x), ξ(x) îïèñûâàþòñÿ
ñèñòåìîé ÎÄÓ âòîðîãî ïîðÿäêà

aϕ′′
n + ϕn

[
f(η)− 1

k
g(η)− c

]
− βnψn = 0,

aψ′′
n + ψn

[
f(η)− 1

k
g(η) − c

]
+ βnϕn = 0,

aξ′′ + ξ[f(η) + g(η)] + h(η) = 0, η = (1 + k)ξ.

Çàìåòèì, ÷òî ïîñëåäíåå ÎÄÓ ÿâëÿåòñÿ èçîëèðîâàííûì (ò. å. íå çàâèñèò îò

äðóãèõ óðàâíåíèé)

18. ut = auxx + uf(u2 + w2) + wg(u2 + w2), w = u(x, t− τ).

�åøåíèÿ ñ îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ:

u = ϕn(x) cos(λnt) + ψn(x) sin(λnt),

λn =
π(2n+ 1)

2τ
, n = 0, ±1, ±2, . . .
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ãäå �óíêöèè ϕn(x) è ψn(x) îïèñûâàþòñÿ ñèñòåìîé ÎÄÓ âòîðîãî ïîðÿäêà

aϕ′′
n + ϕnf(ϕ

2
n + ψ2

n) + (−1)n+1ψng(ϕ
2
n + ψ2

n)− λnψn = 0,

aψ′′
n + ψnf(ϕ

2
n + ψ2

n) + (−1)nϕng(ϕ
2
n + ψ2

n) + λnϕn = 0.

19. ut = [a(x)ux]x + b(x)f(u− w), w = u(x, t− τ).

1◦. �åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = t+
∫
g(x) dx, g(x) =

1

a(x)

[
x− f(τ)

∫
b(x) dx

]
.

2◦. Áîëåå ñëîæíîå ðåøåíèå ñ îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ

u = ϕ(x)t+ ψ(x),

ãäå �óíêöèè ϕ = ϕ(x) è ψ = ψ(x) îïèñûâàþòñÿ ÎÄÓ âòîðîãî ïîðÿäêà

[a(x)ϕ′
x]

′
x = 0,

[a(x)ψ′
x]

′
x = ϕ− b(x)f(τϕ).

Ýòè óðàâíåíèÿ ïîñëåäîâàòåëüíî ëåãêî èíòåãðèðóþòñÿ.

20. ut = [a(x)ux]x + b(x)uf(w/u), w = u(x, t− τ).

�åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = eλtϕ(x),

ãäå λ�ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ ϕ = ϕ(x) îïèñûâàåòñÿ ëèíåéíûì
ÎÄÓ âòîðîãî ïîðÿäêà

[a(x)ϕ′
x]

′
x + [f(e−λτ )b(x)− λ]ϕ = 0.

21. ut = [a(x)ux]x + b(x)u+ uf(w/u), w = u(x, t− τ).

�åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ

u = ϕ(x)ψ(t),

ãäå �óíêöèè ϕ=ϕ(x) è ψ=ψ(t) îïèñûâàþòñÿ ñîîòâåòñòâåííî ëèíåéíûì ÎÄÓ

âòîðîãî ïîðÿäêà è íåëèíåéíûì ÎÄÓ ïåðâîãî ïîðÿäêà ñ çàïàçäûâàíèåì:

[a(x)ϕ′
x]

′
x + b(x)ϕ = C1ϕ;

ψ′
t = C1ψ + ψf(ψ̄/ψ), ψ̄ = ψ(t− τ),

C1 � ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Íåëèíåéíîå ÎÄÓ ñ çàïàçäûâàíèåì äîïóñêàåò

÷àñòíûå ðåøåíèÿ ýêñïîíåíöèàëüíîãî âèäà ψ = C2e
λt
.
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Óðàâíåíèÿ, ñîäåðæàùèå ïðîèçâîëüíûå �óíêöèè äâóõ àðãóìåíòîâ.

22. ut = auxx + x2f(u,w), w = u(x, t− τ).

�åøåíèå òèïà îáîáùåííîé áåãóùåé âîëíû:

u = U(z), z = t+
1

2a
x2,

ãäå �óíêöèÿ U = U(z) îïèñûâàåòñÿ ÎÄÓ ñ çàïàçäûâàíèåì àâòîíîìíîãî âèäà

U ′′
zz + af(U,W ) = 0, W = U(z − τ).

23. ut = uxx + th2(kx)f(u,w), w = u(x, t− τ).

�åøåíèå òèïà îáîáùåííîé áåãóùåé âîëíû:

u = U(z), z = t+ k−2 ln ch(kx),

ãäå �óíêöèÿ U = U(z) îïèñûâàåòñÿ ÎÄÓ ñ çàïàçäûâàíèåì àâòîíîìíîãî âèäà

U ′′
zz − k2U ′

z + k2f(U,W ) = 0, W = U(z − τ).

24. ut = [a(x)ux]x +
x2

a(x)
f(u,w), w = u(x, t− τ).

�åøåíèå òèïà îáîáùåííîé áåãóùåé âîëíû:

u = U(z), z = t+
∫

x

a(x)
dx,

ãäå �óíêöèÿ U = U(z) îïèñûâàåòñÿ ÎÄÓ ñ çàïàçäûâàíèåì àâòîíîìíîãî âèäà

U ′′
zz + f(U,W ) = 0, W = U(z − τ).

25. ut = [a(x)ux]x + uf(x, u− w) + g(x, u− w), w = u(x, t− τ).

�åøåíèå ñ îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ:

u = ϕ(x)t+ ψ(x),

ãäå �óíêöèè ϕ = ϕ(x) è ψ = ψ(x) îïèñûâàþòñÿ ÎÄÓ âòîðîãî ïîðÿäêà

[a(x)ϕ′
x]

′
x + ϕf(x, τϕ) = 0,

[a(x)ψ′
x]

′
x + ψf(x, τϕ) + g(x, τϕ) − ϕ = 0.

◮ Óðàâíåíèÿ, íåëèíåéíûå îòíîñèòåëüíî ïðîèçâîäíûõ.

Óðàâíåíèÿ, ñîäåðæàùèå ïðîèçâîëüíûå ïàðàìåòðû.

26. ut = [(a1u+ a0)ux]x + b1u+ b2w, w = u(x, t− τ).

�åøåíèå ñ îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ ïîëèíîìèàëüíîãî âèäà ïî x:

u = ψ1(t) + ψ2(t)x+ ψ3(t)x
2.
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Çäåñü �óíêöèè ψj = ψj(t) (j = 1, 2, 3) îïèñûâàþòñÿ ñèñòåìîé ÎÄÓ ïåðâîãî

ïîðÿäêà ñ çàïàçäûâàíèåì

ψ′
1 = 2a1ψ1ψ3 + a1ψ

2
2 + 2a0ψ3 + b1ψ1 + b2ψ̄1,

ψ′
2 = 6a1ψ2ψ3 + b1ψ2 + b2ψ̄2,

ψ′
3 = 6a1ψ

2
3 + b1ψ3 + b2ψ̄3,

ãäå ψ̄j = ψj(t− τ).

27. ut = [(a1u+ a0)ux]x + ku2 + b1u+ b2w, w = u(x, t− τ).

1◦. �åøåíèå ñ îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ ïðè a1k < 0:

u = ψ1(t) + ψ2(t) exp(−λx) + ψ3(t) exp(λx), λ =
√

−k/(2a1).

Çäåñü �óíêöèè ψ = ψn(t) îïèñûâàþòñÿ ñèñòåìîé ÎÄÓ ïåðâîãî ïîðÿäêà ñ

çàïàçäûâàíèåì

ψ′
1 = kψ2

1 + 2kψ2ψ3 + b1ψ1 + b2ψ̄1,

ψ′
2 = ( 3

2 kψ1 + a0λ
2 + b1)ψ2 + b2ψ̄2,

ψ′
3 = ( 3

2 kψ1 + a0λ
2 + b1)ψ3 + b2ψ̄3,

ãäå ψ̄j = ψj(t− τ) (i = 1, 2, 3).

2◦. �åøåíèå ñ îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ ïðè a1k > 0:

u = ψ1(t) + ψ2(t) cos(λx) + ψ3(t) sin(λx), λ =
√
k/(2a1),

ãäå �óíêöèè ψ = ψn(t) îïèñûâàþòñÿ ñèñòåìîé ÎÄÓ ïåðâîãî ïîðÿäêà ñ çàïàç-

äûâàíèåì

ψ′
1 = kψ2

1 +
1
2 k(ψ

2
2 + ψ2

3) + b1ψ1 + b2ψ̄1,

ψ′
2 = ( 3

2 kψ1 + b1 − a0λ
2)ψ2 + b2ψ̄2,

ψ′
3 = ( 3

2 kψ1 + b1 − a0λ
2)ψ3 + b2ψ̄3.

28. ut=a(u
nux)x+bu

n+1+cu+ku1−n+mu1−nwn, w=u(x, t−τ).
�åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ:

u =
{
ϕ(t)

[
C1 cos(βx) + C2 sin(βx)

]
+ ψ(t)

}1/n
ïðè ab(n+ 1) > 0,

u =
{
ϕ(t)

[
C1 ch(βx) + C2 sh(βx)

]
+ ψ(t)

}1/n
ïðè ab(n+ 1) < 0,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå,

β =

√
|b|n2

|a(n+ 1)| ,
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à �óíêöèè ϕ = ϕ(t) è ψ = ψ(t) îïèñûâàþòñÿ ñèñòåìîé ÎÄÓ ïåðâîãî ïîðÿäêà

ñ çàïàçäûâàíèåì

ϕ′
t =

bn(n+ 2)

n+ 1
ϕψ + cnϕ+mnϕ̄, ϕ̄ = ϕ(t− τ),

ψ′
t = n(bψ2+ cψ + k) +

bn

n+ 1
(C2

1± C2
2 )ϕ

2+mnψ̄, ψ̄ = ψ(t− τ).

Çäåñü âåðõíèé çíàê âî âòîðîì óðàâíåíèè ñîîòâåòñòâóåò ñëó÷àþ ab(n + 1) > 0,
à íèæíèé� ñëó÷àþ ab(n+ 1) < 0.

29. ut = a(eλuux)x+be
λu+c+ke−λu+meλ(w−u), w= u(x, t−τ).

�åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ:

u =
1

λ
ln
{
eαt

[
C1 cos(x

√
bλ/a ) + C2 sin(x

√
bλ/a )

]
+ γ

}
ïðè abλ > 0,

u =
1

λ
ln
{
eαt

[
C1 ch(x

√
−bλ/a ) + C2 sh(x

√
−bλ/a )

]
+ γ

}
ïðè abλ < 0.

Çäåñü C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, α�êîðåíü òðàíñöåíäåíòíîãî óðàâ-

íåíèÿ

α = λ(bγ + c) +mλe−ατ ,

à γ �êîðåíü êâàäðàòíîãî óðàâíåíèÿ bγ2 + (c+m)γ + k = 0.

Óðàâíåíèÿ, ñîäåðæàùèå îäíó ïðîèçâîëüíóþ �óíêöèþ.

30. ut = a(u−1/2ux)x + bu1/2 + f(u1/2 − w1/2), w = u(x, t− τ).

�åøåíèå ñ îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ:

u = [ϕ(x)t+ ψ(x)]2,

ãäå �óíêöèè ϕ = ϕ(x) è ψ = ψ(x) îïèñûâàþòñÿ ÎÄÓ âòîðîãî ïîðÿäêà

2aϕ′′
xx + bϕ− 2ϕ2 = 0,

2aψ′′
xx + bψ − 2ϕψ + f(τϕ) = 0.

Ýòè ÎÄÓ äîïóñêàþò ïðîñòîå ÷àñòíîå ðåøåíèå

ϕ =
1

2
b, ψ = − 1

4a
f
(
bτ

2

)
x2 +Ax+B,

ãäå A è B �ïðîèçâîëüíûå ïîñòîÿííûå.

31. ut = a(ukux)x + uf(w/u), w = u(x, t− τ).

1◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = ϕ(x)ψ(t),

ãäå �óíêöèè ϕ = ϕ(x) è ψ = ψ(t) îïèñûâàþòñÿ ÎÄÓ è ÎÄÓ ñ çàïàçäûâàíèåì

a(ϕkϕ′
x)

′
x = Cϕ,

ψ′(t) = Cψk+1(t) + ψ(t)f
(
ψ(t− τ)/ψ(t)

)
,

C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.
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2◦. Òî÷íîå ðåøåíèå ïðè k 6= 0:

u = (x+ C)2/kθ(ζ), ζ = t+ λ ln(x+ C),

ãäå C è λ� ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ θ = θ(ζ) îïèñûâàåòñÿ ÎÄÓ
ñ çàïàçäûâàíèåì

θ′(ζ) = a
{

2(k + 2)

k2
θk+1(ζ) +

(3k + 4)λ

k
θk(ζ)θ′(ζ) +

+ kλ2θk−1(ζ)[θ′(ζ)]2 + λ2θk(ζ)θ′′(ζ)
}
+ θ(ζ)f

(
θ(ζ − τ)/θ(ζ)

)
.

32. ut = a(ukux)x + buk+1 + uf(w/u), w = u(x, t− τ).

1◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè óñëîâèè

b(k + 1) > 0:

u = [C1 cos(βx) + C2 sin(βx)]
1/(k+1)ψ(t), β =

√
b(k + 1)/a,

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
ñ çàïàçäûâàíèåì

ψ′(t) = ψ(t)f
(
ψ(t− τ)/ψ(t)

)
. (*)

Ýòî óðàâíåíèå èìååò ÷àñòíîå ðåøåíèå ýêñïîíåíöèàëüíîãî âèäà

ψ(t) = Aeλt,

ãäå A�ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à λ�êîðåíü àëãåáðàè÷åñêîãî (òðàíñöåíäåíò-

íîãî) óðàâíåíèÿ λ− f(e−λτ ) = 0.

2◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè óñëîâèè

b(k + 1) < 0:

u = [C1 exp(−βx) + C2 exp(βx)]
1/(k+1)ψ(t), β =

√
−b(k + 1)/a,

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
ñ çàïàçäûâàíèåì (*).

3◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè k = −1:

u = C1 exp
(
− b

2a
x2 + C2x

)
ψ(t),

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
ñ çàïàçäûâàíèåì (*).

33. ut = a(ukux)x + b+ u−kf(uk+1 − wk+1), w = u(x, t− τ).

1◦. �åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè k 6= −1:

u =
[
At− b(k + 1)

2a
x2 + C1x+ C2

]1/(k+1)
,

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à A�êîðåíü àëãåáðàè÷åñêîãî (òðàíñ-

öåíäåíòíîãî) óðàâíåíèÿ A = (k + 1)f(Aτ).



11.2. Íåëèíåéíûå Óð×Ï ñ ïîñòîÿííûìè çàïàçäûâàíèÿìè 553

2◦. Áîëåå ñëîæíîå ðåøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ

ïðè k 6= −1:

u =
[
ψ(t)− b(k + 1)

2a
x2 + C1x+ C2

]1/(k+1)
,

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
ñ çàïàçäûâàíèåì

ψ′(t) = (k + 1)f
(
ψ(t)− ψ(t− τ)

)
.

34. ut = a(ukux)x + buk−2n+1 +u1−nf(un −wn), w = u(x, t− τ).

�åøåíèÿ òèïà îáîáùåííîé áåãóùåé âîëíû ïðè b(n− k − 1) > 0:

u = [±λx+ ψ(t)]1/n, λ =

√
bn2

a(n− k − 1)
,

ãäå �óíêöèÿ ψ = ψ(t) îïèñûâàåòñÿ ÎÄÓ ñ çàïàçäûâàíèåì

ψ′
t = nf(ψ − ψ̄), ψ̄ = ψ(t− τ).

35. ut = a(eλuux)x + f(u− w), w = u(x, t− τ).

1◦. �åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u =
1

λ
ln(Ax2 +Bx+ C) + ψ(t),

ãäå A, B, C�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
ñ çàïàçäûâàíèåì

ψ′(t) = 2a(A/λ)eλψ(t) + f
(
ψ(t) − ψ(t− τ)

)
.

2◦. Òî÷íîå ðåøåíèå:

u =
2

λ
ln(x+ C) + θ(ζ), ζ = t+ β ln(x+ C),

ãäå C è β �ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ θ = θ(ζ) îïèñûâàåòñÿ ÎÄÓ
ñ çàïàçäûâàíèåì

θ′(ζ) = aeλθ(ζ)
{

2

λ
+ 3βθ′(ζ) + β2λ[θ′(ζ)]2 + β2θ′′(ζ)

}
+ f

(
θ(ζ)− θ(ζ − τ)

)
.

36. ut = a(eλuux)x + beλu + f(u− w), w = u(x, t− τ).

1◦. �åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè bλ > 0:

u =
1

λ
ln[C1 cos(βx) + C2 sin(βx)] + ψ(t), β =

√
bλ/a,

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
ñ çàïàçäûâàíèåì

ψ′(t) = f
(
ψ(t)− ψ(t− τ)

)
. (*)

Îòìåòèì, ÷òî óðàâíåíèå (*) èìååò ïðîñòîå ÷àñòíîå ðåøåíèå ψ =A+kt, ãäå
A� ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à k � êîðåíü àëãåáðàè÷åñêîãî (òðàíñöåíäåíòíî-

ãî) óðàâíåíèÿ k − f(kτ) = 0.
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2◦. �åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè bλ < 0:

u =
1

λ
ln[C1 exp(−βx) + C2 exp(βx)] + ψ(t), β =

√
−bλ/a,

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
ñ çàïàçäûâàíèåì (*).

37. ut = a(eλuux)x + b+ e−λuf(eλu − eλw), w = u(x, t− τ).

1◦. �åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ:

u =
1

λ
ln
[
At− bλ

2a
x2 + C1x+ C2

]
,

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à A�êîðåíü àëãåáðàè÷åñêîãî (òðàíñ-

öåíäåíòíîãî) óðàâíåíèÿ A− λf(Aτ) = 0.

2◦. Áîëåå ñëîæíîå ðåøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ:

u =
1

λ
ln
[
ψ(t)− bλ

2a
x2 + C1x+ C2

]
,

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
ñ çàïàçäûâàíèåì

ψ′(t) = λf
(
ψ(t)− ψ(t− τ)

)
.

38. ut = a(eλuux)x+be
(λ−2γ)u+e−γuf(eγu−eγw), w= u(x, t−τ).

�åøåíèÿ ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè b(γ − λ) > 0:

u =
1

γ
ln[±kx+ ψ(t)], k =

√
bγ2

a(γ − λ)
,

ãäå �óíêöèÿ ψ = ψ(t) îïèñûâàåòñÿ ÎÄÓ ñ çàïàçäûâàíèåì

ψ′
t = γf(ψ − ψ̄), ψ̄ = ψ(t− τ).

39. ut = [(a lnu+ b)ux]x − cu lnu+ uf(w/u), w = u(x, t− τ).

�åøåíèÿ ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = exp(±λx)ψ(t), λ =
√
c/a,

ãäå �óíêöèÿ ψ = ψ(t) îïèñûâàåòñÿ ÎÄÓ ñ çàïàçäûâàíèåì

ψ′(t) = λ2(a+ b)ψ(t) + ψ(t)f
(
ψ(t− τ)/ψ(t)

)
.

40. ut = [f ′
u(u)ux]x + a1f(u) + a2f(w) + a3 +

b

f ′

u(u)

[[
f(u) − f(w)

]]
.

�åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ â íåÿâíîì âèäå:

f(u) = eλtϕ(x) − a3
a1 + a2

,
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ãäå λ�êîðåíü òðàíñöåíäåíòíîãî óðàâíåíèÿ

λ = b(1− e−λτ ),

à �óíêöèÿ ϕ = ϕ(x) îïèñûâàåòñÿ ëèíåéíûì ÎÄÓ âòîðîãî ïîðÿäêà ñ ïîñòîÿí-

íûìè êîý��èöèåíòàìè

ϕ′′
xx + (a1 + a2e

−λτ )ϕ = 0.

41. ut = [f ′
u(u)ux]x + a[f(u)− f(w)]+

1

f ′

u(u)

[[
b1f(u)+ b2f(w)+ b3

]]
.

�åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ â íåÿâíîì âèäå:

f(u) = eλtϕ(x)− b3
b1 + b2

,

ãäå λ�êîðåíü òðàíñöåíäåíòíîãî óðàâíåíèÿ

λ− b1 − b2e
−λτ = 0,

à �óíêöèÿ ϕ = ϕ(x) îïèñûâàåòñÿ ëèíåéíûì ÎÄÓ âòîðîãî ïîðÿäêà ñ ïîñòîÿí-

íûìè êîý��èöèåíòàìè

ϕ′′
xx + a(1− e−λτ )ϕ = 0.

42. ut = [uf ′
u(u)ux]x +

1

f ′
u(u)

[af(u) + bf(w) + c], w = u(x, t− τ).

�åøåíèå òèïà îáîáùåííîé áåãóùåé âîëíû â íåÿâíîì âèäå:

f(u) = ϕ(t)x+ ψ(t),

ãäå �óíêöèè ϕ(t) è ψ(t) îïèñûâàþòñÿ ÎÄÓ ñ çàïàçäûâàíèåì

ϕ′(t) = aϕ(t) + bϕ(t− τ),

ψ′(t) = aψ(t) + bψ(t− τ) + c+ ϕ2(t).

43. ut = [uf ′
u(u)ux]x + (a+ b)u+

2

f ′

u(u)
[af(u) + bf(w) + c].

�åøåíèå òèïà îáîáùåííîé áåãóùåé âîëíû â íåÿâíîì âèäå:

f(u) = − 1
2 (a+ b)x2 + ϕ(t)x + ψ(t),

ãäå �óíêöèè ϕ(t) è ψ(t) îïèñûâàþòñÿ ÎÄÓ ñ çàïàçäûâàíèåì

ϕ′(t) = −2bϕ(t) + 2bϕ(t− τ),

ψ′(t) = 2aψ(t) + 2bψ(t− τ) + 2c+ ϕ2(t).

Ïåðâîå ÎÄÓ ñ çàïàçäûâàíèåì èìååò ýêñïîíåíöèàëüíîå ÷àñòíîå ðåøåíèå

ϕ(t) = C1e
λt + C2,
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ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, λ�êîðåíü òðàíñöåíäåíòíîãî óðàâíå-

íèÿ λ+ 2b(1− e−λτ ) = 0.

Óðàâíåíèÿ, ñîäåðæàùèå äâå ïðîèçâîëüíûå �óíêöèè.

44. ut = a(u−1/2ux)x + f(u1/2 − w1/2) + u1/2g(u1/2 − w1/2).

�åøåíèå ñ îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ:

u = [ϕ(x)t+ ψ(x)]2,

ãäå �óíêöèè ϕ = ϕ(x) è ψ = ψ(x) îïèñûâàþòñÿ ñèñòåìîé ÎÄÓ

2aϕ′′
xx + ϕg(τϕ) − 2ϕ2 = 0,

2aψ′′
xx + ψg(τϕ) − 2ϕψ + f(τϕ) = 0.

Ýòà ñèñòåìà èìååò ÷àñòíîå ðåøåíèå

ϕ = k, ψ = − 1

4a
f(kτ)x2 +Ax+B,

ãäå A è B � ïðîèçâîëüíûå ïîñòîÿííûå, à k � êîðåíü àëãåáðàè÷åñêîãî (òðàíñ-

öåíäåíòíîãî) óðàâíåíèÿ g(kτ)− 2k = 0.

45. ut = a(ukux)x + uf(w/u) + uk+1g(w/u), w = u(x, t− τ).

�åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = eλtϕ(x),

ãäå λ � êîðåíü àëãåáðàè÷åñêîãî (òðàíñöåíäåíòíîãî) óðàâíåíèÿ λ = f(e−λτ ),
à �óíêöèÿ ϕ = ϕ(x) îïèñûâàåòñÿ íåëèíåéíûì ÎÄÓ âòîðîãî ïîðÿäêà

a(ϕkϕ′
x)

′
x + g(e−λτ )ϕk+1 = 0.

Ïðè k 6=−1 çàìåíà θ=ϕk+1
ïðèâîäèò ýòî óðàâíåíèå ê ëèíåéíîìó ÎÄÓ âòîðîãî

ïîðÿäêà ñ ïîñòîÿííûìè êîý��èöèåíòàìè. Ïðè k = −1 äëÿ ëèíåàðèçàöèè

óðàâíåíèÿ ñëåäóåò èñïîëüçîâàòü çàìåíó θ = ln |ϕ|.

46. ut = a(ukux)x + f(uk+1 − wk+1) + u−kg(uk+1 − wk+1).

�åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè k 6= −1:

u = (At+Bx2 + C1x+ C2)
1/(k+1), B = − (k + 1)

2a
f(Aτ),

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à A�êîðåíü àëãåáðàè÷åñêîãî (òðàíñ-

öåíäåíòíîãî) óðàâíåíèÿ A− (k + 1)g(Aτ) = 0.

47. ut = a(eλuux)x + f(u− w) + eλug(u− w), w = u(x, t− τ).

�åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = βt+ ϕ(x),
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ãäå β � êîðåíü àëãåáðàè÷åñêîãî (òðàíñöåíäåíòíîãî) óðàâíåíèÿ β = f(βτ),
à �óíêöèÿ ϕ = ϕ(x) îïèñûâàåòñÿ íåëèíåéíûì ÎÄÓ âòîðîãî ïîðÿäêà

a(eλϕϕ′
x)

′
x + g(βτ)eλϕ = 0.

Ïîäñòàíîâêà θ = eλϕ ïðèâîäèò ýòî óðàâíåíèå ê ëèíåéíîìó ÎÄÓ âòîðîãî

ïîðÿäêà ñ ïîñòîÿííûìè êîý��èöèåíòàìè aθ′′xx + λg(βτ)θ = 0.

48. ut=a(e
λuux)x+f(e

λu−eλw)+e−λug(eλu−eλw), w=u(x, t−τ).
�åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ:

u =
1

λ
ln(At+Bx2 + C1x+ C2), B = − λ

2a
f(Aτ),

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à A�êîðåíü àëãåáðàè÷åñêîãî (òðàíñ-

öåíäåíòíîãî) óðàâíåíèÿ A− λg(Aτ) = 0.

49. ut = a[g′(u)ux]x + b+
1

g′(u)
f
((
g(u)− g(w)

))
, w = u(x, t− τ).

�åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ â íåÿâíîì âèäå:

g(u) = ψ(t) − b

2a
x2 + C1x+C2,

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
ñ çàïàçäûâàíèåì

ψ′(t) = f
(
ψ(t)− ψ(t− τ)

)
.

Ýòî óðàâíåíèå èìååò ÷àñòíîå ðåøåíèå ψ(t) = At, ãäå A� êîðåíü àëãåáðàè÷å-

ñêîãî (òðàíñöåíäåíòíîãî) óðàâíåíèÿ A− f(Aτ) = 0.

Óðàâíåíèÿ, ñîäåðæàùèå òðè è áîëåå ïðîèçâîëüíûõ �óíêöèé.

50. ut = [a(x)ukux]x + b(x)uk+1 + uf(w/u), w = u(x, t− τ).

�åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = ϕ(x)ψ(t),

ãäå �óíêöèè ϕ = ϕ(x) è ψ = ψ(t) îïèñûâàþòñÿ ñîîòâåòñòâåííî ÎÄÓ è ÎÄÓ ñ

çàïàçäûâàíèåì

[a(x)ϕkϕ′
x]

′
x + b(x)ϕk+1 = Cϕ,

ψ′
t(t) = Cψk+1(t) + ψ(t)f

(
ψ(t− τ)/ψ(t)

)
,

C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

51. ut = [a(x)eβuux]x + b(x)eβu + f(u− w), w = u(x, t− τ).

�åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u =
1

β
lnϕ(x) + ψ(t),



558 11. ÔÓÍÊÖÈÎÍÀËÜÍÎ-ÄÈÔÔÅ�ÅÍÖÈÀËÜÍÛÅ Ó�×Ï

ãäå �óíêöèè ϕ=ϕ(x) è ψ=ψ(t) îïèñûâàþòñÿ ñîîòâåòñòâåííî ëèíåéíûì ÎÄÓ

âòîðîãî ïîðÿäêà è íåëèíåéíûì ÎÄÓ ïåðâîãî ïîðÿäêà ñ çàïàçäûâàíèåì:

[a(x)ϕ′
x]

′
x + βb(x)ϕ = Cβ,

ψ′
t(t) = Ceβψ(t) + f

(
ψ(t)− ψ(t− τ)

)
,

C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

52. ut = a[f ′
u(u)ux]x + g

((
f(u)− f(w)

))
+

1

f ′
u(u)

h
((
f(u)− f(w)

))
.

�åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ â íåÿâíîì âèäå:

f(u) = At− g(Aτ )

2a
x2 + C1x+ C2,

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à A�êîðåíü àëãåáðàè÷åñêîãî (òðàíñ-

öåíäåíòíîãî) óðàâíåíèÿ A− h(Aτ) = 0.

53. ut = a[f ′
u(u)ux]x + f(u)g

((
f(w)/f(u)

))
+

f(u)

f ′

u(u)
h
((
f(w)/f(u)

))
.

Ïóñòü β �êîðåíü àëãåáðàè÷åñêîãî (òðàíñöåíäåíòíîãî) óðàâíåíèÿ

β − h(e−βτ ) = 0.

1◦. �åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ â íåÿâíîì âèäå

ïðè ag(e−βτ ) > 0:

f(u) =
[
C1 cos(λx) + C2 sin(λx)

]
eβt, λ =

√
g(e−βτ )/a,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

2◦. �åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ â íåÿâíîì âèäå

ïðè ag(e−βτ ) < 0:

f(u) =
[
C1 exp(−λx) + C2 exp(λx)

]
eβt, λ =

√
−g(e−βτ )/a,

ãäå C1 è C2 �ïðîèçâîëüíûå ïîñòîÿííûå.

3◦. �åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ â íåÿâíîì âèäå

ïðè g(e−βτ ) = 0:
f(u) = (C1x+ C2)e

βt.

11.2.2. Óðàâíåíèÿ ãèïåðáîëè÷åñêîãî òèïà

◮ Óðàâíåíèÿ, ëèíåéíûå îòíîñèòåëüíî ïðîèçâîäíûõ

1. utt = auxx + f(u−w), w = u(x, t− τ).

1◦. �åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = C2x
2 + C1x+ ψ(t),
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ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ(t) îïèñûâàåòñÿ ÎÄÓ

âòîðîãî ïîðÿäêà ñ çàïàçäûâàíèåì

ψ′′
tt = 2C2a+ f(ψ − ψ̄), ψ̄ = ψ(t− τ).

2◦. Òî÷íûå ðåøåíèÿ:

u = Cx2 + ϕ(z)x + ψ(z), z = t± a−1/2x,

ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèè ϕ(z) è ψ(z) îïèñûâàþòñÿ ðàç-

íîñòíûìè óðàâíåíèÿìè

ϕ(z) = ϕ(z − τ), (1)

f
(
ψ(z)− ψ(z − τ)

)
= ∓2a1/2ϕ′(z)− 2Ca. (2)

Èç óðàâíåíèÿ (1) ñëåäóåò, ÷òî ϕ(z) � ýòî ëþáàÿ τ -ïåðèîäè÷åñêàÿ �óíêöèÿ,

êîòîðóþ â îáùåì ñëó÷àå ìîæíî ïðåäñòàâèòü â âèäå ñõîäÿùåãîñÿ ðÿäà

ϕ(z) = A0 +

∞∑

n=1

(
An cos

2πnz

τ
+Bn sin

2πnz

τ

)
, (3)

ãäå An è Bn � ïðîèçâîëüíûå ïîñòîÿííûå. Ïîäñòàâèâ (3) â (2), ïîëó÷èì óðàâ-

íåíèå, ñâîäÿùååñÿ ê ëèíåéíîìó íåîäíîðîäíîìó ðàçíîñòíîìó óðàâíåíèþ âèäà

π(z)− π(z − τ) = g∓(z) ñ èçâåñòíîé ïðàâîé ÷àñòüþ.

3◦. Òî÷íûå ðåøåíèÿ:

u = Cxz + ϕ(x) + ψ(z), z = t± a−1/2x,

ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèè ϕ(x) è ψ(z) îïèñûâàþòñÿ ñîîò-
âåòñòâåííî ëèíåéíûì ÎÄÓ è ëèíåéíûì ðàçíîñòíûì óðàâíåíèåì

aϕ′′
xx ± 2Ca1/2 + f(Cτx+B) = 0,

ψ(z) − ψ(z − τ) = B,

B�ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Ôóíêöèè ϕ(x) è ψ(z) äîïóñêàþò ïðåäñòàâëåíèå
â çàìêíóòîé �îðìå.

2. utt = auxx + f(u− v), v = u(x− σ, t).

�åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = C1t
2 + C2t+ ϕ(x),

ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ ϕ = ϕ(x) îïèñûâàåòñÿ íåëèíåé-
íûì ÎÄÓ âòîðîãî ïîðÿäêà ñ çàïàçäûâàíèåì

aϕ′′
xx − 2C1 + f(ϕ− ϕ̄) = 0, ϕ̄ = ϕ(x− σ).
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3. utt = auxx + bu+ f(u− w).

1◦. �åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè ab > 0:

u = C1 cos(λx) + C2 sin(λx) + ψ(t), λ =
√
b/a,

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
ñ çàïàçäûâàíèåì

ψ′′
tt = bψ + f(ψ − ψ̄), ψ̄ = ψ(t− τ). (*)

2◦. �åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè ab < 0:

u = C1 exp(−λx) + C2 exp(λx) + ψ(t), λ =
√

−b/a,
ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
ñ çàïàçäûâàíèåì (*).

4. utt = auxx + bu+ f(u− kw), k > 0.

1◦. �åøåíèå ñ îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ:

u = ect[A cos(βx) +B sin(βx)] + ψ(t),

c =
1

τ
ln k, β = [(b− c2)/a]1/2, b > c2,

ãäå A è B � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ(t) îïèñûâàåòñÿ ÎÄÓ ñ

çàïàçäûâàíèåì

ψ′′
tt = bψ + f(ψ − kψ̄), ψ̄ = ψ(t− τ). (1)

2◦. �åøåíèå ñ îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ:

u = ect(Ae−βx +Beβx) + ψ(t),

c =
1

τ
ln k, β = [(c2 − b)/a]1/2, c2 > b,

ãäå A è B � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ(t) îïèñûâàåòñÿ ÎÄÓ ñ

çàïàçäûâàíèåì (1).

3◦. �åøåíèå ñ îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ:

u = ect[A cos(βx) +B sin(βx)] + ϕ(x),

c =
1

τ
ln k, β = [(b− c2)/a]1/2, b > c2,

ãäå A è B �ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ϕ(x) îïèñûâàåòñÿ ÎÄÓ

aϕ′′
xx + bϕ+ f

(
(1− k)ϕ

)
= 0. (2)

4◦. �åøåíèå ñ îáîáùåííûì ðàçäåëåíèåì ïåðåìåííûõ:

u = ect(Ae−βx +Beβx) + ϕ(x),

c =
1

τ
ln k, β = [(c2 − b)/a]1/2, c2 > b,

ãäå A è B �ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ϕ(x) îïèñûâàåòñÿ ÎÄÓ (2).
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5◦. Òî÷íûå ðåøåíèÿ ïðè b = 0:

u = ϕ(z)x + ψ(z), z = t± a−1/2x,

ãäå �óíêöèè ϕ(x) è ψ(z) îïèñûâàþòñÿ ðàçíîñòíûìè óðàâíåíèÿìè

ϕ(z) − kϕ(z − τ) = 0, (1)

f
(
ψ(z) − kψ(z − τ)

)
= ∓2a1/2ϕ′

z(z). (2)

Óðàâíåíèå (1) èìååò îáùåå ðåøåíèå

ϕ(z) = kz/τ
∞∑

n=0

(
An cos

2πnz

τ
+Bn sin

2πnz

τ

)
, (3)

ãäå An è Bn �ïðîèçâîëüíûå ïîñòîÿííûå.

Ïîäñòàâèâ (3) â (2), ïîëó÷èì óðàâíåíèå, êîòîðîå ìîæíî ñâåñòè ê ëèíåéíîìó

íåîäíîðîäíîìó ðàçíîñòíîìó óðàâíåíèþ âèäà ψ(z) − kψ(z − τ) = g∓(z) ñ

èçâåñòíîé ïðàâîé ÷àñòüþ.

6◦. Ïóñòü u0(x, t)�ðåøåíèå èñõîäíîãî íåëèíåéíîãî Óð×Ï ñ çàïàçäûâàíè-

åì, à v = U1(x, t; b, s)�ëþáîå τ -ïåðèîäè÷åñêîå ðåøåíèå ëèíåéíîãî óðàâíåíèÿ
òåëåãðà�íîãî òèïà

vtt + svt = avxx + bv, v(x, t) = v(x, t − τ),

ãäå b è s�ñâîáîäíûå ïàðàìåòðû. Òîãäà ñóììà

u = u0(x, t) + ectU1(x, t; b− c2, 2c), c =
1

τ
ln k,

òàêæå ÿâëÿåòñÿ ðåøåíèåì èñõîäíîãî óðàâíåíèÿ.

Îáùèé âèä �óíêöèè U1(x, t; b, s) îïðåäåëÿåòñÿ �îðìóëàìè

U1(x, t; b, s) =

∞∑

n=0

exp(−λnx)
[
An cos(βnt− γnx) +Bn sin(βnt− γnx)

]
+

+

∞∑

n=1

exp(λnx)
[
Cn cos(βnt+ γnx) +Dn sin(βnt+ γnx)

]
,

βn =
2πn

τ
, γn =

[√
(b+ β2

n)2 + s2β2
n + b+ β2

n

2a

]1/2
, λn =

sβn
2aγn

,

ãäå An, Bn, Cn, Dn �ïðîèçâîëüíûå ïîñòîÿííûå.

Îòìåòèì, ÷òî â êà÷åñòâå ÷àñòíîãî ðåøåíèÿ u0(x, t) èñõîäíîãî óðàâíåíèÿ

ìîæíî âçÿòü ïðîñòðàíñòâåííî îäíîðîäíîå ðåøåíèå u0(t) èëè ñòàöèîíàðíîå

ðåøåíèå u0(x). Ñòàöèîíàðíûå òî÷êè u0 = 
onst òàêæå ìîãóò èñïîëüçîâàòüñÿ

êàê ïðîñòåéøèå ÷àñòíûå ðåøåíèÿ.

5. utt = auxx + bu+ f(u+ kw), k > 0.

1◦. Òî÷íûå ðåøåíèÿ ïðè b = 0:

u = ϕ(z)x + ψ(z), z = t± a−1/2x,
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ãäå �óíêöèè ϕ(x) è ψ(z) îïèñûâàþòñÿ ðàçíîñòíûìè óðàâíåíèÿìè

ϕ(z) + kϕ(z − τ) = 0, (1)

f
(
ψ(z) + kψ(z − τ)

)
= ∓2a1/2ϕ′

z(z). (2)

Óðàâíåíèå (1) èìååò îáùåå ðåøåíèå

ϕ(z) = kz/τ
∞∑

n=1

[
An cos

(2n− 1)πz

τ
+Bn sin

(2n− 1)πz

τ

]
, (3)

ãäå An è Bn �ïðîèçâîëüíûå ïîñòîÿííûå.

Ïîäñòàâèâ (3) â (2), ïîëó÷èì óðàâíåíèå, êîòîðîå ìîæíî ñâåñòè ê ëèíåéíîìó

íåîäíîðîäíîìó ðàçíîñòíîìó óðàâíåíèþ âèäà ψ(z) + kψ(z − τ) = g∓(z) ñ

èçâåñòíîé ïðàâîé ÷àñòüþ.

2◦. Ïóñòü u0(x, t)�ðåøåíèå ðàññìàòðèâàåìîãî íåëèíåéíîãî Óð×Ï ñ çàïàç-

äûâàíèåì, à v=U2(x, t; b, s)�ëþáîå τ -àíòèïåðèîäè÷åñêîå ðåøåíèå ëèíåéíîãî
òåëåãðà�íîãî óðàâíåíèÿ

vtt + svt = avxx + bv, v(x, t) = −v(x, t− τ).

Òîãäà ñóììà

u = u0(x, t) + ectU2(x, t; b− c2, 2c), c =
1

τ
ln k,

òàêæå ÿâëÿåòñÿ ðåøåíèåì èñõîäíîãî óðàâíåíèÿ.

Îáùèé âèä �óíêöèè U2(x, t; b, s) îïðåäåëÿåòñÿ �îðìóëàìè

U2(x, t; b, s) =

∞∑

n=1

exp(−λnx)
[
An cos(βnt− γnx) +Bn sin(βnt− γnx)

]
+

+
∞∑

n=1

exp(λnx)
[
Cn cos(βnt+ γnx) +Dn sin(βnt+ γnx)

]
,

βn =
π(2n− 1)

τ
, γn =

[√
(b+ β2

n)2 + s2β2
n + b+ β2

n

2a

]1/2
, λn =

sβn
2aγn

,

ãäå An, Bn, Cn, Dn �ïðîèçâîëüíûå ïîñòîÿííûå.

Îòìåòèì, ÷òî â êà÷åñòâå ÷àñòíîãî ðåøåíèÿ u0(x, t) èñõîäíîãî óðàâíåíèÿ

ìîæíî âçÿòü ïðîñòðàíñòâåííî îäíîðîäíîå ðåøåíèå u0(t) èëè ñòàöèîíàðíîå

ðåøåíèå u0(x). Ñòàöèîíàðíûå òî÷êè u0 = 
onst òàêæå ìîãóò èñïîëüçîâàòüñÿ

êàê ïðîñòåéøèå ÷àñòíûå ðåøåíèÿ.

6. utt = auxx + f(w/u), w = u(x, t− τ).

Òî÷íûå ðåøåíèÿ:

u = (x+ C)ϕ(z), z = t± a−1/2x,
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ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ ϕ(z) îïèñûâàåòñÿ ÎÄÓ ïåðâîãî

ïîðÿäêà ñ çàïàçäûâàíèåì

±2a1/2ϕ′
z(z) + f

(
ϕ(z − τ)/ϕ(z)

)
= 0.

7. utt = auxx + uf(w/u), w = u(x, t− τ).

1◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = [A cos(βx) +B sin(βx)]ψ(t),

ãäå A, B, β � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ(t) îïèñûâàåòñÿ ÎÄÓ ñ

çàïàçäûâàíèåì

ψ′′
tt = −aβ2ψ + ψf(ψ̄/ψ), ψ̄ = ψ(t− τ).

2◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = [A exp(−βx) +B exp(βx)]ψ(t),

ãäå A, B, β � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ(t) îïèñûâàåòñÿ ÎÄÓ ñ

çàïàçäûâàíèåì

ψ′′
tt = aβ2ψ + ψf(ψ̄/ψ), ψ̄ = ψ(t− τ).

3◦. Âûðîæäåííîå ðåøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = (Ax+B)ψ(t),

ãäå A, B, β � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ(t) îïèñûâàåòñÿ ÎÄÓ ñ

çàïàçäûâàíèåì

ψ′′
tt = ψf(ψ̄/ψ).

4◦. Òî÷íîå ðåøåíèå:

u = eαx+βtθ(z), z = λx+ γt,

ãäå α, β, γ, λ�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ θ(z) îïèñûâàåòñÿ ÎÄÓ ñ

çàïàçäûâàíèåì

(aλ2 − γ2)θ′′zz(z) + 2(aαλ− βγ)θ′z(z) + (aα2 − β2)θ(z) +

+ θ(z)f
(
e−βτθ(z − σ)/θ(z)

)
= 0, σ = γτ.

5◦. Òî÷íîå ðåøåíèå:

u = ectU1(x, t; b, s), b = f(e−cτ )− c2, s = 2c,

ãäå c � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à U1(x, t; b, s) � τ -ïåðèîäè÷åñêàÿ �óíêöèÿ,

îïðåäåëåííàÿ â ï. 6◦ óðàâíåíèÿ 11.2.2.4. Ïðè c = 0 ïîëó÷åííîå ðåøåíèå

ÿâëÿåòñÿ τ -ïåðèîäè÷åñêîé �óíêöèåé.
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6◦. Òî÷íîå ðåøåíèå:

u = ectU2(x, t; b, s), b = f(−e−cτ )− c2, s = 2c,

ãäå c� ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à U2(x, t; b, s) � τ -àíòèïåðèîäè÷åñêàÿ �óíê-

öèÿ, îïðåäåëåííàÿ â ï. 2◦ óðàâíåíèÿ 11.2.2.5.

8. utt = auxx + bu lnu+ uf(w/u).

�åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = ϕ(x)ψ(t),

ãäå �óíêöèè ϕ = ϕ(x) è ψ = ψ(t) îïèñûâàþòñÿ ñîîòâåòñòâåííî ÎÄÓ è ÎÄÓ ñ

çàïàçäûâàíèåì

aϕ′′
xx = Cϕ− bϕ lnϕ,

ψ′′
tt = Cψ + bψ lnψ + ψf(ψ̄/ψ), ψ̄ = ψ(t− τ),

C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

9. utt = auxx + u1−2kf(uk − wk), k 6= 1.

�åøåíèÿ ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = [x+ θ(z)]1/k, z = t± a−1/2x,

ãäå �óíêöèÿ θ = θ(z) îïèñûâàåòñÿ ÎÄÓ ïåðâîãî ïîðÿäêà ñ çàïàçäûâàíèåì

±2a1/2θ′z + a+
k2

1− k
f(θ − θ̄) = 0, θ̄ = θ(z − τ).

10. utt = auxx + ebu+cwf(u− w).

Òî÷íûå ðåøåíèÿ:

u = ϕ(x) + θ(z), z = t± a−1/2x,

ãäå �óíêöèÿ ϕ = ϕ(x) îïèñûâàåòñÿ ÎÄÓ âòîðîãî ïîðÿäêà

ϕ′′
xx = Ke(b+c)ϕ,

ãäå K �ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ θ = θ(z) óäîâëåòâîðÿåò ðàçíîñò-
íîìó óðàâíåíèþ

aK + ebθ+cθ̄f(θ − θ̄) = 0, θ̄ = θ(z − τ).

Çàìåòèì, ÷òî îáùåå ðåøåíèå ÎÄÓ äëÿ ϕ âûðàæàåòñÿ â ýëåìåíòàðíûõ �óíêöè-

ÿõ.

11. utt = auxx + e−2βuf(beβu + ceβw).

Òî÷íûå ðåøåíèÿ:

u =
1

β
ln[ϕ(z)x + ψ(z)], z = t± a−1/2x,
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ãäå �óíêöèÿ ϕ = ϕ(z) óäîâëåòâîðÿåò ëèíåéíîìó ðàçíîñòíîìó óðàâíåíèþ

bϕ+ cϕ̄ = 0, ϕ̄ = ϕ(z − τ),

à �óíêöèÿ ψ = ψ(z) îïèñûâàåòñÿ ÎÄÓ ïåðâîãî ïîðÿäêà ñ çàïàçäûâàíèåì

±2a1/2(ϕ′
zψ − ϕψ′

z)− aϕ2 + βf(bψ + cψ̄) = 0, ψ̄ = ψ(z − τ).

12. utt = [a(x)ux]x + b(x)u+ uf(w/u).

�åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = ϕ(x)ψ(t),

ãäå �óíêöèè ϕ = ϕ(x) è ψ = ψ(t) îïèñûâàþòñÿ ñîîòâåòñòâåííî ÎÄÓ è ÎÄÓ ñ

çàïàçäûâàíèåì

[a(x)ϕ′
x]

′
x + b(x)ϕ = Cϕ;

ψ′′
tt = Cψ + ψf(ψ̄/ψ), ψ̄ = ψ(t− τ),

C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

◮ Óðàâíåíèÿ, íåëèíåéíûå îòíîñèòåëüíî ïðîèçâîäíûõ.

13. utt = a(ukux)x +uf(w/u), w = u(x, t− τ).

1◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = ϕ(x)ψ(t),

ãäå �óíêöèè ϕ = ϕ(x) è ψ = ψ(t) îïèñûâàþòñÿ ñîîòâåòñòâåííî ÎÄÓ è ÎÄÓ ñ

çàïàçäûâàíèåì

a(ϕkϕ′
x)

′
x = Cϕ,

ψ′′
tt = Cψk+1 + ψf(ψ̄/ψ), ψ̄ = ψ(t− τ).

2◦. Òî÷íîå ðåøåíèå:

u = (x+ C)2/kθ(z), z = t+ λ ln(x+ C),

ãäå C è λ� ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ θ = θ(z) îïèñûâàåòñÿ ÎÄÓ
ñ çàïàçäûâàíèåì

θ′′(z) = a
{

2(k + 2)

k2
θk+1(z) +

(3k + 4)λ

k
θk(z)θ′(z) +

+ kλ2θk−1(z)[θ′(z)]2 + λ2θk(z)θ′′(z)
}
+ θ(z)f

(
θ(z − τ)/θ(z)

)
.

14. utt = a(ukux)x + buk+1 + uf(w/u).

1◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè óñëîâèè

b(k + 1) > 0:

u = [C1 cos(βx) + C2 sin(βx)]
1

k+1 ψ(t), β =
√
b(k + 1)/a,
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ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
ñ çàïàçäûâàíèåì

ψ′′
tt = ψf(ψ̄/ψ), ψ̄ = ψ(t− τ). (*)

2◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè óñëîâèè

b(k + 1) < 0:

u = (C1e
−βx +C2e

βx)
1

k+1 ψ(t), β =
√

−b(k + 1)/a,

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
ñ çàïàçäûâàíèåì (*).

3◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè k = −1:

u = C1 exp
(
− b

2a
x2 + C2x

)
ψ(t),

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
ñ çàïàçäûâàíèåì (*).

4◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ, îáîáùàþùåå

òðè ïðåäûäóùèõ ðåøåíèÿ:

u = ϕ(x)ψ(t),

ãäå �óíêöèè ϕ = ϕ(x) è ψ = ψ(t) îïèñûâàþòñÿ ñîîòâåòñòâåííî ÎÄÓ è ÎÄÓ ñ

çàïàçäûâàíèåì

a(ϕkϕ′
x)

′
x + bϕk+1 = Cϕ,

ψ′′
tt = Cψk+1 + ψf(ψ̄/ψ), ψ̄ = ψ(t− τ),

C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

15. utt = a(eλuux)x + f(u− w).

�åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u =
1

λ
ln(C1λx

2 + C2x+ C3) + ψ(t),

ãäå C1, C2, C3 � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ = ψ(t) îïèñûâàåòñÿ
ÎÄÓ ñ çàïàçäûâàíèåì

ψ′′
tt = 2aC1e

λψ + f(ψ − ψ̄), ψ̄ = ψ(t− τ).

16. utt = a(eλuux)x + beλu + f(u− w).

1◦. �åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè bλ > 0:

u =
1

λ
ln[C1 cos(βx) + C2 sin(βx)] + ψ(t), β =

√
bλ/a,

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
ñ çàïàçäûâàíèåì

ψ′′
tt = f(ψ − ψ̄), ψ̄ = ψ(t− τ). (*)
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2◦. �åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè bλ < 0:

u =
1

λ
ln(C1e

−βx + C2e
βx) + ψ(t), β =

√
−bλ/a,

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
ñ çàïàçäûâàíèåì (*).

3◦. �åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ, îáîáùàþùåå äâà ïðå-

äûäóùèõ ðåøåíèÿ:

u = ϕ(x) + ψ(t),

ãäå �óíêöèè ϕ = ϕ(x) è ψ = ψ(t) îïèñûâàþòñÿ ñîîòâåòñòâåííî ÎÄÓ è ÎÄÓ ñ

çàïàçäûâàíèåì

a(eλϕϕ′
x)

′
x + beλϕ = C,

ψ′′
tt = Ceλψ + f(ψ − ψ̄), ψ̄ = ψ(t− τ),

C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Îòìåòèì, ÷òî ïåðâîå ÎÄÓ ëèíåàðèçóåòñÿ çàìå-

íîé ξ = eλϕ.

17. utt = [(a lnu+ b)ux]x − cu lnu+ uf(w/u).

�åøåíèÿ ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = exp(±λx)ψ(t), λ =
√
c/a,

ãäå �óíêöèÿ ψ = ψ(t) îïèñûâàåòñÿ ÎÄÓ ñ çàïàçäûâàíèåì

ψ′′
tt = λ2(a+ b)ψ + ψf(ψ̄/ψ), ψ̄ = ψ(t− τ),

18. utt = a(ukux)x + uf(w/u) + uk+1g(w/u).

�åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = eλtϕ(x),

ãäå λ� êîðåíü àëãåáðàè÷åñêîãî (òðàíñöåíäåíòíîãî) óðàâíåíèÿ λ2 = f(e−λτ ) ,
à �óíêöèÿ ϕ = ϕ(x) îïèñûâàåòñÿ ÎÄÓ âòîðîãî ïîðÿäêà

a(ϕkϕ′
x)

′
x + g(e−λτ )ϕk+1 = 0.

Îòìåòèì, ÷òî ýòî ÎÄÓ ëèíåàðèçóåòñÿ çàìåíîé ξ = ϕk+1
.

19. utt = [a(x)ukux]x + b(x)uk+1 + uf(w/u).

�åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = ϕ(x)ψ(t),

ãäå �óíêöèè ϕ = ϕ(x) è ψ = ψ(t) îïèñûâàþòñÿ ñîîòâåòñòâåííî ÎÄÓ è ÎÄÓ ñ

çàïàçäûâàíèåì

[a(x)ϕkϕ′
x]

′
x + b(x)ϕk+1 = Cϕ,

ψ′′
tt(t) = Cψk+1(t) + ψ(t)f

(
ψ(t− τ)/ψ(t)

)
,

C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.
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20. utt = [a(x)eβuux]x + b(x)eβu + f(u− w).

�åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u =
1

β
lnϕ(x) + ψ(t),

ãäå �óíêöèè ϕ=ϕ(x) è ψ=ψ(t) îïèñûâàþòñÿ ñîîòâåòñòâåííî ëèíåéíûì ÎÄÓ

è íåëèíåéíûì ÎÄÓ ñ çàïàçäûâàíèåì

[a(x)ϕ′
x]

′
x + βb(x)ϕ = Cβ,

ψ′′
tt(t) = Ceβψ(t) + f

(
ψ(t)− ψ(t− τ)

)
,

C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

11.3. Íåëèíåéíûå Óð×Ï ñ ïðîïîðöèîíàëüíûìè

àðãóìåíòàìè

Â ýòîì ðàçäåëå ñ÷èòàåòñÿ, ÷òî f = f(z), g = g(z), h = h(z) � ïðîèçâîëüíûå

�óíêöèè, p > 0 è q > 0 � ïðîèçâîëüíûå ïîñòîÿííûå, u = u(x, t) � èñêîìàÿ

�óíêöèÿ.

11.3.1. Óðàâíåíèÿ ïàðàáîëè÷åñêîãî òèïà

◮ Óðàâíåíèÿ, ëèíåéíûå îòíîñèòåëüíî ïðîèçâîäíûõ

Óðàâíåíèÿ, ñîäåðæàùèå ïðîèçâîëüíûå ïàðàìåòðû.

1. ut = auxx + bw2, w = u(x, 1
2
t).

1◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = e−λtϕ(x),

ãäå λ�ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ ϕ=ϕ(x) îïèñûâàåòñÿ àâòîíîìíûì
ÎÄÓ âòîðîãî ïîðÿäêà aϕ′′

xx + bϕ2 + λϕ = 0.

2◦. Îá àâòîìîäåëüíîì ðåøåíèè ýòîãî Óð×Ï ñ ïðîïîðöèîíàëüíûì çàïàçäû-

âàíèåì ñì. äàëåå óðàâíåíèå 11.3.1.5 ïðè k = 2, p = 1, q = 1
2 .

2. ut = auxx + bw1/q, w = u(x, qt).

1◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = e−λtϕ(x),

ãäå λ�ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ ϕ=ϕ(x) îïèñûâàåòñÿ àâòîíîìíûì
ÎÄÓ âòîðîãî ïîðÿäêà aϕ′′

xx + bϕ1/q + λϕ = 0.
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2◦. Îá àâòîìîäåëüíîì ðåøåíèè ýòîãî Óð×Ï ñ ïðîïîðöèîíàëüíûì çàïàçäû-

âàíèåì ñì. äàëåå óðàâíåíèå 11.3.1.5 ïðè k = 1/q, p = 1.

3. ut = auxx + bw2, w = u( 1
2
x, t).

1◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = e−λxψ(t),

ãäå λ � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ ψ = ψ(t) îïèñûâàåòñÿ ÎÄÓ

ïåðâîãî ïîðÿäêà ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè ψ′
t = aλ2ψ + bψ2

.

2◦. Îá àâòîìîäåëüíîì ðåøåíèè ýòîãî Óð×Ï ñ ïðîïîðöèîíàëüíûì çàïàçäû-

âàíèåì ñì. äàëåå óðàâíåíèå 11.3.1.5 ïðè k = 2, p = 1
2 , q = 1.

4. ut = auxx + bw1/p, w = u(px, t).

1◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = e−λxψ(t),

ãäå λ � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ ψ = ψ(t) îïèñûâàåòñÿ ÎÄÓ

ïåðâîãî ïîðÿäêà ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè ψ′
t = aλ2ψ + bψ1/p

.

2◦. Îá àâòîìîäåëüíîì ðåøåíèè ýòîãî Óð×Ï ñ ïðîïîðöèîíàëüíûì çàïàçäû-

âàíèåì ñì. äàëåå óðàâíåíèå 11.3.1.5 ïðè k = 1/p, q = 1.

5. ut = auxx + bwk, w = u(px, qt).

1◦. Àâòîìîäåëüíîå ðåøåíèå ïðè k 6= 1:

u(x, t) = t
1

1−k U(z), z = xt−1/2,

ãäå �óíêöèÿ U = U(z) îïèñûâàåòñÿ ÎÄÓ ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì

aU ′′
zz +

1

2
zU ′

z −
1

1− k
U + bq

k
1−k W k = 0, W = U(sz), s = pq−1/2.

2◦. �åøåíèå òèïà áåãóùåé âîëíû ïðè q = p :

u(x, t) = U(z), z = kx− λt,

ãäå k è λ�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ U = U(z) îïèñûâàåòñÿ ÎÄÓ
ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì

ak2U ′′
zz + λU ′

z + bW k = 0, W = U(pz).

6. ut = auxx + bumwk, w = u(px, qt).

1◦. Àâòîìîäåëüíîå ðåøåíèå ïðè k 6= 1−m:

u(x, t) = t
1

1−m−k U(z), z = xt−1/2,
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ãäå �óíêöèÿ U = U(z) îïèñûâàåòñÿ ÎÄÓ ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì

aU ′′
zz +

1

2
zU ′

z −
1

1−m− k
U + bq

k
1−m−k UmW k = 0,

W = U(sz), s = pq−1/2.

2◦. �åøåíèå òèïà áåãóùåé âîëíû ïðè q = p :

u(x, t) = U(z), z = kx− λt,

ãäå k è λ�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ U = U(z) îïèñûâàåòñÿ ÎÄÓ
ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì

ak2U ′′
zz + λU ′

z + bUmW k = 0, W = U(pz).

3◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè óñëîâèè

m = 1− kq :

u(x, t) = eλtϕ(x),

ãäå λ � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ ϕ = ϕ(x) îïèñûâàåòñÿ ÎÄÓ ñ

ïðîïîðöèîíàëüíûì àðãóìåíòîì

aϕ′′
xx − λϕ+ bϕ1−kqϕ̄k = 0, ϕ̄ = ϕ(px).

4◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè óñëîâèè

m = 1− kp :

u(x, t) = eλxψ(t),

ãäå λ � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ ψ = ψ(t) îïèñûâàåòñÿ ÎÄÓ ñ

ïðîïîðöèîíàëüíûì àðãóìåíòîì

ψ′
t = aλ2ψ + bψ1−kpψ̄k, ψ̄ = ψ(qt).

7. ut = auxx + beλw, w = u(px, qt).

×àñòíûé ñëó÷àé óðàâíåíèÿ 11.3.1.8 ïðè µ = 0.

8. ut = auxx + beµu+λw, w = u(px, qt).

Òî÷íîå ðåøåíèå ïðè µ 6= −λ:

u(x, t) = U(z)− 1

µ+ λ
ln t, z = xt−1/2,

ãäå �óíêöèÿ U = U(z) îïèñûâàåòñÿ ÎÄÓ ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì

aU ′′
zz +

1

2
zU ′

z +
1

µ+ λ
+ bq

− λ
µ+λ eµU+λW = 0,

W = U(sz), s = pq−1/2.



11.3. Íåëèíåéíûå Óð×Ï ñ ïðîïîðöèîíàëüíûìè àðãóìåíòàìè 571

9. ut = auxx + u(b lnu+ c lnw + d), w = u(px, qt).

1◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = ϕ(x)ψ(t),

ãäå �óíêöèè ϕ = ϕ(x) è ψ = ψ(t) îïèñûâàþòñÿ ÎÄÓ ñ ïðîïîðöèîíàëüíûì

àðãóìåíòîì

aϕ′′
xx + ϕ(b lnϕ+ c ln ϕ̄) = Kϕ, ϕ̄ = ϕ(px);

ψ′
t = ψ(b lnψ + c ln ψ̄) + (d+K)ψ, ψ̄ = ψ(qt),

K �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

2◦. �åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè p = 1:

u(x, t) = exp[ψ2(t)x
2 + ψ1(t)x+ ψ0(t)],

ãäå �óíêöèè ψn = ψn(t) îïèñûâàþòñÿ ñèñòåìîé ÎÄÓ ñ ïðîïîðöèîíàëüíûì

àðãóìåíòîì

ψ′
2 = 4aψ2

2 + bψ2 + cψ̄2, ψ̄2 = ψ2(qt),

ψ′
1 = 4aψ1ψ2 + bψ1 + cψ̄1, ψ̄1 = ψ1(qt),

ψ′
0 = a(ψ2

1 + 2ψ2) + bψ0 + cψ̄0 + d, ψ̄0 = ψ0(qt).

3◦. �åøåíèå òèïà áåãóùåé âîëíû ïðè q = p:

u(x, t) = U(z), z = kx− λt,

ãäå k è λ�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ U = U(z) îïèñûâàåòñÿ ÎÄÓ
ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì

ak2U ′′
zz + λU ′

z + U(b lnU + c lnW + d) = 0, W = U(pz).

10. ut = auxx + u(b ln2 u+ c lnu+ d lnw + s), w = u(x, qt).

1◦. �åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè ab > 0:

u(x, t) = exp[ψ1(t)ϕ(x) + ψ2(t)],

ϕ(x) = A cos(λx) +B sin(λx), λ =
√
b/a,

ãäå A è B � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè ψn = ψn(t) îïèñûâàþòñÿ
ñèñòåìîé ÎÄÓ ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì

ψ′
1 = 2bψ1ψ2 + (c− b)ψ1 + dψ̄1, ψ̄1 = ψ1(qt),

ψ′
2 = b(A2 +B2)ψ2

1 + bψ2
2 + cψ2 + dψ̄2 + s, ψ̄2 = ψ2(qt).

2◦. �åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè ab < 0:

u(x, t) = exp[ψ1(t)ϕ(x) + ψ2(t)],

ϕ(x) = A ch(λx) +B sh(λx), λ =
√

−b/a,
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ãäå A è B � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè ψn = ψn(t) îïèñûâàþòñÿ
ñèñòåìîé ÎÄÓ ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì

ψ′
1 = 2bψ1ψ2 + (c− b)ψ1 + dψ̄1, ψ̄1 = ψ1(qt),

ψ′
2 = b(A2 −B2)ψ2

1 + bψ2
2 + cψ2 + dψ̄2 + s, ψ̄2 = ψ2(qt).

Ïðè A = ±B èìååì ϕ(x) = Ae±λx. Â ýòîì ñëó÷àå âòîðîå óðàâíåíèå ñèñòåìû

ñòàíîâèòñÿ íåçàâèñèìûì, à ïåðâîå ñòàíîâèòñÿ ëèíåéíûì ïî ψ1.

Óðàâíåíèÿ, ñîäåðæàùèå ïðîèçâîëüíûå �óíêöèè.

13. ut = auxx + f(u− w), w = u(x, qt).

�åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = C1x
2 + C2x+ ψ(t),

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
ïåðâîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì

ψ′
t = 2aC1 + f(ψ − ψ̄), ψ̄ = ψ(qt).

14. ut = auxx + f(u− w), w = u(px, t).

�åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = Ct+ ϕ(x),

ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ ϕ = ϕ(x) îïèñûâàåòñÿ ÎÄÓ

âòîðîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì

aϕ′′
xx − C + f(ϕ− ϕ̄) = 0, ϕ̄ = ϕ(px).

15. ut = auxx + bu+ f(u− w), w = u(x, qt).

1◦. �åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè ab < 0:

u(x, t) = A ch(λx) +B sh(λx) + ψ(t), λ =
√

−b/a,

ãäå A è B �ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ = ψ(t) îïèñûâàåòñÿ ÎÄÓ
ïåðâîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì

ψ′
t = bψ + f(ψ − ψ̄), ψ̄ = ψ(qt). (*)

2◦. �åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè ab > 0:

u(x, t) = A cos(λx) +B sin(λx) + ψ(t), λ =
√
b/a,

ãäå A è B �ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ = ψ(t) îïèñûâàåòñÿ ÎÄÓ
ïåðâîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì (*).
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16. ut = auxx + bu+ f(u− w), w = u(px, t).

�åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = Cebt + ϕ(x),

ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ ϕ = ϕ(x) îïèñûâàåòñÿ ÎÄÓ

âòîðîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì

aϕ′′
xx + bϕ+ f(ϕ− ϕ̄) = 0, ϕ̄ = ϕ(px).

17. ut = auxx + eλuf(u− w), w = u(px, qt).

Òî÷íîå ðåøåíèå:

u(x, t) = U(z)− 1

λ
ln t, z = xt−1/2,

ãäå �óíêöèÿ U =U(z) îïèñûâàåòñÿ ÎÄÓ âòîðîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì

àðãóìåíòîì

aU ′′
zz +

1

2
zU ′

z +
1

λ
+ eλUf

(
U −W +

1

λ
ln q

)
= 0,

W = U(sz), s = pq−1/2.

18. ut = auxx + uf(w/u), w = u(x, qt).

1◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = [A ch(λx) +B sh(λx)]ψ(t),

ãäå A, B, λ�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ =ψ(t) îïèñûâàåòñÿ ÎÄÓ
ïåðâîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì

ψ′
t = aλ2ψ + ψf(ψ̄/ψ), ψ̄ = ψ(qt). (*)

2◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = [A cos(λx) +B sin(λx)]ψ(t),

ãäå A, B, λ�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ =ψ(t) îïèñûâàåòñÿ ÎÄÓ
ïåðâîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì

ψ′
t = −aλ2ψ + ψf(ψ̄/ψ), ψ̄ = ψ(qt).

3◦. Âûðîæäåííîå ðåøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = (Ax+B)ψ(t),

ãäå A è B �ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ = ψ(t) îïèñûâàåòñÿ ÎÄÓ
ïåðâîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì (*) ïðè a = 0.
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19. ut = auxx + uf(w/u), w = u(px, t).

�åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = eλtϕ(x),

ãäå λ � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ ϕ = ϕ(x) îïèñûâàåòñÿ ÎÄÓ

âòîðîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì

aϕ′′
xx + ϕ[f(ϕ̄/ϕ) − λ] = 0, ϕ̄ = ϕ(px).

20. ut = auxx + bu lnu+ uf(w/u), w = u(x, qt).

�åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = ϕ(x)ψ(t),

ãäå �óíêöèè ϕ = ϕ(x) è ψ = ψ(t) îïèñûâàþòñÿ ÎÄÓ âòîðîãî ïîðÿäêà è ÎÄÓ

ïåðâîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì

aϕ′′
xx = Cϕ− bϕ lnϕ,

ψ′
t = Cψ + ψf(ψ̄/ψ) + bψ lnψ, ψ̄ = ψ(qt),

C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

21. ut = auxx + bu lnu+ uf(w/u), w = u(px, t).

�åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = exp(Cebt)ϕ(x),

ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ ϕ = ϕ(x) îïèñûâàåòñÿ ÎÄÓ

âòîðîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì

aϕ′′
xx + bϕ lnϕ+ ϕf(ϕ̄/ϕ) = 0, ϕ̄ = ϕ(px).

◮ Óðàâíåíèÿ, íåëèíåéíûå îòíîñèòåëüíî ïðîèçâîäíûõ.

22. ut = a(ukux)x +uf(w/u), w = u(x, qt).

�åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = ϕ(x)ψ(t),

ãäå �óíêöèè ϕ = ϕ(x) è ψ = ψ(t) îïèñûâàþòñÿ ÎÄÓ âòîðîãî ïîðÿäêà è ÎÄÓ

ïåðâîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì

a(ϕkϕ′
x)

′
x = Cϕ,

ψ′
t = Cψk+1 + ψf

(
ψ̄/ψ

)
, ψ̄ = ψ(qt),

C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.
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23. ut = a(ukux)x + uf(w/u), w = u(px, t).

Òî÷íîå ðåøåíèå:

u(x, t) = e2λtU(z), z = e−kλtx,

ãäå λ � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ U = U(z) îïèñûâàåòñÿ ÎÄÓ

âòîðîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì

2λU − kλzU ′
z = a(UkU ′

z)
′
z + Uf(W/U), W = U(pz).

24. ut = a(ukux)x + buk+1 + uf(w/u), w = u(x, qt).

1◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè óñëîâèè

b(k + 1) > 0:

u(x, t) = [C1 cos(βx) + C2 sin(βx)]
1/(k+1)ψ(t), β =

√
b(k + 1)/a,

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
ïåðâîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì

ψ′
t = ψf

(
ψ̄/ψ

)
, ψ̄ = ψ(qt). (*)

2◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè óñëîâèè

b(k + 1) < 0:

u(x, t) = [C1 exp(−βx) + C2 exp(βx)]
1/(k+1)ψ(t), β =

√
−b(k + 1)/a,

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
ïåðâîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì (*).

3◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè k = −1:

u(x, t) = C1 exp
(
− b

2a
x2 + C2x

)
ψ(t),

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
ïåðâîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì (*).

4◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ, îáîáùàþùåå

ïðåäûäóùèå ðåøåíèÿ:

u(x, t) = ϕ(x)ψ(t),

ãäå �óíêöèè ϕ = ϕ(x) è ψ = ψ(t) îïèñûâàþòñÿ ÎÄÓ âòîðîãî ïîðÿäêà è ÎÄÓ

ïåðâîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì

a(ϕkϕ′
x)

′
x + bϕk+1 = Cϕ,

ψ′
t = Cψk+1 + ψf

(
ψ̄/ψ

)
, ψ̄ = ψ(qt),

C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

25. ut = a(ukux)x + uk+1f(w/u), w = u(x, qt).

Òî÷íîå ðåøåíèå:

u(x, t) = t−1/kϕ(z), z = x+ λ ln t,
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ãäå λ � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ ϕ = ϕ(z) îïèñûâàåòñÿ ÎÄÓ

âòîðîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì

a(ϕkϕ′
z)

′
z − λϕ′

z +
1

k
ϕ+ ϕk+1f(q−1/kϕ̄/ϕ) = 0, ϕ̄ = ϕ(z + λ ln q).

26. ut = a(ukux)x + unf(w/u), w = u(px, qt).

1◦. Àâòîìîäåëüíîå ðåøåíèå:

u(x, t) = t
1

1−n U(z), z = xt
n−k−1
2(1−n) ,

ãäå �óíêöèÿ U =U(z) îïèñûâàåòñÿ ÎÄÓ âòîðîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì

àðãóìåíòîì

1

1− n
U+

n− k − 1

2(1− n)
zU ′

z=a(U
kU ′

z)
′
z+U

nf(W/U), W =U(sz), s=pq
n−k−1
2(1−n) .

2◦. �åøåíèå òèïà áåãóùåé âîëíû ïðè q = p :

u(x, t) = U(z), z = kx− λt,

ãäå k è λ�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ U = U(z) îïèñûâàåòñÿ ÎÄÓ
âòîðîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì

ak2(UkU ′
z)

′
z + λU ′

z + Unf(W/U) = 0, W = U(pz).

27. ut = a(ukux)x + b+ u−kf(uk+1 − wk+1), w = u(x, qt).

�åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) =
[
ψ(t) − b(k + 1)

2a
x2 + C1x+ C2

]1/(k+1)
,

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
ïåðâîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì

ψ′
t = (k + 1)f(ψ − ψ̄

)
, ψ̄ = ψ(qt).

28. ut = a(ukux)x + bu−k + f(uk+1 − wk+1), w = u(px, t).

�åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ:

u =
[
b(k + 1)t+ ϕ(x)

] 1
k+1 ,

ãäå �óíêöèÿ ϕ=ϕ(x) îïèñûâàåòñÿ ÎÄÓ âòîðîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì

àðãóìåíòîì

aϕ′′
xx + (k + 1)f(ϕ − ϕ̄) = 0, ϕ̄ = ϕ(px).

29. ut = a(eλuux)x + f(u− w), w = u(x, qt).

�åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u =
1

λ
ln(Ax2 +Bx+ C) + ψ(t),
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ãäå A, B, C � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ(t) îïèñûâàåòñÿ ÎÄÓ

ïåðâîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì

ψ′ = 2a(A/λ)eλψ + f(ψ − ψ̄), ψ̄ = ψ(qt).

30. ut = a(eλuux)x + beλu + f(u− w), w = u(x, qt).

1◦. �åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè bλ > 0:

u(x, t) =
1

λ
ln[C1 cos(βx) + C2 sin(βx)] + ψ(t), β =

√
bλ/a,

ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ(t) îïèñûâàåòñÿ ÎÄÓ

ïåðâîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì

ψ′
t = f

(
ψ − ψ̄

)
, ψ̄ = ψ(qt). (*)

2◦. �åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè bλ < 0:

u(x, t) =
1

λ
ln[C1 exp(−βx) +C2 exp(βx)] + ψ(t), β =

√
−bλ/a,

ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ(t) îïèñûâàåòñÿ ÎÄÓ

ïåðâîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì (*).

31. ut = a(eλuux)x + eλuf(u− w), w = u(px, t).

�åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = − 1

λ
ln t+ ϕ(x),

ãäå �óíêöèÿ ϕ=ϕ(x) îïèñûâàåòñÿ ÎÄÓ âòîðîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì

àðãóìåíòîì

a(eλϕϕ′
x)

′
x +

1

λ
+ eλϕf(ϕ− ϕ̄) = 0, ϕ̄ = ϕ(px).

32. ut = a(eλuux)x + eµuf(u− w), w = u(px, qt).

Òî÷íîå ðåøåíèå:

u(x, t) = U(z)− 1

µ
ln t, z = xt

λ−µ
2µ ,

ãäå �óíêöèÿ U =U(z) îïèñûâàåòñÿ ÎÄÓ âòîðîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì

àðãóìåíòîì

λ− µ

2µ
zU ′

z −
1

µ
= a(eλUU ′

z)
′
z + eµUf

(
U −W +

1

µ
ln q

)
,

W = U(sz), s = pq
λ−µ
2µ .

33. ut = a(eλuux)x + b+ e−λuf(eλu − eλw), w = u(x, qt).

�åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) =
1

λ
ln
[
ψ(t)− bλ

2a
x2 + C1x+ C2

]
,
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ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ(t) îïèñûâàåòñÿ ÎÄÓ

ïåðâîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì

ψ′
t = λf

(
ψ − ψ̄

)
, ψ̄ = ψ(qt).

34. ut = [(a lnu+ b)ux]x − cu lnu+ uf(w/u), w = u(x, qt).

�åøåíèÿ ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = exp(±
√
c/a x)ψ(t),

ãäå �óíêöèÿ ψ(t) îïèñûâàåòñÿ ÎÄÓ ïåðâîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì

àðãóìåíòîì

ψ′
t = c(1 + b/a)ψ + ψf

(
ψ̄/ψ

)
, ψ̄ = ψ(qt).

35. ut = a[f ′
u(u)ux]x + b+

1

f ′
u(u)

g
((
f(u) − f(w)

))
, w = u(x, qt).

�åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ â íåÿâíîì âèäå:

f(u) = ψ(t)− b

2a
x2 + C1x+ C2,

ãäå �óíêöèÿ ψ(t) îïèñûâàåòñÿ ÎÄÓ ïåðâîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì

àðãóìåíòîì

ψ′
t = g

(
ψ − ψ̄

)
, ψ̄ = ψ(qt).

36. ut = [f ′
u(u)ux]x +

a

f ′

u(u)
+ g(f(u)− f(w)), w = u(px, t).

�åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ â íåÿâíîì âèäå:

f(u) = at+ ϕ(x),

ãäå �óíêöèÿ ϕ=ϕ(x) îïèñûâàåòñÿ ÎÄÓ âòîðîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì

àðãóìåíòîì

ϕ′′
xx + g(ϕ − ϕ̄) = 0, ϕ̄ = ϕ(px).

37. ut = a[f ′
u(u)ux]x + bf(u) +

f(u)

f ′

u(u)
g
((
f(w)/f(u)

))
, w = u(x, qt).

1◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè ab > 0:

f(u) =
[
C1 cos(λx) +C2 sin(λx)

]
ψ(t), λ =

√
b/a,

ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ(t) îïèñûâàåòñÿ ÎÄÓ

ïåðâîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì

ψ′
t = ψg

(
ψ̄/ψ

)
, ψ̄ = ψ(qt). (*)

2◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè ab < 0:

f(u) =
[
C1 exp(−λx) + C2 exp(λx)

]
ψ(t), λ =

√
−b/a,
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ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ(t) îïèñûâàåòñÿ ÎÄÓ

ïåðâîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì (*).

38. ut = [uf ′
u(u)ux]x +

1

f ′

u(u)
[af(u) + bf(w) + c], w = u(px, qt).

�åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ â íåÿâíîì âèäå:

f(u) = ϕ(t)x+ ψ(t),

ãäå �óíêöèè ϕ= ϕ(t) è ψ = ψ(t) îïèñûâàþòñÿ ñèñòåìîé ÎÄÓ ïåðâîãî ïîðÿäêà

ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì

ϕ′
t = aϕ+ bpϕ̄, ϕ̄ = ϕ(qt),

ψ′
t = aψ + bψ̄ + c+ ϕ2, ψ̄ = ψ(qt).

11.3.2. Óðàâíåíèÿ ãèïåðáîëè÷åñêîãî òèïà

◮ Óðàâíåíèÿ, ëèíåéíûå îòíîñèòåëüíî ïðîèçâîäíûõ

1. utt = auxx + bw2, w = u(x, 1
2
t).

1◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = e−λtϕ(x),

ãäå λ�ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ ϕ=ϕ(x) is des
ribed by the se
ond-
order autonomous ODE aϕ′′

xx + bϕ2 − λ2ϕ = 0.

2◦. Îá àâòîìîäåëüíîì ðåøåíèè ýòîãî Óð×Ï ñ ïðîïîðöèîíàëüíûì çàïàçäû-

âàíèåì ñì. äàëåå óðàâíåíèå 11.3.2.4 ïðè k = 2, p = 1, q = 1
2 .

2. utt = auxx + bw1/q, w = u(x, qt).

1◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = e−λtϕ(x),

ãäå λ�ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ ϕ=ϕ(x) îïèñûâàåòñÿ àâòîíîìíûì
ÎÄÓ âòîðîãî ïîðÿäêà aϕ′′

xx + bϕ1/q − λ2ϕ = 0.

2◦. Îá àâòîìîäåëüíîì ðåøåíèè ýòîãî Óð×Ï ñ ïðîïîðöèîíàëüíûì çàïàçäû-

âàíèåì ñì. äàëåå óðàâíåíèå 11.3.2.4 ïðè k = 1/q, p = 1.

3. utt = auxx + bwk, w = u(px, qt).

×àñòíûé ñëó÷àé óðàâíåíèÿ 11.3.2.4 ïðè m = 0.

4. utt = auxx + bumwk, w = u(px, qt).

1◦. Àâòîìîäåëüíîå ðåøåíèå ïðè k +m 6= 1 :

u(x, t) = t
2

1−k−m U(z), z = x/t,
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ãäå �óíêöèÿ U =U(z) îïèñûâàåòñÿ ÎÄÓ âòîðîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì

àðãóìåíòîì

2(1 + k +m)

(1− k−m)2
U − 2(1 + k +m)

1− k −m
zU ′

z + z2U ′′
zz = aU ′′

zz + bq
2k

1−k−m UmW k,

W = U(sz), s = p/q.

2◦. �åøåíèå òèïà áåãóùåé âîëíû ïðè q = p :

u(x, t) = U(z), z = kx− λt,

ãäå k è λ�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ U = U(z) îïèñûâàåòñÿ ÎÄÓ
âòîðîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì

(ak2 − λ2)U ′′
zz + bUmW k = 0, W = U(pz).

3◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè óñëîâèè

m = 1− kq :
u(x, t) = e−λtϕ(x),

ãäå λ � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ ϕ = ϕ(x) îïèñûâàåòñÿ ÎÄÓ

âòîðîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì

aϕ′′
xx − λ2ϕ+ bϕ1−kqϕ̄k = 0, ϕ̄ = ϕ(px).

4◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè óñëîâèè

m = 1− kp :
u(x, t) = eβxψ(t),

ãäå β � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ ψ = ψ(t) îïèñûâàåòñÿ ÎÄÓ

âòîðîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì

ψ′′
tt = aβ2ψ + bψ1−kpψ̄k, ψ̄ = ψ(qt).

5. utt = auxx + beλw, w = u(px, qt).

Òî÷íîå ðåøåíèå:

u(x, t) = U(z)− 2

λ
ln t, z =

x

t
,

ãäå �óíêöèÿ U =U(z) îïèñûâàåòñÿ ÎÄÓ âòîðîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì

àðãóìåíòîì

(z2U ′
z)

′
z +

2

λ
= aU ′′

zz +
b

q2
eλW , W = U(sz), s =

p

q
.

6. utt = auxx + beµu+λw, w = u(px, qt).

Òî÷íîå ðåøåíèå ïðè µ+ λ 6= 0:

u(x, t) = U(z)− 2

µ+ λ
ln t, z =

x

t
,
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ãäå �óíêöèÿ U =U(z) îïèñûâàåòñÿ ÎÄÓ âòîðîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì

àðãóìåíòîì

(z2U ′
z)

′
z +

2

µ+ λ
= aU ′′

zz + bq
− 2λ
µ+λ eµU+λW , W = U(sz), s =

p

q
.

7. utt = auxx + u(b lnu+ c lnw), w = u(px, qt).

�åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = ϕ(x)ψ(t),

ãäå �óíêöèè ϕ = ϕ(x) è ψ = ψ(t) îïèñûâàþòñÿ ÎÄÓ âòîðîãî ïîðÿäêà ñ

ïðîïîðöèîíàëüíûì àðãóìåíòîì

aϕ′′
xx + ϕ(b lnϕ+ c ln ϕ̄) = 0, ϕ̄ = ϕ(px);

ψ′′
tt = ψ(b lnψ + c ln ψ̄), ψ̄ = ψ(qt).

8. utt = auxx + f(u− w), w = u(x, qt).

�åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = C1x
2 + C2x+ ψ(t),

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
âòîðîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì

ψ′′
tt = 2aC1 + f(ψ − ψ̄), ψ̄ = ψ(qt).

9. utt = auxx + f(u− w), w = u(px, t).

�åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = C1t
2 + C2t+ ϕ(x),

ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ϕ = ϕ(x) îïèñûâàåòñÿ
ÎÄÓ âòîðîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì

aϕ′′
xx − 2C1 + f(ϕ− ϕ̄) = 0, ϕ̄ = ϕ(px).

10. utt = auxx + bu+ f(u− w), w = u(x, qt).

1◦. �åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè ab < 0:

u(x, t) = A ch(λx) +B sh(λx) + ψ(t), λ =
√

−b/a,

ãäå A è B �ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ = ψ(t) îïèñûâàåòñÿ ÎÄÓ
âòîðîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì

ψ′′
tt = bψ + f(ψ − ψ̄), ψ̄ = ψ(qt). (*)
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2◦. �åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè ab > 0:

u(x, t) = A cos(λx) +B sin(λx) + ψ(t), λ =
√
b/a,

ãäå A è B �ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ = ψ(t) îïèñûâàåòñÿ ÎÄÓ
âòîðîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì (*).

11. utt = auxx + eλuf(u− w), w = u(px, qt).

Òî÷íîå ðåøåíèå:

u(x, t) = U(z) − 2

λ
ln t, z =

x

t
,

ãäå �óíêöèÿ U =U(z) îïèñûâàåòñÿ ÎÄÓ âòîðîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì

àðãóìåíòîì

(z2U ′
z)

′
z +

2

λ
= aU ′′

zz + eλUf
(
U −W +

2

λ
ln q

)
= 0,

W = U(sz), s = p/q.

12. utt = auxx + uf(w/u), w = u(px, t).

1◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = (Ae−λt +Beλt)ϕ(x),

ãäå A, B, λ�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ϕ=ϕ(x) îïèñûâàåòñÿ ÎÄÓ
âòîðîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì

aϕ′′
xx + ϕ[f(ϕ̄/ϕ) − λ2] = 0, ϕ̄ = ϕ(px).

2◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = [A cos(λt) +B sin(λt)]ϕ(x),

ãäå A, B, λ�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ϕ=ϕ(x) îïèñûâàåòñÿ ÎÄÓ
âòîðîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì

aϕ′′
xx + ϕ[f(ϕ̄/ϕ) + λ2] = 0, ϕ̄ = ϕ(px).

◮ Óðàâíåíèÿ, íåëèíåéíûå îòíîñèòåëüíî ïðîèçâîäíûõ.

13. utt = a(ukux)x +uf(w/u), w = u(x, qt).

�åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = ϕ(x)ψ(t),

ãäå �óíêöèè ϕ = ϕ(x) è ψ = ψ(t) îïèñûâàþòñÿ ÎÄÓ è ÎÄÓ ñ ïðîïîðöèîíàëü-

íûì àðãóìåíòîì

a(ϕkϕ′
x)

′
x = bϕ,

ψ′′
tt = bψk+1 + ψf

(
ψ̄/ψ

)
, ψ̄ = ψ(qt),

b�ïðîèçâîëüíàÿ ïîñòîÿííàÿ.
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14. utt = a(ukux)x + uf(w/u), w = u(px, t).

Òî÷íîå ðåøåíèå:

u(x, t) = e2λtU(z), z = e−kλtx,

ãäå λ � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ U = U(z) îïèñûâàåòñÿ ÎÄÓ ñ

ïðîïîðöèîíàëüíûì àðãóìåíòîì

4λ2U − 4kλ2zU ′
z + k2λ2z(zU ′

z)
′
z = a(UkU ′

z)
′
z + Uf(W/U), W = U(pz).

15. utt = a(ukux)x + buk+1 + uf(w/u), w = u(x, qt).

1◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè óñëîâèè

b(k + 1) > 0:

u(x, t) = [C1 cos(βx) + C2 sin(βx)]
1/(k+1)ψ(t), β =

√
b(k + 1)/a,

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
âòîðîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì

ψ′′
tt = ψf

(
ψ̄/ψ

)
, ψ̄ = ψ(qt). (*)

2◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè óñëîâèè

b(k + 1) < 0:

u(x, t) = [C1 exp(−βx) + C2 exp(βx)]
1/(k+1)ψ(t), β =

√
−b(k + 1)/a,

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
âòîðîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì (*).

3◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ with k = −1:

u(x, t) = C1 exp
(
− b

2a
x2 + C2x

)
ψ(t),

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
âòîðîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì (*).

4◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ, îáîáùàþùåå

ïðåäûäóùèå ðåøåíèÿ:

u(x, t) = ϕ(x)ψ(t),

ãäå �óíêöèè ϕ = ϕ(x) è ψ = ψ(t) îïèñûâàþòñÿ ÎÄÓ âòîðîãî ïîðÿäêà è ÎÄÓ

ïåðâîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì

a(ϕkϕ′
x)

′
x + bϕk+1 = Cϕ,

ψ′′
tt = Cψk+1 + ψf

(
ψ̄/ψ

)
, ψ̄ = ψ(qt),

C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

16. utt = a(ukux)x + uk+1f(w/u), w = u(x, qt).

Òî÷íîå ðåøåíèå:

u(x, t) = t−2/kϕ(z), z = x+ λ ln t,
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ãäå λ � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ ϕ = ϕ(z) îïèñûâàåòñÿ ÎÄÓ

âòîðîãî ïîðÿäêà ñ ïîñòîÿííûì çàïàçäûâàíèåì

2(k + 2)

k2
ϕ− λ

k + 4

k
ϕ′
z + λ2ϕ′′

zz = a(ϕkϕ′
z)

′
z + ϕk+1f(q−2/kϕ̄/ϕ),

ϕ̄ = ϕ(z + λ ln q) (λ ln q < 0).

17. utt = a(ukux)x + unf(w/u), w = u(px, qt).

1◦. Àâòîìîäåëüíîå ðåøåíèå ïðè n 6= 1:

u(x, t) = t
2

1−n U(z), z = xt
n−k−1
1−n ,

ãäå �óíêöèÿ U =U(z) îïèñûâàåòñÿ ÎÄÓ âòîðîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì

àðãóìåíòîì

2(1 + n)

(1− n)2
U +

(n− k − 1)(2n− k + 2)

(1− n)2
zU ′

z +
(n− k − 1)2

(1− n)2
z2U ′′

zz =

= a(UkU ′
z)

′
z + Unf(q

2
1−nW/U), W = U(sz), s = pq

n−k−1
1−n .

2◦. �åøåíèå òèïà áåãóùåé âîëíû ïðè q = p :

u(x, t) = U(z), z = kx− λt,

ãäå k è λ�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ U = U(z) îïèñûâàåòñÿ ÎÄÓ
âòîðîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì

ak2(UkU ′
z)

′
z − λ2U ′′

zz + Unf(W/U) = 0, W = U(pz).

18. utt = a(eλuux)x + f(u− w), w = u(x, qt).

�åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) =
1

λ
ln(Ax2 +Bx+ C) + ψ(t),

ãäå A, B, C�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
âòîðîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì

ψ′′
tt = 2a(A/λ)eλψ + f

(
ψ − ψ̄

)
, ψ̄ = ψ(qt).

19. utt = a(eλuux)x + eµuf(u− w), w = u(px, qt).

Òî÷íîå ðåøåíèå:

u(x, t) = U(z)− 2

µ
ln t, z = xt

λ−µ
µ ,

ãäå �óíêöèÿ U =U(z) îïèñûâàåòñÿ ÎÄÓ âòîðîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì

àðãóìåíòîì

2

µ
+

µ− λ

µ
zU ′

z +
(λ− µ)2

µ2
z(zU ′

z)
′
z = a(eλUU ′

z)
′
z + eµUf

(
U −W +

2

µ
ln q

)
,

W = U(sz), s = pq
λ−µ
µ .
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11.4. Ôóíêöèîíàëüíî-äè��åðåíöèàëüíûå Óð×Ï ñ

àðãóìåíòàìè îáùåãî âèäà

Â ýòîì ðàçäåëå ïðåäïîëàãàåòñÿ, ÷òî f = f(z) è g = g(z) � ïðîèçâîëüíûå

�óíêöèè, ξ(x) è η(t)�ìîíîòîííî âîçðàñòàþùèå �óíêöèè, u=u(x, t)�èñêîìàÿ
�óíêöèÿ.

11.4.1. Óðàâíåíèÿ ïàðàáîëè÷åñêîãî òèïà

◮ Óðàâíåíèÿ, ëèíåéíûå îòíîñèòåëüíî ïðîèçâîäíûõ

1. ut = auxx +u(b lnu+ c lnw+ d), w = u(ξ(x), η(t)).

�åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = ϕ(x)ψ(t),

ãäå �óíêöèè ϕ = ϕ(x) è ψ = ψ(t) îïèñûâàþòñÿ ÎÄÓ ñ ïåðåìåííûìè àðãóìåí-

òàìè

aϕ′′
xx + ϕ(b lnϕ+ c ln ϕ̄−K) = 0, ϕ̄ = ϕ(ξ(x));

ψ′
t = ψ(b lnψ + c ln ψ̄ + d+K), ψ̄ = ψ(η(t)),

K �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

2. ut = auxx + u(b lnu+ c lnw + d), w = u(x, η(t)).

�åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = exp[ψ2(t)x
2 + ψ1(t)x+ ψ0(t)],

ãäå �óíêöèè ψn = ψn(t) îïèñûâàåòñÿ ñèñòåìîé ÎÄÓ ñ ïåðåìåííûìè àðãóìåí-

òàìè

ψ′
2 = 4aψ2

2 + bψ2 + cψ̄2, ψ̄2 = ψ2(η(t)),

ψ′
1 = 4aψ1ψ2 + bψ1 + cψ̄1, ψ̄1 = ψ1(η(t)),

ψ′
0 = a(ψ2

1 + 2ψ2) + bψ0 + cψ̄0 + d, ψ̄0 = ψ0(η(t)).

3. ut = auxx + u(b ln2 u+ c lnu+ d lnw + s), w = u(x, η(t)).

1◦. �åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè ab > 0:

u(x, t) = exp[ψ1(t)ϕ(x) + ψ2(t)],

ϕ(x) = A cos(λx) +B sin(λx), λ =
√
b/a,

ãäå A è B � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè ψn = ψn(t) îïèñûâàåòñÿ
ñèñòåìîé ÎÄÓ ñ ïåðåìåííûìè àðãóìåíòàìè

ψ′
1 = 2bψ1ψ2 + (c− b)ψ1 + dψ̄1, ψ̄1 = ψ1(η(t)),

ψ′
2 = b(A2 +B2)ψ2

1 + bψ2
2 + cψ2 + dψ̄2 + s, ψ̄2 = ψ2(η(t)).
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2◦. �åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè ab < 0:

u(x, t) = exp[ψ1(t)ϕ(x) + ψ2(t)],

ϕ(x) = A ch(λx) +B sh(λx), λ =
√

−b/a,
ãäå A è B � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèè ψn = ψn(t) îïèñûâàåòñÿ
ñèñòåìîé ÎÄÓ ñ ïåðåìåííûìè àðãóìåíòàìè

ψ′
1 = 2bψ1ψ2 + (c− b)ψ1 + dψ̄1, ψ̄1 = ψ1(η(t)),

ψ′
2 = b(A2 −B2)ψ2

1 + bψ2
2 + cψ2 + dψ̄2 + s, ψ̄2 = ψ2(η(t)).

Ïðè A = ±B èìååì ϕ(x) = Ae±λx. Â ýòîì ñëó÷àå âòîðîå óðàâíåíèå ñèñòåìû

ñòàíîâèòñÿ íåçàâèñèìûì, à ïåðâîå ñòàíîâèòñÿ ëèíåéíûì ïî ψ1.

4. ut = auxx + f(u− w), w = u(x, η(t)).

�åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = C1x
2 + C2x+ ψ(t),

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
ñ ïåðåìåííûì àðãóìåíòîì

ψ′
t = 2aC1 + f(ψ − ψ̄), ψ̄ = ψ(η(t)).

5. ut = auxx + bu+ f(u− w), w = u(x, η(t)).

1◦. �åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè ab < 0:

u(x, t) = A ch(λx) +B sh(λx) + ψ(t), λ =
√

−b/a,
ãäå A è B �ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ = ψ(t) îïèñûâàåòñÿ ÎÄÓ
ñ ïåðåìåííûì àðãóìåíòîì

ψ′
t = bψ + f(ψ − ψ̄), ψ̄ = ψ(η(t)). (*)

2◦. �åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè ab > 0:

u(x, t) = A cos(λx) +B sin(λx) + ψ(t), λ =
√
b/a,

ãäå A è B �ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ = ψ(t) îïèñûâàåòñÿ ÎÄÓ
ñ ïåðåìåííûì àðãóìåíòîì (*).

6. ut = auxx + uf(w/u), w = u(x, η(t)).

1◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = [A ch(λx) +B sh(λx)]ψ(t),

ãäå A, B, λ�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ =ψ(t) îïèñûâàåòñÿ ÎÄÓ
ñ ïåðåìåííûì àðãóìåíòîì

ψ′
t = aλ2ψ + ψf(ψ̄/ψ), ψ̄ = ψ(η(t)). (*)
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2◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = [A cos(λx) +B sin(λx)]ψ(t),

ãäå A, B, λ�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ =ψ(t) îïèñûâàåòñÿ ÎÄÓ
ñ ïåðåìåííûì àðãóìåíòîì

ψ′
t = −aλ2ψ + ψf(ψ̄/ψ), ψ̄ = ψ(η(t)).

3◦. Âûðîæäåííîå ðåøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = (Ax+B)ψ(t),

ãäå A è B �ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ = ψ(t) îïèñûâàåòñÿ ÎÄÓ
ñ ïåðåìåííûì àðãóìåíòîì (*) ïðè a = 0.

7. ut = auxx + bu lnu+ uf(w/u), w = u(x, η(t)).

�åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = ϕ(x)ψ(t),

ãäå �óíêöèè ϕ = ϕ(x) è ψ = ψ(t) îïèñûâàþòñÿ ÎÄÓ è ÎÄÓ ñ ïåðåìåííûì

àðãóìåíòîì

aϕ′′
xx = C1ϕ− bϕ lnϕ,

ψ′
t = C1ψ + ψf(ψ̄/ψ) + bψ lnψ, ψ̄ = ψ(η(t)),

C1�ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Ïåðâîå ÎÄÓ äëÿ ϕ àâòîíîìíî, åãî îáùåå ðåøå-

íèå ìîæíî ïîëó÷èòü â íåÿâíîì âèäå. ×àñòíîå îäíîïàðàìåòðè÷åñêîå ðåøåíèå

ýòîãî óðàâíåíèÿ ìîæåò áûòü ïðåäñòàâëåíî â ÿâíîì âèäå

ϕ = exp
[
− b

4a
(x+ C2)

2 +
C1

b
+

1

2

]
,

ãäå C2�ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

8. ut = auxx + f(u− w), w = u(ξ(x), t).

�åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = Ct+ ϕ(x),

ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ ϕ = ϕ(x) îïèñûâàåòñÿ ÎÄÓ

âòîðîãî ïîðÿäêà ñ ïåðåìåííûì àðãóìåíòîì

aϕ′′
xx − C + f(ϕ− ϕ̄) = 0, ϕ̄ = ϕ(ξ(x)).

9. ut = auxx + bu+ f(u− w), w = u(ξ(x), t).

�åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = Cebt + ϕ(x),
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ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ ϕ = ϕ(x) îïèñûâàåòñÿ ÎÄÓ

âòîðîãî ïîðÿäêà ñ ïåðåìåííûì àðãóìåíòîì

aϕ′′
xx + bϕ+ f(ϕ− ϕ̄) = 0, ϕ̄ = ϕ(ξ(x)).

10. ut = auxx + uf(w/u), w = u(ξ(x), t).

�åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = eλtϕ(x),

ãäå λ � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ ϕ = ϕ(x) îïèñûâàåòñÿ ÎÄÓ

âòîðîãî ïîðÿäêà ñ ïåðåìåííûì àðãóìåíòîì

aϕ′′
xx + ϕ[f(ϕ̄/ϕ)− λ] = 0, ϕ̄ = ϕ(ξ(x)).

11. ut = auxx + bu lnu+ uf(w/u), w = u(ξ(x), t).

�åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = exp(Cebt)ϕ(x),

ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ ϕ = ϕ(x) îïèñûâàåòñÿ ÎÄÓ

âòîðîãî ïîðÿäêà ñ ïåðåìåííûì àðãóìåíòîì

aϕ′′
xx + bϕ lnϕ+ ϕf(ϕ̄/ϕ) = 0, ϕ̄ = ϕ(ξ(x)).

◮ Óðàâíåíèÿ, íåëèíåéíûå îòíîñèòåëüíî ïðîèçâîäíûõ.

12. ut = a(ukux)x +uf(w/u), w = u(x, η(t)).

�åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = ϕ(x)ψ(t),

ãäå �óíêöèè ϕ = ϕ(x) è ψ = ψ(t) îïèñûâàþòñÿ ÎÄÓ è ÎÄÓ ñ ïåðåìåííûì

àðãóìåíòîì

a(ϕkϕ′
x)

′
x = Cϕ,

ψ′
t = Cψk+1 + ψf(ψ̄/ψ), ψ̄ = ψ(η(t));

C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

13. ut = a(ukux)x + buk+1 + uf(w/u), w = u(x, η(t)).

1◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè óñëîâèè

b(k + 1) > 0:

u(x, t) = [C1 cos(βx) + C2 sin(βx)]
1/(k+1)ψ(t), β =

√
b(k + 1)/a,
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ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
ñ ïåðåìåííûì àðãóìåíòîì

ψ′
t = ψf(ψ̄)/ψ), ψ̄ = ψ(η(t)). (*)

2◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè óñëîâèè

b(k + 1) < 0:

u(x, t) = [C1 exp(−βx) + C2 exp(βx)]
1/(k+1)ψ(t), β =

√
−b(k + 1)/a,

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
ñ ïåðåìåííûì àðãóìåíòîì (*).

3◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè k = −1:

u(x, t) = C1 exp
(
− b

2a
x2 + C2x

)
ψ(t),

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
ñ ïåðåìåííûì àðãóìåíòîì (*).

4◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ, îáîáùàþùåå

ïðåäûäóùèå ðåøåíèÿ:

u(x, t) = ϕ(x)ψ(t),

ãäå �óíêöèè ϕ = ϕ(x) è ψ = ψ(t) îïèñûâàþòñÿ ÎÄÓ âòîðîãî ïîðÿäêà è ÎÄÓ

ïåðâîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì

a(ϕkϕ′
x)

′
x + bϕk+1 = Cϕ,

ψ′
t = Cψk+1 + ψf

(
ψ̄/ψ

)
, ψ̄ = ψ(η(t)),

C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

14. ut = a(ukux)x + b+ u−kf(uk+1 − wk+1), w = u(x, η(t)).

�åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) =
[
ψ(t) − b(k + 1)

2a
x2 + C1x+ C2

]1/(k+1)
,

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
ïåðâîãî ïîðÿäêà ñ ïåðåìåííûì àðãóìåíòîì

ψ′
t = (k + 1)f(ψ − ψ̄), ψ̄ = ψ(η(t)).

15. ut = a(ukux)x + bu−k + f(uk+1 − wk+1), w = u(ξ(x), t).

�åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ

u =
[
b(k + 1)t+ ϕ(x)

] 1
k+1 ,
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ãäå �óíêöèÿ ϕ = ϕ(x) îïèñûâàåòñÿ ÎÄÓ âòîðîãî ïîðÿäêà ñ ïåðåìåííûì àðãó-

ìåíòîì

aϕ′′
xx + (k + 1)f(ϕ− ϕ̄) = 0, ϕ̄ = ϕ(ξ(x)).

16. ut = a(ukux)x + buk−2n+1 + u1−nf(un −wn), w = u(x, η(t)).

�åøåíèÿ òèïà îáîáùåííîé áåãóùåé âîëíû ïðè b(n− k − 1) > 0:

u = [±λx+ ψ(t)]1/n, λ =

√
bn2

a(n− k − 1)
,

ãäå �óíêöèÿ ψ = ψ(t) îïèñûâàåòñÿ ÎÄÓ ñ ïåðåìåííûì àðãóìåíòîì

ψ′
t = nf(ψ − ψ̄), ψ̄ = ψ(η(t)).

17. ut = a(eλuux)x + f(u− w), w = u(x, η(t)).

�åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) =
1

λ
ln(Ax2 +Bx+ C) + ψ(t),

ãäå A, B, C�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
ñ ïåðåìåííûì àðãóìåíòîì

ψ′
t = 2a(A/λ)eλψ + f(ψ − ψ̄), ψ̄ = ψ(η(t)).

18. ut = a(eλuux)x + beλu + f(u− w), w = u(x, η(t)).

1◦. �åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè bλ > 0:

u(x, t) =
1

λ
ln[C1 cos(βx) + C2 sin(βx)] + ψ(t), β =

√
bλ/a,

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
ñ ïåðåìåííûì àðãóìåíòîì

ψ′
t = f(ψ − ψ̄), ψ̄ = ψ(η(t)). (*)

2◦. �åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè bλ < 0:

u(x, t) =
1

λ
ln[C1 exp(−βx) +C2 exp(βx)] + ψ(t), β =

√
−bλ/a,

ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ(t) îïèñûâàåòñÿ ÎÄÓ ñ

ïåðåìåííûì àðãóìåíòîì (*).

19. ut = a(eλuux)x + b+ e−λuf(eλu − eλw), w = u(x, η(t)).

�åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) =
1

λ
ln
[
ψ(t)− bλ

2a
x2 + C1x+ C2

]
,
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ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
ñ ïåðåìåííûì àðãóìåíòîì

ψ′
t = λf(ψ − ψ̄), ψ̄ = ψ(η(t)).

20. ut = a(eβuux)x+be
(β−2γ)u+e−γuf(eγu−eγw), w= u(x, η(t)).

�åøåíèÿ ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè b(γ − β) > 0:

u =
1

γ
ln[λx+ ψ(t)], λ = ±

√
bγ2

a(γ − β)
,

ãäå �óíêöèÿ ψ = ψ(t) îïèñûâàåòñÿ ÎÄÓ ñ ïåðåìåííûì àðãóìåíòîì

ψ′
t = γf(ψ − ψ̄), ψ̄ = ψ(η(t)).

21. ut = [(a lnu+ b)ux]x − cu lnu+ uf(w/u), w = u(x, η(t)).

�åøåíèÿ ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = exp(±
√
c/a x)ψ(t),

ãäå �óíêöèÿ ψ = ψ(t) îïèñûâàåòñÿ ÎÄÓ ñ ïåðåìåííûì àðãóìåíòîì

ψ′
t = c(1 + b/a)ψ + ψf(ψ̄/ψ), ψ̄ = ψ(η(t)).

22. ut = a[f ′
u(u)ux]x + b+

1

f ′

u(u)
g
((
f(u) − f(w)

))
, w = u(x, η(t)).

�åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ â íåÿâíîì âèäå:

f(u) = ψ(t)− b

2a
x2 + C1x+ C2,

ãäå �óíêöèÿ ψ = ψ(t) îïèñûâàåòñÿ ÎÄÓ ñ ïåðåìåííûì àðãóìåíòîì

ψ′
t = g(ψ − ψ̄), ψ̄ = ψ(η(t)).

23. ut = a[f ′
u(u)ux]x + bf(u) +

f(u)

f ′

u(u)
g
((
f(w)

f(u)

))
, w = u(x, η(t)).

1◦. �åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ â íåÿâíîì âèäå

ïðè ab > 0:

f(u) =
[
C1 cos(λx) +C2 sin(λx)

]
ψ(t), λ =

√
b/a,

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
ñ ïåðåìåííûì àðãóìåíòîì

ψ′
t = ψg

(
ψ̄/ψ

)
, ψ̄ = ψ(η(t)). (*)

2◦. �åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ â íåÿâíîì âèäå

ïðè ab < 0:

f(u) =
[
C1 exp(−λx) + C2 exp(λx)

]
ψ(t), λ =

√
−b/a,
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ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
ñ ïåðåìåííûì àðãóìåíòîì (*).

24. ut = a[uf ′
u(u)ux]x +

1

f ′

u(u)
[bf(u)+ cf(w)+ d], w = u(x, η(t)).

�åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ â íåÿâíîì âèäå:

f(u) = ϕ(t)x+ ψ(t),

ãäå �óíêöèè ϕ= ϕ(t) è ψ = ψ(t) îïèñûâàþòñÿ ÎÄÓ ñ ïåðåìåííûì àðãóìåíòîì

ϕ′
t = bϕ+ cϕ̄, ϕ̄ = ϕ(η(t)),

ψ′
t = bψ + cψ̄ + d+ aϕ2, ψ̄ = ψ(η(t)).

25. ut = a(eλuux)x + eλuf(u− w), w = u(ξ(x), t).

�åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = − 1

λ
ln t+ ϕ(x),

ãäå �óíêöèÿ ϕ = ϕ(x) îïèñûâàåòñÿ ÎÄÓ ñ ïåðåìåííûì àðãóìåíòîì

a(eλϕϕ′
x)

′
x +

1

λ
+ eλϕf(ϕ− ϕ̄) = 0, ϕ̄ = ϕ(ξ(x)).

26. ut = a(ukux)x + uk+1f(w/u), w = u(ξ(x), t).

�åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = t−1/kϕ(x),

ãäå �óíêöèÿ ϕ = ϕ(x) îïèñûâàåòñÿ ÎÄÓ ñ ïåðåìåííûì àðãóìåíòîì

a(ϕkϕ′
x)

′
x +

1

k
ϕ+ ϕk+1f(ϕ̄/ϕ) = 0, ϕ̄ = ϕ(ξ(x)).

27. ut = [f ′
u(u)ux]x +

a

f ′

u(u)
+ g(f(u)− f(w)), w = u(ξ(x), t).

�åøåíèå ñ �óíêöèîíàëüíûì ðàçäåëåíèåì ïåðåìåííûõ â íåÿâíîì âèäå:

f(u) = at+ ϕ(x),

ãäå �óíêöèÿ ϕ = ϕ(x) îïèñûâàåòñÿ ÎÄÓ ñ ïåðåìåííûì àðãóìåíòîì

ϕ′′
xx + g(ϕ − ϕ̄) = 0, ϕ̄ = ϕ(ξ(x)).
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11.4.2. Óðàâíåíèÿ ãèïåðáîëè÷åñêîãî òèïà

◮ Óðàâíåíèÿ, ëèíåéíûå îòíîñèòåëüíî ïðîèçâîäíûõ

1. utt = auxx +u(b lnu+ c lnw+ d), w = u(ξ(x), η(t)).

�åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = ϕ(x)ψ(t),

ãäå �óíêöèè ϕ=ϕ(x) è ψ=ψ(t) îïèñûâàþòñÿ ÎÄÓ ñ ïåðåìåííûì àðãóìåíòîì

aϕ′′
xx + ϕ(b lnϕ+ c ln ϕ̄−K) = 0, ϕ̄ = ϕ(ξ(x));

ψ′′
tt = ψ(b lnψ + c ln ψ̄ + d+K), ψ̄ = ψ(η(t)),

K �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

2. utt = auxx + uf(w/u), w = u(x, η(t)).

1◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = [A ch(λx) +B sh(λx)]ψ(t),

ãäå A, B, λ�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ =ψ(t) îïèñûâàåòñÿ ÎÄÓ
ñ ïåðåìåííûì àðãóìåíòîì

ψ′′
tt = aλ2ψ + ψf(ψ̄/ψ), ψ̄ = ψ(η(t)). (*)

2◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = [A cos(λx) +B sin(λx)]ψ(t),

ãäå A, B, λ�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ =ψ(t) îïèñûâàåòñÿ ÎÄÓ
ñ ïåðåìåííûì àðãóìåíòîì

ψ′′
tt = −aλ2ψ + ψf(ψ̄/ψ), ψ̄ = ψ(η(t)).

3◦. Âûðîæäåííîå ðåøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = (Ax+B)ψ(t),

ãäå A è B, à �óíêöèÿ ψ = ψ(t) îïèñûâàåòñÿ ÎÄÓ ñ ïåðåìåííûì àðãóìåíòîì

(*) with λ = 0.

3. utt = auxx + uf(w/u), w = u(ξ(x), t).

1◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = [A ch(λt) +B sh(λt)]ϕ(x),

ãäå A, B, λ�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ϕ=ϕ(x) îïèñûâàåòñÿ ÎÄÓ
ñ ïåðåìåííûì àðãóìåíòîì

aϕ′′
xx − λ2ϕ+ ϕf(ϕ̄/ϕ) = 0, ϕ̄ = ϕ(ξ(x)). (*)
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2◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = [A cos(λt) +B sin(λt)]ϕ(x),

ãäå A, B, λ�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ϕ=ϕ(x) îïèñûâàåòñÿ ÎÄÓ
ñ ïåðåìåííûì àðãóìåíòîì

aϕ′′
xx + λ2ϕ+ ϕf(ϕ̄/ϕ) = 0, ϕ̄ = ϕ(ξ(x)).

3◦. Degenerate solution with multipli
ative separation of variables:

u(x, t) = (At+B)ϕ(x),

ãäå A è B�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ϕ = ϕ(x) îïèñûâàåòñÿ ÎÄÓ
ñ ïåðåìåííûì àðãóìåíòîì (*) with λ = 0.

4. utt = auxx + f(u− w), w = u(x, η(t)).

�åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = C1x
2 + C2x+ ψ(t),

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
ñ ïåðåìåííûì àðãóìåíòîì

ψ′′
tt = 2aC1 + f(ψ − ψ̄), ψ̄ = ψ(η(t)).

5. utt = auxx + bu lnu+ uf(w/u), w = u(x, η(t)).

�åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = ϕ(x)ψ(t),

ãäå �óíêöèè ϕ = ϕ(x) è ψ = ψ(t) îïèñûâàþòñÿ ÎÄÓ è ÎÄÓ ñ ïåðåìåííûì

àðãóìåíòîì

aϕ′′
xx = C1ϕ− bϕ lnϕ,

ψ′′
tt = C1ψ + ψf(ψ̄/ψ) + bψ lnψ, ψ̄ = ψ(η(t)),

C1�ïðîèçâîëüíàÿ ïîñòîÿííàÿ. ×àñòíîå îäíîïàðàìåòðè÷åñêîå ðåøåíèå ïåðâîãî

ÎÄÓ ìîæíî ïðåäñòàâèòü â ÿâíîì âèäå

ϕ = exp
[
− b

4a
(x+ C2)

2 +
C1

b
+

1

2

]
,

ãäå C2�ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

6. utt = auxx + bu+ f(u− w), w = u(x, η(t)).

1◦. �åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè ab < 0:

u(x, t) = A ch(λx) +B sh(λx) + ψ(t), λ =
√

−b/a,
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ãäå A è B �ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ = ψ(t) îïèñûâàåòñÿ ÎÄÓ
ñ ïåðåìåííûì àðãóìåíòîì

ψ′′
tt = bψ + f(ψ − ψ̄), ψ̄ = ψ(η(t)). (*)

2◦. �åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè ab > 0:

u(x, t) = A cos(λx) +B sin(λx) + ψ(t), λ =
√
b/a,

ãäå A è B �ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ = ψ(t) îïèñûâàåòñÿ ÎÄÓ
ñ ïåðåìåííûì àðãóìåíòîì (*).

7. utt = auxx + f(u− w), w = u(ξ(x), t).

�åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = C1t
2 + C2t+ ϕ(x),

ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à �óíêöèÿ ϕ = ϕ(x) îïèñûâàåòñÿ ÎÄÓ ñ

ïåðåìåííûì àðãóìåíòîì

aϕ′′
xx − 2C1 + f(ϕ− ϕ̄) = 0, ϕ̄ = ϕ(ξ(x)).

◮ Óðàâíåíèÿ, íåëèíåéíûå îòíîñèòåëüíî ïðîèçâîäíûõ.

8. utt = a(ukux)x +uf(w/u), w = u(x, η(t)).

�åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = ϕ(x)ψ(t),

ãäå �óíêöèè ϕ = ϕ(x) è ψ = ψ(t) îïèñûâàþòñÿ ÎÄÓ è ÎÄÓ ñ ïåðåìåííûì

àðãóìåíòîì

a(ϕkϕ′
x)

′
x = bϕ,

ψ′′
tt = bψk+1 + ψf(ψ̄/ψ), ψ̄ = ψ(η(t));

b�ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

9. utt = a(ukux)x + buk+1 + uf(w/u), w = u(x, η(t)).

1◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè óñëîâèè

b(k + 1) > 0:

u(x, t) = [C1 cos(βx) + C2 sin(βx)]
1/(k+1)ψ(t), β =

√
b(k + 1)/a,

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
ñ ïåðåìåííûì àðãóìåíòîì

ψ′′
tt = ψf(ψ̄/ψ), ψ̄ = ψ(η(t)). (*)

2◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè óñëîâèè

b(k + 1) < 0:

u(x, t) = [C1 exp(−βx) + C2 exp(βx)]
1/(k+1)ψ(t), β =

√
−b(k + 1)/a,

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
ñ ïåðåìåííûì àðãóìåíòîì (*).
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3◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè k = −1:

u(x, t) = C1 exp
(
− b

2a
x2 + C2x

)
ψ(t),

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
ñ ïåðåìåííûì àðãóìåíòîì (*).

4◦. �åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ, îáîáùàþùåå

ïðåäûäóùèå ðåøåíèÿ:

u(x, t) = ϕ(x)ψ(t),

ãäå �óíêöèè ϕ = ϕ(x) è ψ = ψ(t) îïèñûâàþòñÿ ÎÄÓ âòîðîãî ïîðÿäêà è ÎÄÓ

ïåðâîãî ïîðÿäêà ñ ïðîïîðöèîíàëüíûì àðãóìåíòîì

a(ϕkϕ′
x)

′
x + bϕk+1 = Cϕ,

ψ′′
tt = Cψk+1 + ψf

(
ψ̄/ψ

)
, ψ̄ = ψ(η(t)),

C �ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

10. utt = a(eλuux)x + f(u− w), w = u(x, η(t)).

�åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) =
1

λ
ln(Ax2 +Bx+ C) + ψ(t),

ãäå A, B, C�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
ñ ïåðåìåííûì àðãóìåíòîì

ψ′′
tt = 2a(A/λ)eλψ + f(ψ − ψ̄), ψ̄ = ψ(η(t)).

11. utt = a(eλuux)x + beλu + f(u− w), w = u(x, η(t)).

1◦. �åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè bλ > 0:

u(x, t) =
1

λ
ln[C1 cos(βx) + C2 sin(βx)] + ψ(t), β =

√
bλ/a,

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
ñ ïåðåìåííûì àðãóìåíòîì

ψ′′
tt = f(ψ − ψ̄), ψ̄ = ψ(η(t)). (*)

2◦. �åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ ïðè bλ < 0:

u(x, t) =
1

λ
ln[C1 exp(−βx) +C2 exp(βx)] + ψ(t), β =

√
−bλ/a,

ãäå C1 è C2�ïðîèçâîëüíûå ïîñòîÿííûå, à �óíêöèÿ ψ=ψ(t) îïèñûâàåòñÿ ÎÄÓ
ñ ïåðåìåííûì àðãóìåíòîì (*).

12. utt = [(a lnu+ b)ux]x − cu lnu+ uf(w/u), w = u(x, η(t)).

�åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u(x, t) = exp
(
±
√
c/a x

)
ψ(t),



11.4. Ôóíêöèîíàëüíî-äè��åðåíöèàëüíûå Óð×Ï ñ àðãóìåíòàìè îáùåãî âèäà 597

ãäå �óíêöèÿ ψ = ψ(t) îïèñûâàåòñÿ ÎÄÓ ñ ïåðåìåííûì àðãóìåíòîì

ψ′′
tt = c(1 + b/a)ψ + ψf(ψ̄/ψ), ψ̄ = ψ(η(t)).

13. utt = a(eλuux)x + eλuf(u− w), w = u(ξ(x), t).

�åøåíèå ñ àääèòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = − 2

λ
ln t+ ϕ(x),

ãäå �óíêöèÿ ϕ = ϕ(x) îïèñûâàåòñÿ ÎÄÓ ñ ïåðåìåííûì àðãóìåíòîì

a(eλϕϕ′
x)

′
x −

2

λ
+ eλϕf(ϕ− ϕ̄) = 0, ϕ̄ = ϕ(ξ(x)).

14. utt = a(ukux)x + uk+1f(w/u), w = u(ξ(x), t).

�åøåíèå ñ ìóëüòèïëèêàòèâíûì ðàçäåëåíèåì ïåðåìåííûõ:

u = t−2/kϕ(x),

ãäå �óíêöèÿ ϕ = ϕ(x) îïèñûâàåòñÿ ÎÄÓ ñ ïåðåìåííûì àðãóìåíòîì

a(ϕkϕ′
x)

′
x −

2(k + 2)

k2
ϕ+ ϕk+1f(ϕ̄/ϕ) = 0, ϕ̄ = ϕ(ξ(x)).
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