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5. �à ¢­¥­¨ï í««¨¯â¨ç¥áª®£® â¨¯  á ¤¢ã¬ï
­¥§ ¢¨á¨¬ë¬¨ ¯¥à¥¬¥­­ë¬¨

5.1. �à ¢­¥­¨ï á® áâ¥¯¥­­ë¬¨ ­¥«¨­¥©­®áâï¬¨
5.1.1. �à ¢­¥­¨ï ¢¨¤  ∂2w

∂x2 + ∂2w

∂y2 = aw + bwn + cw2n−1

I �¡é¨¥ á¢®©áâ¢  ãà ¢­¥­¨© íâ®£® â¨¯  ®¯¨á ­ë ¢ 5.4.1.1, â ¬ ¦¥ à áá¬®âà¥­ë à¥è¥­¨ï
â¨¯  ¡¥£ãé¥© ¢®«­ë ¨ ¯«®áª¨¥ à¥è¥­¨ï á à ¤¨ «ì­®© á¨¬¬¥âà¨¥©.

1. ∂2w

∂x2 + ∂2w

∂y2 = kwn.

�â æ¨®­ à­®¥ ãà ¢­¥­¨¥ â¥®à¨¨ ¬ áá®¯¥à¥­®á  á ®¡ê¥¬­®© à¥ ªæ¨¥© n-£® ¯®àï¤ª  ¢ ¯«®áª®¬
á«ãç ¥. �â® ãà ¢­¥­¨¥ ¢áâà¥ç ¥âáï â ª¦¥ ¢ â¥®à¨¨ £®à¥­¨ï ¨ ï¢«ï¥âáï ç áâ­ë¬ á«ãç ¥¬
ãà ¢­¥­¨ï 5.4.1.1 ¯à¨ f(w) = kwn.
1◦. �ãáâì w(x, y) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨¨

w1 = C2
1w(±Cn−1

1 x + C2,±Cn−1
1 y + C3),

w2 = w(x cos β − y sin β, x sin β + y cos β),
£¤¥ C1, C2, C3, β | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤ãâ à¥è¥­¨ï¬¨ íâ®£® ãà ¢­¥­¨ï (§­ ª¨
¢ë¡¨à îâáï ¯à®¨§¢®«ì­®).
2◦. �®ç­ë¥ à¥è¥­¨ï:

w(x, y) = (Ax + By + C)
2

1−n , B = ±
√

k(n− 1)2

2(n + 1)
−A2;

w(x, y) = s
[
(x + C1)2 + (y + C2)2] 1

1−n , s =
[ 1

4 k(1− n)2] 1
1−n ,

£¤¥ A, C, C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
3◦. �¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë ¢ ­¥ï¢­®¬ ¢¨¤¥ (®¡®¡é ¥â ¯¥à¢®¥ à¥è¥­¨¥ ¨§ ¯. 2◦):

∫ [
D + 2kwn+1

(n + 1)(A2 + B2)

]−1/2
dw = Ax + By + C,

£¤¥ A, B, C, D | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥ (n 6= −1).
4◦. �®ç­®¥ à¥è¥­¨¥ (®¡®¡é ¥â ¢â®à®¥ à¥è¥­¨¥ ¨§ ¯. 2◦):

w = w(r), r =
√

(x + C1)2 + (y + C2)2,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï w(r) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥-
à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

w′′rr + 1
r

w′r = kwn.

5◦. �¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥:

w(x, y) = (x + C1)
2

1−n u(ξ), ξ = y + C2
x + C1

,

£¤¥ äã­ªæ¨ï u(ξ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

(1 + ξ2)u′′ξξ − 2(1 + n)
1− n

ξu′ξ + 2(1 + n)
(1− n)2 u− kun = 0.

c© �. �. �®«ï­¨­, �. �. � ©æ¥¢, 2010
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6◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢ ¢ ¯®«ïà­®© á¨áâ¥¬¥
ª®®à¤¨­ â (¤àã£®¥ ¯à¥¤áâ ¢«¥­¨¥ à¥è¥­¨ï ¨§ ¯. 5◦):

w(x, y) = r
2

1−n U(θ), r =
√

(x + C1)2 + (y + C2)2, tg θ = y + C2
x + C1

,

£¤¥ äã­ªæ¨ï U = U(θ) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥-
­¨¥¬

U ′′θθ + 4
(1− n)2 U = kUn.

�­â¥£à¨àãï, ¯®«ãç¨¬ ¥£® ®¡é¥¥ à¥è¥­¨¥ ¢ ­¥ï¢­®¬ ¢¨¤¥
∫ [

2k

n + 1
Un+1 − 4

(n− 1)2 U2 + C3

]−1/2
dU = C4 ± θ,

£¤¥ C3, C4 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
gr �¨â¥à âãà : �. �. �®«ï­¨­, �. �. � ©æ¥¢ (2002, áâà. 190).

2. ∂2w

∂x2 + ∂2w

∂y2 = aw + bwn.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.1.1 ¯à¨ f(w) = aw + bwn.
1◦. �¥è¥­¨ï â¨¯  ¡¥£ãé¥© ¢®«­ë ¯à¨ a > 0:

w(x, y) =
[

2b sh2 z

a(n + 1)

] 1
1−n

, z = 1
2
√

a (1− n)(x sin C1 + y cos C1) + C2 ¯à¨ b(n + 1) > 0,

w(x, y) =
[
− 2b ch2 z

a(n + 1)

] 1
1−n

, z = 1
2
√

a (1− n)(x sin C1 + y cos C1) + C2 ¯à¨ b(n + 1) < 0,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
2◦. �¥è¥­¨ï â¨¯  ¡¥£ãé¥© ¢®«­ë ¯à¨ a < 0 ¨ b(n + 1) > 0:

w(x, y) =
[
− 2b cos2 z

a(n + 1)

] 1
1−n

, z = 1
2

√
|a| (1− n)(x sin C1 + y cos C1) + C2.

3. ∂2w

∂x2 + ∂2w

∂y2 = awn + bw2n−1.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.1.1 ¯à¨ f(w) = awn + bw2n−1.
�®ç­ë¥ à¥è¥­¨ï:

w(x, y) =
[

a(1− n)2

2(n + 1)
(x sin C1 + y cos C1 + C2)2 − b(n + 1)

2an

] 1
1−n

,

w(x, y) =
{

1
4

a(1− n)2[(x + C1)2 + (y + C2)2]− b

an

} 1
1−n

,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.

4. ∂2w

∂x2 + ∂2w

∂y2 = aw − a(n + 1)wn + bw2n−1.

1◦. �¥è¥­¨ï â¨¯  ¡¥£ãé¥© ¢®«­ë:

w(x, y) =
(
λ + C1 exp z

) 1
1−n , z =

√
a (1− n)(x sin C2 + y cos C2),

£¤¥ λ = λ1,2 | ª®à­¨ ª¢ ¤à â­®£® ãà ¢­¥­¨ï aλ2−a(n+1)λ+b = 0,   C1, C2 | ¯à®¨§¢®«ì­ë¥
¯®áâ®ï­­ë¥.
2◦. �¬. â ª¦¥ ãà ¢­¥­¨¥ 5.1.1.5, £¤¥ ¢ ª®â®à®¬ ­ ¤® á¤¥« âì ¯¥à¥®¡®§­ ç¥­¨ï: b → −a(n + 1)
¨ c → b.
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5. ∂2w

∂x2 + ∂2w

∂y2 = aw + bwn + cw2n−1.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.1.1 ¯à¨ f(w) = aw + bwn + cw2n−1.
1◦. �¥è¥­¨ï â¨¯  ¡¥£ãé¥© ¢®«­ë ¯à¨ a > 0:

w(x, y) = (A + B ch z)
1

1−n , z =
√

a (1− n)(x sin C1 + y cos C1) + C2,

A = − b

a(n + 1)
, B = ±

[
b2

a2(n + 1)2 − c

an

]1/2
;

w(x, y) = (A + B sh z)
1

1−n , z =
√

a (1− n)(x sin C1 + y cos C1) + C2,

A = − b

a(n + 1)
, B = ±

[
c

an
− b2

a2(n + 1)2

]1/2
,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥ (¢ëà ¦¥­¨ï ¢ ª¢ ¤à â­ëå áª®¡ª å ¤®«¦­ë ¡ëâì
­¥®âà¨æ â¥«ì­ë).
2◦. �¥è¥­¨ï â¨¯  ¡¥£ãé¥© ¢®«­ë ¯à¨ a < 0:

w(x, y) = (A + B cos z)
1

1−n , z =
√
|a| (1− n)(x sin C1 + y cos C1) + C2,

A = − b

a(n + 1)
, B = ±

[
b2

a2(n + 1)2 − c

an

]1/2
,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
3◦. � ¬¥­  u = w1−n ¯à¨¢®¤¨â ª ãà ¢­¥­¨î ¢¨¤  5.1.6.7:

u

(
∂2u

∂x2 + ∂2u

∂y2

)
+ n

1− n

[(
∂u

∂x

)2
+

(
∂u

∂y

)2]
= a(1− n)u2 + b(1− n)u + c(1− n).

5.1.2. �à ¢­¥­¨ï ¢¨¤  ∂2w

∂x2 + ∂2w

∂y2 = f(x, y, w)

1. ∂2w

∂x2 + ∂2w

∂y2 = a(x2 + y2)wn.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.1.2 ¯à¨ f(w) = awn.
1◦. �ãáâì w(x, y) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨¨

w1 = C4
1w(±Cn−1

1 x, ±Cn−1
1 y),

w2 = w(x cos β − y sin β, x sin β + y cos β),
£¤¥ C1, β | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤ãâ à¥è¥­¨ï¬¨ íâ®£® ãà ¢­¥­¨ï (§­ ª¨
¢ë¡¨à îâáï ¯à®¨§¢®«ì­®).
2◦. �à¥®¡à §®¢ ­¨¥

w = U(z, ζ), z = 1
2 (x2 − y2), ζ = xy

¯à¨¢®¤¨â ª ¡®«¥¥ ¯à®áâ®¬ã ãà ¢­¥­¨î ¢¨¤  5.1.1.1:
∂2U

∂z2 + ∂2U

∂ζ2 = aUn.

2. ∂2w

∂x2 + ∂2w

∂y2 = c(ax + by)kwn.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.1.10 ¯à¨ f(z, w) = czkwn.

3. ∂2w

∂x2 + ∂2w

∂y2 = a(x2 + y2)kwn.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.1.3 ¯à¨ f(w) = awn.

4. ∂2w

∂x2 + ∂2w

∂y2 = a(x2 + y2)(xy)kwn.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.1.12 ¯à¨ f(z, w) = azkwn.
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5. ∂2w

∂x2 + ∂2w

∂y2 = aeβxwn.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.1.4 ¯à¨ f(w) = awn.

6. ∂2w

∂x2 + ∂2w

∂y2 = keax−bywn.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.1.5 ¯à¨ f(w) = kwn.

7. ∂2w

∂x2 + ∂2w

∂y2 = k
(
w + A11x2 + A12xy + A22y2 + B1x + B2y

)n.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.1.14 ¯à¨ f(u) = kun.

5.1.3. �à ¢­¥­¨ï ¢¨¤  ∂2w

∂x2 + a
∂2w

∂y2 = F
(
x, y, w,

∂w

∂x
,

∂w

∂y

)

1. ∂2w

∂x2 + ∂2w

∂y2 = (a1x + b1y + c1) ∂w

∂x
+ (a2x + b2y + c2) ∂w

∂y
+ kwn.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.2.3 ¯à¨ f(w) = kwn.

2. ∂2w

∂x2 + ∂2w

∂y2 + a

x

∂w

∂x
+ b

y

∂w

∂y
= kwn.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.2.5 ¯à¨ f(ξ, w) = kwn.

3. ∂2w

∂x2 + a
∂2w

∂y2 = b

(
∂w

∂y

)2
+ cw + sxn.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.2.7 ¯à¨ f(x) = b, g(x) = c, h(x) = sxn.

4. ∂2w

∂x2 + ∂2w

∂y2 = α

(
∂w

∂y

)2
+ βxny2 + γxmy + µxk.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.2.9 ¯à¨ a = b = 1, f(x) = α, g(x) = h1(x) = h0(x) = p(x) = 0,
q2(x) = βxn, q1(x) = γxm, q0(x) = µxk.

5. ∂2w

∂x2 + a
∂2w

∂y2 = c

(
∂w

∂y

)2
+ bcw2 + kw + s.

�ãáâì A | ª®à¥­ì ª¢ ¤à â­®£® ãà ¢­¥­¨ï bcA2 + kA + s = 0.
1◦. �ãáâì ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® 2Abc + k + ab = σ2 > 0. �®£¤  áãé¥áâ¢ã¥â à¥è¥­¨¥ á
®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå

w(x, y) = A +
[
C1 exp(σx) + C2 exp(−σx)

]
exp

(±y
√
−b

)
,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
2◦. �ãáâì ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® 2Abc + k + ab = −σ2 < 0. �®£¤  áãé¥áâ¢ã¥â à¥è¥­¨¥ á
®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå

w(x, y) = A +
[
C1 cos(σx) + C2 sin(σx)

]
exp

(±y
√
−b

)
.

3◦. � ¡®«¥¥ á«®¦­ëå à¥è¥­¨ïå á¬. ãà ¢­¥­¨¥ 5.4.2.8 ¯à¨ f(x) = c, g(x) = k, h(x) = s.

6. ∂2w

∂x2 + a
∂2w

∂y2 = cxn

(
∂w

∂y

)2
+ bcxnw2 + kxmw + sxl.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.2.8 ¯à¨ f(x) = cxn, g(x) = kxm, h(x) = sxl.

7. ∂2w

∂x2 + a
∂2w

∂y2 = ceβx

(
∂w

∂y

)2
+ bceβxw2 + keµxw + seνx.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.2.8 ¯à¨ f(x) = ceβx, g(x) = keµx, h(x) = seνx.
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8. ∂2w

∂x2 + ∂2w

∂y2 = awn

[(
∂w

∂x

)2
+

(
∂w

∂y

)2 ]
.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.2.10 ¯à¨ f(w) = awn. � ¬¥­ 

U =
∫

exp
(
− a

n + 1
wn+1

)
dw

¯à¨¢®¤¨â ª ¤¢ã¬¥à­®¬ã ãà ¢­¥­¨î � ¯« á  ¤«ï äã­ªæ¨¨ U = U(x, y):
∂2U

∂x2 + ∂2U

∂y2 = 0.

� à¥è¥­¨ïå íâ®£® «¨­¥©­®£® ãà ¢­¥­¨ï á¬. ª­¨£¨ �. �. �¨å®­®¢ , �. �. � ¬ àáª®£® (1972),
�. �. �®«ï­¨­  (2001 b).

9. ∂2w

∂x2 + ∂2w

∂y2 = α

(
∂w

∂x

)n

+ β

(
∂w

∂y

)m

+ kw.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.2.11 ¯à¨ a = b = 1, f(x) = α, g(y) = β.

10. ∂2w

∂x2 + ∂2w

∂y2 = (a1x + b1y + c1)
(

∂w

∂x

)k

+ (a2x + b2y + c2)
(

∂w

∂y

)k

.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.2.13 ¯à¨ f(w, u, v) = 0.

5.1.4. �à ¢­¥­¨ï ¢¨¤  ∂

∂x

[
f1(x, y) ∂w

∂x

]
+ ∂

∂y

[
f2(x, y) ∂w

∂y

]
= g(w)

I �à ¢­¥­¨ï íâ®£® ¢¨¤  ¢áâà¥ç îâáï ¢ áâ æ¨®­ à­ëå § ¤ ç å â¥¯«®- ¨ ¬ áá®¯¥à¥­®á  ¨
â¥®à¨¨ £®à¥­¨ï. �¤¥áì f1 ¨ f2 | £« ¢­ë¥ ª®íää¨æ¨¥­âë â¥¬¯¥à âãà®¯à®¢®¤­®áâ¨, § ¢¨áïé¨¥
®â ¯à®áâà ­áâ¢¥­­ëå ª®®à¤¨­ â x ¨ y, g = g(w) | äã­ªæ¨ï ¨áâ®ç­¨ª , ª®â®à ï § ¤ ¥â § ª®­
â¥¯«®¢ë¤¥«¥­¨ï ¨«¨ â¥¯«®¯®£«®é¥­¨ï.

1. ∂

∂x

(
axn ∂w

∂x

)
+ ∂

∂y

(
bym ∂w

∂y

)
= cwk.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.3.1 ¯à¨ f(w) = cwk.
1◦. �ãáâì w(x, y) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï

w1 = C1w
(
C

k−1
2−n

1 x, C
k−1
2−m

1 y
)
,

£¤¥ C1 | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �¥è¥­¨¥ á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¯à¨ n 6= 2, m 6= 2:

w = w(ξ), ξ =
[
b(2−m)2x2−n + a(2− n)2y2−m]1/2

.

�¤¥áì äã­ªæ¨ï w(ξ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

w′′ξξ + A

ξ
w′ξ = Bwk, (1)

£¤¥
A = 4− nm

(2− n)(2−m)
, B = 4c

ab(2− n)2(2−m)2 .

3◦. �ª ¦¥¬ ­¥ª®â®àë¥ â®ç­ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï (1).
3.1. �à ¢­¥­¨¥ (1) ¯à¨ k 6= 1 ¤®¯ãáª ¥â â®ç­®¥ à¥è¥­¨¥

w =
[

2(1 + k + A−Ak)
B(1− k)2

] 1
k−1

ξ
2

1−k .

3.2. �à¨ m = 4/n ¨§ (1) ¯®«ãç ¥¬ â®ç­®¥ à¥è¥­¨¥ ¢ ­¥ï¢­®¬ ¢¨¤¥
∫ [

C1 + 2cn2wk+1

ab(k + 1)(2− n)4

]−1/2
dw = C2 ± ξ,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
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3.3. �®¤áâ ­®¢ª  ζ = ξ1−A ¯à¨¢®¤¨â (1) ª ãà ¢­¥­¨î �¬¤¥­  | � ã«¥à 

w′′ζζ = B

(1−A)2 ζ
2A

1−A wk. (2)

�®«¥¥ 20 â®ç­ëå à¥è¥­¨© ãà ¢­¥­¨ï (2) ¤«ï à §«¨ç­ëå §­ ç¥­¨© ¯ à ¬¥âà  k ¯à¨¢¥¤¥­® ¢ ª­¨£¥
�. �. � ©æ¥¢ , �. �. �®«ï­¨­  (2001 a).

2. ∂

∂x

(
axn ∂w

∂x

)
+ ∂

∂y

(
beµy ∂w

∂y

)
= cwm.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.3.8 ¯à¨ f(w) = cwm.
1◦. �ãáâì w(x, y) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï

w1 = C1w
(
C

m−1
2−n

1 x, y + 1−m

µ
ln C1

)
,

£¤¥ C1 | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �¥è¥­¨¥ á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¯à¨ n 6= 2, µ 6= 0:

w = w(ξ), ξ =
[
bµ2x2−n + a(2− n)2e−µy]1/2

,

£¤¥ äã­ªæ¨ï w(ξ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

w′′ξξ + n

2− n

1
ξ

w′ξ = 4c

abµ2(2− n)2 wm.

3. ∂

∂x

(
aeβx ∂w

∂x

)
+ ∂

∂y

(
beµy ∂w

∂y

)
= cwm.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.3.6 ¯à¨ f(w) = cwm.
1◦. �ãáâì w(x, y) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï

w1 = C1w
(
x + 1−m

β
ln C1, y + 1−m

µ
ln C1

)
,

£¤¥ C1 | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �¥è¥­¨¥ á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¯à¨ βµ 6= 0:

w = w(ξ), ξ =
(
bµ2e−βx + aβ2e−µy)1/2,

£¤¥ äã­ªæ¨ï w(ξ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

w′′ξξ − 1
ξ

w′ξ = Awm, A = 4c

abβ2µ2 . (1)

3◦. �ª ¦¥¬ ­¥ª®â®àë¥ â®ç­ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï (1).
3.1. �à ¢­¥­¨¥ (1) ¤®¯ãáª ¥â â®ç­®¥ à¥è¥­¨¥

w =
[

abmβ2µ2

c(1−m)2

] 1
m−1

ξ
2

1−m .

3.2. �®¤áâ ­®¢ª  ζ = ξ2 ¯à¨¢®¤¨â (1) ª ãà ¢­¥­¨î �¬¤¥­  | � ã«¥à 
w′′ζζ = 1

4 Aζ−1wm,

à¥è¥­¨ï ª®â®à®£® ¯à¨ m = −1 ¨ m = −2 ¯à¨¢¥¤¥­ë ¢ ª­¨£¥ �. �. � ©æ¥¢ , �. �. �®«ï­¨­ 
(2001 a).

4. ∂

∂x

[
(ay + c) ∂w

∂x

]
+ ∂

∂y

[
(bx + s) ∂w

∂y

]
= kwn.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.4.1 ¯à¨ f(w) = kwn.
�à ¢­¥­¨¥ ¬®¦­® § ¯¨á âì ¢ ¡®«¥¥ ¯à®áâ®¬ ¢¨¤¥

(ay + c) ∂2w

∂x2 + (bx + s) ∂2w

∂y2 = kwn.

5. ∂

∂x

[
(a1x + b1y + c1) ∂w

∂x

]
+ ∂

∂y

[
(a2x + b2y + c2) ∂w

∂y

]
= kwn.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.4.2 ¯à¨ f(w) = kwn.
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5.1.5. �à ¢­¥­¨ï ¢¨¤  ∂

∂x

[
f1(w) ∂w

∂x

]
+ ∂

∂y

[
f2(w) ∂w

∂y

]
= g(w)

I �à ¢­¥­¨ï íâ®£® ¢¨¤  ¢áâà¥ç îâáï ¢ áâ æ¨®­ à­ëå § ¤ ç å â¥¯«®- ¨ ¬ áá®¯¥à¥­®á  ¨
â¥®à¨¨ £®à¥­¨ï. �¤¥áì f1(w) ¨ f2(w) | § ¢¨á¨¬®áâ¨ £« ¢­ëå ª®íää¨æ¨¥­â®¢ â¥¬¯¥à âãà®-
¯à®¢®¤­®áâ¨ ®â â¥¬¯¥à âãàë, g = g(w) | äã­ªæ¨ï ¨áâ®ç­¨ª , ª®â®à ï § ¤ ¥â § ª®­ â¥¯-
«®¢ë¤¥«¥­¨ï ¨«¨ â¥¯«®¯®£«®é¥­¨ï. � ¤ ­­®¬ à §¤¥«¥ ­¥ à áá¬ âà¨¢ îâáï ¯à®áâë¥ à¥è¥­¨ï,
§ ¢¨áïé¨¥ â®«ìª® ®â ®¤­®© ¯à®áâà ­áâ¢¥­­®© ª®®à¤¨­ âë: w = w(x) ¨ w = w(y).

1. ∂2w

∂x2 + ∂

∂y

[
(αw + β) ∂w

∂y

]
= 0.

�â æ¨®­ à­®¥ ãà ¢­¥­¨¥ �®å«®¢ {� ¡®«®æª®© (¯à¨ α = 1, β = 0). �áâà¥ç ¥âáï ¢  ªãáâ¨ª¥,
­¥«¨­¥©­®© ¬¥å ­¨ª¥ ¨ â¥®à¨¨ â¥¯«®- ¨ ¬ áá®¯¥à¥­®á . � áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.4.8 ¯à¨
f(w) = 1, g(w) = αw + β.
1◦. �ãáâì w(x, y) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï

w1 = C2
1

C2
2

w(C1x + C3, C2y + C4) + β

α

(
C2

1
C2

2
− 1

)
,

£¤¥ C1, . . . , C4 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �®ç­ë¥ à¥è¥­¨ï:

w(x, y) = Ay − 1
2 A2αx2 + C1x + C2,

w(x, y) = (Ax + B)y − α

12A2 (Ax + B)4 + C1x + C2,

w(x, y) = − 1
α

(
y + A

x + B

)2
+ C1

x + B
+ C2(x + B)2 − β

α
,

w(x, y) = − 1
α

[
β + λ2 ±

√
A(y + λx) + B

]
,

w(x, y) = (Ax + B)
√

C1y + C2 − β

α
,

£¤¥ A, B, C1, C2, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �¥à¢ë¥ ¤¢  à¥è¥­¨ï «¨­¥©­ë ¯® ¯¥à¥¬¥­-
­®© y, âà¥âì¥ à¥è¥­¨¥ ª¢ ¤à â¨ç­® ¯® y, ç¥â¢¥àâ®¥ à¥è¥­¨¥ ï¢«ï¥âáï à¥è¥­¨¥¬ â¨¯  ¡¥£ãé¥©
¢®«­ë.
3◦. �¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå, ª¢ ¤à â¨ç­®¥ ¯® ¯¥à¥¬¥­­®© y (®¡®¡é -
¥â âà¥âì¥ à¥è¥­¨¥ ¨§ ¯. 2◦):

w(x, y) = ϕ(x)y2 + ψ(x)y + χ(x),
£¤¥ äã­ªæ¨¨ ϕ = ϕ(x), ψ = ψ(x), χ = χ(x) ®¯¨áë¢ îâáï  ¢â®­®¬­®© á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå
¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

ϕ′′xx + 6αϕ2 = 0, (1)
ψ′′xx + 6αϕψ = 0, (2)
χ′′xx + 2αϕχ = −2βϕ− αψ2. (3)

�¥«¨­¥©­®¥  ¢â®­®¬­®¥ ãà ¢­¥­¨¥ (1) à áá¬ âà¨¢ ¥âáï ­¥§ ¢¨á¨¬® ®â ¤àã£¨å ãà ¢­¥­¨©;
¥£® à¥è¥­¨¥ ¬®¦­® ¢ëà §¨âì á ¯®¬®éìî í««¨¯â¨ç¥áª¨å ¨­â¥£à «®¢. �à ¢­¥­¨ï (2) ¨ (3)
à¥è îâáï ¯®á«¥¤®¢ â¥«ì­® (®­¨ ï¢«ïîâáï «¨­¥©­ë¬¨ ãà ¢­¥­¨ï¬¨ ®â­®á¨â¥«ì­® ¨áª®¬ëå
äã­ªæ¨©).

�ïâ¨¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® à¥è¥­¨© á¨áâ¥¬ë (1){(3) ¨¬¥¥â ¢¨¤:

ϕ(x) = − 1
α(x + A)2 ,

ψ(x) = B1
(x + A)2 + B2(x + A)3,

χ(x) = C1
x + A

+ C2(x + A)2 − β

α
− αB2

1
4(x + A)2 − 1

2
αB1B2(x + A)3 − 1

54
αB2

2(x + A)8,

£¤¥ A, B1, B2, C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
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4◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¯ à ¬¥âà¨ç¥áª®© ä®à¬¥:
x = C1wt + C2w + C3t + C4,

y = 1
2 C1t

2 + C2t− 1
3 αC1w

3 − 1
2 (αC3 + βC1)w2 − βC3w + C5.

5◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¯ à ¬¥âà¨ç¥áª®© ä®à¬¥:
x = C1t

2 + C2wt + C3t + C4w − C1
( 1

3 αw3 + βw2) + C5,

y = 1
2 C2t

2 + C4t− C1t
(
αw2 + 2βw

)− 1
3 αC2w

3 − 1
2 (αC3 + βC2)w2 − βC3w + C6.

6◦. �¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥ (A, B | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥):

w = w(ζ), ζ = x + A

y + B

£¤¥ äã­ªæ¨ï w(ζ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬
w′′ζζ + [ζ2(αw + β)w′ζ ]′ζ = 0.

�®á«¥ ®¤­®ªà â­®£® ¨­â¥£à¨à®¢ ­¨ï, ¯à¨­ï¢ w §  ­¥§ ¢¨á¨¬ãî ¯¥à¥¬¥­­ãî, ¤«ï äã­ªæ¨¨
ζ = ζ(w) ¯®«ãç¨¬ ãà ¢­¥­¨¥ �¨ªª â¨ (C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï):

Cζ′w = (αw + β)ζ2 + 1,

®¡é¥¥ à¥è¥­¨¥ ª®â®à®£® ¬®¦­® ¢ëà §¨âì ç¥à¥§ äã­ªæ¨¨ �¥áá¥«ï (á¬. �. �. � ©æ¥¢, �. �. �®-
«ï­¨­, 2001 a).
7◦. �®ç­®¥ à¥è¥­¨¥ (®¡®¡é ¥â ¯®á«¥¤­¥¥ à¥è¥­¨¥ ¨§ ¯. 2◦):

w(x, y) = 1
α

f(x)g(y)− β

α
.

�¤¥áì äã­ªæ¨¨ f(x) ¨ g(y) ®¯¨áë¢ îâáï  ¢â®­®¬­ë¬¨ ®¡ëª­®¢¥­­ë¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¬¨
ãà ¢­¥­¨ï¬¨ (A | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï)

f ′′xx = Af2, (gg′y)′y = −Ag, (4)
ª®â®àë¥ ­¥§ ¢¨á¨¬ë ¤àã£ ®â ¤àã£ . � à¥§ã«ìâ â¥ ¨­â¥£à¨à®¢ ­¨ï ¯®«ãç¨¬ à¥è¥­¨ï ãà ¢­¥­¨©
(4) ¢ ­¥ï¢­®¬ ¢¨¤¥:

C1 ± x =
∫ ( 2

3 Af3 + B1
)−1/2

df,

C2 ± y =
∫

g
(− 2

3 Ag3 + B2
)−1/2

dg,

£¤¥ B1, B2, C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
8◦. �®ç­®¥ à¥è¥­¨¥ (A, B, k | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥):

w = 1
α

(x + A)2kF (z)− β

α
, z = y + B

(x + A)k+1 ,

£¤¥ äã­ªæ¨ï F = F (z) ®¯à¥¤¥«ï¥âáï ¯ãâ¥¬ à¥è¥­¨ï ®¡®¡é¥­­®-®¤­®à®¤­®£® ®¡ëª­®¢¥­­®£®
¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï

2k(2k − 1)F − (k + 1)(3k − 2)zF ′z + (k + 1)2z2F ′′zz + (FF ′z)′z = 0,

ª®â®à®¥ ¤®¯ãáª ¥â ¯®­¨¦¥­¨¥ ¯®àï¤ª .
9◦. �®ç­®¥ à¥è¥­¨¥ (A, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥):

w = 1
α

e−2λx�(u)− β

α
, u = (y + A)eλx,

£¤¥ äã­ªæ¨ï � = �(u) ®¯à¥¤¥«ï¥âáï ¯ãâ¥¬ à¥è¥­¨ï ®¡®¡é¥­­®-®¤­®à®¤­®£® ®¡ëª­®¢¥­­®£®
¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï

4λ2�− 3λ2u�′u + λ2u2�′′uu + (��′u)′u = 0,

ª®â®à®¥ ¤®¯ãáª ¥â ¯®­¨¦¥­¨¥ ¯®àï¤ª .
10◦. �®ç­®¥ à¥è¥­¨¥ (A, B, C | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥):

w = 1
α

(±x + A)−2	(ξ)− β

α
, ξ = y + B ln(±x + A) + C,

£¤¥ äã­ªæ¨ï 	 = 	(ξ) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥-
­¨¥¬

6	− 5B	′ξ + B2	′′ξξ + (		′
ξ)′ξ = 0,

ª®â®à®¥ ¤®¯ãáª ¥â ¯®­¨¦¥­¨¥ ¯®àï¤ª .
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11◦. �®ç­®¥ à¥è¥­¨¥:
w = U(η)− 4αC2

1x2 − 4αC1C2x, η = y + αC1x
2 + αC2x,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï U(η) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥-
à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ ¯¥à¢®£® ¯®àï¤ª 

(αU + β + α2C2
2 )U ′η + 2αC1U = 8αC2

1η + C3.

�  áç¥â ¯®¤å®¤ïé¨å á¤¢¨£®¢ ¯® ®¡¥¨¬ ¯¥à¥¬¥­­ë¬ ¬®¦­® ¤®¡¨âìáï, çâ®¡ë ãà ¢­¥­¨¥ áâ «®
®¤­®à®¤­ë¬ (â. ¥. ãà ¢­¥­¨¥ ¨­â¥£à¨àã¥âáï ¢ ª¢ ¤à âãà å).
12◦. �áå®¤­®¥ ãà ¢­¥­¨¥ ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ á¨áâ¥¬ë ãà ¢­¥­¨©

∂w

∂x
= ∂v

∂y
, −(αw + β) ∂w

∂y
= ∂v

∂x
.

�à¥®¡à §®¢ ­¨¥ £®¤®£à ä  x = x(w, v), y = y(w, v) (w ¨ v ¯à¨­¨¬ îâáï §  ­¥§ ¢¨á¨¬ë¥
¯¥à¥¬¥­­ë¥,   x ¨ y | §  § ¢¨á¨¬ë¥ ¯¥à¥¬¥­­ë¥) ¯à¨¢®¤¨â ¥¥ ª «¨­¥©­®© á¨áâ¥¬¥

∂y

∂v
= ∂x

∂w
, −(αw + β) ∂x

∂v
= ∂y

∂w
.

�áª«îç ï ®âáî¤  y, ¤«ï äã­ªæ¨¨ x = x(w, v) ¯®«ãç¨¬ «¨­¥©­®¥ ãà ¢­¥­¨¥
∂2x

∂w2 + (αw + β) ∂2x

∂v2 = 0.

13◦. �ãáâì w(x, y) | «î¡®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï �®å«®¢  | � ¡®«®æª®© (¯à¨ α = 1, β = 0).
�®£¤  ®¡ëª­®¢¥­­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

u′′tt = F (t, u), F (t, u) = 1
9ϕ

(
∂v

∂u
+ 3ϕ′′ttu + 3ψ′t

)
,

£¤¥

v = −ϕ1/3w(x, y)− ϕ−1(ϕ′tu + ψ)2, x = 1
3

∫
ϕ−2/3 dt, y = ϕ−1/3u− 1

3

∫
ϕ−4/3ψ dt,

  ϕ = ϕ(t), ψ = ψ(t) | ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨, ¨¬¥¥â ªã¡¨ç¥áª¨© ¯® ¯à®¨§¢®¤­®© u′t ¯¥à¢ë©
¨­â¥£à «.gr �¨â¥à âãà  ¤«ï ãà ¢­¥­¨ï 5.1.5.1: Y. Kodama, J. Gibbons (1989), �. �. �®§«®¢ (1995, áâà. 379{381),
�. �. � ©æ¥¢, �. �. �®«ï­¨­ (2001 b), �. �. �®«ï­¨­, �. �. � ©æ¥¢ (2002, áâà. 193{195).

2. ∂2w

∂x2 + ∂

∂y

(
1

αw + β

∂w

∂y

)
= 0.

1◦. �®ç­ë¥ à¥è¥­¨ï:
w(x, y) = −A2x2 + Bx + C

α(Ay + D)2 − β

α
,

w(x, y) = p2

Aα

Ax2 + Bx + C

ch2(py + q)
− β

α
,

w(x, y) = − p2

Aα

Ax2 + Bx + C

sh2(py + q)
− β

α
,

w(x, y) = − p2

Aα

Ax2 + Bx + C

cos2(py + q)
− β

α
,

£¤¥ A, B, C, D, p, q | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
2◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¯ à ¬¥âà¨ç¥áª®© ä®à¬¥:

x = C1wt + C2w + C3t + C4,

y = 1
2

C1t
2 + C2t− C1

α
w − 1

α2 (αC3 − βC1) ln |αw + β|+ C5,

£¤¥ C1, . . . , C5 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
3◦. � ¤àã£¨å â®ç­ëå à¥è¥­¨ïå á¬. ãà ¢­¥­¨¥ 5.4.4.8 ¯à¨ f(w) = 1 ¨ g(w) = (αw + β)−1.
4◦. � ¬¥­  αw + β = eU ¯à¨¢®¤¨â ª ãà ¢­¥­¨î ¢¨¤  5.2.4.1 (¢ ª®â®à®¬ á¤¥« ­ë ¯¥à¥®¡®§­ -
ç¥­¨ï ª®®à¤¨­ â x À y):

∂

∂x

(
eU ∂U

∂x

)
+ ∂2U

∂y2 = 0.



5.1. �à ¢­¥­¨ï á® áâ¥¯¥­­ë¬¨ ­¥«¨­¥©­®áâï¬¨ 337

3. ∂2w

∂x2 + ∂

∂y

(
α√

w + β

∂w

∂y

)
= 0.

� ¬¥­  U = 1
α

√
w + β ¯à¨¢®¤¨â ª ãà ¢­¥­¨î

∂

∂x

(
U

∂U

∂x

)
+ ∂2U

∂y2 = 0.

� â®ç­®áâìî ¤® ¯¥à¥®¡®§­ ç¥­¨© ª®®à¤¨­ â (x À y) ¨ ¨áª®¬®© äã­ªæ¨¨ íâ® ãà ¢­¥­¨¥
á®¢¯ ¤ ¥â á ç áâ­ë¬ á«ãç ¥¬ 5.1.5.1.

4. ∂

∂x

[
(α1w + β1) ∂w

∂x

]
+ ∂

∂y

[
(α2w + β2) ∂w

∂y

]
= γ.

1◦. �¥è¥­¨ï â¨¯  ¡¥£ãé¥© ¢®«­ë, «¨­¥©­ë¥ ¯® ¯à®áâà ­áâ¢¥­­ë¬ ¯¥à¥¬¥­­ë¬:

w(x, y) = Ax±
√

γ −A2α1
α2

y + B,

£¤¥ A, B | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
2◦. �¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë ¢ ­¥ï¢­®¬ ¢¨¤¥:

(A2α1 + B2α2)w2 + 2(A2β1 + B2β2)w = γ(Ax + By)2 + C1(Ax + By) + C2,
£¤¥ A, B, C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
3◦. � ¤àã£¨å à¥è¥­¨ïå ãà ¢­¥­¨ï á¬. 5.4.4.8 ¯à¨ f(w) = α1w + β1, g(w) = α2w + β2.

5. ∂

∂x

(
wm ∂w

∂x

)
+ ∂

∂y

(
wm ∂w

∂y

)
= αwn.

1◦. �ãáâì w(x, y) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨¨
w1 = C2

1w(±Cn−m−1
1 x + C2,±Cn−m−1

1 y + C3),
w2 = w(x cos β − y sin β, x sin β + y cos β),

£¤¥ C1, C2, C3, β | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤ãâ à¥è¥­¨ï¬¨ íâ®£® ãà ¢­¥­¨ï (§­ ª¨
¢ë¡¨à îâáï ¯à®¨§¢®«ì­®).
2◦. �à¨ m 6= −1 ¯®¤áâ ­®¢ª  U = wm+1 ¯à¨¢®¤¨â ª ãà ¢­¥­¨î ¢¨¤  5.1.1.1:

∂2U

∂x2 + ∂2U

∂y2 = α(m + 1)U
n

m+1 .

3◦. �à¨ m = −1 ¯®¤áâ ­®¢ª  w = eV ¯à¨¢®¤¨â ª à §à¥è¨¬®¬ã ãà ¢­¥­¨î ¢¨¤  5.2.1.1:
∂2V

∂x2 + ∂2V

∂y2 = αenV .

6. ∂

∂x

(
awn ∂w

∂x

)
+ ∂

∂y

(
bwm ∂w

∂y

)
= 0.

1◦. �ãáâì w(x, y) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨¨
w1 = C−2

1 w(±Cn
1 C2x + C3,±Cm

1 C2y + C4),
£¤¥ C1, . . . , C4 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤ãâ à¥è¥­¨ï¬¨ íâ®£® ãà ¢­¥­¨ï (§­ ª¨
¢ë¡¨à îâáï ¯à®¨§¢®«ì­®).
2◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

w(x, y) = f(x)g(y), (1)
£¤¥ äã­ªæ¨¨ f(x) ¨ g(y) ®¯¨áë¢ îâáï  ¢â®­®¬­ë¬¨ ®¡ëª­®¢¥­­ë¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¬¨
ãà ¢­¥­¨ï¬¨ (A | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï)

(fnf ′x)′x = Abfm+1, (gmg′y)′y = −Aagn+1, (2)
ª®â®àë¥ ­¥§ ¢¨á¨¬ë ¤àã£ ®â ¤àã£ . � à¥§ã«ìâ â¥ ¨­â¥£à¨à®¢ ­¨ï ¯®«ãç¨¬ à¥è¥­¨ï ãà ¢­¥­¨©
(2) ¢ ­¥ï¢­®¬ ¢¨¤¥: ∫

fn

(
2Ab

n + m + 2
fn+m+2 + B1

)−1/2
df = C1 ± x,

∫
gm

(
− 2Aa

n + m + 2
gn+m+2 + B2

)−1/2
dg = C2 ± y,

£¤¥ B1, B2, C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥; n + m + 2 6= 0.

22 �. �. �®«ï­¨­, �. �. � ©æ¥¢
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3◦. �ãé¥áâ¢ãîâ â®ç­ë¥ à¥è¥­¨ï á«¥¤ãîé¨å ¢¨¤®¢:
w(x, y) = x−2kF (z), z = yxmk−nk−1,

w(x, y) = x
2

n−m G(ξ), ξ = y + k ln x,

w(x, y) = e2xH(η), η = ye(n−m)x,

£¤¥ k | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.
4◦. � ¤àã£¨å â®ç­ëå à¥è¥­¨ïå ¨áå®¤­®£® ãà ¢­¥­¨ï á¬. ãà ¢­¥­¨¥ 5.4.4.8 ¯à¨ f(w) = awn,
g(w) = bwm.

7. a1
∂

∂x

(
wn ∂w

∂x

)
+ a2

∂

∂y

(
wm ∂w

∂y

)
= bwk.

1◦. �ãáâì w(x, y) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨¨
w1 = C2

1w(±Ck−n−1
1 x + C2,±Ck−m−1

1 y + C3),
£¤¥ C1, C2, C3 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤ãâ à¥è¥­¨ï¬¨ íâ®£® ãà ¢­¥­¨ï (§­ ª¨
¢ë¡¨à îâáï ¯à®¨§¢®«ì­®).
2◦. �ãé¥áâ¢ãîâ â®ç­ë¥ à¥è¥­¨ï á«¥¤ãîé¨å ¢¨¤®¢:

w(x, y) = F (ξ), ξ = α1x + α2y (à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë);

w(x, y) = x
2

n−k+1 U(z), z = yx
k−m−1
n−k+1 ( ¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥).

5.1.6. �àã£¨¥ ãà ¢­¥­¨ï, á®¤¥à¦ é¨¥ ¯à®¨§¢®«ì­ë¥ ¯ à ¬¥âàë

1. ∂2w

∂x2 + aw4 ∂2w

∂y2 = bynw5.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.5.1 ¯à¨ f(y) = byn.

2. ∂2w

∂x2 + aw4 ∂2w

∂y2 = beβyw5.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.5.1 ¯à¨ f(y) = beβy .

3. axn ∂2w

∂x2 + bym ∂2w

∂y2 = cwk.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.5.5 ¯à¨ k = s = 0, f(w) = cwk.
1◦. �¥è¥­¨¥ á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¯à¨ n 6= 2, m 6= 2:

w = w(ξ), ξ =
[
b(2−m)2x2−n + a(2− n)2y2−m]1/2

.

�¤¥áì äã­ªæ¨ï w(ξ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

w′′ξξ + A

ξ
w′ξ = Bwk, (1)

£¤¥
A = 3nm− 4n− 4m + 4

(2− n)(2−m)
, B = 4c

ab(2− n)2(2−m)2 .

2◦. �ª ¦¥¬ ­¥ª®â®àë¥ â®ç­ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï (1).
2.1. �à ¢­¥­¨¥ (1) ¯à¨ k 6= 1 ¤®¯ãáª ¥â â®ç­®¥ à¥è¥­¨¥

w =
[

2(1 + k + A−Ak)
B(1− k)2

] 1
k−1

ξ
2

1−k .

2.2. �à¨ m = 4n− 4
3n− 4

¯®«ãç ¥¬ â®ç­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¢ ­¥ï¢­®¬ ¢¨¤¥
∫ [

C1 + 2c(3n− 4)2wk+1

ab(k + 1)(2− n)4

]−1/2
dw = C2 ± ξ,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
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2.3. �®¤áâ ­®¢ª  ζ = ξ1−A ¯à¨¢®¤¨â (1) ª ãà ¢­¥­¨î �¬¤¥­  | � ã«¥à 

w′′ζζ = B

(1−A)2 ζ
2A

1−A wk. (2)

�®«¥¥ 20 â®ç­ëå à¥è¥­¨© ãà ¢­¥­¨ï (2) ¤«ï à §«¨ç­ëå §­ ç¥­¨© ¯ à ¬¥âà  k ¯à¨¢¥¤¥­® ¢ ª­¨£¥
�. �. � ©æ¥¢ , �. �. �®«ï­¨­  (2001 a).

4. axn ∂2w

∂x2 + beβy ∂2w

∂y2 = cwm.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.5.9 ¯à¨ k = s = 0, f(w) = cwm.

5. aeβx ∂2w

∂x2 + beµy ∂2w

∂y2 = cwm.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.5.7 ¯à¨ k = s = 0, f(w) = cwm.
1◦. �¥è¥­¨¥ á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¯à¨ βµ 6= 0:

w = w(ξ), ξ =
(
bµ2e−βx + aβ2e−µy)1/2,

£¤¥ äã­ªæ¨ï w(ξ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬
w′′ξξ + 3

ξ
w′ξ = Awm, A = 4c

abβ2µ2 . (1)

2◦. �ª ¦¥¬ ­¥ª®â®àë¥ â®ç­ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï (1).
2.1. �à ¢­¥­¨¥ (1) ¤®¯ãáª ¥â â®ç­®¥ à¥è¥­¨¥

w(ξ) =
[

ab(2−m)β2µ2

c(1−m)2

] 1
m−1

ξ
2

1−m .

2.2. �®¤áâ ­®¢ª  ζ = ξ−2 ¯à¨¢®¤¨â (1) ª ãà ¢­¥­¨î �¬¤¥­  | � ã«¥à 
w′′ζζ = 1

4 Aζ−3wm,

à¥è¥­¨¥ ª®â®à®£® ¯à¨ m = 3 ¯à¨¢¥¤¥­® ¢ ª­¨£¥ �. �. � ©æ¥¢ , �. �. �®«ï­¨­  (2001 a).

6. w

(
∂2w

∂x2 + ∂2w

∂y2

)
−

(
∂w

∂x

)2
−

(
∂w

∂y

)2
= αwβ .

� ¬¥­  w = eU ¯à¨¢®¤¨â ª ãà ¢­¥­¨î ¢¨¤  5.2.1.1:
∂2U

∂x2 + ∂2U

∂y2 = αe(β−2)U .

7. w

(
∂2w

∂x2 + ∂2w

∂y2

)
+ σ

[(
∂w

∂x

)2
+

(
∂w

∂y

)2]
= αw2 + βw + γ.

1◦. �¥è¥­¨ï â¨¯  ¡¥£ãé¥© ¢®«­ë ¯à¨ α(1 + σ) > 0:

w(x, y) =A1 + B1 ch z, z =
√

α

1 + σ

k1x + k2y√
k2

1 + k2
2

+ C,

A1 = − β

α

1 + σ

1 + 2σ
, B1 = ±

√
β2(1 + σ)2

α2(1 + 2σ)2 − γ(1 + σ)
ασ

;

w(x, y) =A2 + B2 sh z, z =
√

α

1 + σ

k1x + k2y√
k2

1 + k2
2

+ C,

A2 = − β

α

1 + σ

1 + 2σ
, B2 = ±

√
γ(1 + σ)

ασ
− β2(1 + σ)2

α2(1 + 2σ)2 ,

£¤¥ k1, k2, C | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
2◦. �¥è¥­¨ï â¨¯  ¡¥£ãé¥© ¢®«­ë ¯à¨ α(1 + σ) < 0:

w(x, y) = A + B cos z, z =
√
− α

1 + σ

k1x + k2y√
k2

1 + k2
2

+ C,

A = − β

α

1 + σ

1 + 2σ
, B = ±

√
β2(1 + σ)2

α2(1 + 2σ)2 − γ(1 + σ)
ασ

,

£¤¥ k1, k2, C | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.

22*
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3◦. �®ç­®¥ à¥è¥­¨¥:
w = w(r), r =

√
(x + C1)2 + (y + C2)2,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï w(r) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥-
à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

ww′′rr + 1
r

ww′r + σ
(
w′r

)2 = αw2 + βw + γ.

4◦. �à¨ γ = 0 ¯®¬¨¬® à¥è¥­¨©, ¯à¨¢¥¤¥­­ëå ¢ ¯¯. 1◦{3◦, ¬®¦­® ãª § âì ¤àã£¨¥ â®ç­ë¥
à¥è¥­¨ï. �«ï íâ®£® ¢ ¨áå®¤­®¬ ãà ¢­¥­¨¨ á«¥¤ã¥â á¤¥« âì § ¬¥­ã w = u2. � à¥§ã«ìâ â¥ ¨¬¥¥¬

u

(
∂2u

∂x2 + ∂2u

∂y2

)
+ (1 + 2σ)

[(
∂u

∂x

)2
+

(
∂u

∂y

)2]
= 1

2 αu2 + 1
2 β.

�â® ãà ¢­¥­¨¥ ï¢«ï¥âáï ç áâ­ë¬ á«ãç ¥¬ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®íâ®¬ã ¥£® à¥è¥­¨ï
¬®¦­® ¯®«ãç¨âì á ¯®¬®éìî ¯à¨¢¥¤¥­­ëå ¢ ¯¯. 1◦ ¨ 2◦ ä®à¬ã«, ¢ ª®â®àëå á«¥¤ã¥â á¤¥« âì
á«¥¤ãîé¨¥ ¯¥à¥®¡®§­ ç¥­¨ï: w → u, σ → 1 + 2σ, α → 1

2 α, β → 0, γ → 1
2 β.

5◦. �®ç­ë¥ à¥è¥­¨ï ¯à¨ α = 0:

w(x, y) = β

2(1 + 2σ)

(
k1x + k2y√

k2
1 + k2

2
+ C

)2
− γ(1 + 2σ)

2βσ
,

w(x, y) = β

4(1 + σ)
[
(x + C1)2 + (y + C2)2]− γ(1 + σ)

βσ
,

£¤¥ k1, k2, C, C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.gr �¨â¥à âãà  ¤«ï ãà ¢­¥­¨ï 5.1.6.7: �. �. �®«ï­¨­, �. �. � ©æ¥¢ (2002, áâà. 199{200).

8. ∂

∂x

[
(a1x + b1y + c1w + k1) ∂w

∂x

]
+ ∂

∂y

[
(a2x + b2y + c2w + k2) ∂w

∂y

]
= 0.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.4.10 ¯à¨ f(w) = c1w + k1, g(w) = c2w + k2.

9. ∂

∂x

[
(a1x + b1y + c1wn) ∂w

∂x

]
+ ∂

∂y

[
(a2x + b2y + c2wk) ∂w

∂y

]
= 0.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.4.10 ¯à¨ f(w) = c1w
n, g(w) = c2w

k.

10. a
∂w

∂x

∂2w

∂x2 + ∂2w

∂y2 = 0.

�à ¢­¥­¨¥ áâ æ¨®­ à­®£® ®ª®«®§¢ãª®¢®£® â¥ç¥­¨ï £ § . � áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.5.17 ¯à¨
f(u, v) = (au)−1.
1◦. �ãáâì w(x, y) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï

w1 = C−3
1 C2

2w(C1x + C3, C2y + C4) + C5y + C6,
£¤¥ C1, . . . , C6 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �®ç­ë¥ à¥è¥­¨ï:
w(x, y) = C1xy + C2x + C3y + C4,

w(x, y) = − (x + C1)3

3a(y + C2)2 + C3y + C4,

w(x, y) = a2C3
1

39
(y + A)13 + 2

3
aC2

1 (y + A)8(x + B) + 3C1(y + A)3(x + B)2 − (x + B)3

3a(y + A)2 ,

w(x, y) = −aC1y
2 + C2y + C3 ± 4

3C1
(C1x + C4)3/2,

w(x, y) = −aA3y2 − B2

aA2 x + C1y + C2 ± 4
3

(Ax + By + C3)3/2,

w(x, y) = 1
3

(Ay + B)(2C1x + C2)3/2 − aC3
1

12A2 (Ay + B)4 + C3y + C4,

w(x, y) = − 9aA2

y + C1
+ 4A

(
x + C2
y + C1

)3/2
− (x + C2)3

3a(y + C1)2 + C3y + C4,

w(x, y) = − 3
7

aA2(y + C1)7 + 4A(x + C2)3/2(y + C1)5/2 − (x + C2)3

3a(y + C1)2 + C3y + C4,

£¤¥ A, B, C1, . . . , C4 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥ (¯¥à¢®¥ à¥è¥­¨¥ ï¢«ï¥âáï ¢ëà®¦¤¥­­ë¬).
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3◦. �¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥:

w(x, y) = y−3k−2U(z), z = xyk,

£¤¥ k | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï,   äã­ªæ¨ï U = U(z) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­-
æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

aU ′zU ′′zz + k2z2U ′′zz − 5k(k + 1)zU ′z + 3(k + 1)(3k + 2)U = 0.

4◦. �¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå:

w(x, y) = ϕ1(y) + ϕ2(y)x3/2 + ϕ3(y)x3,

£¤¥ äã­ªæ¨¨ ϕk = ϕk(y) ®¯¨áë¢ îâáï  ¢â®­®¬­®© á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå
ãà ¢­¥­¨©

ϕ′′1 + 9
8 aϕ2

2 = 0,

ϕ′′2 + 45
4 aϕ2ϕ3 = 0,

ϕ′′3 + 18aϕ2
3 = 0,

èâà¨å¨ ®¡®§­ ç îâ ¯à®¨§¢®¤­ë¥ ¯® y. �¥è¥­¨¥ ¯¥à¢®£® ãà ¢­¥­¨ï ¬®¦­® § ¯¨á âì ¢ ­¥ï¢­®¬
¢¨¤¥ (¢ëà ¦ ¥âáï ç¥à¥§ í««¨¯â¨ç¥áªãî äã­ªæ¨î �¥©¥àèâà áá ).
5◦. �¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå, ªã¡¨ç¥áª®¥ ¯® x:

w(x, y) = ψ1(y) + ψ2(y)x + ψ3(y)x2 + ψ4(y)x3,

£¤¥ äã­ªæ¨¨ ψk = ψk(y) ®¯¨áë¢ îâáï  ¢â®­®¬­®© á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå
ãà ¢­¥­¨©

ψ′′1 + 2aψ2ψ3 = 0,

ψ′′2 + 2a(2ψ2
3 + 3ψ2ψ4) = 0,

ψ′′3 + 18aψ3ψ4 = 0,

ψ′′4 + 18aψ2
4 = 0.

� áâ­®¥ à¥è¥­¨¥ íâ®© á¨áâ¥¬ë ¨¬¥¥â ¢¨¤

ψ1(y) = −2a

∫ y

y0

(y − t)ψ2(t)ψ3(t) dt + B1y + B2,

ψ2(y) = C3(y + A)−1 + C4(y + A)2 − aC2
1 (y + A)−2 − 2aC1C2(y + A)3 − 2

27
aC2

2 (y + A)8,

ψ3(y) = C1(y + A)−2 + C2(y + A)3, ψ4(y) = − 1
3a

(y + A)−2,

£¤¥ A, B1, B2, C1, . . . , C4 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, y0 | «î¡®¥.
6◦. �¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå:

w(x, y) = η(y)θ(x)− aC1

∫ y

0
(y − t)η2(t) dt + C2y + C3,

£¤¥ C1, C2, C3 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ η(y) ¨ θ(x) ã¤®¢«¥â¢®àïîâ  ¢â®­®¬­ë¬
®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨ï¬ (C4 | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï)

η′′yy + aC4η
2 = 0, (1)

θ′xθ′′xx = C4θ + C1. (2)

�¥è¥­¨ï ãà ¢­¥­¨© (1) ¨ (2) ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ­¥ï¢­®¬ ¢¨¤¥:
∫ (

C5 − 2
3 aC4η

3)−1/2
dη = C6 ± y,

∫ ( 3
2 C4θ

2 + 3C1θ + C7
)−1/3

dθ = x + C8,

£¤¥ C5, C6, C7, C8 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
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7◦. �à¥®¡à §®¢ ­¨¥ �¥¦ ­¤à 

u(ξ, η) = xξ + yη − w(x, y), ξ = ∂w

∂x
, η = ∂w

∂y
,

£¤¥ u | ­®¢ ï § ¢¨á¨¬ ï ¯¥à¥¬¥­­ ï,   ξ, η | ­®¢ë¥ ­¥§ ¢¨á¨¬ë¥ ¯¥à¥¬¥­­ë¥, ¯à¨¢®¤¨â ª
ãà ¢­¥­¨î �à¨ª®¬¨

aξ
∂2u

∂η2 + ∂2u

∂ξ2 = 0.

�®ç­ë¥ à¥è¥­¨ï íâ®£® «¨­¥©­®£® ãà ¢­¥­¨ï ¬®¦­® ­ ©â¨ ¢ ª­¨£¥ �. �. �®«ï­¨­  (2001 b,
áâà. 463).gr �¨â¥à âãà  ¤«ï ãà ¢­¥­¨ï 5.1.6.10: �. �. �¡à £¨¬®¢ (1983, áâà. 40{41), �. �. �¨â®¢ (1988),
S. R. Svirshchevskii (1995), A. D. Polyanin, V. F. Zaitsev (2004, pp. 361{362).

11. ∂2w

∂y2 + a

y

∂w

∂y
+ b

∂w

∂x

∂2w

∂x2 = 0.

�â® ãà ¢­¥­¨¥ ¯à¨ b < 0 ®¯¨áë¢ ¥â âà ­á§¢ãª®¢®¥ â¥ç¥­¨¥ £ § .
1◦. �ãáâì w(x, y) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï

w1 = C−3
1 C2

2w(C1x + C3, C2y) + C4y
1−a + C5,

£¤¥ C1, . . . , C5 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ áã¬¬ë äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

w(x, y) = − bC1
4(a + 1)

y2 + C2y
1−a + C3 ± 2

3C1
(C1x + C4)3/2,

£¤¥ C1, . . . , C4 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
3◦. �®ç­®¥ à¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå:

w(x, y) = − 9A2b

16(n + 1)(2n + 1 + a)
y2n+2 + Ayn(x + C)3/2 + a− 3

9b

(x + C)3

y2 ,

£¤¥ A, C | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   n = n1,2 | ª®à­¨ ª¢ ¤à â­®£® ãà ¢­¥­¨ï
n2 + (a− 1)n + 5

4 (a− 3) = 0.

4◦. �¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå:
w(x, y) = (Ay1−a + B)(2C1x + C2)3/2 + 9bC3

1θ(y),
£¤¥ A, B, C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï θ = θ(y) ®¯¨áë¢ ¥âáï «¨­¥©­ë¬
®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ ¢â®à®£® ¯®àï¤ª 

θ′′yy + a

y
θ′y + (Ay1−a + B)2 = 0.

�­â¥£à¨àãï, ¯®«ãç¨¬

θ(y) = − B2

2(a + 1)
y2 − AB

3− a
y3−a − A2

2(2− a)(3− a)
y4−2a + C3y

1−a + C4.

5◦. �¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥:
w(x, y) = y−3k−2U(z), z = xyk,

£¤¥ k | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï,   äã­ªæ¨ï U = U(z) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­-
æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

bU ′zU ′′zz + k2z2U ′′zz + k(a− 5k − 5)zU ′z + (3k + 2)(3k + 3− a)U = 0.

6◦. �¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå:
w(x, y) = ϕ1(y) + ϕ2(y)x3/2 + ϕ3(y)x3,

£¤¥ äã­ªæ¨¨ ϕk = ϕk(y) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

ϕ′′1 + a

y
ϕ′1 + 9

8
bϕ2

2 = 0,

ϕ′′2 + a

y
ϕ′2 + 45

4
bϕ2ϕ3 = 0,

ϕ′′3 + a

y
ϕ′3 + 18bϕ2

3 = 0,

èâà¨å¨ ®¡®§­ ç îâ ¯à®¨§¢®¤­ë¥ ¯® y.



5.2. �à ¢­¥­¨ï á íªá¯®­¥­æ¨ «ì­ë¬¨ ­¥«¨­¥©­®áâï¬¨ 343

7◦. �¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå, ªã¡¨ç¥áª®¥ ¯® x:
w(x, y) = ψ1(y) + ψ2(y)x + ψ3(y)x2 + ψ4(y)x3,

£¤¥ äã­ªæ¨¨ ψk = ψk(y) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©
ψ′′1 + a

y
ψ′1 + 2bψ2ψ3 = 0,

ψ′′2 + a

y
ψ′2 + 2b(2ψ2

3 + 3ψ2ψ4) = 0,

ψ′′3 + a

y
ψ′3 + 18bψ3ψ4 = 0,

ψ′′4 + a

y
ψ′4 + 18bψ2

4 = 0.

8◦. �¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå:
w(x, y) = ξ(y) + η(y)θ(x).

�¤¥áì äã­ªæ¨¨ ξ(y) ¨ η(y) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢-
­¥­¨©

η′′yy + a

y
η′y + bC1η

2 = 0,

ξ′′yy + a

y
ξ′y + bC2η

2 = 0,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï θ = θ(x) ã¤®¢«¥â¢®àï¥â  ¢â®­®¬­®¬ã
®¡ëª­®¢¥­­®¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î

θ′xθ′′xx = C1θ + C2.

�£® à¥è¥­¨¥ ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ­¥ï¢­®¬ ¢¨¤¥:∫ ( 3
2 C1θ

2 + 3C2θ + C3
)−1/3

dθ = x + C4,

£¤¥ C3, C4 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.gr �¨â¥à âãà  ¤«ï ãà ¢­¥­¨ï 5.1.6.11: �. �. �¨â®¢ (1988), S. R. Svirshchevskii (1995), A. D. Polyanin,
V. F. Zaitsev (2004, pp. 363{364).

5.2. �à ¢­¥­¨ï á íªá¯®­¥­æ¨ «ì­ë¬¨ ­¥«¨­¥©­®áâï¬¨
5.2.1. �à ¢­¥­¨ï ¢¨¤  ∂2w

∂x2 + ∂2w

∂y2 = a + beβw + ceγw

1. ∂2w

∂x2 + ∂2w

∂y2 = aeβw.

�â® ãà ¢­¥­¨¥ ¢áâà¥ç ¥âáï ¢ â¥®à¨¨ £®à¥­¨ï ¨ ï¢«ï¥âáï ç áâ­ë¬ á«ãç ¥¬ ãà ¢­¥­¨ï 5.4.1.1 ¯à¨
f(w) = aeβw.
1◦. �ãáâì w(x, y) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨¨

w1 = w(±Cβ
1 x + C2,±Cβ

1 y + C3) + 2 ln |C1|,
w2 = w(x cos λ− y sin λ, x sin λ + y cos λ),

£¤¥ C1, C2, C3, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤ãâ à¥è¥­¨ï¬¨ íâ®£® ãà ¢­¥­¨ï (§­ ª¨
¢ë¡¨à îâáï ¯à®¨§¢®«ì­®).
2◦. �®ç­ë¥ à¥è¥­¨ï:

w(x, y) = 1
β

ln
[

2(A2 + B2)
aβ(Ax + By + C)2

]
¯à¨ aβ > 0,

w(x, y) = 1
β

ln
[

2(A2 + B2)
aβ sh2(Ax + By + C)

]
¯à¨ aβ > 0,

w(x, y) = 1
β

ln
[

−2(A2 + B2)
aβ ch2(Ax + By + C)

]
¯à¨ aβ < 0,

w(x, y) = 1
β

ln
[

2(A2 + B2)
aβ cos2(Ax + By + C)

]
¯à¨ aβ > 0,

w(x, y) = 1
β

ln
(

8C

aβ

)
− 2

β
ln

∣∣(x + A)2 + (y + B)2 − C
∣∣,
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£¤¥ A, B, C | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �¥à¢ë¥ ç¥âëà¥ à¥è¥­¨ï ï¢«ïîâáï à¥è¥­¨ï¬¨
â¨¯  ¡¥£ãé¥© ¢®«­ë,   ¯®á«¥¤­¥¥ | à¥è¥­¨¥¬ á à ¤¨ «ì­®© á¨¬¬¥âà¨¥© á æ¥­âà®¬ ¢ â®çª¥
(−A,−B).

�à¨¬¥à. �à¨ a = β = 1 ªà ¥¢ ï § ¤ ç  ¤«ï à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï ¢ ªàã£¥ r =
√

x2 + y2 6 1
á £à ­¨ç­ë¬ ãá«®¢¨¥¬ w

∣∣
r=1 = 0 ¨¬¥¥â ¤¢  à¥è¥­¨ï (á¬. ¯®á«¥¤­¥¥ à¥è¥­¨¥ ¯à¨ a = β = 1, A = B = 0,

C = k):
w(r) = ln 8k

(k − r2)2 , k = 5± 2
√

6.

�¥à¢®¥ ¨å ­¨å ®£à ­¨ç¥­® ¢­ãâà¨ ªàã£  r 6 1,   ¢â®à®¥ | ¨¬¥¥â á¨­£ã«ïà­ãî ®á®¡¥­­®áâì ­  ®ªàã¦­®áâ¨
r =

√
k.

3◦. �®ç­ë¥ à¥è¥­¨ï á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå:

w(x, y) = − 2
β

ln
[
C1e

ky ±
√

2aβ

2k
cos(kx + C2)

]
,

w(x, y) = 1
β

ln 2k2(B2 −A2)
aβ[A ch(kx + C1) + B sin(ky + C2)]2

,

w(x, y) = 1
β

ln 2k2(A2 + B2)
aβ[A sh(kx + C1) + B cos(ky + C2)]2

,

£¤¥ A, B, C1, C2, k | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥ (¢ à¥è¥­¨ïå ¬®¦­® ¯®¬¥­ïâì ¬¥áâ ¬¨ x ¨ y).
4◦. �¡é¥¥ à¥è¥­¨¥:

w(x, y) = − 2
β

ln
∣∣1− 2aβ�(z)�(z)

∣∣
4|�′z(z)| ,

£¤¥ � = �(z) | ¯à®¨§¢®«ì­ ï  ­ «¨â¨ç¥áª ï (£®«®¬®àä­ ï) äã­ªæ¨ï ª®¬¯«¥ªá­®£® ¯¥à¥¬¥­-
­®£® z = x + iy á ®â«¨ç­®© ®â ­ã«ï ¯à®¨§¢®¤­®©, ç¥àâ®© ®¡®§­ ç¥­  ª®¬¯«¥ªá­®-á®¯àï¦¥­­ ï
¢¥«¨ç¨­ .
5◦. �áå®¤­®¥ ãà ¢­¥­¨¥ á¢ï§ ­® á «¨­¥©­ë¬ ãà ¢­¥­¨¥¬

∂2U

∂x2 + ∂2U

∂y2 = 0 (1)

¯à¥®¡à §®¢ ­¨¥¬ �¥ª«ã­¤ 
∂U

∂x
+ 1

2 β
∂w

∂y
=

( 1
2 aβ

)1/2 exp
( 1

2 βw
)

sin U, (2)

∂U

∂y
− 1

2 β
∂w

∂x
=

( 1
2 aβ

)1/2 exp
( 1

2 βw
)

cos U. (3)

�ãáâì ¨¬¥¥âáï (ç áâ­®¥) à¥è¥­¨¥ U = U(x, y) ãà ¢­¥­¨ï � ¯« á  (1). �®£¤  (2) ¬®¦­®
à áá¬ âà¨¢ âì ª ª ®¡ëª­®¢¥­­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¯¥à¢®£® ¯®àï¤ª  ®â­®á¨â¥«ì­®
w = w(y) á ¯ à ¬¥âà®¬ x. �­® ¯à¨¢®¤¨âáï ª «¨­¥©­®¬ã ãà ¢­¥­¨î á ¯®¬®éìî § ¬¥­ë
z = exp

(− 1
2 βw). � à¥§ã«ìâ â¥ ¯®«ãç¨¬

w = − 2
β

F − 2
β

ln
[
	(x)− k

∫
e−F sin U dy

]
, F =

∫ (
∂U

∂x

)
dy,

¯à¨ ¨­â¥£à¨à®¢ ­¨¨ x áç¨â ¥âáï ¯ à ¬¥âà®¬, k =
( 1

2 aβ)1/2. �ã­ªæ¨ï 	(x) ®¯à¥¤¥«ï¥âáï ¯®á«¥
¯®¤áâ ­®¢ª¨ íâ®£® ¢ëà ¦¥­¨ï ¢ ãà ¢­¥­¨¥ (3).
gr �¨â¥à âãà  ¤«ï ãà ¢­¥­¨ï 5.2.1.1: �. �. �¥ªã  (1960), �. �ã«« ä, �. �®¤à¨ (1983), �. �. �à ­ª-

� ¬¥­¥æª¨© (1987), �. �. � ©æ¥¢, �. �. �®«ï­¨­ (1996, áâà. 476), �. �. �à¨áâ®¢ (1999), �. �. � ¡¨â®¢ (2001).

2. ∂2w

∂x2 + ∂2w

∂y2 = aeβw + be2βw.

1◦. �¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë ¯à¨ bβ > 0:

w(x, y) = − 1
β

ln
{
− b

a
+ C1 exp

[
a

√
β

b

(
x sin C2 + y cos C2

)]}
,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
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2◦. �¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë (®¡®¡é ¥â à¥è¥­¨¥ ¨§ ¯. 1◦):

w(x, y) =− 1
β

ln
[
− aβ

C2
1 + C2

2
+C3 exp(C1x+C2y)+ a2β2 − bβ(C2

1 + C2
2 )

4C3(C2
1 + C2

2 )2 exp(−C1x−C2y)
]
,

£¤¥ C1, C2, C3 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
3◦. �¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë:

w(x, y) = − 1
β

ln
[

aβ

C2
1 + C2

2
+
√

a2β2 + bβ(C2
1 + C2

2 )
C2

1 + C2
2

sin(C1x + C2y + C3)
]
.

gr �¨â¥à âãà : A. D. Polyanin, V. F. Zaitsev (2004, p. 366).

3. ∂2w

∂x2 + ∂2w

∂y2 = aeβw − be−βw.

�à¥®¡à §®¢ ­¨¥
w(x, y) = u(x, y) + k, k = 1

2β
ln b

a

¯à¨¢®¤¨â ª ãà ¢­¥­¨î ¢¨¤  5.3.1.1:
∂2u

∂x2 + ∂2u

∂y2 = 2
√

ab sh(βu).

4. ∂2w

∂x2 + ∂2w

∂y2 = aeβw + be−2βw.

�¥è¥­¨¥ á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå:

w(x, y) = 1
β

ln[ϕ(x) + ψ(y)],

£¤¥ äã­ªæ¨¨ ϕ(x) ¨ ψ(y) ®¯¨áë¢ îâáï  ¢â®­®¬­ë¬¨ ®¡ëª­®¢¥­­ë¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¬¨
ãà ¢­¥­¨ï¬¨ ¯¥à¢®£® ¯®àï¤ª 

(ϕ′x)2 = 2aβϕ3 + C1ϕ
2 + C2ϕ + C3,

(ψ′y)2 = 2aβψ3 − C1ψ
2 + C2ψ − C3 − bβ,

£¤¥ C1, C2, C3 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. � §à¥è¨¢ íâ¨ ãà ¢­¥­¨ï ®â­®á¨â¥«ì­® ¯à®¨§¢®¤-
­ëå, ¯®«ãç¨¬ ãà ¢­¥­¨ï á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨.gr �¨â¥à âãà : A. M. Grundland, E. Infeld (1992), J. Miller (Jr.), L. A. Rubel (1993), R. Z. Zhdanov (1994),
�. �. �­¤à¥¥¢, �. �. � ¯æ®¢, �. �. �ãå­ ç¥¢, �. �. �®¤¨®­®¢ (1994).

5. ∂2w

∂x2 + ∂2w

∂y2 = a + beβw + ce2βw.

�®¤áâ ­®¢ª  u = e−βw ¯à¨¢®¤¨â ª ãà ¢­¥­¨î á ª¢ ¤à â¨ç­®© ­¥«¨­¥©­®áâìî ¢¨¤  5.1.6.7:

u

(
∂2u

∂x2 + ∂2u

∂y2

)
−

(
∂u

∂x

)2
−

(
∂u

∂y

)2
+ aβu2 + bβu + cβ = 0.

5.2.2. �à ¢­¥­¨ï ¢¨¤  ∂2w

∂x2 + ∂2w

∂y2 = f(x, y, w)

1. ∂2w

∂x2 + ∂2w

∂y2 = Aeαx+βyeµw.

� ¬¥­  U = αx + βy + µw ¯à¨¢®¤¨â ª ãà ¢­¥­¨î ¢¨¤  5.2.1.1:
∂2U

∂x2 + ∂2U

∂y2 = AµeU .

2. ∂2w

∂x2 + ∂2w

∂y2 = Aeαxy+βx+γyeµw.

� ¬¥­  U = αxy + βx + γy + µw ¯à¨¢®¤¨â ª ãà ¢­¥­¨î ¢¨¤  5.2.1.1:
∂2U

∂x2 + ∂2U

∂y2 = AµeU .
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3. ∂2w

∂x2 + ∂2w

∂y2 = A(x2 + y2)eβw.

�à¥®¡à §®¢ ­¨¥
w = U(z, ζ), z = 1

2 (x2 − y2), ζ = xy
¯à¨¢®¤¨â ª ¡®«¥¥ ¯à®áâ®¬ã ãà ¢­¥­¨î ¢¨¤  5.2.1.1:

∂2U

∂z2 + ∂2U

∂ζ2 = AeβU .

4. ∂2w

∂x2 + ∂2w

∂y2 = A(x2 + y2)keβw.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.1.3 ¯à¨ f(w) = Aeβw.

5.2.3. �à ¢­¥­¨ï ¢¨¤  ∂

∂x

[
f1(x, y) ∂w

∂x

]
+ ∂

∂y

[
f2(x, y) ∂w

∂y

]
= g(w)

I �à ¢­¥­¨ï íâ®£® ¢¨¤  ¢áâà¥ç îâáï ¢ áâ æ¨®­ à­ëå § ¤ ç å â¥¯«®- ¨ ¬ áá®¯¥à¥­®á  ¨
â¥®à¨¨ £®à¥­¨ï. �¤¥áì f1 ¨ f2 | £« ¢­ë¥ ª®íää¨æ¨¥­âë â¥¬¯¥à âãà®¯à®¢®¤­®áâ¨, § ¢¨áïé¨¥
®â ¯à®áâà ­áâ¢¥­­ëå ª®®à¤¨­ â x ¨ y, g = g(w) | äã­ªæ¨ï ¨áâ®ç­¨ª , ª®â®à ï § ¤ ¥â § ª®­
â¥¯«®¢ë¤¥«¥­¨ï ¨«¨ â¥¯«®¯®£«®é¥­¨ï.

1. ∂

∂x

(
axn ∂w

∂x

)
+ ∂

∂y

(
bym ∂w

∂y

)
= ceβw.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.3.1 ¯à¨ f(w) = ceβw.
1◦. �ãáâì w(x, y) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï

w1 = w
(
C

2
2−n x, C

2
2−m y

)
+ 2

β
ln C,

£¤¥ C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �¥è¥­¨¥ á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¯à¨ n 6= 2, m 6= 2:

w = w(ξ), ξ =
[
b(2−m)2x2−n + a(2− n)2y2−m]1/2

.

�¤¥áì äã­ªæ¨ï w = w(ξ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

w′′ξξ + A

ξ
w′ξ = Beβw, (1)

£¤¥
A = 4− nm

(2− n)(2−m)
, B = 4c

ab(2− n)2(2−m)2 .

3◦. �ª ¦¥¬ ­¥ª®â®àë¥ â®ç­ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï (1).
3.1. �à ¢­¥­¨¥ (1) ¯à¨ A 6= 1 ¤®¯ãáª ¥â â®ç­®¥ à¥è¥­¨¥

w(ξ) = − 1
β

ln
[

Bβ

2(1−A)
ξ2

]
.

3.2. �à¨ A = 0, çâ® á®®â¢¥âáâ¢ã¥â m = 4
n

¨ B = cn2

ab(2− n)4 , ¨§ (1) ¯®«ãç ¥¬ ¥é¥ ­¥áª®«ìª®
á¥¬¥©áâ¢ â®ç­ëå à¥è¥­¨© ¨áå®¤­®£® ãà ¢­¥­¨ï:

w(ξ) = 1
β

ln
[

2
βB(ξ + C)2

]
¯à¨ βB > 0,

w(ξ) = 1
β

ln
[

2λ2

βB cos2(λξ + C)

]
¯à¨ βB > 0,

w(ξ) = 1
β

ln
[

2λ2

βB sh2(λξ + C)

]
¯à¨ βB > 0,

w(ξ) = 1
β

ln
[

−2λ2

βB ch2(λξ + C)

]
¯à¨ βB < 0,

w(ξ) = 1
β

ln
[

−8λ2C1C2
βB

(
C1eλξ + C2e−λξ

)2

]
,

£¤¥ λ, C, C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
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3.3. �à¨ A = 1, çâ® á®®â¢¥âáâ¢ã¥â m = n

n− 1
, ¨§ (1) ¯®«ãç ¥¬ ¤àã£®¥ á¥¬¥©áâ¢® â®ç­ëå

à¥è¥­¨© ¨áå®¤­®£® ãà ¢­¥­¨ï:

w(ξ) = 1
β

ln
(
− 8C

βB

)
− 2

β
ln(ξ2 + C), B = 4c(n− 1)2

ab(2− n)4 ,

£¤¥ C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.
4◦. �à ¢­¥­¨¥ ¨¬¥¥â â®ç­®¥ à¥è¥­¨¥ ¢¨¤ 

w(x, y) = U(z) + n− 2
β

ln x, z = yx
n−2
2−m .

2. ∂

∂x

(
aeβx ∂w

∂x

)
+ ∂

∂y

(
beµy ∂w

∂y

)
= ceλw.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.3.6 ¯à¨ f(w) = ceλw.
1◦. �ãáâì w(x, y) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï

w1 = w
(
x− 2

β
ln C, y − 2

µ
ln C

)
+ 2

λ
ln C,

£¤¥ C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �¥è¥­¨¥ á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå:

w = − 1
λ

ln
[
cλ

(
e−βx

aβ2 + e−µy

bµ2

)]
.

3◦. �¥è¥­¨¥ á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¯à¨ βµ 6= 0 (®¡®¡é ¥â à¥è¥­¨¥
¨§ ¯. 2◦):

w = w(ξ), ξ =
(
bµ2e−βx + aβ2e−µy)1/2

.

�¤¥áì äã­ªæ¨ï w(ξ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

w′′ξξ − 1
ξ

w′ξ = Aeλw, A = 4c

abβ2µ2 .

4◦. �à ¢­¥­¨¥ ¨¬¥¥â â®ç­®¥ à¥è¥­¨¥ ¢¨¤ 

w(x, y) = U(z) + β

λ
x, z = y − β

µ
x.

3. ∂

∂x

(
axn ∂w

∂x

)
+ ∂

∂y

(
beβy ∂w

∂y

)
= ceλw.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.3.8 ¯à¨ f(w) = ceλw.
1◦. �ãáâì w(x, y) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï

w1 = w
(
C

2
2−n x, y − 2

β
ln C

)
+ 2

λ
ln C,

£¤¥ C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �¥è¥­¨¥ á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå:

w = − 1
λ

ln
{

cλ(2− n)
(1− n)

[
x2−n

a(2− n)2 + e−βy

bβ2

]}
.

3◦. �¥è¥­¨¥ á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¯à¨ n 6= 2, β 6= 0 (®¡®¡é ¥â à¥è¥­¨¥
¨§ ¯. 2◦):

w = w(ξ), ξ2 = 4
[

x2−n

a(2− n)2 + e−βy

bβ2

]
,

£¤¥ äã­ªæ¨ï w(ξ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

w′′ξξ + A

ξ
w′ξ = ceλw, A = n

2− n
.

4◦. �à ¢­¥­¨¥ ¨¬¥¥â â®ç­®¥ à¥è¥­¨¥ ¢¨¤ 

w(x, y) = U(z) + n− 2
λ

ln x, z = y + 2− n

β
ln x.



348 �à ¢­¥­¨ï í««¨¯â¨ç¥áª®£® â¨¯  á ¤¢ã¬ï ­¥§ ¢¨á¨¬ë¬¨ ¯¥à¥¬¥­­ë¬¨

4. ∂

∂x

[
(ay + c) ∂w

∂x

]
+ ∂

∂y

[
(bx + s) ∂w

∂y

]
= keλw.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.4.1 ¯à¨ f(w) = keλw.
�à ¢­¥­¨¥ ¬®¦­® § ¯¨á âì ¢ ¡®«¥¥ ¯à®áâ®¬ ¢¨¤¥

(ay + c) ∂2w

∂x2 + (bx + s) ∂2w

∂y2 = keλw.

5. ∂

∂x

[
(a1x + b1y + c1) ∂w

∂x

]
+ ∂

∂y

[
(a2x + b2y + c2) ∂w

∂y

]
= keλw.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.4.2 ¯à¨ f(w) = keλw.

5.2.4. �à ¢­¥­¨ï ¢¨¤  ∂

∂x

[
f1(w) ∂w

∂x

]
+ ∂

∂y

[
f2(w) ∂w

∂y

]
= g(w)

I �à ¢­¥­¨ï íâ®£® ¢¨¤  ¢áâà¥ç îâáï ¢ áâ æ¨®­ à­ëå § ¤ ç å â¥¯«®- ¨ ¬ áá®¯¥à¥­®á  ¨
â¥®à¨¨ £®à¥­¨ï. �¤¥áì f1(w) ¨ f2(w) | § ¢¨á¨¬®áâ¨ £« ¢­ëå ª®íää¨æ¨¥­â®¢ â¥¬¯¥à âãà®-
¯à®¢®¤­®áâ¨ ®â â¥¬¯¥à âãàë, g = g(w) | äã­ªæ¨ï ¨áâ®ç­¨ª , ª®â®à ï § ¤ ¥â § ª®­ â¥¯-
«®¢ë¤¥«¥­¨ï ¨«¨ â¥¯«®¯®£«®é¥­¨ï. � ¤ ­­®¬ à §¤¥«¥ ­¥ à áá¬ âà¨¢ îâáï ¯à®áâë¥ à¥è¥­¨ï,
§ ¢¨áïé¨¥ â®«ìª® ®â ®¤­®© ¯à®áâà ­áâ¢¥­­®© ª®®à¤¨­ âë: w = w(x) ¨ w = w(y).

1. ∂2w

∂x2 + ∂

∂y

(
aeβw ∂w

∂y

)
= 0.

1◦. �ãáâì w(x, y) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨¨
w1 = w(C1x + C3,±C1C

β
2 y + C4)− 2 ln |C2|,

£¤¥ C1, . . . , C4 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤ãâ à¥è¥­¨ï¬¨ íâ®£® ãà ¢­¥­¨ï.
2◦. �®ç­ë¥ à¥è¥­¨ï ¢ ¢¨¤¥ áã¬¬ë äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

w(x, y) = 1
β

ln(Ay + B) + Cx + D,

w(x, y) = 1
β

ln(−aA2y2 + By + C)− 2
β

ln(−aAx + D),

w(x, y) = 1
β

ln(Ay2 + By + C) + 1
β

ln
[

p2

aA ch2(px + q)

]
,

w(x, y) = 1
β

ln(Ay2 + By + C) + 1
β

ln
[

p2

−aA cos2(px + q)

]
,

w(x, y) = 1
β

ln(Ay2 + By + C) + 1
β

ln
[

p2

−aA sh2(px + q)

]
,

£¤¥ A, B, C, D, p, q | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
3◦. �¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë ¢ ­¥ï¢­®¬ ¢¨¤¥:

k2
1w + ak2

2
β

eβw = C1(k1x + k2y) + C2,

£¤¥ C1, C2, k1, k2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
4◦. �¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥ (A, B | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥):

w = u(z), z = x + A

y + B
,

£¤¥ äã­ªæ¨ï u(z) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬
(z2u′z)′z + (aeβuu′z)′z = 0.

�®á«¥¤­¥¥ ¤®¯ãáª ¥â ¯¥à¢ë© ¨­â¥£à «(
z2 + aeβu)

u′z = C.

�à¨­¨¬ ï u §  ­¥§ ¢¨á¨¬ãî ¯¥à¥¬¥­­ãî, ¤«ï äã­ªæ¨¨ z = z(u) ¯®«ãç¨¬ ãà ¢­¥­¨¥ �¨ªª â¨
Cz′u = z2 + aeβu,

à¥è¥­¨¥ ª®â®à®£® ¢ëà ¦ ¥âáï ç¥à¥§ äã­ªæ¨¨ �¥áá¥«ï.
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5◦. �®ç­®¥ à¥è¥­¨¥ (®¡®¡é ¥â à¥è¥­¨¥ ¨§ ¯. 4◦):

w = U(ξ)− 2(k + 1)
β

ln |x|, ξ = y|x|k,

£¤¥ k | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï,   äã­ªæ¨ï U(ξ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨-
 «ì­ë¬ ãà ¢­¥­¨¥¬

2(k + 1)
β

+ k(k − 1)ξU ′ξ + k2ξ2U ′′ξξ + (aeβUU ′ξ)′ξ = 0.

6◦. �ãé¥áâ¢ãîâ â®ç­ë¥ à¥è¥­¨ï á«¥¤ãîé¨å ¢¨¤®¢:

w(x, y) = F (η)− 2
β

ln |x|, η = y + k ln |x|;

w(x, y) = H(ζ)− 2
β

x, ζ = yex;

£¤¥ k | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.
7◦. � ¤àã£¨å à¥è¥­¨ïå á¬. ãà ¢­¥­¨¥ 5.4.4.8 ¯à¨ f(w) = 1, g(w) = aeβw.
gr �¨â¥à âãà  ¤«ï ãà ¢­¥­¨ï 5.2.4.1: A. D. Polyanin, V. F. Zaitsev (2004, pp. 370{371).

2. ∂2w

∂x2 + ∂

∂y

(
aeβw ∂w

∂y

)
= beλw.

1◦. �ãáâì w(x, y) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨¨

w1 = w(±Cλ
1 x + C2,±Cλ−β

1 y + C3) + 2 ln |C1|,
£¤¥ C1, C2, C3 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤ãâ à¥è¥­¨ï¬¨ íâ®£® ãà ¢­¥­¨ï (§­ ª¨
¢ë¡¨à îâáï ¯à®¨§¢®«ì­®).
2◦. �¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë:

w = u(z), z = k1x + k2y,

£¤¥ k1, k2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï u(z) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®¢¥­-
­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

k2
1u′′zz + ak2

2(eβuu′z)′z = beλu.

�®¤áâ ­®¢ª  �(u) = (u′z)2 ¯à¨¢®¤¨â ª «¨­¥©­®¬ã ãà ¢­¥­¨î ¯¥à¢®£® ¯®àï¤ª 

(k2
1 + ak2

2eβu)�′u + 2ak2
2βeβu� = 2beλu.

3◦. �®ç­®¥ à¥è¥­¨¥:

w = U(ξ)− 2
λ

ln |x|, ξ = yx
β−λ

λ ,

£¤¥ äã­ªæ¨ï U(ξ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬
2
λ

+ (β − λ)(β − 2λ)
λ2 ξU ′ξ + (β − λ)2

λ2 ξ2U ′′ξξ + (aeβUU ′ξ)′ξ = beλU .

3. ∂

∂x

(
aeβw ∂w

∂x

)
+ ∂

∂y

(
beγw ∂w

∂y

)
= 0.

1◦. �ãáâì w(x, y) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨¨

w1 = w(±C1C
β
2 x + C3,±C1C

γ
2 y + C4)− 2 ln |C2|,

£¤¥ C1, . . . , C4 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤ãâ à¥è¥­¨ï¬¨ íâ®£® ãà ¢­¥­¨ï (§­ ª¨
¢ë¡¨à îâáï ¯à®¨§¢®«ì­®).
2◦. �¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë ¢ ­¥ï¢­®¬ ¢¨¤¥:

ak2
1β−1eβw + bk2

2γ−1eγw = C1(k1x + k2y) + C2,

£¤¥ C1, C2, k1, k2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
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3◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ áã¬¬ë äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
w(x, y) = ϕ(x) + ψ(y). (1)

�¤¥áì äã­ªæ¨¨ ϕ(x) ¨ ψ(y) ®¯¨áë¢ îâáï  ¢â®­®¬­ë¬¨ ®¡ëª­®¢¥­­ë¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¬¨
ãà ¢­¥­¨ï¬¨

ϕ′′xx + β(ϕ′x)2 = Abe(γ−β)ϕ,

ψ′′yy + γ(ψ′y)2 = −Aae(β−γ)ψ,
(2)

ª®â®àë¥ ­¥§ ¢¨á¨¬ë ¤àã£ ®â ¤àã£ ; A | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.
�­â¥£à¨àãï, ¯®«ãç¨¬ ®¡é¨¥ à¥è¥­¨ï ãà ¢­¥­¨© (2) ¢ ­¥ï¢­®¬ ¢¨¤¥

∫
eβϕ

[
2Ab

β + γ
e(β+γ)ϕ + B1

]−1/2
dϕ = C1 ± x,

∫
eγψ

[
− 2Aa

β + γ
e(β+γ)ψ + B2

]−1/2
dψ = C2 ± y,

£¤¥ B1, B2, C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥; β + γ 6= 0.
� ¬¥ç ­¨¥. � áâ­ë¥ à¥è¥­¨ï ãà ¢­¥­¨© (2) ¨¬¥îâ ¢¨¤

ϕ(x) = 1
β − γ

ln
[

Ab(β − γ)2

2(β + γ)
(x + C3)2

]
,

ψ(y) = 1
γ − β

ln
[
− Aa(β − γ)2

2(β + γ)
(y + C4)2

]
,

£¤¥ C3, C4 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.

4◦. �ãé¥áâ¢ãîâ â®ç­ë¥ à¥è¥­¨ï á«¥¤ãîé¨å ¢¨¤®¢:

w(x, y) = F (z) + 2k

β − γ
ln |x|, z = y|x|k−1;

w(x, y) = G(ξ) + 2
β − γ

ln |x|, ξ = y + k ln |x|;

w(x, y) = H(η) + 2x, η = ye(β−γ)x;
£¤¥ k | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.

5◦. � ¤àã£¨å â®ç­ëå à¥è¥­¨ïå ¨áå®¤­®£® ãà ¢­¥­¨ï á¬. 5.4.4.8 ¯à¨ f(w) = aeβw, g(w) = beγw.

4. a
∂

∂x

(
eβw ∂w

∂x

)
+ b

∂

∂y

(
eγw ∂w

∂y

)
= ceλw.

1◦. �ãáâì w(x, y) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨¨

w1 = w(±Cλ−β
1 x + C2,±Cλ−γ

1 y + C3) + 2 ln |C1|,
£¤¥ C1, C2, C3 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤ãâ à¥è¥­¨ï¬¨ íâ®£® ãà ¢­¥­¨ï (§­ ª¨
¢ë¡¨à îâáï ¯à®¨§¢®«ì­®).
2◦. �ãé¥áâ¢ãîâ â®ç­ë¥ à¥è¥­¨ï á«¥¤ãîé¨å ¢¨¤®¢:

w(x, y) = F (z), z = k1x + k2y;

w(x, y) = G(ξ) + 2
β − λ

ln |x|, ξ = y|x|
λ−γ
β−λ .

5.2.5. �àã£¨¥ ãà ¢­¥­¨ï, á®¤¥à¦ é¨¥ ¯à®¨§¢®«ì­ë¥ ¯ à ¬¥âàë

1. ∂2w

∂x2 + ∂2w

∂y2 + a

x

∂w

∂x
+ b

y

∂w

∂y
= ceβw.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.2.5 ¯à¨ f(ξ, w) = ceβw.
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2. ∂2w

∂x2 + ∂2w

∂y2 = aeβw

[(
∂w

∂x

)2
+

(
∂w

∂y

)2 ]
.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.2.10 ¯à¨ f(w) = aeβw.

�®¤áâ ­®¢ª  U =
∫

exp
(
− a

β
eβw

)
dw ¯à¨¢®¤¨â ª ¤¢ã¬¥à­®¬ã ãà ¢­¥­¨î � ¯« á  ¤«ï

äã­ªæ¨¨ U = U(x, y):
∂2U

∂x2 + ∂2U

∂y2 = 0.

� à¥è¥­¨ïå íâ®£® «¨­¥©­®£® ãà ¢­¥­¨ï á¬. ª­¨£¨ �. �. �¨å®­®¢ , �. �. � ¬ àáª®£® (1972),
�. �. �®«ï­¨­  (2001 b).

3. ∂2w

∂x2 + aeβw ∂2w

∂y2 = 0, a > 0.

1◦. �ãáâì w(x, t) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨¨

w± = w(C1x + C3,±C1C
β
2 y + C4, )− 2 ln |C2|,

£¤¥ C1, . . . , C4 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤ãâ à¥è¥­¨ï¬¨ íâ®£® ãà ¢­¥­¨ï.
2◦. �®ç­ë¥ à¥è¥­¨ï:

w(x, y) = Axy + By + Cx + D,

w(x, y) = 1
β

ln
[

B2

a

(y + A)2

sh2(Bx + C)

]
, w(x, y) = 1

β
ln

[
1

aA2
sh2(Ay + B)

(x + C)2

]
,

w(x, y) = 1
β

ln
[

B2

a

(y + A)2

cos2(Bx + C)

]
, w(x, y) = 1

β
ln

[
1

aA2
cos2(Ay + B)

(x + C)2

]
,

w(x, y) = 1
β

ln
[

C2

aA2
cos2(Ay + B)
sh2(Cx + D)

]
, w(x, y) = 1

β
ln

[
C2

aA2
sh2(Ay + B)
cos2(Cx + D)

]
,

w(x, y) = 1
β

ln
[

C2

aA2
sh2(Ay + B)
sh2(Cx + D)

]
, w(x, y) = 1

β
ln

[
C2

aA2
cos2(Ay + B)
cos2(Cx + D)

]
,

£¤¥ A, B, C, D | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �¥à¢®¥ à¥è¥­¨¥ ï¢«ï¥âáï ¢ëà®¦¤¥­­ë¬, ®áâ «ì-
­ë¥ à¥è¥­¨ï ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ áã¬¬ë äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢.
3◦. �¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥:

w = w(z), z = y/x,

£¤¥ äã­ªæ¨ï w(z) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

(z2 + aeβw)w′′zz + 2zw′z = 0.

4◦. �®ç­®¥ à¥è¥­¨¥:

w = U(ζ)− 2(k + 1)
β

ln |x + C1|, ζ = (y + C2)(x + C1)k,

£¤¥ C1, C2, k | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï U = U(ζ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬
¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

(k2ζ2 + aeβU )U ′′ζζ + k(k − 1)ζU ′ζ + 2(k + 1)
β

= 0.

4. ∂2w

∂x2 + aeβw ∂2w

∂y2 = beλw.

1◦. �ãáâì w(x, y) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨¨

w1 = w(±Cλ−β
1 y + C2,±Cλ

1 x + C3) + 2 ln |C1|,
£¤¥ C1, C2, C3 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤ãâ à¥è¥­¨ï¬¨ íâ®£® ãà ¢­¥­¨ï (§­ ª¨
¢ë¡¨à îâáï ¯à®¨§¢®«ì­®).
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2◦. �¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë:
w = u(z), z = k1x + k2y,

£¤¥ k1, k2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï u(z) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®¢¥­-
­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

(k2
1 + ak2

2eβu)u′′zz = beλu.

�£® à¥è¥­¨¥ ¬®¦­® § ¯¨á âì ¢ ­¥ï¢­®¬ ¢¨¤¥∫
du√
F (u)

= C1 ± z, F (u) = 2b

∫
eλu du

k2
1 + ak2

2eβu
+ C2,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
3◦. �®ç­®¥ à¥è¥­¨¥:

w = U(ξ)− 2
λ

ln |x|, ξ = y|x|
β−λ

λ ,

£¤¥ äã­ªæ¨ï U(ξ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬
2
λ

+ (β − λ)(β − 2λ)
λ2 ξU ′ξ + (β − λ)2

λ2 ξ2U ′′ξξ + aeβUU ′′ξξ = beλU .

5. axn ∂2w

∂x2 + bym ∂2w

∂y2 = ceβw.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.5.5 ¯à¨ k = s = 0, f(w) = ceβw.
1◦. �ãáâì w(x, y) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï

w1 = w
(
C

2
2−n x, C

2
2−m y

)
+ 2

β
ln C,

£¤¥ C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �¥è¥­¨¥ á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¯à¨ n 6= 2, m 6= 2:

w = w(ξ), ξ =
[
b(2−m)2x2−n + a(2− n)2y2−m]1/2

.

�¤¥áì äã­ªæ¨ï w(ξ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

w′′ξξ + A

ξ
w′ξ = Beβw, (1)

£¤¥
A = 3nm− 4n− 4m + 4

(2− n)(2−m)
, B = 4c

ab(2− n)2(2−m)2 .

3◦. �ª ¦¥¬ ­¥ª®â®àë¥ â®ç­ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï (1).
3.1. �à ¢­¥­¨¥ (1) ¯à¨ A 6= 1 ¤®¯ãáª ¥â â®ç­®¥ à¥è¥­¨¥

w(ξ) = − 1
β

ln
[

Bβ

2(1−A)
ξ2

]
.

3.2. �à¨ A = 0, çâ® á®®â¢¥âáâ¢ã¥â m = 4n− 4
3n− 4

¨ B = c(3n− 4)2

ab(2− n)4 , ¨§ (1) ¯®«ãç ¥¬ ¥é¥
­¥áª®«ìª® á¥¬¥©áâ¢ â®ç­ëå à¥è¥­¨© ¨áå®¤­®£® ãà ¢­¥­¨ï:

w(ξ) = 1
β

ln
[

2λ2

βB cos2(λξ + C)

]
¯à¨ βB > 0,

w(ξ) = 1
β

ln
[

2λ2

βB sh2(λξ + C)

]
¯à¨ βB > 0,

w(ξ) = 1
β

ln
[

−2λ2

βB ch2(λξ + C)

]
¯à¨ βB < 0,

£¤¥ C, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
3.3. �à¨ A = 1, çâ® á®®â¢¥âáâ¢ã¥â m = n

n− 1
, ¨§ (1) ¯®«ãç ¥¬ ¤àã£®¥ á¥¬¥©áâ¢® â®ç­ëå

à¥è¥­¨© ¨áå®¤­®£® ãà ¢­¥­¨ï:

w(ξ) = 1
β

ln
(
− 8C

βB

)
− 2

β
ln(ξ2 + C), B = 4c(n− 1)2

ab(2− n)4 ,

£¤¥ C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.
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6. aeβx ∂2w

∂x2 + beµy ∂2w

∂y2 = ceλw.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.5.7 ¯à¨ k = s = 0, f(w) = ceβw.
1◦. �ãáâì w(x, y) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï

w1 = w
(
x− 2

β
ln C, y − 2

µ
ln C

)
+ 2

λ
ln C,

£¤¥ C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �¥è¥­¨¥ á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¯à¨ βµ 6= 0:

w = w(ξ), ξ =
(
bµ2e−βx + aβ2e−µy)1/2.

�¤¥áì äã­ªæ¨ï w(ξ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

w′′ξξ + 3
ξ

w′ξ = Aeλw, A = 4c

abβ2µ2 ,

ª®â®à®¥ ¤®¯ãáª ¥â â®ç­®¥ à¥è¥­¨¥

w = − 1
λ

ln
(
− 1

4
Aλξ2

)
.

7. axn ∂2w

∂x2 + beβy ∂2w

∂y2 = ceλw.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.5.9 ¯à¨ k = s = 0, f(w) = ceλw.

5.3. �à ¢­¥­¨ï, á®¤¥à¦ é¨¥ ¤àã£¨¥ ­¥«¨­¥©­®áâ¨
5.3.1. �à ¢­¥­¨ï á £¨¯¥à¡®«¨ç¥áª¨¬¨ ­¥«¨­¥©­®áâï¬¨

1. ∂2w

∂x2 + ∂2w

∂y2 = a sh(βw).

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.1.1 ¯à¨ f(w) = a sh(βw).
1◦. �¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë ¢ ­¥ï¢­®¬ ¢¨¤¥:

∫ [
D + 2a ch(βw)

β(A2 + B2)

]−1/2
dw = Ax + By + C,

£¤¥ A, B, C, D | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
2◦. �¥è¥­¨¥ á æ¥­âà «ì­®© á¨¬¬¥âà¨¥© ®â­®á¨â¥«ì­® â®çª¨ á ª®®à¤¨­ â ¬¨ (−C1,−C2):

w = w(ξ), ξ =
√

(x + C1)2 + (y + C2)2,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï w(ξ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥-
à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

w′′ξξ + 1
ξ

w′ξ = a sh(βw).

3◦. �¥è¥­¨¥ á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå:

w(x, y) = 4
β

Arth
[
f(x)g(y)

]
, Arth z = 1

2
ln 1 + z

1− z
.

�¤¥áì äã­ªæ¨¨ f = f(x) ¨ g = g(y) ®¯¨áë¢ îâáï  ¢â®­®¬­ë¬¨ ®¡ëª­®¢¥­­ë¬¨ ¤¨ää¥à¥­æ¨-
 «ì­ë¬¨ ãà ¢­¥­¨ï¬¨ ¯¥à¢®£® ¯®àï¤ª 

(
f ′x

)2 = Af4 + Bf2 + C,
(
g′y

)2 = −Cg4 + (aβ −B)g2 −A,

£¤¥ A, B, C | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.

23 �. �. �®«ï­¨­, �. �. � ©æ¥¢
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4◦. �áå®¤­®¥ ãà ¢­¥­¨¥ á¢ï§ ­® á ãà ¢­¥­¨¥¬ (á¬. 5.3.3.1)
∂2U

∂x2 + ∂2U

∂y2 = a sin(βU)

¯à¥®¡à §®¢ ­¨¥¬ �¥ª«ã­¤ 

∂U

∂x
+ ∂w

∂y
= 2

√
a

β
sin

( 1
2 βU

)
ch

( 1
2 βw

)
,

∂U

∂y
− ∂w

∂x
= 2

√
a

β
cos

( 1
2 βU

)
sh

( 1
2 βw

)
.

gr �¨â¥à âãà  ¤«ï ãà ¢­¥­¨ï 5.3.1.1: �. �ã«« ä, �. �®¤à¨ (1983), A. S. Ting, H. H. Cheb, Y. C. Lee (1987),
J. Miller (Jr.), L. A. Rubel (1993), �. �. �­¤à¥¥¢, �. �. � ¯æ®¢, �. �. �ãå­ ç¥¢, �. �. �®¤¨®­®¢ (1994).

2. ∂2w

∂x2 + ∂2w

∂y2 = a sh(βw) + b sh(2βw).

�¢¥¤¥¬ ®¡®§­ ç¥­¨¥: k = a

2b
.

�¥è¥­¨ï â¨¯  ¡¥£ãé¥© ¢®«­ë:

w = ± 1
β

Arch 1− k sin z

sin z − k
, z =

√
2bβ(1− k2)(x sin C1 + y cos C1 + C2) ¯à¨ |k| < 1;

w = ± 2
β

Arth
(√

k + 1
k − 1

th ξ

2

)
, ξ =

√
2bβ(k2 − 1)(x sin C1 + y cos C1 + C2) ¯à¨ |k| > 1,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.

3. ∂2w

∂x2 + ∂2w

∂y2 = a(x2 + y2) sh(βw).

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.1.2 ¯à¨ f(w) = a sh(βw).

4. ∂2w

∂x2 + ∂2w

∂y2 = a(x2 + y2) ch(βw).

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.1.2 ¯à¨ f(w) = a ch(βw).

5. ∂2w

∂x2 + ∂2w

∂y2 = aeβx sh(λw).

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.1.4 ¯à¨ f(w) = a sh(λw).

6. ∂2w

∂x2 + ∂2w

∂y2 = a chn(βw)
[(

∂w

∂x

)2
+

(
∂w

∂y

)2 ]
.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.2.10 ¯à¨ f(w) = a chn(βw).

7. ∂

∂x

(
axn ∂w

∂x

)
+ ∂

∂y

(
bym ∂w

∂y

)
= k sh(βw).

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.3.1 ¯à¨ f(w) = k sh(βw).

8. ∂

∂x

(
aeβx ∂w

∂x

)
+ ∂

∂y

(
beµy ∂w

∂y

)
= k sh(λw).

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.3.6 ¯à¨ f(w) = k sh(λw).

9. ∂2w

∂x2 + ∂

∂y

[
a ch(βw) ∂w

∂y

]
= 0.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.4.8 ¯à¨ f(w) = 1, g(w) = a ch(βw).



5.3. �à ¢­¥­¨ï, á®¤¥à¦ é¨¥ ¤àã£¨¥ ­¥«¨­¥©­®áâ¨ 355

5.3.2. �à ¢­¥­¨ï á «®£ à¨ä¬¨ç¥áª¨¬¨ ­¥«¨­¥©­®áâï¬¨

1. ∂2w

∂x2 + ∂2w

∂y2 = αw ln(βw).

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.1.1 ¯à¨ f(w) = αw ln(βw).
�¤¥« ¢ § ¬¥­ã U = ln(βw), ¯®«ãç¨¬ ãà ¢­¥­¨¥ á ª¢ ¤à â¨ç­®© ­¥«¨­¥©­®áâìî

∂2U

∂x2 + ∂2U

∂y2 +
(

∂U

∂x

)2
+

(
∂U

∂y

)2
= αU. (1)

1◦. �à ¢­¥­¨¥ (1) ¨¬¥¥â â®ç­ë¥ à¥è¥­¨ï, ª¢ ¤à â¨ç­ë¥ ¯® ­¥§ ¢¨á¨¬ë¬ ¯¥à¥¬¥­­ë¬:

U(x, y) = 1
4 α(x + A)2 + 1

4 α(y + B)2 + 1,

U(x, y) = A(x+B)2±
√

Aα−4A2 (x+B)(y+C)+( 1
4 α−A)(y+C)2+ 1

2 ,

£¤¥ A, B, C | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
2◦. �à ¢­¥­¨¥ (1) ¨¬¥¥â à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë:

U(x, y) = F (ξ), ξ = Ax + By + C.

�¤¥áì äã­ªæ¨ï F = F (ξ) § ¤ ¥âáï ­¥ï¢­® á ¯®¬®éìî ä®à¬ã«ë

ξ =
∫ [

De−2F + α

A2 + B2 (F − 1
2 )

]−1/2
dF,

£¤¥ A, B, C, D | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
3◦. �à ¢­¥­¨¥ (1) ¨¬¥¥â à¥è¥­¨¥ ¢ ¢¨¤¥ áã¬¬ë äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

U(x, y) = f(x) + g(y).
�¤¥áì äã­ªæ¨¨ f = f(x) ¨ g = g(y) § ¤ îâáï ­¥ï¢­® á ¯®¬®éìî ä®à¬ã«

A1 ± x =
∫ (

B1e
−2f + αf − 1

2 α
)−1/2

df,

A2 ± y =
∫ (

B2e
−2g + αg − 1

2 α
)−1/2

dg,

£¤¥ A1, B1, A2, B2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
4◦. �áå®¤­®¥ ãà ¢­¥­¨¥ ¨¬¥¥â â®ç­ë¥ à¥è¥­¨ï ¢¨¤ 

w = w(ζ), ζ =
√

(x + C1)2 + (y + C2)2,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï w(ζ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥-
à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

w′′ζζ + 1
ζ

w′ζ = αw ln(βw).
gr �¨â¥à âãà : J. A. Shercliff (1977), �. �. �®«ï­¨­, �. �. �ï§ì¬¨­, �. �. �ãà®¢, �. �. � §¥­¨­ (1998).

2. ∂2w

∂x2 + ∂2w

∂y2 = aw ln w + (bxn + cyk)w.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.1.8 ¯à¨ f(x) = bxn, g(y) = cyk.

3. ∂2w

∂x2 + ∂2w

∂y2 = α(x2 + y2) ln(βw).

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.1.2 ¯à¨ f(w) = α ln(βw).

4. ∂2w

∂x2 + ∂2w

∂y2 = aeβx ln(λw).

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.1.4 ¯à¨ f(w) = a ln(λw).

23*
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5. ∂2w

∂x2 + ∂2w

∂y2 = axw + bw ln |w|.
�â® ãà ¢­¥­¨¥ ¨á¯®«ì§ã¥âáï ¤«ï ®¯¨á ­¨ï ­¥ª®â®àëå â¥ç¥­¨© ¨¤¥ «ì­®© áâà â¨ä¨æ¨à®¢ ­­®©
¦¨¤ª®áâ¨. �­® ï¢«ï¥âáï ç áâ­ë¬ á«ãç ¥¬ ãà ¢­¥­¨ï 5.3.2.6 ¯à¨ k = a2 = a0 = 0.
1◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

w(x, y) = exp
[
− a

b
x + b

4
(y + C)2 + a2

b3 + 1
2

]
,

£¤¥ C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.
2◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢ (®¡®¡é ¥â à¥è¥­¨¥ ¨§
¯. 1◦):

w(x, y) = ϕ(x)ψ(y),
£¤¥ äã­ªæ¨¨ ϕ = ϕ(x) ¨ ψ = ψ(y) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå
ãà ¢­¥­¨©

ϕ′′xx = bϕ ln |ϕ|+ (ax + C)ϕ,

ψ′′yy = bψ ln |ψ| − Cψ,

C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.
gr �¨â¥à âãà : �. �. �­¤à¥¥¢, �. �. � ¯æ®¢, �. �. �ãå­ ç¥¢, �. �. �®¤¨®­®¢ (1994, áâà. 183{185).

6. ∂2w

∂x2 + ∂2w

∂y2 + k

x

∂w

∂x
= (a2x2 + a1x + a0)w + bw ln |w|.

�à ¢­¥­¨¥ �àí¤  | � äà ­®¢  ¯à¨ k = −1, a1 = a0 = 0. �â® ãà ¢­¥­¨¥ ¨á¯®«ì§ã¥âáï
¤«ï ®¯¨á ­¨ï ­¥ª®â®àëå ãáâ ­®¢¨¢è¨åáï ®á¥á¨¬¬¥âà¨ç­ëå ¤¢¨¦¥­¨© (á § ªàãâª®©) ¨¤¥ «ì­®©
¦¨¤ª®áâ¨. �­® ¢áâà¥ç ¥âáï â ª¦¥ ¢ ä¨§¨ª¥ ¯« §¬ë.
1◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:

w(x, y) = ϕ(x)ψ(y),
£¤¥ äã­ªæ¨¨ ϕ = ϕ(x) ¨ ψ = ψ(y) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå
ãà ¢­¥­¨©

ϕ′′xx + k

x
ϕ′x = bϕ ln |ϕ|+ (a2x

2 + a1x + a0 + C)ϕ,

ψ′′yy = bψ ln |ψ| − Cψ,

C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.
2◦. �®ç­ë¥ à¥è¥­¨ï ¯à¨ a1 = 0:

w(x, y) = exp
[
Ax2 + b

4
(y + B)2 + 2

b
A(k + 1)− a0

b
+ 1

2

]
, A = 1

8
(
b±

√
b2 + 16a2

)
,

£¤¥ B | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.
3◦. �®ç­®¥ à¥è¥­¨¥ ¯à¨ a1 = a2 = 0:

w = w(r), r =
√

x2 + y2,

£¤¥ äã­ªæ¨ï w(r) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

w′′rr + k + 1
r

w′r = a0w + bw ln |w|.
gr �¨â¥à âãà : G. Rosen (1969), �. �. �­¤à¥¥¢, �. �. � ¯æ®¢, �. �. �ãå­ ç¥¢, �. �. �®¤¨®­®¢ (1994,

áâà. 174{182).

7. ∂2w

∂x2 + ∂2w

∂y2 + a

x

∂w

∂x
+ b

y

∂w

∂y
= cwn ln(βw).

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.2.5 ¯à¨ f(ξ, w) = cwn ln(βw).

8. ∂2w

∂x2 + ∂2w

∂y2 = a lnn(βw)
[(

∂w

∂x

)2
+

(
∂w

∂y

)2 ]
.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.2.10 ¯à¨ f(w) = a lnn(βw).
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9. ∂2w

∂x2 + ∂

∂y

[
a lnn(βw) ∂w

∂y

]
= 0.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.4.8 ¯à¨ f(w) = 1, g(w) = a lnn(βw).

10. ∂

∂x

[
(a1x + b1) ∂w

∂x

]
+ ∂

∂y

[
(a2y + b2) ∂w

∂y

]
= kw ln(βw).

1◦. �¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë:

w = w(ξ), ξ = x

a1
+ y

a2
+ b1

a2
1

+ b2
a2

2
,

£¤¥ äã­ªæ¨ï w(ξ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬
(ξw′ξ)′ξ = kw ln(βw).

2◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
w(x, y) = ϕ(x)ψ(y),

£¤¥ äã­ªæ¨¨ ϕ(x) ¨ ψ(y) ®¯¨áë¢ îâáï ®¡ëª­®¢¥­­ë¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¬¨ ãà ¢­¥­¨ï¬¨
[(a1x + b1)ϕ′x]′x − kϕ ln(βϕ) + Cϕ = 0,

[(a2y + b2)ψ′y]′y − kψ ln ψ − Cψ = 0,

C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.

11. ∂

∂x

[
(a1x + b1y + c1) ∂w

∂x

]
+ ∂

∂y

[
(a2x + b2y + c2) ∂w

∂y

]
= kw ln w.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.4.2 ¯à¨ f(w) = kw ln w.

12. ∂

∂x

(
axn ∂w

∂x

)
+ ∂

∂y

(
bym ∂w

∂y

)
= k ln(βw).

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.3.1 ¯à¨ f(w) = k ln(βw).

13. ∂

∂x

(
axn ∂w

∂x

)
+ ∂

∂y

(
bym ∂w

∂y

)
= kw ln w.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.3.1 ¯à¨ f(w) = kw ln w ¨ ç áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.3.9 ¯à¨
f(x) = axn, g(y) = bym.

14. ∂

∂x

(
aeβx ∂w

∂x

)
+ ∂

∂y

(
beµy ∂w

∂y

)
= k ln(λw).

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.3.6 ¯à¨ f(w) = k ln(λw).

15. ∂

∂x

(
aeβx ∂w

∂x

)
+ ∂

∂y

(
beµy ∂w

∂y

)
= kw ln w.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.3.6 ¯à¨ f(w) = kw ln w ¨ ç áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.3.9 ¯à¨
f(x) = aeβx, g(y) = beµy .

5.3.3. �à ¢­¥­¨ï á âà¨£®­®¬¥âà¨ç¥áª¨¬¨ ­¥«¨­¥©­®áâï¬¨

1. ∂2w

∂x2 + ∂2w

∂y2 = α sin(βw).

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.1.1 ¯à¨ f(w) = α sin(βw).
1◦. �¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë:

w = w(z), z = Ax + By + C,

£¤¥ § ¢¨á¨¬®áâì w(z) § ¤ ¥âáï ­¥ï¢­® á ¯®¬®éìî ä®à¬ã«ë
∫ [

D − 2α cos(βw)
β(A2 + B2)

]−1/2
dw = z,

A, B, C, D | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
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2◦. �¥è¥­¨¥ á æ¥­âà «ì­®© á¨¬¬¥âà¨¥© ®â­®á¨â¥«ì­® â®çª¨ á ª®®à¤¨­ â ¬¨ (−C1,−C2):

w = w(ξ), ξ =
√

(x + C1)2 + (y + C2)2,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï w = w(ξ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬
¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

w′′ξξ + 1
ξ

w′ξ = α sin(βw).

3◦. �¥è¥­¨¥ á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¯à¨ α = β = 1:

w(x, y) = 4 arctg
(

ctg A
ch F

ch G

)
,

F = cos A√
1 + B2 (x−By), G = sin A√

1 + B2 (y + Bx),

£¤¥ A, B | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
4◦. �¥è¥­¨¥ á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå (®¡®¡é ¥â à¥è¥­¨¥ ¨§ ¯. 3◦):

w(x, y) = 4
β

arctg
[
f(x)g(y)

]
,

£¤¥ äã­ªæ¨¨ f = f(x) ¨ g = g(y) ®¯à¥¤¥«ïîâáï  ¢â®­®¬­ë¬¨ ®¡ëª­®¢¥­­ë¬¨ ¤¨ää¥à¥­æ¨-
 «ì­ë¬¨ ãà ¢­¥­¨ï¬¨ ¯¥à¢®£® ¯®àï¤ª 

(
f ′x

)2 = Af4 + Bf2 + C,
(
g′y

)2 = Cg4 + (αβ −B)g2 + A,

£¤¥ A, B, C | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
5◦. �¢â®¯à¥®¡à §®¢ ­¨¥ �¥ª«ã­¤  ¯à¨ (α = β = 1):

∂w̃

∂x
= −i

∂w

∂y
+ k sin w̃ + w

2
+ 1

k
sin w̃ − w

2
,

−i
∂w̃

∂y
= ∂w

∂x
+ k sin w̃ + w

2
− 1

k
sin w̃ − w

2
,

£¤¥ i2 = −1.
gr �¨â¥à âãà  ¤«ï ãà ¢­¥­¨ï 5.3.3.1: �. �ã«« ä, �. �®¤à¨ (1983), J. Miller (Jr.), L. A. Rubel (1993),

�. �. �­¤à¥¥¢, �. �. � ¯æ®¢, �. �. �ãå­ ç¥¢, �. �. �®¤¨®­®¢ (1994).

2. ∂2w

∂x2 + ∂2w

∂y2 = a sin(βw) + b sin(2βw).

�¢¥¤¥¬ ®¡®§­ ç¥­¨¥: k = a

2b
.

�¥è¥­¨ï â¨¯  ¡¥£ãé¥© ¢®«­ë:

w =± 2
β

arctg
(

k+1√
1−k2 cth z

2

)
, z =

√
2bβ(1−k2) (x sin C1+y cos C1+C2) ¯à¨ |k|< 1;

w =± 2
β

arctg
(

k+1√
k2−1

tg ξ

2

)
, ξ =

√
2bβ(k2−1) (x sin C1+y cos C1+C2) ¯à¨ |k|> 1,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.

3. ∂2w

∂x2 + ∂2w

∂y2 = α cos(βw).

� ¬¥­  βw = βu + 1
2 π ¯à¨¢®¤¨â ª ãà ¢­¥­¨î ¢¨¤  5.3.3.1:

∂2u

∂x2 + ∂2u

∂y2 = −α sin(βu).

4. ∂2w

∂x2 + ∂2w

∂y2 = α(x2 + y2) sin(βw).

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.1.2 ¯à¨ f(w) = α sin(βw).
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5. ∂2w

∂x2 + ∂2w

∂y2 = α(x2 + y2) cos(βw).

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.1.2 ¯à¨ f(w) = α cos(βw).

6. ∂2w

∂x2 + ∂2w

∂y2 = aeβx sin(λw).

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.1.4 ¯à¨ f(w) = a sin(λw).

7. ∂2w

∂x2 + ∂2w

∂y2 = a cos(βw)
[(

∂w

∂x

)2
+

(
∂w

∂y

)2 ]
.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.2.10 ¯à¨ f(w) = a cos(βw).

8. ∂

∂x

(
axn ∂w

∂x

)
+ ∂

∂y

(
bym ∂w

∂y

)
= k sin(βw).

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.3.1 ¯à¨ f(w) = k sin(βw).

9. ∂

∂x

(
aeβx ∂w

∂x

)
+ ∂

∂y

(
beµy ∂w

∂y

)
= k sin(λw).

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.3.6 ¯à¨ f(w) = k sin(λw).

10. ∂2w

∂x2 + ∂

∂y

[
a cosn(βw) ∂w

∂y

]
= 0.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.4.8 ¯à¨ f(w) = 1, g(w) = a cosn(βw).

5.4. �à ¢­¥­¨ï, á®¤¥à¦ é¨¥ ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨

5.4.1. �à ¢­¥­¨ï ¢¨¤  ∂2w

∂x2 + ∂2w

∂y2 = F (x, y, w)

1. ∂2w

∂x2 + ∂2w

∂y2 = f(w).

�â æ¨®­ à­®¥ ãà ¢­¥­¨¥ â¥¯«®¯à®¢®¤­®áâ¨ á ­¥«¨­¥©­ë¬ ¨áâ®ç­¨ª®¬.
1◦. �ãáâì w = w(x, y) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨¨

w1 = w(±x + C1,±y + C2),
w2 = w(x cos β − y sin β, x sin β + y cos β),

£¤¥ C1, C2, β | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤ãâ à¥è¥­¨ï¬¨ íâ®£® ãà ¢­¥­¨ï (§­ ª¨ ¢
w1 ¢ë¡¨à îâáï ¯à®¨§¢®«ì­®).
2◦. �¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë ¢ ­¥ï¢­®¬ ¢¨¤¥:

∫ [
C + 2

A2 + B2 F (w)
]−1/2

dw = Ax + By + D, F (w) =
∫

f(w) dw,

£¤¥ A, B, C, D | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
3◦. �¥è¥­¨¥ á æ¥­âà «ì­®© á¨¬¬¥âà¨¥© ®â­®á¨â¥«ì­® â®çª¨ á ª®®à¤¨­ â ¬¨ (−C1,−C2):

w = w(ζ), ζ =
√

(x + C1)2 + (y + C2)2,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï w = w(ζ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬
¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

w′′ζζ + 1
ζ

w′ζ = f(w).

4◦. � â®ç­ëå à¥è¥­¨ïå íâ®£® ãà ¢­¥­¨ï ¤«ï ­¥ª®â®àëå § ¢¨á¨¬®áâ¥© f(w) á¬. à §¤¥«ë 5.1.1
¨ 5.2.1,   â ª¦¥ ãà ¢­¥­¨ï 5.3.1.1, 5.3.2.1, 5.3.3.1.
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2. ∂2w

∂x2 + ∂2w

∂y2 = (x2 + y2)f(w).

1◦. �ãáâì w = w(x, y) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï
w1 = w(x cos β − y sin β, x sin β + y cos β),

£¤¥ β | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �®ç­®¥ à¥è¥­¨¥ á æ¥­âà «ì­®© á¨¬¬¥âà¨¥©:

w = w(r), r =
√

x2 + y2,

£¤¥ äã­ªæ¨ï w = w(r) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

w′′rr + 1
r

w′r = r2f(w).

3◦. �¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥:
w = w(ζ), ζ = xy.

�¤¥áì äã­ªæ¨ï w = w(ζ) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥-
­¨¥¬

w′′ζζ = f(w),
®¡é¥¥ à¥è¥­¨¥ ª®â®à®£® ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ­¥ï¢­®¬ ¢¨¤¥∫ [

C1 + 2F (w)
]−1/2

dw = C2 ± ζ, F (w) =
∫

f(w) dw,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
� ¬¥ç ­¨¥. �ª § ­­®¥ à¥è¥­¨¥ ï¢«ï¥âáï ­¥ª« áá¨ç¥áª¨¬ (­¥¨­¢ à¨ ­â­ë¬)  ¢â®¬®¤¥«ì­ë¬ à¥è¥­¨-

¥¬, ¯®áª®«ìªã à áá¬ âà¨¢ ¥¬®¥ ãà ¢­¥­¨¥ ­¥¨­¢ à¨ ­â­® ®â­®á¨â¥«ì­® ¯à¥®¡à §®¢ ­¨© à áâï¦¥­¨ï (¬ á-
èâ ¡¨à®¢ ­¨ï).
4◦. �¥è¥­¨¥ á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå:

w = w(z), z = 1
2 (x2 − y2).

�¤¥áì äã­ªæ¨ï w = w(z) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥-
­¨¥¬

w′′zz = f(w),
®¡é¥¥ à¥è¥­¨¥ ª®â®à®£® ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ­¥ï¢­®¬ ¢¨¤¥∫ [

C1 + 2F (w)
]−1/2

dw = C2 ± z, F (w) =
∫

f(w) dw,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
5◦. �à¥®¡à §®¢ ­¨¥

w = U(z, ζ), z = 1
2 (x2 − y2), ζ = xy

¯à¨¢®¤¨â ª ¡®«¥¥ ¯à®áâ®¬ã ãà ¢­¥­¨î ¢¨¤  5.4.1.1:
∂2U

∂z2 + ∂2U

∂ζ2 = f(U).
gr �¨â¥à âãà : �. �. �®«ï­¨­, �. �. � ©æ¥¢ (2002, áâà. 212), �. �. �®«ï­¨­ (2004 a).

3. ∂2w

∂x2 + ∂2w

∂y2 = (x2 + y2)kf(w).

1◦. �ãáâì w = w(x, y) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï
w1 = w(x cos β − y sin β, x sin β + y cos β),

£¤¥ β | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �®ç­®¥ à¥è¥­¨¥ á æ¥­âà «ì­®© á¨¬¬¥âà¨¥©:

w = w(r), r =
√

x2 + y2,

£¤¥ äã­ªæ¨ï w = w(r) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

w′′rr + 1
r

w′r = r2kf(w).
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3◦. �ãáâì k = ±1, ±2, . . . �à¥®¡à §®¢ ­¨¥

z = 1
2 (x2 − y2), ζ = xy ¯à¨ k = 1,

z = 1
3 (x3 − 3xy2), ζ = 1

3 (3x2y − y3) ¯à¨ k = 2,

z = 1
2 ln(x2 + y2), ζ = arctg y

x
¯à¨ k = −1,

z = − x

x2 + y2 , ζ = y

x2 + y2 ¯à¨ k = −2

¯à¨¢®¤¨â ª ¡®«¥¥ ¯à®áâ®¬ã ãà ¢­¥­¨î ¢¨¤  5.4.1.1:
∂2w

∂z2 + ∂2w

∂ζ2 = f(w). (1)

�â® ãà ¢­¥­¨¥ ¤«ï ¯à®¨§¢®«ì­®© § ¢¨á¨¬®áâ¨ f =f(w) ¤®¯ãáª ¥â â®ç­®¥ à¥è¥­¨¥ â¨¯  ¡¥£ãé¥©
¢®«­ë w = w(Az+Bζ), £¤¥ A ¨ B |¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, ¨ à¥è¥­¨¥ ¢¨¤  w = w(z2+ζ2).

� ®¡é¥¬ á«ãç ¥ ¤«ï «î¡®£® æ¥«®£® k 6= −1, ¯à¥®¡à §®¢ ­¨¥

z = (x + iy)k+1 + (x− iy)k+1

2(k + 1)
, ζ = (x + iy)k+1 − (x− iy)k+1

2(k + 1)i
, i2 = −1 (2)

¯à¨¢®¤¨â ª ãà ¢­¥­¨î (1). �§ ä®à¬ã« (2) á«¥¤ã¥â á¢ï§ì:

z2 + ζ2 = 1
(k + 1)2 (x2 + y2)k+1.

4◦. �ãáâì k | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï (k 6= −1). �à¥®¡à §®¢ ­¨¥

z = 1
k + 1

rk+1 cos
[
(k + 1)ϕ

]
, ζ = 1

k + 1
rk+1 sin

[
(k + 1)ϕ

]
, (3)

£¤¥ x = r cos ϕ ¨ y = r sin ϕ, ¯à¨¢®¤¨â ª ¡®«¥¥ ¯à®áâ®¬ã ãà ¢­¥­¨î (1). �à¨ k = ±1, ±2, . . .
¯à¥®¡à §®¢ ­¨¥ (3) á®¢¯ ¤ ¥â á ¯à¥®¡à §®¢ ­¨¥¬ (2).
gr �¨â¥à âãà : �. �. �®«ï­¨­, �. �. � ©æ¥¢ (2002, áâà. 212{213).

4. ∂2w

∂x2 + ∂2w

∂y2 = eβxf(w).

�à¥®¡à §®¢ ­¨¥
w = W (u, v), u = exp

( 1
2 βx

)
cos

( 1
2 βy

)
, v = exp

( 1
2 βx

)
sin

( 1
2 βy

)

¯à¨¢®¤¨â ª ¡®«¥¥ ¯à®áâ®¬ã ãà ¢­¥­¨î ¢¨¤  5.4.1.1:
∂2W

∂u2 + ∂2W

∂v2 = 4β−2f(W ).
gr �¨â¥à âãà : �. �. �®«ï­¨­, �. �. � ©æ¥¢ (2002, áâà. 213).

5. ∂2w

∂x2 + ∂2w

∂y2 = eax−byf(w).

�à¥¤áâ ¢¨¬ ¯®ª § â¥«ì íªá¯®­¥­âë ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

ax− by = β(x cos σ − y sin σ); β =
√

a2 + b2, cos σ = a/β, sin σ = b/β.

�à¥®¡à §®¢ ­¨¥
ξ = x cos σ − y sin σ, η = x sin σ + y cos σ,

¯à¨¢®¤¨â ª ãà ¢­¥­¨î ¢¨¤  5.4.1.4:
∂2w

∂ξ2 + ∂2w

∂η2 = eβξf(w).

6. ∂2w

∂x2 + ∂2w

∂y2 = f(x, y)eβw.

�ãáâì f(x, y) = ε|F (z)|2, £¤¥ F = F (z) | § ¤ ­­ ï  ­ «¨â¨ç¥áª ï äã­ªæ¨ï ª®¬¯«¥ªá­®£®
¯¥à¥¬¥­­®£® z = x + iy.
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1◦. �¡é¥¥ à¥è¥­¨¥:

w(x, y) = − 2
β

ln |F (z)||1− 2βε�(z)�(z) |
4|�′z(z)| ,

£¤¥ � = �(z) | ¯à®¨§¢®«ì­ ï  ­ «¨â¨ç¥áª ï (£®«®¬®àä­ ï) äã­ªæ¨ï ª®¬¯«¥ªá­®£® ¯¥à¥¬¥­-
­®£® z = x + iy á ®â«¨ç­®© ®â ­ã«ï ¯à®¨§¢®¤­®©, ç¥àâ®© ®¡®§­ ç¥­  ª®¬¯«¥ªá­®-á®¯àï¦¥­­ ï
¢¥«¨ç¨­ .
2◦. �àã£®¥ ¯à¥¤áâ ¢«¥­¨¥ ®¡é¥£® à¥è¥­¨ï ¯à¨ β = −2, ε = ±1:

w(x, y) = ln
(|ϕ(z)|2 + ε|ψ(z)|2).

�¤¥áì £®«®¬®àä­ë¥ äã­ªæ¨¨ ϕ = ϕ(z) ¨ ψ = ψ(z) § ¤ îâáï ä®à¬ã« ¬¨

ϕ2 = C� exp
(

a

2

∫ z

z0

F

�
dz

)
, ψ2 = �

C
exp

(
− a

2

∫ z

z0

F

�
dz

)
,

£¤¥ |a| = 1, C 6= 0 | «î¡®¥, z0 | ¯à®¨§¢®«ì­ ï â®çª , � = �(z) | ¯à®¨§¢®«ì­ ï £®«®¬®àä­ ï
äã­ªæ¨ï, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î, çâ® ¢ «î¡®© â®çª¥ z = z∗, ¢ ª®â®à®© �(z∗) = 0, ¤®«¦­®
¡ëâì �′(z∗) = ± 1

2 aF (z∗). �®á«¥¤­¥¥ ãá«®¢¨¥, ¢ ç áâ­®áâ¨, ®§­ ç ¥â, çâ® äã­ªæ¨ï � ¬®¦¥â
¨¬¥âì â®«ìª® ¯à®áâë¥ ­ã«¨.
gr �¨â¥à âãà : �. �. � ¡¨â®¢ (2001).

7. ∂2w

∂x2 + ∂2w

∂y2 = aw ln w + f(x)w.

�®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
w(x, y) = ϕ(x)ψ(y),

£¤¥ äã­ªæ¨¨ ϕ(x) ¨ ψ(y) ®¯¨áë¢ îâáï ®¡ëª­®¢¥­­ë¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¬¨ ãà ¢­¥­¨ï¬¨
ϕ′′xx −

[
a ln ϕ + f(x) + C

]
ϕ = 0,

ψ′′yy −
(
a ln ψ − C

)
ψ = 0,

C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.

8. ∂2w

∂x2 + ∂2w

∂y2 = aw ln w +
[
f(x) + g(y)

]
w.

�®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
w(x, y) = ϕ(x)ψ(y),

£¤¥ äã­ªæ¨¨ ϕ(x) ¨ ψ(y) ®¯¨áë¢ îâáï ®¡ëª­®¢¥­­ë¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¬¨ ãà ¢­¥­¨ï¬¨
ϕ′′xx −

[
a ln ϕ + f(x) + C

]
ϕ = 0,

ψ′′yy −
[
a ln ψ + g(y)− C

]
ψ = 0,

C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.

9. ∂2w

∂x2 + ∂2w

∂y2 = f(x)w ln w +
[
af(x)y + g(x)

]
w.

�®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
w(x, y) = e−ayϕ(x),

£¤¥ äã­ªæ¨ï ϕ(x) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬
ϕ′′xx = f(x)ϕ ln ϕ +

[
g(x)− a2]ϕ.

10. ∂2w

∂x2 + ∂2w

∂y2 = f(ax + by, w).

�®ç­®¥ à¥è¥­¨¥:
w = w(ξ), ξ = ax + by,

£¤¥ äã­ªæ¨ï w(ξ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬
(a2 + b2)w′′ξξ = f(ξ, w).
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11. ∂2w

∂x2 + ∂2w

∂y2 = f(x2 + y2, w).

1◦. �ãáâì w = w(x, y) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï
w1 = w(x cos β − y sin β, x sin β + y cos β),

£¤¥ C1, C2, β | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �®ç­®¥ à¥è¥­¨¥ á æ¥­âà «ì­®© á¨¬¬¥âà¨¥©:

w = w(ξ), ξ =
(
x2 + y2)1/2

,

£¤¥ äã­ªæ¨ï w(ξ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

w′′ξξ + 1
ξ

w′ξ = f(ξ2, w).

12. ∂2w

∂x2 + ∂2w

∂y2 = (x2 + y2)f(xy, w).

1◦. �¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥:
w = w(ζ), ζ = xy,

£¤¥ äã­ªæ¨ï w(ζ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬
w′′ζζ = f(ζ, w).

2◦. �à¥®¡à §®¢ ­¨¥
w = U(z, ζ), z = 1

2 (x2 − y2), ζ = xy
¯à¨¢®¤¨â ª ¡®«¥¥ ¯à®áâ®¬ã ãà ¢­¥­¨î

∂2U

∂z2 + ∂2U

∂ζ2 = f(ζ, U).
gr �¨â¥à âãà : �. �. �®«ï­¨­, �. �. � ©æ¥¢ (2002, áâà. 215).

13. ∂2w

∂x2 + ∂2w

∂y2 = (x2 + y2)f(x2 − y2, w).

1◦. �¥è¥­¨¥ á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå:
w = w(z), z = 1

2 (x2 − y2),
£¤¥ äã­ªæ¨ï w(z) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

w′′zz = f(2z, w).
2◦. �à¥®¡à §®¢ ­¨¥

w = U(z, ζ), z = 1
2 (x2 − y2), ζ = xy

¯à¨¢®¤¨â ª ¡®«¥¥ ¯à®áâ®¬ã ãà ¢­¥­¨î
∂2U

∂z2 + ∂2U

∂ζ2 = f(2z, U).

14. ∂2w

∂x2 + ∂2w

∂y2 = f
(
w + A11x2 + A12xy + A22y2 + B1x + B2y

)
.

� ¬¥­  U = w + A11x
2 + A12xy + A22y

2 + B1x + B2y ¯à¨¢®¤¨â ª ãà ¢­¥­¨î ¢¨¤  5.4.1.1:
∂2U

∂x2 + ∂2U

∂y2 = f(U) + 2A11 + 2A22.

5.4.2. �à ¢­¥­¨ï ¢¨¤  a
∂2w

∂x2 + b
∂2w

∂y2 = F
(
x, y, w,

∂w

∂x
,

∂w

∂y

)

1. a
∂2w

∂x2 + b
∂2w

∂y2 = f(w).

�â® ãà ¢­¥­¨¥ ®¯¨áë¢ ¥â áâ æ¨®­ à­ë¥ ¯à®æ¥ááë â¥¯«®- ¨ ¬ áá®¯¥à¥­®á  ¨ £®à¥­¨ï ¢ ­¥®¤­®-
à®¤­ëå ( ­¨§®âà®¯­ëå) áà¥¤ å. �¤¥áì a ¨ b | £« ¢­ë¥ ª®íää¨æ¨¥­âë â¥¬¯¥à âãà®¯à®¢®¤­®áâ¨,
f = f(w) | ª¨­¥â¨ç¥áª ï äã­ªæ¨ï, ª®â®à ï § ¤ ¥â § ª®­ â¥¯«®¢ë¤¥«¥­¨ï.

�à¥®¡à §®¢ ­¨¥ ξ = x/
√

a, η = y/
√

b ¯à¨¢®¤¨â ª ãà ¢­¥­¨î ¢¨¤  5.4.1.1:
∂2w

∂ξ2 + ∂2w

∂η2 = f(w).
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2. ax
∂w

∂x
+ ay

∂w

∂y
= ∂2w

∂x2 + ∂2w

∂y2 − f(w).

�¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë:
w = w(z), z = k1x + k2y,

£¤¥ k1, k2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï w(z) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥-
à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

azw′z = (k2
1 + k2

2)w′′zz − f(w).
� ¬¥ç ­¨¥. �ª § ­­®¥ à¥è¥­¨¥ ï¢«ï¥âáï ­¥ª« áá¨ç¥áª¨¬ (­¥¨­¢ à¨ ­â­ë¬) à¥è¥­¨¥¬ â¨¯  ¡¥£ãé¥©

¢®«­ë, ¯®áª®«ìªã à áá¬ âà¨¢ ¥¬®¥ ãà ¢­¥­¨¥ ­¥¨­¢ à¨ ­â­® ®â­®á¨â¥«ì­® ¯à¥®¡à §®¢ ­¨© á¤¢¨£ .
gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 a).

3. (a1x + b1y + c1) ∂w

∂x
+ (a2x + b2y + c2) ∂w

∂y
= ∂2w

∂x2 + ∂2w

∂y2 − f(w).

�â® ãà ¢­¥­¨¥ ®¯¨áë¢ ¥â áâ æ¨®­ à­ë© ¬ áá®¯¥à¥­®á á ®¡ê¥¬­®© å¨¬¨ç¥áª®© à¥ ªæ¨¥© ¢
¯®áâã¯ â¥«ì­®-á¤¢¨£®¢®¬ ¯®â®ª¥ ¦¨¤ª®áâ¨.

�¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë:
w = w(z), z = a2x + (k − a1)y,

£¤¥ k | ª®à¥­ì ª¢ ¤à â­®£® ãà ¢­¥­¨ï

k2 − (a1 + b2)k + a1b2 − a2b1 = 0,

  äã­ªæ¨ï w(z) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬
[
kz + a2c1 + (k − a1)c2

]
w′z =

[
a2

2 + (k − a1)2]w′′zz − f(w).

� ¬¥ç ­¨¥. � á«ãç ¥ ­¥á¦¨¬ ¥¬®© ¦¨¤ª®áâ¨ ª®íää¨æ¨¥­âë ãà ¢­¥­¨ï ¤®«¦­ë ã¤®¢«¥â¢®àïâì ãá«®-
¢¨î a1 + b2 = 0.
gr �¨â¥à âãà : A. D. Polyanin, V. F. Zaitsev (2004, p. 387).

4. a
∂2w

∂x2 + b
∂2w

∂y2 + cx
∂w

∂x
− cy

∂w

∂y
= (bx2 + ay2)f(w).

�®ç­®¥ à¥è¥­¨¥:
w = w(z), z = xy,

£¤¥ äã­ªæ¨ï w(z) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬
w′′zz = f(w).

5. ∂2w

∂x2 + ∂2w

∂y2 + a

x

∂w

∂x
+ b

y

∂w

∂y
= f(x2 + y2, w).

�®ç­®¥ à¥è¥­¨¥ á æ¥­âà «ì­®© á¨¬¬¥âà¨¥©:

w = w(ξ), ξ =
(
x2 + y2)1/2

,

£¤¥ äã­ªæ¨ï w(ξ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

w′′ξξ + a + b + 1
ξ

w′ξ = f(ξ2, w).

6. a
∂2w

∂x2 + b
∂2w

∂y2 = f1(x) ∂w

∂x
+ f2(y) ∂w

∂y
+ kw ln w +

[
g1(x) + g2(y)

]
w.

�®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
w(x, y) = ϕ(x)ψ(y).

�¤¥áì äã­ªæ¨¨ ϕ(x) ¨ ψ(x) ®¯¨áë¢ îâáï ®¡ëª­®¢¥­­ë¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¬¨ ãà ¢­¥­¨ï¬¨
aϕ′′xx = f1(x)ϕ′x + kϕ ln ϕ +

[
g1(x) + C

]
ϕ,

bψ′′yy = f2(y)ψ′y + kψ ln ψ +
[
g2(y)− C

]
ψ,

£¤¥ C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.
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7. ∂2w

∂x2 + a
∂2w

∂y2 = f(x)
(

∂w

∂y

)2
+ g(x)w + h(x).

�¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå, ª¢ ¤à â¨ç­®¥ ¯® ¯¥à¥¬¥­­®© y:
w(x, y) = ϕ(x)y2 + ψ(x)y + χ(x), (1)

£¤¥ äã­ªæ¨¨ ϕ(x), ψ(x), χ(x) ®¯à¥¤¥«ïîâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå
ãà ¢­¥­¨© ( à£ã¬¥­âë ã äã­ªæ¨© f , g, h ­¥ ãª §ë¢ îâáï):

ϕ′′xx = 4fϕ2 + gϕ, (2)
ψ′′xx = (4fϕ + g)ψ, (3)
χ′′xx = gχ + fψ2 + h− 2aϕ. (4)

�á«¨ ã¤ ¥âáï ­ ©â¨ à¥è¥­¨¥ ϕ = ϕ(x) ­¥«¨­¥©­®£® ãà ¢­¥­¨ï (2), â® äã­ªæ¨¨ ψ = ψ(x) ¨
χ = χ(x) ®¯à¥¤¥«ïîâáï ¯®á«¥¤®¢ â¥«ì­® ¨§ ãà ¢­¥­¨© (3) ¨ (4), ª®â®àë¥ «¨­¥©­ë ®â­®á¨â¥«ì­®
ψ ¨ χ.

�§ á®¯®áâ ¢«¥­¨ï ãà ¢­¥­¨© (2) ¨ (3) ¢¨¤­®, çâ® ãà ¢­¥­¨¥ (3) ¨¬¥¥â ç áâ­®¥ à¥è¥­¨¥
ψ = ϕ(x). �®íâ®¬ã ¥£® ®¡é¥¥ à¥è¥­¨¥ ¤ ¥âáï ä®à¬ã«®© (á¬. �. �. � ©æ¥¢, �. �. �®«ï­¨­,
2001 a):

ψ(x) = C1ϕ(x) + C2ϕ(x)
∫

dx

ϕ2(x)
, ϕ 6≡ 0.

�â¬¥â¨¬, çâ® ãà ¢­¥­¨¥ (2) ¨¬¥¥â âà¨¢¨ «ì­®¥ ç áâ­®¥ à¥è¥­¨¥ ϕ(x) ≡ 0, ª®â®à®¬ã
á®®â¢¥âáâ¢ã¥â à¥è¥­¨¥ (1), «¨­¥©­®¥ ¯® ¯¥à¥¬¥­­®© y. �á«¨ äã­ªæ¨¨ f ¨ g ¯à®¯®àæ¨®­ «ì­ë,
â® ç áâ­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (2) ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© ϕ = − 1

4 g/f (ϕ = const).

8. ∂2w

∂x2 + a
∂2w

∂y2 = f(x)
(

∂w

∂y

)2
+ bf(x)w2 + g(x)w + h(x).

1◦. �¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå:
w(x, y) = ϕ(x) + ψ(x) exp

(±y
√
−b

)
, b < 0, (1)

£¤¥ äã­ªæ¨¨ ϕ(x) ¨ ψ(x) ®¯à¥¤¥«ïîâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©
( à£ã¬¥­âë ã äã­ªæ¨© f , g, h ­¥ ãª §ë¢ îâáï):

ϕ′′xx = bfϕ2 + gϕ + h, (2)
ψ′′xx = (2bfϕ + g + ab)ψ. (3)

�á«¨ ã¤ ¥âáï ­ ©â¨ à¥è¥­¨¥ ϕ = ϕ(x) ãà ¢­¥­¨ï (2), â® äã­ªæ¨î ψ = ψ(x) ¬®¦­® ¯®«ãç¨âì
¯ãâ¥¬ à¥è¥­¨ï ãà ¢­¥­¨ï (3), ª®â®à®¥ «¨­¥©­® ®â­®á¨â¥«ì­® ψ.

�á«¨ äã­ªæ¨¨ f , g, h ¯à®¯®àæ¨®­ «ì­ë:
g = αf, h = βf (α, β = const),

â® ç áâ­ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï (2) ¨¬¥îâ ¢¨¤
ϕ = k1, ϕ = k2, (4)

£¤¥ k1 ¨ k2 | ª®à­¨ ª¢ ¤à â­®£® ãà ¢­¥­¨ï bk2 + αk + β = 0. � íâ®¬ á«ãç ¥ ãà ¢­¥­¨¥ (3)
§ ¯¨áë¢ ¥âáï â ª:

ψ′′xx =
[
(2bkn + α)f + ab

]
ψ, n = 1, 2. (5)

� ª­¨£ å �. � ¬ª¥ (1976), �. �. � ©æ¥¢ , �. �. �®«ï­¨­  (2001 a) ¯à¨¢¥¤¥­® ¬­®£® â®ç­ëå
à¥è¥­¨© «¨­¥©­®£® ãà ¢­¥­¨ï (5) ¤«ï à §«¨ç­ëå § ¢¨á¨¬®áâ¥© f = f(x). � ç áâ­®¬ á«ãç ¥
f = const ®¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (5) ï¢«ï¥âáï áã¬¬®© íªá¯®­¥­â (¨«¨ á¨­ãá  ¨ ª®á¨­ãá ).
2◦. �¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå (®¡®¡é ¥â à¥è¥­¨¥ ¨§ ¯. 1◦):

w(x, y) = ϕ(x) + ψ(x)
[
A exp

(
y
√
−b

)
+ B exp

(−y
√
−b

)]
, b < 0, (6)

£¤¥ äã­ªæ¨¨ ϕ(x) ¨ ψ(x) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©
ϕ′′xx = bf

(
ϕ2 + 4ABψ2) + gϕ + h,

ψ′′xx = 2bfϕψ + gψ + abψ.

�â¬¥â¨¬ ¤¢  ç áâ­ëå á«ãç ï à¥è¥­¨ï ¢¨¤  (6), ª®â®àë¥ ¢ëà ¦ îâáï ç¥à¥§ £¨¯¥à¡®«¨ç¥áª¨¥
äã­ªæ¨¨:

w(x, y) = ϕ(x) + ψ(x) ch
(
y
√
−b

)
, A = 1

2 , B = 1
2 ;

w(x, y) = ϕ(x) + ψ(x) sh
(
y
√
−b

)
, A = 1

2 , B = − 1
2 .
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3◦. �¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå (c | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï):

w(x, y) = ϕ(x) + ψ(x) cos
(
y
√

b + c
)
, b > 0,

£¤¥ äã­ªæ¨¨ ϕ(x) ¨ ψ(x) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

ϕ′′xx = bf
(
ϕ2 + ψ2) + gϕ + h,

ψ′′xx = 2bfϕψ + gψ + abψ.

gr �¨â¥à âãà : V. A. Galaktionov (1995), �. �. � ©æ¥¢, �. �. �®«ï­¨­ (1996, áâà. 488).

9. a
∂2w

∂x2 + b
∂2w

∂y2 = f(x)
(

∂w

∂y

)2
+ g(x) ∂w

∂x
+

+
[
h1(x)y + h0(x)

] ∂w

∂y
+ p(x)w + q2(x)y2 + q1(x)y + q0(x).

�ãé¥áâ¢ã¥â â®ç­®¥ à¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå, ª¢ ¤à â¨ç­®¥ ¯® y:

w(x, y) = ϕ(x)y2 + ψ(x)y + χ(x).

10. ∂2w

∂x2 + ∂2w

∂y2 = f(w)
[(

∂w

∂x

)2
+

(
∂w

∂y

)2 ]
.

� ¬¥­ 
U =

∫
dw

F (w)
, £¤¥ F (w) = exp

[∫
f(w) dw

]
,

¯à¨¢®¤¨â ª ¤¢ã¬¥à­®¬ã ãà ¢­¥­¨î � ¯« á  ¤«ï äã­ªæ¨¨ U = U(x, y):
∂2U

∂x2 + ∂2U

∂y2 = 0.

� à¥è¥­¨ïå íâ®£® «¨­¥©­®£® ãà ¢­¥­¨ï á¬. ª­¨£¨ �. �. �¨å®­®¢ , �. �. � ¬ àáª®£® (1972),
�. �. �®«ï­¨­  (2001 b).

11. a
∂2w

∂x2 + b
∂2w

∂y2 = f(x)
(

∂w

∂x

)n

+ g(y)
(

∂w

∂y

)m

+ kw.

�®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ áã¬¬ë äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
w(x, y) = ϕ(x) + ψ(y).

�¤¥áì äã­ªæ¨¨ ϕ(x) ¨ ψ(x) ®¯¨áë¢ îâáï ®¡ëª­®¢¥­­ë¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¬¨ ãà ¢­¥­¨ï¬¨

aϕ′′xx − f(x)
(
ϕ′x

)n − kϕ = C,

bψ′′yy − g(y)
(
ψ′y

)m − kψ = −C,

£¤¥ C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.

12. a
∂2w

∂x2 + b
∂2w

∂y2 = f1(x)
(

∂w

∂x

)n

+ f2(y)
(

∂w

∂y

)m

+

+ g1(x) ∂w

∂x
+ g2(y) ∂w

∂y
+ h1(x) + h2(y) + kw.

�®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ áã¬¬ë äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
w(x, y) = ϕ(x) + ψ(y).

�¤¥áì äã­ªæ¨¨ ϕ(x) ¨ ψ(x) ®¯¨áë¢ îâáï ®¡ëª­®¢¥­­ë¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¬¨ ãà ¢­¥­¨ï¬¨

aϕ′′xx − f1(x)
(
ϕ′x

)n − g1(x)ϕ′x − kϕ− h1(x) = C,

bψ′′yy − f2(y)
(
ψ′y

)m − g2(y)ψ′y − kψ − h2(y) = −C,

£¤¥ C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.
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13. ∂2w

∂x2 + ∂2w

∂y2 = (a1x + b1y + c1)
(

∂w

∂x

)k

+

+ (a2x + b2y + c2)
(

∂w

∂y

)k

+ f

(
w,

∂w

∂x
,

∂w

∂y

)
.

�¥è¥­¨ï ¨é¥¬ ¢ ¢¨¤¥ ¡¥£ãé¥© ¢®«­ë
w = w(z), z = Ax + By + C,

£¤¥ ¯®áâ®ï­­ë¥ A, B, C ®¯à¥¤¥«ïîâáï ¯ãâ¥¬ à¥è¥­¨ï  «£¥¡à ¨ç¥áª®© á¨áâ¥¬ë ãà ¢­¥­¨©
a1A

k + a2B
k = A, (1)

b1A
k + b2B

k = B, (2)
c1A

k + c2B
k = C. (3)

�­ ç «  à¥è îâáï ¯¥à¢ë¥ ¤¢  ãà ¢­¥­¨ï (1), (2), § â¥¬ ¨§ ¯®á«¥¤­¥£® ãà ¢­¥­¨ï (3) ®¯à¥¤¥«ï-
¥âáï C. �áª®¬ ï äã­ªæ¨ï w(z) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

(A2 + B2)w′′zz = z(w′z)k + f
(
w, Aw′z, Bw′z

)
.

14. a
∂2w

∂x2 + b
∂2w

∂y2 = f1

(
x,

∂w

∂x

)
+ f2

(
y,

∂w

∂y

)
+ kw.

�®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ áã¬¬ë äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
w(x, y) = ϕ(x) + ψ(y).

�¤¥áì äã­ªæ¨¨ ϕ(x) ¨ ψ(x) ®¯¨áë¢ îâáï ®¡ëª­®¢¥­­ë¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¬¨ ãà ¢­¥­¨ï¬¨
aϕ′′xx − f1

(
x, ϕ′x

)− kϕ = C,

bψ′′yy − f2
(
y, ψ′y

)− kψ = −C,

£¤¥ C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.

15. a
∂2w

∂x2 + b
∂2w

∂y2 = f1

(
x,

1
w

∂w

∂x

)
w + f2

(
y,

1
w

∂w

∂y

)
w.

�®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
w(x, y) = ϕ(x)ψ(y).

�¤¥áì äã­ªæ¨¨ ϕ(x) ¨ ψ(y) ®¯¨áë¢ îâáï ®¡ëª­®¢¥­­ë¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¬¨ ãà ¢­¥­¨ï¬¨

a
ϕ′′xx

ϕ
− f1

(
x,

ϕ′x
ϕ

)
= C,

b
ψ′′yy

ψ
− f2

(
y,

ψ′y
ψ

)
= −C,

£¤¥ C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.

5.4.3. �à ¢­¥­¨ï â¥¯«®- ¨ ¬ áá®¯¥à¥­®á  ¢¨¤ 
∂

∂x

[
f(x) ∂w

∂x

]
+ ∂

∂y

[
g(y) ∂w

∂y

]
= h(w)

I �à ¢­¥­¨ï íâ®£® ¢¨¤  ®¯¨áë¢ ¥â áâ æ¨®­ à­ë¥ ¯à®æ¥ááë â¥¯«®- ¨ ¬ áá®¯¥à¥­®á  ¨ £®à¥­¨ï
¢ ­¥®¤­®à®¤­ëå ( ­¨§®âà®¯­ëå) áà¥¤ å. �¤¥áì f = f(x) ¨ g = g(y) | § ¢¨á¨¬®áâ¨ £« ¢­ëå
ª®íää¨æ¨¥­â®¢ â¥¬¯¥à âãà®¯à®¢®¤­®áâ¨ ®â ¯à®áâà ­áâ¢¥­­ëå ª®®à¤¨­ â, h = h(w) | ª¨-
­¥â¨ç¥áª ï äã­ªæ¨ï (äã­ªæ¨ï ¨áâ®ç­¨ª ), ª®â®à ï § ¤ ¥â § ª®­ â¥¯«®¢ë¤¥«¥­¨ï ¨«¨ â¥¯«®-
¯®£«®é¥­¨ï. � ¤ ­­®¬ à §¤¥«¥ ­¥ à áá¬ âà¨¢ îâáï ¯à®áâë¥ à¥è¥­¨ï, § ¢¨áïé¨¥ â®«ìª® ®â
®¤­®© ¯à®áâà ­áâ¢¥­­®© ª®®à¤¨­ âë: w = w(x) ¨ w = w(y).

1. ∂

∂x

(
axn ∂w

∂x

)
+ ∂

∂y

(
bym ∂w

∂y

)
= f(w).

1◦. �¥è¥­¨¥ á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¯à¨ n 6= 2, m 6= 2:

w = w(ξ), ξ =
[
b(2−m)2x2−n + a(2− n)2y2−m]1/2

.
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�¤¥áì äã­ªæ¨ï w(ξ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

w′′ξξ + A

ξ
w′ξ = Bf(w), (1)

£¤¥
A = 4− nm

(2− n)(2−m)
, B = 4

ab(2− n)2(2−m)2 .

�à¨ m = 4/n ¨§ (1) ¯®«ãç ¥¬ á¥¬¥©áâ¢® â®ç­ëå à¥è¥­¨© ¨áå®¤­®£® ãà ¢­¥­¨ï ¤«ï
¯à®¨§¢®«ì­®© äã­ªæ¨¨ f = f(w):

∫ [
C1 + 2n2

ab(2− n)4 F (w)
]−1/2

dw = C2 ± ξ, F (w) =
∫

f(w) dw,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
2◦. �®¤áâ ­®¢ª  ζ = ξ1−A ¯à¨¢®¤¨â (1) ª ®¡®¡é¥­­®¬ã ãà ¢­¥­¨î �¬¤¥­  | � ã«¥à 

w′′ζζ = B

(1−A)2 ζ
2A

1−A f(w). (2)

�®«ìè®¥ ç¨á«® â®ç­ëå à¥è¥­¨© ãà ¢­¥­¨ï (2) ¤«ï à §«¨ç­ëå äã­ªæ¨© f = f(w) ¯à¨¢¥¤¥­® ¢
ª­¨£¥ �. �. � ©æ¥¢ , �. �. �®«ï­¨­  (2001 a).
gr �¨â¥à âãà : �. �. � ©æ¥¢, �. �. �®«ï­¨­ (1996, áâà. 485).

2. ∂

∂x

[
a(x + c)n ∂w

∂x

]
+ ∂

∂y

[
b(y + s)m ∂w

∂y

]
= f(w).

�à¥®¡à §®¢ ­¨¥ ζ = x + c, η = y + s ¯à¨¢®¤¨â ª ãà ¢­¥­¨î ¢¨¤  5.4.3.1:
∂

∂ζ

(
aζn ∂w

∂ζ

)
+ ∂

∂η

(
bηm ∂w

∂η

)
= f(w).

3. ∂

∂x

[
a
(|x| + c

)n ∂w

∂x

]
+ ∂

∂y

[
b
(|y| + s

)m ∂w

∂y

]
= f(w).

�à¥®¡à §®¢ ­¨¥ ζ = |x|+ c, η = |y|+ s ¯à¨¢®¤¨â ª ãà ¢­¥­¨î ¢¨¤  5.4.3.1:

∂

∂ζ

(
aζn ∂w

∂ζ

)
+ ∂

∂η

(
bηm ∂w

∂η

)
= f(w).

4. a
∂2w

∂x2 + ∂

∂y

(
beµy ∂w

∂y

)
= f(w).

�¥è¥­¨¥ á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¯à¨ µ 6= 0:

w = w(ξ), ξ =
[
bµ2(x + C1)2 + 4ae−µy]1/2

,

£¤¥ C1 | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï,   äã­ªæ¨ï w(ξ) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®¢¥­­ë¬
¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

w′′ξξ = 1
abµ2 f(w).

�¡é¥¥ à¥è¥­¨¥ íâ®£® ãà ¢­¥­¨ï ¤«ï ¯à®¨§¢®«ì­®© ª¨­¥â¨ç¥áª®© äã­ªæ¨¨ f = f(w) ®¯à¥¤¥«ï-
¥âáï ­¥ï¢­® á ¯®¬®éìî ä®à¬ã«

∫ [
C2 + 2

abµ2 F (w)
]−1/2

dw = C3 ± ξ, F (w) =
∫

f(w) dw,

£¤¥ C2, C3 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.

5. a
∂2w

∂x2 + ∂

∂y

(
beµ|y| ∂w

∂y

)
= f(w).

� ¬¥­  ζ = |y| ¯à¨¢®¤¨â ª ãà ¢­¥­¨î ¢¨¤  5.4.3.4.
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6. ∂

∂x

(
aeβx ∂w

∂x

)
+ ∂

∂y

(
beµy ∂w

∂y

)
= f(w).

�¥è¥­¨¥ á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¯à¨ βµ 6= 0:
w = w(ξ), ξ =

(
bµ2e−βx + aβ2e−µy)1/2

,

£¤¥ äã­ªæ¨ï w(ξ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

w′′ξξ − 1
ξ

w′ξ = Af(w), A = 4
abβ2µ2 . (1)

�®¤áâ ­®¢ª  ζ = ξ2 ¯à¨¢®¤¨â (1) ª ®¡®¡é¥­­®¬ã ãà ¢­¥­¨î �¬¤¥­  | � ã«¥à 
w′′ζζ = 1

4 Aζ−1f(w),
à¥è¥­¨ï ª®â®à®£® ¯à¨ f(w) = (kw + s)−1 ¨ f(w) = (kw + s)−2 (k, s = const) ¯à¨¢¥¤¥­ë ¢
ª­¨£¥ �. �. � ©æ¥¢ , �. �. �®«ï­¨­  (2001 a).gr �¨â¥à âãà : �. �. � ©æ¥¢, �. �. �®«ï­¨­ (1996, áâà. 487).

7. ∂

∂x

(
aeβ|x| ∂w

∂x

)
+ ∂

∂y

(
beµ|y| ∂w

∂y

)
= f(w).

�à¥®¡à §®¢ ­¨¥ ζ = |x|, η = |y| ¯à¨¢®¤¨â ª ãà ¢­¥­¨î ¢¨¤  5.4.3.6.

8. ∂

∂x

(
axn ∂w

∂x

)
+ ∂

∂y

(
beµy ∂w

∂y

)
= f(w).

�¥è¥­¨¥ á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¯à¨ n 6= 2, µ 6= 0:
w = w(ξ), ξ =

[
bµ2x2−n + a(2− n)2e−µy]1/2

,

£¤¥ äã­ªæ¨ï w(ξ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

w′′ξξ + n

2− n

1
ξ

w′ξ = 4
abµ2(2− n)2 f(w).

9. ∂

∂x

[
f(x) ∂w

∂x

]
+ ∂

∂y

[
g(y) ∂w

∂y

]
= kw ln w.

�®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
w(x, y) = ϕ(x)ψ(y),

£¤¥ äã­ªæ¨¨ ϕ(x) ¨ ψ(y) ®¯¨áë¢ îâáï ®¡ëª­®¢¥­­ë¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¬¨ ãà ¢­¥­¨ï¬¨
[f(x)ϕ′x]′x = kϕ ln ϕ + Cϕ,

[g(y)ψ′y]′y = kψ ln ψ − Cψ,

C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.gr �¨â¥à âãà : �. �. �®«ï­¨­, �. �. � ©æ¥¢ (2002, áâà. 221).

10. ∂

∂x

[
f(x) ∂w

∂x

]
+ ∂

∂y

[
g(y) ∂w

∂y

]
= aw ln w + bw.

� áâ­ë© á«ãç © ãà ¢­¥­¨ï 5.4.4.6 ¯à¨ k = a, h1(x) = b, h2(y) = 0.

5.4.4. �à ¢­¥­¨ï ¢¨¤ 
∂

∂x

[
f(x, y, w) ∂w

∂x

]
+ ∂

∂y

[
g(x, y, w) ∂w

∂y

]
= h(x, y, w)

1. (ay + c) ∂2w

∂x2 + (bx + s) ∂2w

∂y2 = f(w).

�â® ãà ¢­¥­¨¥ ¬®¦­® § ¯¨á âì ¢ ¤¨¢¥à£¥­â­®¬ ¢¨¤¥:
∂

∂x

[
(ay + c) ∂w

∂x

]
+ ∂

∂y

[
(bx + s) ∂w

∂y

]
= f(w).

�à¨ ab 6= 0 áãé¥áâ¢ã¥â â®ç­®¥ à¥è¥­¨¥ ¢¨¤ 
w = w(ξ), ξ = (a2b)−1/3x + (ab2)−1/3y + (a2b)−2/3c + (ab2)−2/3s,

£¤¥ äã­ªæ¨ï w(ξ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬
ξw′′ξξ = f(w).

24 �. �. �®«ï­¨­, �. �. � ©æ¥¢
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2. ∂

∂x

[
(a1x + b1y + c1) ∂w

∂x

]
+ ∂

∂y

[
(a2x + b2y + c2) ∂w

∂y

]
= f(w).

�®ç­ë¥ à¥è¥­¨ï ¨é¥¬ ¢ ¢¨¤¥ ¡¥£ãé¥© ¢®«­ë
w = w(z), z = Ax + By + C,

£¤¥ ¯®áâ®ï­­ë¥ A, B, C ®¯à¥¤¥«ïîâáï ¯ãâ¥¬ à¥è¥­¨ï  «£¥¡à ¨ç¥áª®© á¨áâ¥¬ë ãà ¢­¥­¨©
a1A

2 + a2B
2 = A, (1)

b1A
2 + b2B

2 = B, (2)
c1A

2 + c2B
2 = C. (3)

�­ ç «  à¥è îâáï ¯¥à¢ë¥ ¤¢  ãà ¢­¥­¨ï (1), (2), § â¥¬ ¨§ ¯®á«¥¤­¥£® ãà ¢­¥­¨ï (3) ®¯à¥¤¥«ï-
¥âáï C. �áª®¬ ï äã­ªæ¨ï w(z) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

zw′′zz + (Aa1 + Bb2)w′z = f(w).

3. ∂2w

∂x2 + ∂

∂y

{[
f(x)w + g(x)

] ∂w

∂y

}
= 0.

1◦. �¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå, «¨­¥©­®¥ ¯® ¯¥à¥¬¥­­®© y:

w(x, y) = (Ax + B)y −
∫ x

x0

(x− t)(At + B)2f(t) dt + C1x + C2,

£¤¥ A, B, C1, C2, x0 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �â® à¥è¥­¨¥ ï¢«ï¥âáï ¢ëà®¦¤¥­­ë¬.
2◦. �¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå, ª¢ ¤à â¨ç­®¥ ¯® ¯¥à¥¬¥­­®© y:

w(x, y) = ϕ(x)y2 + ψ(x)y + χ(x),
£¤¥ äã­ªæ¨¨ ϕ = ϕ(x), ψ = ψ(x), χ = χ(x) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­-
æ¨ «ì­ëå ãà ¢­¥­¨©

ϕ′′xx + 6fϕ2 = 0, (1)
ψ′′xx + 6fϕψ = 0, (2)
χ′′xx + 2fϕχ + 2ϕg + fψ2 = 0. (3)

�¥«¨­¥©­®¥ ãà ¢­¥­¨¥ (1) à áá¬ âà¨¢ ¥âáï ­¥§ ¢¨á¨¬® ®â ¤àã£¨å ãà ¢­¥­¨©. �à¨ f ≡ const
¥£® à¥è¥­¨¥ ¬®¦­® ¢ëà §¨âì á ¯®¬®éìî í««¨¯â¨ç¥áª¨å ¨­â¥£à «®¢. �à¨ f = aeλx ç áâ­®¥
à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¨¬¥¥â ¢¨¤ ϕ = − λ2

6a
e−λx. �à ¢­¥­¨ï (2) ¨ (3) ¬®¦­® à¥è âì ¯®á«¥-

¤®¢ â¥«ì­® (®­¨ ï¢«ïîâáï «¨­¥©­ë¬¨ ãà ¢­¥­¨ï¬¨ ®â­®á¨â¥«ì­® ¨áª®¬ëå äã­ªæ¨©). � ª ª ª
ç áâ­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (2) ¨¬¥¥â ¢¨¤ ψ = ϕ(x), â® á®®â¢¥âáâ¢ãîé¥¥ ®¡é¥¥ à¥è¥­¨¥ ¤ ¥âáï
ä®à¬ã«®© (á¬. �. �. � ©æ¥¢, �. �. �®«ï­¨­, 2001 a):

ψ(x) = C1ϕ(x) + C2ϕ(x)
∫

dx

ϕ2(x)
,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.

4. ∂2w

∂x2 + ∂

∂y

[
f(y)√
w + a

∂w

∂y

]
= 0.

� ¬¥­  U =
√

w + a ¯à¨¢®¤¨â ª ãà ¢­¥­¨î
∂

∂x

(
U

∂U

∂x

)
+ ∂

∂y

[
f(y) ∂U

∂y

]
= 0,

ª®â®à®¥ ¨¬¥¥â à¥è¥­¨ï á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå, «¨­¥©­ë¥ ¨ ª¢ ¤à â¨ç­ë¥
¯® x:

U(x, y) = ϕ(y)x + ψ(y),
U(x, y) = ϕ(y)x2 + ψ(y)x + χ(y).

5. ∂2w

∂x2 + f(w) ∂2w

∂y2 = 0.

1◦. �ãáâì w(x, y) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨¨
w1 = w(C1x + C2,±C1y + C3),

£¤¥ C1, C2, C3 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤ãâ à¥è¥­¨ï¬¨ íâ®£® ãà ¢­¥­¨ï.
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2◦. �ëà®¦¤¥­­®¥ à¥è¥­¨¥: w = C1xy + C2x + C3y + C4.
3◦. �¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥:

w = w(z), z = y/x,

£¤¥ äã­ªæ¨ï w(z) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬
[z2 + f(w)]w′′zz + 2zw′z = 0.

6. ∂

∂x

[
f(x) ∂w

∂x

]
+ ∂

∂y

[
g(y) ∂w

∂y

]
= kw ln w +

[
h1(x) + h2(y)

]
w.

�®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
w(x, y) = exp

[
ϕ(x) + ψ(y)

]
.

�¤¥áì äã­ªæ¨¨ ϕ(x) ¨ ψ(y) ®¯¨áë¢ îâáï ®¡ëª­®¢¥­­ë¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¬¨ ãà ¢­¥­¨ï¬¨
e−ϕ[feϕϕ′x]′x − kϕ− h1(x) = C,

e−ψ[geψψ′y]′y − kψ − h2(y) = −C,

£¤¥ C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.

7. ∂

∂x

[
f(x) ∂w

∂x

]
+ ∂

∂y

{[
g(x)w + h(x)

] ∂w

∂y

}
= 0.

�ãé¥áâ¢ã¥â â®ç­ë¥ à¥è¥­¨ï á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå, «¨­¥©­ë¥ ¨ ª¢ ¤à â¨ç-
­ë¥ ¯® y:

w(x, y) = ϕ(x)y + ψ(x),
w(x, y) = ϕ(x)y2 + ψ(x)y + χ(x).

8. ∂

∂x

[
f(w) ∂w

∂x

]
+ ∂

∂y

[
g(w) ∂w

∂y

]
= 0.

�â æ¨®­ à­®¥ ãà ¢­¥­¨¥  ­¨§®âà®¯­®£® â¥¯«®- ¨ ¬ áá®¯¥à¥­®á , f(w) ¨ g(w) | £« ¢­ë¥
ª®íää¨æ¨¥­âë â¥¯«®¯à®¢®¤­®áâ¨.
1◦. �ãáâì w(x, y) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨¨

w1 = w(C1x + C2,±C1y + C3),
£¤¥ C1, C2, C3 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤ãâ à¥è¥­¨ï¬¨ íâ®£® ãà ¢­¥­¨ï.
2◦. �¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë ¢ ­¥ï¢­®¬ ¢¨¤¥:∫ [

A2f(w) + B2g(w)
]
dw = C1(Ax + By) + C2,

£¤¥ A, B, C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
3◦. �¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥ (α, β | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥):

w = w(ζ), ζ = x + α

y + β
,

£¤¥ äã­ªæ¨ï w(ζ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬
[f(w)w′ζ ]′ζ + [ζ2g(w)w′ζ ]′ζ = 0. (1)

�­â¥£à¨àãï ãà ¢­¥­¨¥ (1) ¨ ¯à¨­¨¬ ï w §  ­¥§ ¢¨á¨¬ãî ¯¥à¥¬¥­­ãî, ¤«ï äã­ªæ¨¨ ζ = ζ(w)
¯®«ãç¨¬ ãà ¢­¥­¨¥ �¨ªª â¨ (C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï):

Cζ′w = g(w)ζ2 + f(w), (2)
�®«ìè®¥ ç¨á«® â®ç­ëå à¥è¥­¨© ãà ¢­¥­¨ï (2) ¤«ï à §«¨ç­ëå äã­ªæ¨© f = f(w) ¨ g = g(w)
¯à¨¢¥¤¥­® ¢ ª­¨£¥ �. �. � ©æ¥¢ , �. �. �®«ï­¨­  (2001 a).
4◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¯ à ¬¥âà¨ç¥áª®© ä®à¬¥:

x = C1v
2 + C2v −

∫
f(w)[2C1G(w) + C3] dw + C4,

y = −[2C1G(w) + C3]v − C2G(w) + C5, G(w) =
∫

g(w) dw,

£¤¥ C1, . . . , C5 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.

24*
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5◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¯ à ¬¥âà¨ç¥áª®© ä®à¬¥:

x = [C1F (w) + C2]v + C3F (w) + C4, F (w) =
∫

f(w) dw,

y = 1
2

C1v
2 + C3v −

∫
g(w)[C1F (w) + C2] dw + C5.

6◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¯ à ¬¥âà¨ç¥áª®© ä®à¬¥:

x = [C1F (w) + C2]v2 + C3F (w) + C4 − 2
∫ {

f(w)
∫

g(w)[C1F (w) + C2] dw

}
dw,

y = 1
3

C1v
3 + C3v − 2v

∫
g(w)[C1F (w) + C2] dw + C5.

7◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¯ à ¬¥âà¨ç¥áª®© ä®à¬¥:
x = (C1e

λv + C2e
−λv)H(w) + C3,

y = 1
λ

(C1e
λv − C2e

−λv) 1
f(w)

H ′
w(w) + C4,

£¤¥ C1, . . . , C4, λ|¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, äã­ªæ¨ï H =H(w) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬
¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ Lf [H] + λ2g(w)H = 0,   ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à Lf

®¯à¥¤¥«ï¥âáï ¢ëà ¦¥­¨¥¬
Lf [ϕ] ≡ d

dw

[
1

f(w)
dϕ

dw

]
. (3)

8◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¯ à ¬¥âà¨ç¥áª®© ä®à¬¥:
x = [C1 sin(λv) + C2 cos(λv)]Z(w) + C3,

y = 1
λ

[C2 sin(λv)− C1 cos(λv)] 1
f(w)

Z′w(w) + C4,

£¤¥ C1, . . . , C4, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï Z = Z(w) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­-
­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ Lf [Z]− λ2g(w)Z = 0.
9◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¯ à ¬¥âà¨ç¥áª®© ä®à¬¥:

x = [2C1F (w) + C3]v + C2F (w) + C5, F (w) =
∫

f(w) dw,

y = C1v
2 + C2v −

∫
g(w)[2C1F (w) + C3] dw + C4.

10◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¯ à ¬¥âà¨ç¥áª®© ä®à¬¥:

x = 1
2

C1v
2 + C3v −

∫
f(w)[C1G(w) + C2] dw + C5,

y = −[C1G(w) + C2]v − C3G(w) + C4, G(w) =
∫

g(w) dw.

11◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¯ à ¬¥âà¨ç¥áª®© ä®à¬¥:

x = 1
3

C1v
3 + C3v − 2v

∫
f(w)[C1G(w) + C2] dw + C5,

y = −[C1G(w) + C2]v2 − C3G(w) + C4 + 2
∫ {

g(w)
∫

f(w)[C1G(w) + C2] dw

}
dw.

12◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¯ à ¬¥âà¨ç¥áª®© ä®à¬¥:

x = − 1
λ

(C1e
λv − C2e

−λv) 1
g(w)

H ′
w(w) + C3,

y = (C1e
λv + C2e

−λv)H(w) + C4,

£¤¥ C1, C2, C3, λ|¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, äã­ªæ¨ï H = H(w) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬
¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ Lg[H] + λ2f(w)H = 0,   ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à Lg

®¯à¥¤¥«ï¥âáï ¢ëà ¦¥­¨¥¬ (3) ¯à¨ f(w) = g(w).
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13◦. �®ç­®¥ à¥è¥­¨¥ ¢ ¯ à ¬¥âà¨ç¥áª®© ä®à¬¥:

x = − 1
λ

[C2 sin(λv)− C1 cos(λv)] 1
g(w)

Z′w(w) + C3,

y = [C1 sin(λv) + C2 cos(λv)]Z(w) + C4,

£¤¥ C1, C2, C3, λ | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, äã­ªæ¨ï Z = Z(w) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬
¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ Lg[Z] − λ2f(w)Z = 0,   ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à Lg

®¯à¥¤¥«ï¥âáï ¢ëà ¦¥­¨¥¬ (3) ¯à¨ f(w) = g(w).
14◦. �áå®¤­®¥ ãà ¢­¥­¨¥ ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ á¨áâ¥¬ë ãà ¢­¥­¨©

f(w) ∂w

∂x
= ∂v

∂y
, −g(w) ∂w

∂y
= ∂v

∂x
. (4)

�à¥®¡à §®¢ ­¨¥ £®¤®£à ä 
x = x(w, v), y = y(w, v), (5)

(w, v ¯à¨­¨¬ îâáï §  ­¥§ ¢¨á¨¬ë¥ ¯¥à¥¬¥­­ë¥,   x, y | §  § ¢¨á¨¬ë¥ ¯¥à¥¬¥­­ë¥) ¯à¨¢®¤¨â
(4) ª «¨­¥©­®© á¨áâ¥¬¥

f(w) ∂y

∂v
= ∂x

∂w
, −g(w) ∂x

∂v
= ∂y

∂w
. (6)

�áª«îç ï ®âáî¤  y, ¤«ï äã­ªæ¨¨ x = x(w, v) ¯®«ãç¨¬ «¨­¥©­®¥ ãà ¢­¥­¨¥
∂

∂w

[
1

f(w)
∂x

∂w

]
+ g(w) ∂2x

∂v2 = 0. (7)

�­ «®£¨ç­ë¬ ®¡à §®¬ ¨§ á¨áâ¥¬ë (6) ¤«ï äã­ªæ¨¨ y = y(w, v) ¨¬¥¥¬ ¤àã£®¥ «¨­¥©­®¥
ãà ¢­¥­¨¥

∂

∂w

[
1

g(w)
∂y

∂w

]
+ f(w) ∂2y

∂v2 = 0. (8)

�à®æ¥¤ãà  ¯®áâà®¥­¨ï â®ç­ëå à¥è¥­¨© ¨áå®¤­®£® ­¥«¨­¥©­®£® ãà ¢­¥­¨ï á®áâ®¨â ¨§ ¤¢ãå
íâ ¯®¢. �­ ç «  áâà®¨âáï â®ç­®¥ à¥è¥­¨¥ «¨­¥©­®£® ãà ¢­¥­¨ï (7) ¤«ï x = x(w, v). � â¥¬ íâ®
à¥è¥­¨¥ ¯®¤áâ ¢«ï¥âáï ¢ «¨­¥©­ãî á¨áâ¥¬ã (6), ®âªã¤  ­ å®¤¨âáï äã­ªæ¨ï y = y(w, v) ¢ ¢¨¤¥

y =
∫ v

v0

1
f(w)

∂x

∂w
(w, ξ) dξ −

∫ w

w0

g(η) ∂x

∂v
(η, v0) dη, (9)

£¤¥ w0 ¨ v0 |«î¡ë¥. �®«ãç¥­­ë¥ ãª § ­­ë¬ á¯®á®¡®¬ ¢ëà ¦¥­¨ï ¢¨¤  (5) ¡ã¤ãâ ¤ ¢ âì â®ç­®¥
à¥è¥­¨¥ ¨áå®¤­®£® ãà ¢­¥­¨ï ¢ ¯ à ¬¥âà¨ç¥áª®© ä®à¬¥.

�­ «®£¨ç­ë¬ ®¡à §®¬ á­ ç «  ¬®¦­® áâà®¨âì â®ç­®¥ à¥è¥­¨¥ «¨­¥©­®£® ãà ¢­¥­¨ï (8) ¤«ï
y = y(w, v),   § â¥¬ ¨§ (6) ®¯à¥¤¥«¨âì äã­ªæ¨î x = x(w, v) ¢ ¢¨¤¥

x = −
∫ v

v0

1
g(w)

∂y

∂w
(w, ξ) dξ +

∫ w

w0

f(η) ∂y

∂v
(η, v0) dη,

£¤¥ w0 ¨ v0 | «î¡ë¥.
� ¬¥ç ­¨¥ 1. �ãáâì x = �(w, v; f, g) | à¥è¥­¨¥ ãà ¢­¥­¨ï (7). �®£¤  y = �(w, v; g, f) ¡ã¤¥â

à¥è¥­¨¥¬ ãà ¢­¥­¨ï (8).
� ¬¥ç ­¨¥ 2. �ãáâì x = �(w, v; f, g), y = 	(w, v; f, g) | à¥è¥­¨¥ á¨áâ¥¬ë ãà ¢­¥­¨© (6). �®£¤ 

äã­ªæ¨¨ x = 	(w, v;−g,−f), y = �(w, v;−g,−f) â ª¦¥ ¡ã¤ãâ ¤ ¢ âì à¥è¥­¨¥ íâ®© á¨áâ¥¬ë.
15◦. �®ç­ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï (7), á®¤¥à¦ é¨¥ ç¥â­ë¥ áâ¥¯¥­¨ v:

x =
n∑

k=0
ϕk(w)v2k, (10)

£¤¥ äã­ªæ¨¨ ϕk = ϕk(w) ®¯à¥¤¥«¥­ë à¥ªãàà¥­â­ë¬¨ ä®à¬ã« ¬¨

ϕn(w) = AnF (w) + Bn, F (w) =
∫

f(w) dw,

ϕk−1(w) = AkF (w) + Bk − 2k(2k − 1)
∫

f(w)
{∫

g(w)ϕk(w) dw

}
dw,

£¤¥ Ak, Bk | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥ (k = n, . . . , 1).
� ¢¨á¨¬®áâì y = y(w, v) ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥ (9) ¨ ¢¬¥áâ¥ á ¢ëà ¦¥­¨¥¬ (10) ¤ ¥â

à¥è¥­¨¥ ¨áå®¤­®£® ­¥«¨­¥©­®£® ãà ¢­¥­¨ï ¢ ¯ à ¬¥âà¨ç¥áª®© ä®à¬¥.
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16◦. �®ç­ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï (7), á®¤¥à¦ é¨¥ ­¥ç¥â­ë¥ áâ¥¯¥­¨ v:

x =
n∑

k=0
ψk(w)v2k+1, (11)

£¤¥ äã­ªæ¨¨ ψk = ψk(w) ®¯à¥¤¥«¥­ë à¥ªãàà¥­â­ë¬¨ ä®à¬ã« ¬¨

ψn(w) = AnF (w) + Bn, F (w) =
∫

f(w) dw,

ψk−1(w) = AkF (w) + Bk − 2k(2k + 1)
∫

f(w)
{∫

g(w)ψk(w) dw

}
dw,

£¤¥ Ak, Bk | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥ (k = n, . . . , 1).
� ¢¨á¨¬®áâì y = y(w, v) ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥ (9) ¨ ¢¬¥áâ¥ á ¢ëà ¦¥­¨¥¬ (11) ¤ ¥â

à¥è¥­¨¥ ¨áå®¤­®£® ­¥«¨­¥©­®£® ãà ¢­¥­¨ï ¢ ¯ à ¬¥âà¨ç¥áª®© ä®à¬¥.
17◦. � ç áâ­®¬ á«ãç ¥ g(w) = k2f(w) ¯à¥®¡à §®¢ ­¨¥

�x = kx, u =
∫

f(w) dw

¯à¨¢®¤¨â ª ãà ¢­¥­¨î � ¯« á 
∂2u

∂�x2 + ∂2u

∂y2 = 0.

� à¥è¥­¨ïå íâ®£® «¨­¥©­®£® ãà ¢­¥­¨ï á¬. ª­¨£¨ �. �. �¨å®­®¢ , �. �. � ¬ àáª®£® (1972),
�. �. �®«ï­¨­  (2001 b).
gr �¨â¥à âãà  ¤«ï ãà ¢­¥­¨ï 5.4.4.8: �. �. � ©æ¥¢, �. �. �®«ï­¨­ (2001 b), �. �. �®«ï­¨­, �. �. � ©æ¥¢

(2002, áâà. 223{226).

9. ∂

∂x

[
f(w) ∂w

∂x

]
+ ∂

∂y

[
g(w) ∂w

∂y

]
= ax

∂w

∂x
+ ay

∂w

∂y
− h(w).

�¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë:
w = w(z), z = k1x + k2y,

£¤¥ k1, k2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï w(z) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥-
à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

[ϕ(w)w′z]′z = azw′z − h(w), ϕ(w) = k2
1f(w) + k2

2g(w).
� ¬¥ç ­¨¥. �ª § ­­®¥ à¥è¥­¨¥ ï¢«ï¥âáï ­¥ª« áá¨ç¥áª¨¬ (­¥¨­¢ à¨ ­â­ë¬) à¥è¥­¨¥¬ â¨¯  ¡¥£ãé¥©

¢®«­ë, ¯®áª®«ìªã à áá¬ âà¨¢ ¥¬®¥ ãà ¢­¥­¨¥ ­¥¨­¢ à¨ ­â­® ®â­®á¨â¥«ì­® ¯à¥®¡à §®¢ ­¨© á¤¢¨£ .
gr �¨â¥à âãà : �. �. �®«ï­¨­ (2004 a).

10. ∂

∂x

[
f(w) ∂w

∂x

]
+ ∂

∂y

[
g(w) ∂w

∂y

]
= (a1x+ b1y + c1) ∂w

∂x
+(a2x+ b2y + c2) ∂w

∂y
.

�â® ãà ¢­¥­¨¥ ®¯¨áë¢ ¥â áâ æ¨®­ à­ë©  ­¨§®âà®¯­ë© â¥¯«®- ¨ ¬ áá®¯¥à¥­®á ¢ ¯®áâã¯ â¥«ì­®-
á¤¢¨£®¢®¬ ¯®â®ª¥ ¦¨¤ª®áâ¨.

�¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë:
w = w(z), z = a2x + (k − a1)y,

£¤¥ k | ª®à¥­ì ª¢ ¤à â­®£® ãà ¢­¥­¨ï

k2 − (a1 + b2)k + a1b2 − a2b1 = 0,

  äã­ªæ¨ï w(z) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

[ϕ(w)w′z]′z = [kz + a2c1 + (k − a1)c2]w′z, ϕ(w) = a2
2f(w) + (k − a1)2g(w).

� ¬¥ç ­¨¥ 1. � ¯à ¢ãî ç áâì ãà ¢­¥­¨ï ¬®¦­® ¤®¡ ¢¨âì ¯à®¨§¢®«ì­ãî äã­ªæ¨î h(w).
� ¬¥ç ­¨¥ 2. � á«ãç ¥ ­¥á¦¨¬ ¥¬®© ¦¨¤ª®áâ¨ ª®íää¨æ¨¥­âë ãà ¢­¥­¨ï ¤®«¦­ë ã¤®¢«¥â¢®àïâì

ãá«®¢¨î a1 + b2 = 0.
gr �¨â¥à âãà : A. D. Polyanin, V. F. Zaitsev (2004, p. 399).
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11. ∂

∂x

{[
a1x + b1y + f(w)

] ∂w

∂x

}
+ ∂

∂y

{[
a2x + b2y + g(w)

] ∂w

∂y

}
= 0.

�®ç­ë¥ à¥è¥­¨ï ¨é¥¬ ¢ ¢¨¤¥ ¡¥£ãé¥© ¢®«­ë
w = w(ξ), ξ = Ax + By,

£¤¥ ¯®áâ®ï­­ë¥ A ¨ B ®¯à¥¤¥«ïîâáï ¯ãâ¥¬ à¥è¥­¨ï  «£¥¡à ¨ç¥áª®© á¨áâ¥¬ë ãà ¢­¥­¨©
a1A

2 + a2B
2 = A, b1A

2 + b2B
2 = B.

�áª®¬ ï äã­ªæ¨ï w(ξ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ ¯¥à¢®£®
¯®àï¤ª  (C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï):

[
ξ + A2f(w) + B2g(w)

]
w′ξ = C.

�à¨­¨¬ ï w §  ­¥§ ¢¨á¨¬ãî ¯¥à¥¬¥­­ãî, ¤«ï äã­ªæ¨¨ ξ = ξ(w) ¯®«ãç¨¬ «¨­¥©­®¥ ãà ¢­¥­¨¥
¯¥à¢®£® ¯®àï¤ª 

Cξ′w = ξ + A2f(w) + B2g(w).

5.4.5. �àã£¨¥ ãà ¢­¥­¨ï

1. ∂2w

∂x2 + aw4 ∂2w

∂y2 = f(y)w5.

1◦. �ãáâì w(x, y) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨¨
w1 = C1w

(±C2
1x + C2, y

)
,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤ãâ à¥è¥­¨ï¬¨ íâ®£® ãà ¢­¥­¨ï.
2◦. �ãáâì u = u(y) | «î¡®¥ ­¥âà¨¢¨ «ì­®¥ ç áâ­®¥ à¥è¥­¨¥ «¨­¥©­®£® ®¡ëª­®¢¥­­®£®
¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï ¢â®à®£® ¯®àï¤ª 

au′′yy − f(y)u = 0. (1)
�à¥®¡à §®¢ ­¨¥

ζ =
∫

dy

u2 , ξ = w

u
á¨«ì­® ã¯à®é ¥â ¨áå®¤­®¥ ãà ¢­¥­¨¥ ¨ ¯à¨¢®¤¨â ¥£® ª ¢¨¤ã

∂2ξ

∂x2 + aξ4 ∂2ξ

∂ζ2 = 0. (2)

�â® ãà ¢­¥­¨¥ ­¥ § ¢¨á¨â ®â äã­ªæ¨¨ f (ï¢­®) ¨ ¨¬¥¥â ¢ëà®¦¤¥­­®¥ à¥è¥­¨¥
ξ(x, ζ) = Axζ + Bζ + Cx + D,

£¤¥ A, B, C, D | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �à®¬¥ â®£®, ãà ¢­¥­¨¥ (2) ¨¬¥¥â â®ç­ë¥ à¥è¥­¨ï,
­ ¯à¨¬¥à, á«¥¤ãîé¨å ¢¨¤®¢:
ξ(x, ζ) = ξ(kx + λζ) (à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë),
ξ(x, ζ) = g(x)h(ζ) (à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢),
ξ(x, ζ) = xβϕ(η), η = ζx−2β−1 ( ¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥),
£¤¥ k, λ, β | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.gr �¨â¥à âãà : �. �. � ©æ¥¢, �. �. �®«ï­¨­ (1996, áâà. 489{490).

2. ∂2w

∂x2 + a
∂

∂y

(
wn ∂w

∂y

)
= f(y)wn+1 + g(x)w.

�®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
w = ϕ(x)ψ(y),

£¤¥ äã­ªæ¨¨ ψ = ψ(y) ¨ ϕ = ϕ(x) ®¯¨áë¢ îâáï ®¡ëª­®¢¥­­ë¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¬¨ ãà ¢­¥-
­¨ï¬¨ (C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï)

ϕ′′xx − g(x)ϕ + Cϕn+1 = 0,

a(ψnψ′y)′y − f(y)ψn+1 − Cψ = 0.
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3. ∂2w

∂x2 + a
∂

∂y

(
eλw ∂w

∂y

)
= f(y)eλw + g(x).

�®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ áã¬¬ë äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
w = ϕ(x) + ψ(y),

£¤¥ äã­ªæ¨¨ ψ = ψ(y) ¨ ϕ = ϕ(x) ®¯¨áë¢ îâáï ®¡ëª­®¢¥­­ë¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¬¨ ãà ¢­¥-
­¨ï¬¨

ϕ′′xx − g(x) + Ceλϕ = 0,

a(eλψψ′y)′y − f(y)eλψ − C = 0,

C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï. �â®à®¥ ãà ¢­¥­¨¥ § ¬¥­®© U = eλψ ¯à¨¢®¤¨âáï ª «¨­¥©­®¬ã
ãà ¢­¥­¨î aU ′′yy − λf(y)U − λC = 0.

4. ∂2w

∂x2 +
[
f3(x)w + f2(x)y2 + f1(x)y + f0(x)

] ∂2w

∂y2 = g2(x)
(

∂w

∂y

)2
+

+ g1(x) ∂w

∂x
+

[
h1(x)y + h0(x)

] ∂w

∂y
+ s3(x)w + s2(x)y2 + s1(x)y + s0(x).

�ãé¥áâ¢ã¥â â®ç­®¥ à¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå, ª¢ ¤à â¨ç­®¥ ¯® y:
w(x, y) = ϕ(x)y2 + ψ(x)y + χ(x).

5. axn ∂2w

∂x2 + bym ∂2w

∂y2 + kxn−1 ∂w

∂x
+ sym−1 ∂w

∂y
= f(w).

�¥è¥­¨¥ á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¯à¨ n 6= 2, m 6= 2:
w = w(ξ), ξ =

[
b(2−m)2x2−n + a(2− n)2y2−m]1/2

.

�¤¥áì äã­ªæ¨ï w(ξ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

Aw′′ξξ + B

ξ
w′ξ = f(w), (1)

£¤¥
A = 1

4 ab(2− n)2(2−m)2,

B = 1
4 (2− n)(2−m)

[
ab(3nm− 4n− 4m + 4) + 2bk(2−m) + 2as(2− n)

]
.

�¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¢ ­¥ï¢­®¬ ¢¨¤¥ ¯à¨ B = 0 ¨ ¯à®¨§¢®«ì­®© f = f(w):
∫ [

C1 + 2
A

F (w)
]−1/2

dw = C2 ± ξ, F (w) =
∫

f(w) dw,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.gr �¨â¥à âãà : �. �. � ©æ¥¢, �. �. �®«ï­¨­ (1996, áâà. 486{487).

6. axn ∂2w

∂x2 + bym ∂2w

∂y2 + kxn−1f(w) ∂w

∂x
+ sym−1f(w) ∂w

∂y
= g(w).

�à¨ n 6= 2, m 6= 2 áãé¥áâ¢ã¥â â®ç­®¥ à¥è¥­¨¥ á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¢¨¤ 
w = w(ξ), ξ =

[
b(2−m)2x2−n + a(2− n)2y2−m]1/2

.

7. aeβx ∂2w

∂x2 + beµy ∂2w

∂y2 + keβx ∂w

∂x
+ seµy ∂w

∂y
= f(w).

�¥è¥­¨¥ á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¯à¨ βµ 6= 0:
w = w(ξ), ξ =

(
bµ2e−βx + aβ2e−µy)1/2

.

�¤¥áì äã­ªæ¨ï w = w(ξ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

Aw′′ξξ + B

ξ
w′ξ = f(w), (1)

£¤¥
A = 1

4 abβ2µ2, B = 1
4 βµ(3abβµ− 2bkµ− 2asβ).

�¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¢ ­¥ï¢­®¬ ¢¨¤¥ ¯à¨ B = 0 ¨ ¯à®¨§¢®«ì­®© f = f(w):
∫ [

C1 + 2
A

F (w)
]−1/2

dw = C2 ± ξ, F (w) =
∫

f(w) dw,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
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8. aeβx ∂2w

∂x2 + beµy ∂2w

∂y2 + keβxf(w) ∂w

∂x
+ seµyf(w) ∂w

∂y
= g(w).

�à¨ βµ 6= 0 áãé¥áâ¢ã¥â â®ç­®¥ à¥è¥­¨¥ á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¢¨¤ 

w = w(ξ), ξ =
(
bµ2e−βx + aβ2e−µy)1/2

.

9. axn ∂2w

∂x2 + beβy ∂2w

∂y2 + kxn−1 ∂w

∂x
+ seβy ∂w

∂y
= f(w).

�¥è¥­¨¥ á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå n 6= 2, β 6= 0:

w = w(ξ), ξ =
[
bβ2x2−n + a(2− n)2e−βy]1/2

.

�¤¥áì äã­ªæ¨ï w(ξ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

Aw′′ξξ + B

ξ
w′ξ = f(w), (1)

£¤¥
A = 1

4 abβ2(2− n)2, B = 1
4 β(2− n)

[
abβ(4− 3n) + 2bkβ − 2as(2− n)

]
.

�¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¢ ­¥ï¢­®¬ ¢¨¤¥ ¯à¨ B = 0 ¨ ¯à®¨§¢®«ì­®© f = f(w):
∫ [

C1 + 2
A

F (w)
]−1/2

dw = C2 ± ξ, F (w) =
∫

f(w) dw,

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
gr �¨â¥à âãà : �. �. � ©æ¥¢, �. �. �®«ï­¨­ (1996, áâà. 488).

10. axn ∂2w

∂x2 + beβy ∂2w

∂y2 + kxn−1f(w) ∂w

∂x
+ seβyf(w) ∂w

∂y
= g(w).

�à¨ n 6= 2, β 6= 0 áãé¥áâ¢ã¥â â®ç­®¥ à¥è¥­¨¥ á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¢¨¤ 

w = w(ξ), ξ =
[
bβ2x2−n + a(2− n)2e−βy]1/2

.

11. (ay + c) ∂2w

∂x2 + (bx + s) ∂2w

∂y2 = f

(
w,

∂w

∂x
,

∂w

∂y

)
.

�¥è¥­¨¥ á äã­ªæ¨®­ «ì­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå ¯à¨ ab 6= 0:

w = w(ξ), ξ = (a2b)−1/3x + (ab2)−1/3y + (a2b)−2/3c + (ab2)−2/3s.
�¤¥áì äã­ªæ¨ï w(ξ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

ξw′′ξξ = f
(
w, βw′ξ, µw′ξ

)
,

£¤¥ β = (a2b)−1/3, µ = (ab2)−1/3.

12. (a1x + b1y + c1) ∂2w

∂x2 + (a2x + b2y + c2) ∂2w

∂y2 = f

(
w,

∂w

∂x
,

∂w

∂y

)
.

�®ç­ë¥ à¥è¥­¨ï ¨é¥¬ ¢ ¢¨¤¥ ¡¥£ãé¥© ¢®«­ë
w = w(ξ), ξ = Ax + By + C,

£¤¥ ¯®áâ®ï­­ë¥ A, B, C ®¯à¥¤¥«ïîâáï ¯ãâ¥¬ à¥è¥­¨ï  «£¥¡à ¨ç¥áª®© á¨áâ¥¬ë ãà ¢­¥­¨©

a1A
2 + a2B

2 = A, (1)
b1A

2 + b2B
2 = B, (2)

c1A
2 + c2B

2 = C. (3)
�­ ç «  à¥è îâáï ¯¥à¢ë¥ ¤¢  ãà ¢­¥­¨ï (1), (2), § â¥¬ ¨§ ¯®á«¥¤­¥£® ãà ¢­¥­¨ï (3) ®¯à¥¤¥«ï-
¥âáï C.

�áª®¬ ï äã­ªæ¨ï w(ξ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

ξw′′ξξ = f
(
w, Aw′ξ, Bw′ξ

)
.



378 �à ¢­¥­¨ï í««¨¯â¨ç¥áª®£® â¨¯  á ¤¢ã¬ï ­¥§ ¢¨á¨¬ë¬¨ ¯¥à¥¬¥­­ë¬¨

13. f1(x) ∂2w

∂x2 + f2(y) ∂2w

∂y2 = g1(x) ∂w

∂x
+ g2(y) ∂w

∂y
+ kw ln w +

[
h1(x) + h2(y)

]
w.

�®ç­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© à §­ëå  à£ã¬¥­â®¢:
w(x, y) = ϕ(x)ψ(y).

�¤¥áì äã­ªæ¨¨ ϕ(x) ¨ ψ(y) ®¯¨áë¢ îâáï ®¡ëª­®¢¥­­ë¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¬¨ ãà ¢­¥­¨ï¬¨

f1(x)ϕ′′xx = g1(x)ϕ′x + kϕ ln ϕ +
[
h1(x) + C

]
ϕ,

f2(y)ψ′′yy = g2(y)ψ′y + kψ ln ψ +
[
h2(y)− C

]
ψ,

£¤¥ C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.

14.
[
a1x + b1y + f(w)

] ∂2w

∂x2 +
[
a2x + b2y + g(w)

] ∂2w

∂y2 = h

(
w,

∂w

∂x
,

∂w

∂y

)
.

�¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë:
w = w(ξ), ξ = Ax + By,

£¤¥ ¯®áâ®ï­­ë¥ A ¨ B ®¯à¥¤¥«ïîâáï ¯ãâ¥¬ à¥è¥­¨ï  «£¥¡à ¨ç¥áª®© á¨áâ¥¬ë ãà ¢­¥­¨©

a1A
2 + a2B

2 = A, b1A
2 + b2B

2 = B,

  äã­ªæ¨ï w(ξ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬
[
ξ + A2f(w) + B2g(w)

]
w′′ξξ = h

(
w, Aw′ξ, Bw′ξ

)
.

15. ∂

∂x

{[
a1x+b1y+f(w)

] ∂w

∂x

}
+ ∂

∂y

{[
a2x+b2y+g(w)

] ∂w

∂y

}
= h

(
w,

∂w

∂x
,

∂w

∂y

)
.

�¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë:
w = w(ξ), ξ = Ax + By,

£¤¥ ¯®áâ®ï­­ë¥ A ¨ B ®¯à¥¤¥«ïîâáï ¯ãâ¥¬ à¥è¥­¨ï  «£¥¡à ¨ç¥áª®© á¨áâ¥¬ë ãà ¢­¥­¨©

A2a1 + B2a2 = A, A2b1 + B2b2 = B,

  äã­ªæ¨ï w(ξ) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬
[
ϕ(ξ, w)w′ξ

]′
ξ

= h
(
w, Aw′ξ, Bw′ξ

)
,

ϕ(ξ, w) = ξ + A2f(w) + B2g(w).

16. ∂2w

∂x2 + f(x) ∂w

∂x
+ g(x) ∂w

∂y

∂2w

∂y2 + h(x)w = 0.

1◦. �ãáâì w(x, y) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï

w1 = C−3
1 w

(
x, C1y + C2

)
+ φ(x),

£¤¥ C1, C2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï φ(x) ®¯à¥¤¥«ï¥âáï ®¡ëª­®¢¥­­ë¬ «¨­¥©-
­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ ¢â®à®£® ¯®àï¤ª  φ′′xx + f(x)φ′x + h(x)φ = 0, â ª¦¥ ¡ã¤¥â
à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå:

w(x, y) = ϕ1(x) + ϕ2(x)y3/2 + ϕ3(x)y3,

£¤¥ äã­ªæ¨¨ ϕk = ϕk(x) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

ϕ′′1 + f(x)ϕ′1 + 9
8 g(x)ϕ2

2 + h(x)ϕ1 = 0,

ϕ′′2 + f(x)ϕ′2 + 45
4 g(x)ϕ2ϕ3 + h(x)ϕ2 = 0,

ϕ′′3 + f(x)ϕ′3 + 18g(x)ϕ2
3 + h(x)ϕ3 = 0,

èâà¨å¨ ®¡®§­ ç îâ ¯à®¨§¢®¤­ë¥ ¯® x.
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3◦. �¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå, ªã¡¨ç¥áª®¥ ¯® y:
w(x, y) = ψ1(x) + ψ2(x)y + ψ3(x)y2 + ψ4(x)y3,

£¤¥ äã­ªæ¨¨ ψk = ψk(x) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©
ψ′′1 + f(x)ψ′1 + 2g(x)ψ2ψ3 + h(x)ϕ1 = 0,

ψ′′2 + f(x)ψ′2 + 2g(x)(2ψ2
3 + 3ψ2ψ4) + h(x)ϕ2 = 0,

ψ′′3 + f(x)ψ′3 + 18g(x)ψ3ψ4 + h(x)ϕ3 = 0,

ψ′′4 + f(x)ψ′4 + 18g(x)ψ2
4 + h(x)ϕ4 = 0.

4◦. �¥è¥­¨¥ á ®¡®¡é¥­­ë¬ à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå:
w(x, y) = ξ(x) + η(x)θ(y).

�¤¥áì äã­ªæ¨¨ ξ = ξ(x) ¨ η = η(x) ®¯¨áë¢ îâáï á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå
ãà ¢­¥­¨©

η′′xx + f(x)η′x + ag(x)η2 + h(x)η = 0,

ξ′′xx + f(x)ξ′x + bg(x)η2 + h(x)ξ = 0,

£¤¥ a, b | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨ï θ = θ(y) ®¯¨áë¢ ¥âáï  ¢â®­®¬­ë¬ ®¡ëª­®¢¥­-
­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

θ′yθ′′yy = aθ + b,

à¥è¥­¨¥ ª®â®à®£® ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ­¥ï¢­®¬ ¢¨¤¥.

17. ∂2w

∂x2 + f

(
∂w

∂x
,

∂w

∂y

)
∂2w

∂y2 = 0.

1◦. �ãáâì w(x, y) | à¥è¥­¨¥ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï. �®£¤  äã­ªæ¨ï
w1 = C−1

1 w
(
C1x + C2, C1y + C3

)
+ C4,

£¤¥ C1, C2, C4, C4 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.
2◦. �ëà®¦¤¥­­®¥ à¥è¥­¨¥:

w(x, t) = Axy + Bx + Cy + D,

£¤¥ A, B, C, D | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
3◦. �¢â®¬®¤¥«ì­®¥ à¥è¥­¨¥:

w(x, y) = xu(z), z = y/x,

£¤¥ äã­ªæ¨ï u(z) ®¯¨áë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬
z(zu′z − u)′z + f(u− zu′z, u′z)u′′zz = 0.

4◦. �à¥®¡à §®¢ ­¨¥ �¥¦ ­¤à 

u(ξ, η) = xξ + yη − w(x, y), ξ = ∂w

∂x
, η = ∂w

∂y
,

£¤¥ u | ­®¢ ï § ¢¨á¨¬ ï ¯¥à¥¬¥­­ ï,   ξ ¨ η | ­®¢ë¥ ­¥§ ¢¨á¨¬ë¥ ¯¥à¥¬¥­­ë¥, ¯à¨¢®¤¨â ª
«¨­¥©­®¬ã ãà ¢­¥­¨î

∂2u

∂η2 + f(ξ, η) ∂2u

∂ξ2 = 0.

�®ç­ë¥ à¥è¥­¨ï íâ®£® ãà ¢­¥­¨ï ¤«ï ­¥ª®â®àëå äã­ªæ¨© f(ξ, η) ¬®¦­® ­ ©â¨ ¢ ª­¨£¥
�. �. �®«ï­¨­  (2001 b).


